Chapter 1
Gaussian Variables and Gaussian Processes

Gaussian random processes play an important role both in theoretical probability
and in various applied models. We start by recalling basic facts about Gaussian ran-
dom variables and Gaussian vectors. We then discuss Gaussian spaces and Gaussian
processes, and we establish the fundamental properties concerning independence
and conditioning in the Gaussian setting. We finally introduce the notion of a
Gaussian white noise, which will be used to give a simple construction of Brownian
motion in the next chapter.

1.1 Gaussian Random Variables

Throughout this chapter, we deal with random variables defined on a probability
space (£2, %, P). For some of the existence statements that follow, this probability
space should be chosen in an appropriate way. For every real p > 1, LP($2, %, P),
or simply L? if there is no ambiguity, denotes the space of all real random variables
X such that |X|? is integrable, with the usual convention that two random variables
that are a.s. equal are identified. The space L” is equipped with the usual norm.

A real random variable X is said to be a standard Gaussian (or normal) variable
if its law has density

) = — exp(- 1)
Px —m p )

with respect to Lebesgue measure on R. The complex Laplace transform of X is
then given by

E[e*]=¢"2,  VzeC.
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2 1 Gaussian Variables and Gaussian Processes

To get this formula (and also to verify that the complex Laplace transform is well
defined), consider first the case whenz = A € R:

E[eAX] _ M e /2 e)@/z 1 / e—(x—A)Z/zdx — e)@/z'
T JRr

e

This calculation ensures that E[e*] is well-defined for every z € C, and defines a
holomorphic function on C. By analytic continuation, the identity E[e*X] = e/ 2,
which is true for every z € R, must also be true for every z € C.

By taking z = i§, £ € R, we get the characteristic function of X :

E[eY] = e 812,

From the expansion

@ S)"

E[e*] = 1 +i§E[X] + - + —-E[X"] + O(|&|"™),

as & — 0 (this expansion holds for every n > 1 when X belongs to all spaces L?,
1 < p < oo, which is the case here), we get

E[X]=0, E[X)=1

and more generally, for every integer n > 0,

If o > 0 and m € R, we say that a real random variable Y is Gaussian with
N (m, 0®)-distribution if ¥ satisfies any of the three equivalent properties:

(i) Y = oX + m, where X is a standard Gaussian variable (i.e. X follows the
A7(0, 1)-distribution);
(ii) the law of Y has density

pr(y) =

(iii) the characteristic function of Y is
. 02
E[e®"] = exp(imé — 5 £2).
We have then

E[Y] =m, var(Y) =o>.
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By extension, we say that Y is Gaussian with .4 (m, 0)-distribution if ¥ = m a.s.
(property (iii) still holds in that case).

Sums of independent Gaussian variables Suppose that ¥ follows the .4 (m, 0%)-
distribution, ¥’ follows the .4 (m’, 0'%)-distribution, and ¥ and Y’ are independent.
Then Y + Y’ follows the .4 (m + m’, 0% + o’?)-distribution. This is an immediate
consequence of (iii).

Proposition 1.1 Let (X,),>1 be a sequence of real random variables such that, for
every n > 1, X, follows the N (m,, 02)-distribution. Suppose that X, converges in
L? to X. Then:

(i) The random variable X follows the A (m, 0®)-distribution, where m = limm,,
and o = lim g,,.
(ii) The convergence also holds in all I? spaces, 1 < p < oo.

Remark The assumption that X, converges in L? to X can be weakened to
convergence in probability (and in fact the convergence in distribution of the
sequence (X,).>1 suffices to get part (i)). We leave this as an exercise for the reader.

Proof

(i) The convergence in L? implies that m, = E[X,] converges to E[X] and 6> =
var(X,) converges to var(X) as n — oo. Then, setting m = E[X] and 02 =
var(X), we have for every £ € R,

2 2
E[e®] = lim E[¢®"] = lim exp(im,§ — 2= £) = exp(im — = &),
n—>00 n—>00 2 2

showing that X follows the .4 (m, 6%)-distribution.

(i1) Since X, has the same distribution as o,,N + m,,, where N is a standard Gaussian
variable, and since the sequences (m,) and (o,) are bounded, we immediately
see that

sup E[|X,|?] < oo, Vg > 1.

It follows that

sup E[|X,, — X|?] < oo, Vg > 1.

Let p > 1. The sequence Y, = |X, — X|P converges in probability to O and
is uniformly integrable because it is bounded in L? (by the preceding bound
with ¢ = 2p). It follows that this sequence converges to 0 in L', which was the
desired result.

0



4 1 Gaussian Variables and Gaussian Processes
1.2 Gaussian Vectors

Let E be a d-dimensional Euclidean space (E is isomorphic to R? and we may take
E = R4, with the usual inner product, but it will be more convenient to work with
an abstract space). We write (u, v) for the inner product in E. A random variable X
with values in E is called a Gaussian vector if, for every u € E, (u,X) is a (real)
Gaussian variable. (For instance, if £ = R4, and if Xi, ..., X, are are independent
Gaussian variables, the property of sums of independent Gaussian variables shows
that the random vector X = (X1, ..., X,) is a Gaussian vector.)

Let X be a Gaussian vector with values in E. Then there exist mxy € E and a
nonnegative quadratic form gx on E such that, for every u € E,

E[(u,X)] = (u,mx),
Var((u,X)) = gx(u).

Indeed, let (e, ..., e;s) be an orthonormal basis on E, and write X = Z?: 1 X €
in this basis. Notice that the random variables X; = (ej,X) are Gaussian. It is then
(not.)

immediate that the preceding formulas hold with my = Zﬁ:l E[Xjle; =" E[X],

. d
and, if u =3 ., uje,

d

gx(u) = Z ujuy cov(X;, X).
k=1

Since (u, X) follows the A ((u, mx) gx(u))-distribution, we get the characteristic
function of the random vector X,

Elexp(i{u, X))] = exp(i{u, mx) — %qx(u)). (1.1)

Proposition 1.2 Under the preceding assumptions, the random variables
X1, ..., Xy are independent if and only if the covariance matrix (cov(X;, Xk))1<jk<d
is diagonal or equivalently if and only if qx is of diagonal form in the basis
(el, ey ed).

Proof If the random variables X1, ..., X, are independent, the covariance matrix
(cov(Xj, Xk))ji=1..a is diagonal. Conversely, if this matrix is diagonal, we have for
every u = Z;l:l uje; € E,

d
gx(u) = Z)\j Mf )
j=1
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where A; = var(X;). Consequently, using (1.1),

d d d
E[exp (i Z quj)] = | | exp(iy;E[X]] — %Ajuf) = 1_[ Elexp(iu;X;)].
1 j=1

Jj=1 Jj=
which implies that X;, ..., X; are independent. O

With the quadratic form gy, we associate the unique symmetric endomorphism
yx of E such that

gx(u) = (u, yx(u))

(the matrix of yy in the basis (e1,...,eq) is (cov(Xj, X;))i<jr<a but of course
the definition of yx does not depend on the choice of a basis). Note that yx is
nonnegative in the sense that its eigenvalues are all nonnegative.

From now on, to simplify the statements, we restrict our attention to centered
Gaussian vectors, i.e. such that my = 0, but the following results are easily adapted
to the non-centered case.

Theorem 1.3

(i) Let y be a nonnegative symmetric endomorphism of E. Then there exists a
Gaussian vector X such that yx = .

(ii) Let X be a centered Gaussian vector. Let (g1, ..., &4) be a basis of E in which
vx is diagonal, yxe; = Ajg; for every 1 < j < d, where

AMZzhrz o 2A>0=Ay = =44

so that r is the rank of yx. Then,

r

X=7) Ye.
j=1

where Y;, 1 < j =< r, are independent (centered) Gaussian variables and
the variance of Y; is A;. Consequently, if Px denotes the distribution of X,
the topological support of Px is the vector space spanned by ¢, ..., &,
Furthermore, Px is absolutely continuous with respect to Lebesgue measure
on E if and only if r = d, and in that case the density of X is

1 1 _
px(x) = WGXP_E( s)’xl(x»-
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Proof
(i) Let (e1,...,&4) be an orthonormal basis of E in which y is diagonal, y(g;) =
Ajej for 1 < j < d, and let Yy,...,Y,; be independent centered Gaussian

variables with var(Y;) = Aj, 1 < j < d. We set

d
X = ZYij.

Jj=1

Then, if u = Y

j=1Uj€j>

ax(u) = E[(imY;)z] — "k = v
j=1 j=1

(ii) Let Yi,...,Y,; be the coordinates of X in the basis (e1,...,&s). Then the
matrix of yx in this basis is the covariance matrix of Yi,..., Y, The latter
covariance matrix is diagonal and, by Proposition 1.2, the variables Y;,..., Yy
are independent. Furthermore, forj € {r +1,...,d}, we have E [sz] = 0 hence
Y, =0as.

Then, since X = )., Ve as., it is clear that supp Px is contained in the
subspace spanned by ¢y, ..., &.. Conversely, if O is a rectangle of the form

-
={M=Z(¥j8jiaj<(¥j<bj, A2 f./fr},
=1

we have P[X € O] = ]_[;=1 Pla; < Y; < bj] > 0. This is enough to get that supp Py
is the subspace spanned by ¢y, ..., &,.

If r < d, since the vector space spanned by €1, . . ., &, has zero Lebesgue measure,
the distribution of X is singular with respect to Lebesgue measure on E. Suppose
that » = d, and write Y for the random vector in R? defined by ¥ = (¥1,..., ¥y).
Note that the bijection ¢(y1,...,ys) = »_y;¢; maps ¥ to X. Then, writing y =
01, ---,Y4), we have

E[g(X)] = E[g(p(M))]

1 1 d y2 dyl
:W/Rdg((p(y)) exp<—§Zf> i Ad

j=1 "

1 1
= G Ju €60 &0 (=500 @) v

(Zn)d/zJW/g(x) exp (x )/Xl(x)))
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since Lebesgue measure on E is by definition the image of Lebesgue measure on R¢
under ¢ (or under any other vector isometry from R onto E). In the second equality,
we used the fact that Yy, ..., ¥, are independent Gaussian variables, and in the third
equality we observed that

d

d d
(). v o) = (D viei %8/) =y y—]
j=1

=1 =17

1.3 Gaussian Processes and Gaussian Spaces

From now on until the end of this chapter, we consider only centered Gaussian
variables, and we frequently omit the word “centered”.

Definition 1.4 A (centered) Gaussian space is a closed linear subspace of
L*(£2, .7, P) which contains only centered Gaussian variables.

For instance, if X = (X1, ..., Xy) is a centered Gaussian vector in R, the vector
space spanned by {Xi, ..., X} is a Gaussian space.

Definition 1.5 Let (E, &) be a measurable space, and let 7' be an arbitrary index
set. A random process (indexed by T) with values in E is a collection (X;);er of
random variables with values in E. If the measurable space (E, &) is not specified,
we will implicitly assume that £ = R and & = #(R) is the Borel o-field on R.

Here and throughout this book, we use the notation Z(F) for the Borel o-field
on a topological space F. Most of the time, the index set 7 will be Ry or another
interval of the real line.

Definition 1.6 A (real-valued) random process (X;)er is called a (centered) Gaus-
sian process if any finite linear combination of the variables X;, ¢ € T is centered
Gaussian.

Proposition 1.7 If (X,);er is a Gaussian process, the closed linear subspace of
L? spanned by the variables X;, t € T, is a Gaussian space, which is called the
Gaussian space generated by the process X.

Proof It suffices to observe that an L?-limit of centered Gaussian variables is still
centered Gaussian, by Proposition 1.1. O

We now turn to independence properties in a Gaussian space. We need the
following definition.

Definition 1.8 Let H be a collection of random variables defined on (£2, %, P).
The o-field generated by H, denoted by o (H), is the smallest o-field on £2 such that
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all variables ¢ € H are measurable for this o-field. If € is a collection of subsets of
£2, we also write 0(%) for the smallest o-field on §2 that contains all elements of

€.

The next theorem shows that, in some sense, independence is equivalent to
orthogonality in a Gaussian space. This is a very particular property of the Gaussian
distribution.

Theorem 1.9 Let H be a centered Gaussian space and let (H;);e; be a collection of
linear subspaces of H. Then the subspaces H;, i € I, are (pairwise) orthogonal in
L? if and only the o-fields o (H;), i € I, are independent.

Remark It is crucial that the vector spaces H; are subspaces of a common Gaussian
space H. Consider for instance a random variable X distributed according to
(0, 1) and another random variable ¢ independent of X and such that Ple = 1] =
Ple = —1] = 1/2. Then X; = X and X, = &X are both distributed according
to .#(0, 1). Moreover, E[X;X,] = E[¢]E[X?] = 0. Nonetheless X; and X, are
obviously not independent (because |X;| = |X3]|). In this example, (X, X») is not a
Gaussian vector in R? despite the fact that both coordinates are Gaussian variables.

Proof Suppose that the o-fields o(H;) are independent. Then, if i # j, if X € H;
and Y € Hj,

E[XY] = E[X]E[Y] = 0,

so that the linear spaces H; are pairwise orthogonal.

Conversely, suppose that the linear spaces H; are pairwise orthogonal. From the
definition of the independence of an infinite collection of o-fields, it is enough to
prove that, if iy, ..., i, € I are distinct, the o-fields o (H;,), .. ., O'(H,'p) are indepen-
dent. To this end, it is enough to verify that, if §/,... &) € H;,, ... .§]...., & e

H;, are fixed, the vectors (£],..., E,il), L ,€7 ) are independent (indeed,

foreveryj € {1,...,p}, the events of the form {E{ €EA,..., Ej,j € Ay} give a class
stable under finite intersections that generates the o-field o (H;;), and the desired
result follows by a standard monotone class argument, see Appendix Al). However,

foreveryj € {1,...,p} we can find an orthonormal basis (n{ s n{;lj) of the linear
subspace of L? spanned by {Sj e Sj,j}. The covariance matrix of the vector

1 1 .2 2 P p
(771,...,nml,nl,...,nmz,...,nl,...,nmp)

is then the identity matrix (for i # j, E[nin/] = 0 because H; and H; are orthogonal).
Moreover, this vector is Gaussian because its components belong to H. By Proposi-
tion 1.2, the components of the latter vector are independent random variables. This

implies in turn that the vectors (ni, ce, n,lm), N (/P n,ﬁp) are independent.
Equivalently, the vectors (§],....&) )..... (§]...., &/ ) are independent, which was

the desired result. ]
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As an application of the previous theorem, we now discuss conditional expecta-
tions in the Gaussian framework. Again, the fact that these conditional expectations
can be computed as orthogonal projections (as shown in the next corollary) is very
particular to the Gaussian setting.

Corollary 1.10 Let H be a (centered) Gaussian space and let K be a closed linear
subspace of H. Let pk denote the orthogonal projection onto K in the Hilbert space
[% andlet X € H.

(i) We have
E[X | 0(K)] = px(X).

(ii) Let 0> = E[(X — px(X))?]. Then, for every Borel subset A of R, the random
variable P[X € A | 0(K)] is given by

PX eA|o(K)(w) = Q(w.A),
where Q(w, -) denotes the N (px(X)(w), 02)-distribution:

1 (= pr(X)(@))*
o = o e ()

(and by convention Q(w,A) = 1a(px(X)) ifo = 0).

Remarks

(a) Part (ii) of the statement can be interpreted by saying that the conditional
distribution of X knowing o (K) is A (pg(X),0>).
(b) For a general random variable X in [?, one has

EX | o(K)] = pr2(2.0k).p)(X).

Assertion (i) shows that, in our Gaussian framework, this orthogonal projection
coincides with the orthogonal projection onto the space K, which is “much
smaller” than L?(£2, o' (K), P).

(c) Assertion (i) also gives the principle of linear regression. For instance, if
(X1,X5,X3) is a (centered) Gaussian vector in R3, the best approximation in
L? of X5 as a (not necessarily linear) function of X; and X, can be written
A1X1 + A,X; where A1 and A, are computed by saying that X3 — (A1 X] + A,X>)
is orthogonal to the vector space spanned by X; and X5.
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Proof

(1) Let Y = X — pg(X). Then Y is orthogonal to K and, by Theorem 1.9, Y is
independent of o (K). Then,

E[X | o(K)] = E[px(X) | 0(K)] + E[Y | 0(K)] = px(X) + E[Y] = px(X).

(ii) For every nonnegative measurable function f on R,
E[f(X) | o(K)] = E[f(px(X) +Y) | 0(K)] = /Py(dy)f(pK(X) + ),

where Py is the law of Y, which is .47 (0, 02) since Y is centered Gaussian with
variance 0. In the second equality, we also use the following general fact: if
Z is a ¢-measurable random variable and if Y is independent of ¢ then, for
every nonnegative measurable function g, E[g(Y.Z) | 4] = [ g(v.Z) Py(dy).
Property (i) immediately follows.

O

Let (X);er be a (centered) Gaussian process. The covariance function of X is
the function I : T x T —> R defined by I'(s,?) = cov(X;,, X;) = E[X;X;]. This
function characterizes the collection of finite-dimensional marginal distributions of
the process X, that is, the collection consisting for every choice of the distinct indices
t,...,t, in T of the law of the vector (X;,, ... ,X,p). Indeed this vector is a centered
Gaussian vector in R” with covariance matrix (I"(#;, ))) 1<i j<p-

Remark One can define in an obvious way the notion of a non-centered Gaussian
process. The collection of finite-dimensional marginal distributions is then charac-
terized by the covariance function and the mean function ¢ — m(z) = E[X/].

Given a function I" on T x T, one may ask whether there exists a Gaussian
process X whose I" is the covariance function. The function I" must be symmetric
(I'(s,t) = I'(t,s)) and of positive type in the following sense: if ¢ is a real function
on T with finite support, then

> els)e(t) I(s.1) = 0.

T<T

Indeed, if I" is the covariance function of the process X, we have immediately

3 e()e(t) I s.1) = var( 3 C(s)XS) > 0.
T

T<T

Note that when T is finite, the problem of the existence of X is solved under the
preceding assumptions on I" by Theorem 1.3.

The next theorem solves the existence problem in the general case. This theorem
is a direct consequence of the Kolmogorov extension theorem, which in the



1.4 Gaussian White Noise 11

particular case T = R is stated as Theorem 6.3 in Chap.6 below (see e.g.
Neveu [64, Chapter III], or Kallenberg [47, Chapter VI] for the general case). We
omit the proof as this result will not be used in the sequel.

Theorem 1.11 Let I' be a symmetric function of positive type on T x T. There
exists, on an appropriate probability space (§2,.%, P), a centered Gaussian process
whose covariance function is I'.

Example Consider the case T = R and let u be a finite measure on R, which is
also symmetric (i.e. t(—A) = p(A)). Then set, for every s,t € R,

F(s.i) = / S 1 (d8).

It is easy to verify that I" has the required properties. In particular, if ¢ is a real
function on R with finite support,

> et 160y = 13 e i) = 0,
R

RxR

The process I enjoys the additional property that I"(s, z) only depends on ¢ — s. It
immediately follows that any (centered) Gaussian process (X;);eg with covariance
function I” is stationary (in a strong sense), meaning that

@
(Xl‘]"rl‘s Xt2+t7 LR th,,+t) = (th 7XI‘25 LR ’an)

for any choice of 7;,...,1,,t € R. Conversely, any stationary Gaussian process
X indexed by R has a covariance of the preceding type (this is Bochner’s theorem,
which we will not use in this book), and the measure y is called the spectral measure
of X.

1.4 Gaussian White Noise

Definition 1.12 Let (E, &) be a measurable space, and let i be a o-finite measure
on (E,&). A Gaussian white noise with intensity p is an isometry G from
L*(E, &, ) into a (centered) Gaussian space.

Hence, if f € L*(E, &, 1), G(f) is centered Gaussian with variance

BIGUP) = 160 sy = W0 = [ 12
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Iff,g € L*(E, &, ), the covariance of G(f) and G(g) is

EIG(NG()] = (f. 8) iz ) = / fodu.

In particular, if f = 14 with u(A) < oo, G(14) is A4 (0, u(A))-distributed. To
simplify notation, we will write G(A) = G(14).

Let Ay,...,A, € & be disjoint and such that jt(A;) < oo for every j. Then the
vector

(GAY),...,GAy)
is a Gaussian vector in R” and its covariance matrix is diagonal since, if i # j,

E[G(A)G(A)] = (14,.14)) 0.

PESW ~
From Proposition 1.2, we get that the variables G(4,), ..., G(A,) are independent.

Suppose that A € & is such that (A) < oo and that A is the disjoint union of
o0

a countable collection A, A,, ... of measurable subsets of E. Then, 14, = Zj:l 1,

where the series converges in L?(E, &, i), and by the isometry property this implies
that

G(A) =) G(A)
=1

where the series converges in L*(£2,.7,P) (since the random variables G(A;)
are independent, an easy application of the convergence theorem for discrete
martingales also shows that the series converges a.s.).

Properties of the mapping A — G(A) are therefore very similar to those of a
measure depending on the parameter w € 2. However, one can show that, if o is
fixed, the mapping A — G(A)(w) does not (in general) define a measure. We will
come back to this point later.

Proposition 1.13 Let (E, &) be a measurable space, and let j1 be a o-finite measure
on (E, &). There exists, on an appropriate probability space (2, .7, P), a Gaussian
white noise with intensity (L.

Proof We rely on elementary Hilbert space theory. Let (f;,i € I) be a total
orthonormal system in the Hilbert space L>(E, &, j1). For every f € L*(E, &, 11),

f=> af

i€l
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where the coefficients o; = ( fs ﬁ) are such that

2 2
Y o =|f? < o.

i€l

On an appropriate probability space (§2, .%, P) we can construct a collection (X;);er,
indexed by the same index set /, of independent .#"(0, 1) random variables (see [64,
Chapter III] for the existence of such a collection — in the sequel we will only need
the case when [ is countable, and then an elementary construction using only the
existence of Lebesgue measure on [0, 1] is possible), and we set

G(f) = Z%’Xi-

i€l

The series converges in L? since the X;, i € I, form an orthonormal system in
L?. Then clearly G takes values in the Gaussian space generated by X;, i € 1.
Furthermore, G is an isometry since it maps the orthonormal basis (f;,i € I) to
an orthonormal system. O

We could also have deduced the previous result from Theorem 1.11 applied with
T = [*(E.& p) and I'(f.g) = (f. g)Lz(Eé”p_)' In this way we get a Gaussian

process (X7, f € L*(E, &, i) and we just have to take G(f) = X;.

Remark In what follows, we will only consider the case when L*(E, &, 1) is
separable. For instance, if (E, &) = (R4, Z(R4)) and u is Lebesgue measure, the
construction of G only requires a sequence (£,),>0 of independent .4#(0, 1) random
variables, and the choice of an orthonormal basis (¢,),>0 of L*(R4, Z(R4),d?):
We get G by setting

G(f) =Y _(f - on)tn

n>0

See Exercise 1.18 for an explicit choice of (¢,),>0 when E = [0, 1].

Our last proposition gives a way of recovering the intensity ((A) of a measurable
set A from the values of G on the atoms of finer and finer partitions of A.

Proposition 1.14 Let G be a Gaussian white noise on (E, &) with intensity . Let
A € & be such that u(A) < oo. Assume that there exists a sequence of partitions
of A,

A=AlU...UA!
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whose “mesh” tends to 0, in the sense that

1< j<kn

nll)ngo( sup ,u(Aj)) =0.

Then,
kn
: m2 __
Tim ;G(A,-) = 1(A)
po

in L2,
Proof For every fixed n, the variables G(AY), . .., G(A} ) are independent. Further-
more, E[G(A]’.‘)Z] = ,u(A]'.‘). We then compute

2

kn kn k”
E|[D_GAN = p@) | | = vaG@)?) =23 n@A)),
j=1

J=1 J=1

because, if X is A4(0, 02), var(X?) = E(X*) — 0* = 30* — 0* = 20*. Then,

kn
> A < ( sup u(A?)) ey
j=1

1<j<kn

tends to 0 as n — oo by assumption. O

Exercises

Exercise 1.15 Let (X,);c[0,1] be a centered Gaussian process. We assume that the
mapping (t,w) +— X,(w) from [0, 1] x £2 into R is measurable. We denote the
covariance function of X by K.

1. Show that the mapping ¢ > X; from [0, 1] into L*(£2) is continuous if and only if
K is continuous on [0, 1]>. In what follows, we assume that this condition holds.

2. Let i : [0, 1] — R be a measurable function such that fol |h()| \/m dr < o0.
Show that, for a.e. w, the integral fol h(t)X;(w)dt is absolutely convergent. We set
Z = [ h()X,dr.

3. We now make the stronger assumption fol |h(#)|dt < oo. Show that Z is the L?-
limit of the variables Z, = ) | X i S ,il h(t)dt when n — oo and infer that Z is

a Gaussian random variable.
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4. We assume that K is twice continuously differentiable. Show that, for every ¢ €
[0, 1], the limit

< . Xv _Xt
X; ;= lim
s—>t §—1

exists in L?(£2). Verify that (X,),e[oyl] is a centered Gaussian process and compute
its covariance function.

Exercise 1.16 (Kalman filtering) Let (€,)n>0 and (9,)s>0 be two independent
sequences of independent Gaussian random variables such that, for every n, ¢, is
distributed according to .4 (0,0?) and 7, is distributed according to .4(0, §%),
where 0 > 0 and § > 0. We consider two other sequences (X,),>0 and (¥y)n>0
defined by the properties Xy = 0, and, for every n > 0, X,,+1 = a,X,, + €,+1 and
Y, = cX,, + n,, where ¢ and qa,, are positive constants. We set

Xn/n = E[Xn I YOa Yla""YnL

A

Xovim = EXpy1 | Yo, Y1, ..., Yol

The goal of the exercise is to find a recursive formula allowing one to compute these
conditional expectations.

1. Verify that }A(nH /n= a,f(n/n, for every n > 0.
2. Show that, for every n > 1,

N N E|X,Z
Xn/n = Xn/n—l + E[,[—;rzl]n] ns

where Z, .= Y, — c)A(,,/,,_l.
3. Evaluate E[X,Z,] and E [Zﬁ] in terms of P, := E[(X,, — }A(n/n_l)z] and infer that,
for everyn > 1,

- _ - cP,
Xn-l—l/n = da Xn/n—l + mzn .

4. Verify that P; = 02 and that, for every n > 1, the following induction formula
holds:

8P
P =0>+ad> —"—.
n+1 +an C2Pn +82

Exercise 1.17 Let H be a (centered) Gaussian space and let H; and H, be linear
subspaces of H. Let K be a closed linear subspace of H. We write px for the
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orthogonal projection onto K. Show that the condition
VX| € H|,VX; € Hy, E[XiXo] = E[pk(X1)px (X2)]

implies that the o-fields o(H;) and o(H) are conditionally independent given
o (K). (This means that, for every nonnegative o (H,)-measurable random variable
X, and for every nonnegative o(H;)-measurable random variable X, one has
E[X:Xz2|0(K)] = E[Xi|o(K)] E[X2|0(K)].) Hint: Via monotone class arguments
explained in Appendix Al, it is enough to consider the case where X, resp. X»,
is the indicator function of an event depending only on finitely many variables in
H\, resp. in H.

Exercise 1.18 (Lévy’s construction of Brownian motion) For every t € [0, 1], we
set ho(f) = 1, and then, for every integer n > 0 and every k € {0, 1,...,2" — 1},

() = 2" Vg i a1y (1) = 22 L1311 a2y (0.

1. Verify that the functions hy, (h})s>10<k<2r—1 form an orthonormal basis of
L2([0, 1], 2(][0, 1]), dt). (Hint: Observe that, for every fixed n > 0, any function
f :]0,1) — R that is constant on every interval of the form [(j — 1)27",;27"),
for 1 <j < 2", is a linear combination of the functions Ao, (/1")o<m<n0<k<27—1.)

2. Suppose that Ny, (N)n>10<k<2—1 are independent .4"(0, 1) random variables.
Justify the existence of the (unique) Gaussian white noise G on [0, 1], with
intensity dt, such that G(hg) = Ny and G(h}) = N} for every n > 0 and
0<k<2'—1.

3. Forevery t € [0, 1], set B, = G([0, #]). Verify that

oo 2"'—1
B, =1tNo+ ( > g’;(t)N;j),
n=0 k=0

where the series converges in L?, and the functions g7 : [0, 1] — [0, co) are given
by

ﬂ@=£%@m

Note that the functions g} are continuous and satisfy the following property: For
every fixed n > 0, the functions g{, 0 < k < 2" — 1, have disjoint supports and
are bounded above by 27/2,

4. For every integer m > 0 and every ¢ € [0, 1] set

m—1  2"—1

B =N+ Y (gl ny).
k=0

n=0
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Fig. 1.1 Illustration of the construction of B}m) in Exercise 1.18, form = 0, 1, 2, 3. For the clarity
of the figure, lines become thinner when m increases. The lengths of the dashed segments are
determined by the values of Ny and N} form = 0, 1,2

See Fig. 1.1 for an illustration. Verify that the continuous functions ¢ — Bfm) (w)
converge uniformly on [0, 1] as m — oo, for a.a. w. (Hint: If N is 4(0, 1)-
distributed, prove the bound P(|N| > a) < e/ fora > 1, and use this estimate
to bound the probability of the event {sup{|N7| : 0 < k < 2" — 1} > 2"/*}, for
every fixedn > 0.)

5. Conclude that we can, for every ¢t > 0, select a random variable B] which is a.s.
equal to By, in such a way that the mapping ¢ — Bj(w) is continuous for every
w € 2.

Notes and Comments

The material in this chapter is standard. We refer to Adler [1] and Lifshits [55] for
more information about Gaussian processes. The more recent book [56] by Marcus
and Rosen develops striking applications of the known results about Gaussian
processes to Markov processes and their local times. Exercise 1.16 involves a simple
particular case of the famous Kalman filter, which has numerous applications in
technology. See [49] or [62] for the details of the construction in Exercise 1.18.
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