Chapter 6
General Theory of Markov Processes

Our goal in this chapter is to give a concise introduction to the main ideas of the
theory of continuous time Markov processes. Markov processes form a fundamental
class of stochastic processes, with many applications in real life problems outside
mathematics. The reason why Markov processes are so important comes from the
so-called Markov property, which enables many explicit calculations that would
be intractable for more general random processes. Although the theory of Markov
processes is by no means the central topic of this book, it will play a significant
role in the next chapters, in particular in our discussion of stochastic differential
equations. In fact the whole invention of It6’s stochastic calculus was motivated by
the study of the Markov processes obtained as solutions of stochastic differential
equations, which are also called diffusion processes.

This chapter is mostly independent of the previous ones, even though Brownian
motion is used as a basic example, and the martingale theory developed in Chap. 3
plays an important role. After a section dealing with the general definitions and
the problem of existence, we focus on the particular case of Feller processes,
and in that framework we introduce the key notion of the generator. We establish
regularity properties of Feller processes as consequences of the analogous results
for supermartingales. We then discuss the strong Markov property, and we conclude
the chapter by presenting three important classes of Markov processes.

6.1 General Definitions and the Problem of Existence

Let (E, &) be a measurable space. A Markovian transition kernel from E into E is a
mapping Q : E x & — [0, 1] satisfying the following two properties:

(i) For every x € E, the mapping & > A — Q(x,A) is a probability measure on
(E, &).
(ii) Forevery A € &, the mapping E > x — Q(x,A) is &-measurable.
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In what follows we say transition kernel instead of Markovian transition kernel.

Remark In the case where E is finite or countable (and equipped with the o-field
of all subsets of E), Q is characterized by the “matrix” (Q(x, {y}))xyek-

If f : E — R is bounded and measurable (resp. nonnegative and measurable),
the function Qf defined by

Qﬂm=/Qw®v@

is also bounded and measurable (resp. nonnegative and measurable) on E. Indeed,
if f is an indicator function, the measurability of Q,f is just property (ii) and the
general case follows from standard arguments.

Definition 6.1 A collection (Q;),>¢ of transition kernels on E is called a transition
semigroup if the following three properties hold.

(i) Forevery x € E, Qo(x, dy) = 8,(dy).
(i) Forevery s,z >0andA € &,

Qm@M=LQ@MQ&M

(Chapman—Kolmogorov identity).
(iii) For every A € &, the function (¢, x) — Q,(x,A) is measurable with respect to
the o-field Z(R4+) ® &.

Let B(E) be the vector space of all bounded measurable real functions on E,
which is equipped with the norm || f|| = sup{|[f(x)| : x € E}. Then the linear
mapping B(E) > f — Qf is a contraction of B(E). From this point of view, the
Chapman—-Kolmogorov identity is equivalent to the relation

QH—J = QrQs

for every s, > 0. This allows one to view (Q,);>0 as a semigroup of contractions of
B(E).

We now consider a filtered probability space (§2, %, (F)sef0.00], P)-
Definition 6.2 Let (Q;):>0 be a transition semigroup on E. A Markov process (with

respect to the filtration (%)) with transition semigroup (Q;)>o is an (.%;)-adapted
process (X;);>0 with values in E such that, for every s,# > 0 and f € B(E),

Elf Xsto) | F] = Qf (X,).

Remark When we speak about a Markov process X without specifying the
filtration, we implicitly mean that the property of the definition holds with the
canonical filtration ZX = 0(X,,0 < r < 1). We may also notice that, if X is a
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Markov process with respect to a filtration (%), it is automatically also a Markov
process (with the same semigroup) with respect to (.#").

The definition of a Markov process can be interpreted as follows. Taking f = 14,
we have

P[Xx+t €A | ngv] = Qt(XwA)
and in particular
PXs+: €A X0 <r <s] = QiXs,A).

Hence the conditional distribution of X4, knowing the “past” (X,,0 < r < s)
before time s is given by Q,(Xj,-), and this conditional distribution only depends
on the “present” state X;. This is the Markov property (informally, if one wants to
predict the future after time s, the past up to time s does not give more information
than just the present at time ).

Consequences of the definition Let y(dx) be the law of Xj,. Thenif 0 <t} < f, <
e <0 andAo,Al,...,Ap €&,

P(Xo € Ao, X; €A1, Xy, €Ay, ... X, € Ap)

=/A y(dxo) | Oy (x0,dxr) Qtz—tl(xladXZ)"'/A Q11 (p—1, dx).

Ay Az

More generally, if fy. fi,....f, € B(E),
ELfo(Xo)fi (Xn) - (X,,)] = /  (dxo)fo(xo) / 0., (o, dx )y (1)

X /Qtz—tl (.X] ) dxz).fz(-xz) o '/Qtp—l‘pfl (-xp—l ) dxp f‘;) (-xp)'

This last formula is derived from the definition by induction on p. Note that,
conversely, if the latter formula holds for any choice of 0 < #; < 1, < -+ < ¢,
and fo,f1,....f, € B(E), then (X;);>0 is a Markov process of semigroup (Q;);>0,
with respect to its canonical filtration ﬁ}x = 0(X;,0 < r < ¢) (use a monotone
class argument to see that the property of the definition holds with .7, = .ZX, see
Appendix Al).

From the preceding formulas, we see that the finite-dimensional marginals of the
process X are completely determined by the semigroup (Q;);>0 and the law of X
(initial distribution).

Example If E = R? we can take, for every > 0 and x € R,

O:(x,dy) = p:(y — x) dy
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where, for z € RY,

2
pu(@) = @iy exp— L
2t
is the density of the Gaussian vector in R with covariance matrix ¢1d. It is
straightforward to verify that this defines a transition semigroup on R?, and the
associated Markov process is d-dimensional Brownian motion (it would be more
accurate to say pre-Brownian motion since we have not yet said anything about
sample paths). In the case d = 1, compare with Corollary 2.4.

We now address the problem of the existence of a Markov process with a given
semigroup. To this end, we will need a general theorem of construction of random
processes, namely the Kolmogorov extension theorem. We give without proof the
special case of this theorem that is of interest to us (a proof in a more general setting
can be found in [64, Chapter III], see also [47, Chapter VII], and [49, Section 2.2]
for the special case E = R).

Let 2* = E®+ be the space of all mappings @ : Ry —> E. We equip £2* with
the o-field .#* generated by the coordinate mappings w +— w(t) for t € R4. Let
F(R4) be the collection of all finite subsets of R, and, for every U € F(R4), let
my : 2% —> EY be the mapping which associates with every o : Ry —> E its
restriction to U. If U,V € F(R4) and U C V, we similarly write ), : EY —> EY
for the obvious restriction mapping.

We recall that a topological space is Polish if its topology is separable (there
exists a dense sequence) and can be defined by a complete metric.

Theorem 6.3 Assume that E is a Polish space equipped with its Borel o-field &.
For every U € F(Ry), let uy be a probability measure on EV. Assume that the
collection (uy, U € F(Ry)) is consistent in the following sense: If U C V, uy
is the image of [y under Jr,‘]/. Then there exists a unique probability measure (L on
(2%, F%) such that my () = py for every U € F(R4).

Remark The uniqueness of u is an immediate consequence of the monotone class
lemma (cf. Appendix Al).

The Kolmogorov extension theorem allows one to construct random processes
having prescribed finite-dimensional marginals. To see this, let (X;);>0 be the
canonical process on £2* :

Xi(w) = w(1), t>0.

If p is a probability measure on £2* and U = {11,....1,} € F(Ry), with f; <
Iy < .-+ < ty, then (X;,... ,ti) can be viewed as a random variable with values
in EY, provided we identify EV with E” via the mapping @ —> ((t1), ..., o(t,)).
Furthermore, the distribution of (X, ..., X; ) under u is 7y(). The Kolmogorov
theorem can thus be rephrased by saying that given a collection (uy, U € F(R4)) of



6.1 General Definitions and the Problem of Existence 155

finite-dimensional marginal distributions, which satisfies the consistency condition
(this condition is clearly necessary for the desired conclusion), one can construct
a probability measure p on the space §2*, under which the finite-dimensional
marginals of the canonical process X are the measures py, U € F(R4).

Corollary 6.4 We assume that E satisfies the assumption of the previous theorem
and that (Qr)s>0 is a transition semigroup on E. Let y be a probability measure
on E. Then there exists a (unique) probability measure P on 2* under which the
canonical process (X;)i>0 is a Markov process with transition semigroup (Q;)r>0
and the law of Xy is y.

Proof Let U = {f,...,5,} € FRy), with 0 < 1, < -+ < 1,. We define a
probability measure PU on EY (identified with E” as explained above) by setting

/PU(dxl e dx‘,,) 1A(X1, e ,x,,)
- / y (dxo) / 01 (x0. dx1) / Oy (1. ) - / O+ Gt ) Lax . 3y)

for any measurable subset A of EV.

Using the Chapman—Kolmogorov relation, one verifies that the measures PY
satisfy the consistency condition. The Kolmogorov theorem then gives the existence
(and uniqueness) of a probability measure P on £2* whose finite-dimensional
marginals are the measures Py, U € F(R). By a previous observation, this implies
that (X;),>0 is under P a Markov process with semigroup (Q;);>0, with respect to the
canonical filtration. O

For x € E, let P, be the measure given by the preceding corollary when y = §,.
Then, the mapping x + P, is measurable in the sense that x — P,(A) is measurable,
for every A € .#*. In fact, the latter property holds when A only depends on a finite
number of coordinates (in that case, there is an explicit formula for P,(A)) and
a monotone class argument gives the general case. Moreover, for any probability
measure y on E, the measure defined by

Py (A) = / y(dx) Po(A)

is the unique probability measure on £2* under which the canonical process (X;);>0
is a Markov process with semigroup (Q,);>o and the law of Xj is y.

Summarizing, the preceding corollary allows one to construct (under a topologi-
cal assumption on E) a Markov process (X;);>0 with semigroup (Q;);>0, which starts
with a given initial distribution. More precisely, we get a measurable collection of
probability measures (P,).cg such that the Markov process X starts from x under
P,. However, a drawback of the method that we used is the fact that it does not
give any information on the regularity properties of sample paths of X — at present
we cannot even assert that these sample paths are measurable. We will come back
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to this question later, but this will require additional assumptions on the semigroup

(Q1)r=o0-

We end this section by introducing the important notion of the resolvent.

Definition 6.5 Let A > 0. The A-resolvent of the transition semigroup (Q;)s>o is
the linear operator R, : B(E) —> B(E) defined by

Rif(x) = /0 MO, () dr

forf € B(E) and x € E.

Remark Property (iii) of the definition of a transition semigroup is used here to get
the measurability of the mapping ¢t — Q,f(x), which is required to make sense of
the definition of Ry f(x).

Properties of the resolvent.

@ (R f] = 7171l
(i) fO<f <1,then0 < AR,f < 1.
(iii) If A, u > 0, we have Ry — R,, + (A — )RR, = O (resolvent equation).

Proof Properties (i) and (ii) are very easy. Let us only prove (iii). We may assume
that A # u. Then,

REH@ = [ ero([Terora)mas

_ /0 - e—m( / 0,(x, dy) /0 0, £(5) dt) is
/0 °° «( /0 e, 0) dr)ds

o0 o0
- / S / 0, () dr)ds
0 0

= /000 e_(k_")‘?(/oo e MO, f(y) dr)ds

s

= /(;00 0.f) e_‘”(/ore_(k_“)sds)dr

giving the desired result. O
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Example In the case of real Brownian motion, one verifies that

Rif () = / (v — 0f () dy
where

ly — x|? 1
—Af) dt =
2t ) V2A

ny—x) = /000(2711‘)_1/2 exp(— exp(—|y —xI\/ﬁ).

A neat way of getting the last equality is to use the formula E[e=*"«] = e~V for
the Laplace transform of the hitting time a > 0 by a real Brownian motion started
from O (see formula (3.7)). By differentiating with respect to A, we get E[T, e ™*T¢] =

(a/~/2X)e=¥?* and using the density of T,, (Corollary 2.22) to rewrite E[T, e~*T4],
we exactly find the integral that comes up in the calculation of r) (y — x).

A key motivation of the introduction of the resolvent is the fact that it allows one
to construct certain supermartingales associated with a Markov process.

Lemma 6.6 Let X be a Markov process with semigroup (Q;)>0 with respect to the
filtration (%,). Let h € B(E) be nonnegative and let A > 0. Then the process

e MRy h(X;)

is an (%,)-supermartingale.

Proof The random variables e 'R, h(X;) are bounded and thus in L'. Then, for
every s > 0,

o0
O.Ryh = / e,y hdr
0
and it follows that
o0 o0
e MQ,Ryh = / e M L hdr = / e MQ,hdt < Ryh.
0 K

Hence, for every s, ¢ > 0,
E[e " Rh(Xyy) | Fi] = e HHTIQRX) < e M RuR(X)).

giving the desired supermartingale property. O
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6.2 Feller Semigroups

From now on, we assume that E is a metrizable locally compact topological space.
We also assume that E is countable at infinity, meaning that E is a countable union
of compact sets. The space E is equipped with its Borel o-field.

Under the previous assumptions, it is well known that the space E is Polish.
Moreover, one can find an increasing sequence (Kj),>1 of compact subsets of E,
such that any compact set of E is contained in K, for some n. A functionf : E — R
tends to O at infinity if, for every ¢ > 0, there exists a compact subset K of E such
that | f(x)| < e forevery x € E\K. This is equivalent to requiring that

sup |f(x)] — 0.
x€E\K, n—>00

We let Cy(E) stand for the set of all continuous real functions on E that tend to 0
at infinity. The space Cy(FE) is a Banach space for the supremum norm

A1l = sup | f(0)].

X€EE

Definition 6.7 Let (Q,);>0 be a transition semigroup on E. We say that (Q;).>¢ is a
Feller semigroup if:

() Vf € Gy(E), Qf € Co(E);
(ii) Yf € Co(E), |Qf —f|| —> O ast — O.

A Markov process with values in E is a Feller process if its semigroup if Feller.

Remark One can prove (see for instance [70, Proposition I11.2.4]) that condition
(ii) can be replaced by the seemingly weaker property

Vf € Go(E). Vx € E, Qf (x) —> f(x).

We will not use this, except in one particular example at the end of this chapter.
Condition (ii) implies that, for every s > 0,

lim |Q+f — Q|| = lim |Qx(Qf — /)| =0
10 0

since Q; is a contraction of Cy(E). We note that the convergence is uniform when s
varies over R, which ensures that the mapping ¢ — Q,f is uniformly continuous
from Ry into Cy(E), for any fixed f € Cy(E).

In what follows, we fix a Feller semigroup (Q;);>0 on E. Using property (i) of
the definition and the dominated convergence theorem, one easily verifies that R,f €
Co(E) forevery f € Co(E) and A > 0.
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Proposition 6.8 Let A > 0, and set Z = {R\f : f € Co(E)}. Then Z does not
depend on the choice A > 0. Furthermore, Z is a dense subspace of Cy(E).

Proof If A # p, the resolvent equation gives

Ryf = Ru(f + (e = DRyf).

Hence any function of the form R, f with f € Cy(E) is also of the form R, g for some
g € Cyo(E). This gives the first assertion.

Clearly, Z is a linear subspace of Cy(E). To see that it is dense, we simply note
that, for every f € Cy(E),

AR f = A /oo e MO f dt = /oo e 'Qyf dt =2 f in Cy(E),
0 0 —>00

by property (ii) of the definition of a Feller semigroup and dominated convergence.
0

Definition 6.9 We set
of —f

DL) =1{f € Co(E) : —

converges in Cy(E) when ¢ |, 0}

and, for every f € D(L),

i 2SS
If= 1tlg)1 t '

Then D(L) is a linear subspace of Cy(E) and L : D(L) —> Cy(E) is a linear operator
called the generator of the semigroup (Q;)>0. The subspace D(L) is called the
domain of L.

Let us start with two simple properties of the generator.
Proposition 6.10 Lerf € D(L) and s > 0. Then Qf € D(L) and L(Qf) = Q,(Lf).
Proof Writing

2:(Q4) — O of —f )
t t

_ o

and using the fact that Q; is a contraction of Cy(E), we get that 1 (Q.(Q,f) — Oyf)
converges to Q,(Lf), which gives the desired result. O

Proposition 6.11 Iff € D(L), we have, for every t > 0,

szzf-i-/o Os(Lf) ds :f—i-/o L(Qyf) ds.
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Proof Letf € D(L). Forevery t > 0,

e (Qrref — Qf) = Q™ (O — 1)) TS Oi(Lf).

Moreover, the preceding convergence is uniform when ¢ varies over Ry. This
implies that, for every x € E, the function ¢ — Q,f(x) is differentiable on R
and its derivative is Q;(Lf)(x), which is a continuous function of ¢. The formula of
the proposition follows, also using the preceding proposition. O

The next proposition identifies the domain D(L) in terms of the resolvent
operators R} .

Proposition 6.12 Ler A > 0.

(1) Forevery g € Cy(E), Ryg € D(L) and (A — L)Ryg = g.
(i) Iff € D(L), Ry(A — L)f = /.

Consequently, D(L) = % and the operators Ry : Co(E) - #Z and A — L : D(L) —
Co(E) are the inverse of each other:

Proof

(1) If g € Co(E), we have for every ¢ > 0,
o0 o0
s_l(QsRAg —Ryg) = 8_1(/ e_l’QH_,g dt—/ e_MQ,g dt)
0 0
o0 &
= (=) [T etouga— [ eHoga)
0 0
Mg -8

using property (ii) of the definition of a Feller semigroup (and the fact that this

property implies the continuity of the mapping ¢ — Q,g from R into Cy(E)).

The preceding calculation shows that Ry g € D(L) and L(R)g) = AR g — g.
(i) Letf € D(L). By Proposition 6.11, Q,f = f + fot 0Os(Lf) ds, hence

[Terorma =124 [Te( [[aupwas)e

-1 (j‘) [T ewnmas

We have thus obtained the equality
ARV =f + RiLf

giving the result in (ii).
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The last assertions of the proposition follow from (i) and (ii): (i) shows that Z C
D(L) and (ii) gives the reverse inclusion, then the identities in (i) and (ii) show that
R; and A — L are inverse of each other. ]

Corollary 6.13 The semigroup (Qr)s>0 is determined by the generator L (including
also the domain D(L)).

Proof Let f be a nonnegative function in Cy(E). Then R,f is the unique element
of D(L) such that (A — L)R,f = f. On the other hand, knowing R,f(x) =
fooo e MQ,f(x)dr for every A > 0 determines the continuous function # > Q,f(x).
To complete the argument, note that O, is characterized by the values of Q,f for
every nonnegative function f in Cy(E). O

Example It is easy to verify that the semigroup (Q,),>o of real Brownian motion is
Feller. Let us compute its generator L. We saw that, for every A > 0 and f € Cy(R),

1
V24

If h € D(L), we know that there exists an f € Cy(R) such that & = R,f. Taking
A= %, we have

exp(—v/2Aly — x[) f() dy.

R = |

W) = / exp(—ly — x)f(3) dy.

By differentiating under the integral sign (we leave the justification to the reader),
we get that / is differentiable on R, and

H(x) = / sen(y —x) exp(—ly — x)f(3) dy

with the notation sgn(z) = 1.0y — 1y;<0} (the value of sgn(0) is unimportant). Let
us also show that /' is differentiable on R. Let xo € R. Then, for x > x,

W) = H (xo)= / (sens =) exp(—ly —x|) = sen(v = xo) exp(—Ly = xo]) )£ (¥)dy

[ (= explly =)~ exp-y ~ a1 &

0

[ senr— ) (exp-ly =) — expl-ly ~ 50D ) .
R\[xo.1]
It follows that

HO =W | orixg) + hixo).
X — Xo xdx0
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We get the same limit when x 1 x(, and we thus obtain that / is twice differentiable,
and i’ = =2f + h.
On the other hand, since & = Ry >f, Proposition 6.12 shows that

(G-Dh=f

hence Lh = —f + 1h = 1h".
Summarizing, we have obtained that

D(L) C {h € C*(R) : hand h" € Cy(R)}

and that, if h € D(L), we have Lh = %h”.

In fact, the preceding inclusion is an equality. To see this, we may argue in the
following way. If g is a twice differentiable function such that g and g” are in Cy(R),
wesetf = %(g —g") € Co(R), then h = Ry »f € D(L). By the preceding argument,
h is twice differentiable and h”" = —2f + h. It follows that (h—g)” = h—g. Since the
function 7—g belongs to Cy(RR), it must vanish identically and we get g = h € D(L).

Remark In general, it is very difficult to determine the exact domain of the
generator. The following theorem often allows one to identify elements of this
domain using martingales associated with the Markov process with semigroup

(Qt)tzo-

We consider again a general Feller semigroup (Q;):>0. We assume that on some
probability space, we are given, for every x € E, a process (X}');>o which is Markov
with semigroup (Q;)s=0, with respect to a filtration (.%#;),>0, and such that P(Xj =
x) = 1. To make sense of the integrals that will appear below, we also assume that
the sample paths of (X})>¢ are cadlag (we will see in the next section that this
assumption is not restrictive).

Theorem 6.14 Let h, g € Cy(E). The following two conditions are equivalent:

(i) he D(L) and Lh = g.
(ii) For every x € E, the process

o) = [ e s

is a martingale, with respect to the filtration (%,).

Proof We first prove that (i) = (ii). Let 2 € D(L) and g = Lh. By Proposition 6.11,
we have then, for every s > 0,

h=h+ [ Ogar
0
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It follows that, forz > 0 and s > 0,
ENX) | 5 = 006 = ) + [ 0,sx7) dr
On the other hand,
t+s t+s t+s
e[ [ eonar| 7] = [ Ese Flar= [ o gomar
t t t
= /0 Qrg(Xf) dr.

The fact that the conditional expectation and the integral can be interchanged (in the
first equality of the last display) is easy to justify using the characteristic property
of conditional expectations. It follows from the last two displays that

el [ sear| 2] =noxo — [ exrar

giving property (ii).
Conversely, suppose that (ii) holds. Then, for every ¢ > 0,

£ - /0 e ar] = hew

and on the other hand, from the definition of a Markov process,

sl - [ ear] = o - [ Qitar

Consequently,

h—h _
Q’ / Qgdr—>g

in Cy(E), by property (ii) of the definition of a Feller semigroup. We conclude that
heD(L)and Lh = g. O

Example In the case of d-dimensional Brownian motion, It6’s formula shows that,
if h e C2(RY),
1 t
h(X;) — = / Ah(X;) ds
2 Jo

is a continuous local martingale. This continuous local martingale is a martingale if
we furthermore assume that 4 and Ah are in Cy(R?) (hence bounded). It then follows
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from Theorem 6.14 that h € D(L) and Lh = %Ah. Recall that we already obtained
this result by a direct computation of L when d = 1 (in fact in a more precise form
since here we can only assert that D(L) D {h € C*(R?) : hand Ah € Cy(R%)},
whereas equality holds if d = 1).

6.3 The Regularity of Sample Paths

Our aim in this section is to show that one construct Feller processes in such a way
that they have cadlag sample paths. We consider a Feller semigroup (Q;),>0 on a
topological space E (assumed to be metrizable, locally compact and countable at
infinity as above).

Theorem 6.15 Let (X;)i>0 be a Markov process with semigroup (Q1)i>0, with
respect to the filtration (F;)e[0,00]. Set F 00 = Foo and, for every t > 0,

Fi=Fp Va(N),

where N denotes the class of all Foo-measurable sets that have zero probability.

Then, the process (X1):>0 has a cadlag modification (X,)r>0, which is adapted to
the filtration (/ 1). Moreover, (X,)r>0 is a Markov process with semigroup (Q;)s>o,
with respect to the filtration (ﬂ" 1)ie[0,00]-

Remark The filtration (ﬁ~ ;) is right-continuous because so is the filtration (%4 )
and the right-continuity property is preserved when adding the class of negligible
sets A

Proof Let E, = E U {A} be the Alexandroff compactification of E, which is
obtained by adding the point at infinity A to E (and by definition the neighborhoods
of A are the complements of compact subsets of E). We agree that every function
f € Cy(E) is extended to a continuous function on E 4 by setting f(A) = 0.

Write CS' (E) for the set of all nonnegative functions in Cy(E). We can find a
sequence (fy)n>o0 in Cg' (E) which separates the points of E,, in the sense that, for
every x,y € E, with x # y, there is an integer n such that f,,(x) # f,(y). Then,

JC ={Rpfu :p>1,n>0}

is also a countable subset of C(T (E) which separates the points of E4 (use the fact
that [|pR,f — f|| —> 0 when p — 00).

If h € 57, Lemma 6.6 shows that there exists an integer p > 1 such that e ”'h(X;)
is a supermartingale. Let D be a countable dense subset of R . Then Theorem 3.17
(i) shows that the limits

lim A(X lim A(X,
Dalsrilr X Dalsr?Tt (Xs)
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exist simultaneously for every t € Ry (the second one only for # > 0) outside
an Fo.-measurable event N, of zero probability. Indeed, as in the proof of
Theorem 3.17, we may define the complementary event N; as the set of all w € £2
for which the function D > s — e h(X;) makes a finite number of upcrossings
along any interval [a, b] (a,b € Q, a < b) on every finite time interval. We then set

N=|JN,

hest

in such a way that we still have N € .#". Then if @ ¢ N, the limits

lim X, , lim X,
Dslsl,i,r (a)) DBIJTTI ((U)

exist for every t > 0 (the second one only for r > 0) in E4. In fact, if we assume
that X;(w) has two distinct accumulation points in E4 when D > s || f, we get a
contradiction by considering a function & € .77 that separates these two points. We
can then set, for every w € £2\N and every t > 0,

X/(w) = DlaivriluXS(a)).

If o € N, we set 5(,(0)) = xo_for every r > 0, where xo is a fixed point in E.
Then, for every t > 0, 5(, is an .% ;-measurable random variable with values in E4.
Furthermore, for every w € £2, t — 5(, (w), viewed as a mapping with values in E 4,
is cadlag by Lemma 3.16 (this lemma shows that the functions ¢ - h(X,(w)), for
h € S, are cadlag, and this suffices since 7 separates points of E).

Let us now show that P(X, = 5(;) = 1, for every fixed t > 0. Let f, g € Cyo(E)
and let (,) be a sequence in D that decreases (strictly) to ¢. Then,

E[}C(Xt)g(it)] = nl_ig}oE[f(Xt)g(th)]
= nll)ngo E[f (X)) 0y, —8(X1)]
= E[f(X)g(X,)]

since Q,,—;§ —> g by the definition of a Feller semigroup. The preceding equality
entails that the two pairs (Xt,f(,) and (X;, X;) have the same distribution and thus
PX, =X)=1.

Let us then verify that~()~(,),20 is a Markov process with semigroup (Q;);>0 with
respect to the filtration (#). It is enough to prove that, for every s > 0, > 0 and
A e F,,f € Cy(E), we have

E[laf(Xs40)] = E[14 Qf (X,)].
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Since 5(5 = X a.s. and 5(5+, = X4, a.s., this is equivalent to proving that

E[laf(Xs+0] = E[14 Qf (Xy)].

Because A is equal a.s. to an element of %, we may assume that A € Z;;. Let
(s) be a sequence in D that decreases to s, so that A € .%,, for every n. Then, as
soon as s, < s + t, we have

E[1af(Xs+0)] = E[la E[f (Xs+0) | F5,1]1 = E[14 Os1—5,f (X5,)]-

But Qy,—,f converges (uniformly) to Q,f by properties of Feller semigroups, and
since X, = Xvn a.s. we also know that X, converges a.s. to XY = X, a.s. We thus
obtain the desired result by letting n tend to oo.

It remains to verify that the sample paths ¢ +— 5(,(0)) are cadlag as E-valued
mappings, and not only as Ex-valued mappings (we already know that, for every
fixed r > 0, X,(w) = X,(w) a.s. is in E with probability one, but this does not imply
that the sample paths, and their left-limits, remain in E). Fix a function g € C(T (E)
such that g(x) > O for every x € E. The function # = R;g then satisfies the same
property. Set, for every t > 0,

Y, = e 'h(X)).

Then Lemma 6.6 shows that (¥;),>¢ is a nonnegative supermartingale with respect
to the filtration (.%,). Additionally, we know that the sample paths of (¥;),>¢ are
cadlag (recall that 1(A) = 0 by convention).

For every integer n > 1, set

1
Ty =inf{t >0:Y, < —}.
n

Then T, is a stopping time of the filtration (§ 1) (we can apply Proposition 3.9,
because Ty is the first hitting time of an open set by an adapted process with cadlag
sample paths, and the filtration (J 1) is right-continuous). Consequently,

7= Jlim 1 7oy
is a stopping time. The desired result will follow if we can verify that P(T < o0) =
0. Indeed, it is clear that, for every t € [0, T(»)), X, € E and X,_ € E, and we may

redefine X,(w) = xo (for every ¢ > 0) for all @ belonging to the event {T < oo}
eN.
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To verify that P(T < oo) = 0, we apply Theorem 3.25 and the subsequent
remarktoZ = Yand U = T(,,, V = T + g, where g > 0 is a rational number. We
get

1

n

E[YT+q 1{T<o<>}] = E[YT(,,) 1{T(,1)<oo}] <
By letting n tend to oo, we thus have

E[YT+q 1{T<oo}] =0,

hence Y74, = 0 a.s. on {T < oo}. By the right-continuity of sample paths of ¥, we
conclude that ¥, = 0, for every ¢ € [T, 00), a.s. on {T < oo}. But we also know
that, for every integer k > 0, ¥} = e_kh(f(k) > 0 a.s., since 5(/( € E a.s. This suffices
to get P(T < o0) = 0. O

Remark The previous proof applies with minor modifications to the different
setting where we are given the process (X;);>o together with a collection (Py)eg
of probability measures such that, under P, (X;);>0 is a Markov process with
semigroup (Q;):>0, With respect to a filtration (.%):e[0,00], and Px(Xo = x) = 1
(in the first section above, we saw that these properties will hold for the canonical
process (X;)>0 on the space 2* = ER+ if the measures P, are constructed from
the semigroup (Q,),>o using the Kolmogorov extension theorem). In that setting, we
can define the filtration (#),c[0,00] by

Fi= T Vo (N,

where ./ denotes the class of all .#,-measurable sets that have zero P,-probability
for every x € E. By the same arguments as in the preceding proof, we can then
construct an (.%)-adapted process (X;),>o with cadlag sample paths, such that, for
every x € E,

P(X,=X)=1 Vt>0,

and (X,);>0 is under P, a Markov process with semigroup (Q;),>o, with respect to
the filtration (%):e[0,00], such that P, (Xp = x) = 1.

6.4 The Strong Markov Property

In the first part of this section, we come back to the general setting of Sect. 6.1
above, where (Q,);>0 is a (not necessarily Feller) transition semigroup on E. We
assume here that E is a metric space (equipped with its Borel o-field), and moreover
that, for every x € E, one can construct a Markov process (X;');>o with semigroup
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(Q1)i=0 such that Xj = x a.s. and the sample paths of X are cadlag. In the case of
a Feller semigroup, the existence of such a process follows from Corollary 6.4 and
Theorem 6.15.

The space of all cadlag paths f : Ry — E is denoted by ID(E). This space is
equipped with the o-field & generated by the coordinate mappings ' + f(¢). For
every x € E, we write PP, for the probability measure on ID(E) which is the law of
the random path (X}');>o. Notice that IP, does not depend on the choice of X*, nor of
the probability space where X* is defined: This follows from the fact that the finite-
dimensional marginals of a Markov process are determined by its semigroup and
initial distribution.

We first give a version of the (simple) Markov property, which is a simple
extension of the definition of a Markov process. We use the notation E, for the
expectation under P.

Theorem 6.16 (Simple Markov property) Let (Y;);>0 be a Markov process with
semigroup (Qy)>0, with respect to the filtration (F;)>o. We assume that the sample
paths of Y are cadlag. Let s > 0 and let @ : D(E) — R4 be a measurable
function. Then,

E[®((Ys+)iz0) | F5] = Ey,[@].

Remark The right-hand side of the last display is the composition of ¥, and of the
mapping y — E,[®]. To see that the latter mapping is measurable, it is enough to
consider the case where @ = 14, A € Z. When A only depends on a finite number
of coordinates, there is an explicit formula, and an application of the monotone class
lemma completes the argument.

Proof As in the preceding remark, it suffices to consider the case where @ = 14
and

A={feDE):f(t) €Bi,....f(t,) € By},

where 0 < t; <, <--- <t,and By, ..., B, are measurable subsets of E. In that
case, we need to verify that

P(Yx+t1 € Bla e Yx-l—tp € Bp I jv)
= Ql‘] (YX’ dX]) / Qtz—tl (.X] ) dx2) e / Ql‘p—tpfl (-xp—l b dx[))
B B By
We in fact prove more generally that, if @1, ..., @, € B(E),

E[(pl(Ys+t1) o @p(YH-rp) | ys]

= /Qtl(stdxl)(pl(xl)/Qtz—rl (xlsdx2)¢2(x2)"'/Qrp—t,,_l(xp—lsdxp)@p(xp)'
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If p = 1 this is the definition of a Markov process. We then argue by induction,
writing
E[@l(Ys+r1) Tt (pp(Ys+t,,) | fg.s]
= E[(pl (Ys+t1) o Pp—1 (Ys+tp71) E[@[}(Ys+tp) I jv+tp71] | jv]
= E[(pl (Ys+t1) e (pp—l (Ys+tp71) Qtp—tpfl Qop(YH—tpfl) | ngv]

and the desired result easily follows. O
We now turn to the strong Markov property.

Theorem 6.17 (Strong Markov property) Retain the assumptions of the previous
theorem, and suppose in addition that (Q,);>0 is a Feller semigroup (in particular,
E is assumed to be metrizable locally compact and countable at infinity). Let T be
a stopping time of the filtration (Z,4), and let @ : D(E) —> R4 be a measurable
function. Then, for every x € E,

E1l{7c00}P((Y14+1)120) | Z1] = Lt} Ey, [P].

Remark We allow T to be a stopping time of (%), which is slightly more general
than saying that T is a stopping time of the filtration (.%#;).

Proof We first observe that the right-hand side of the last display is .#r-measurable,
because {T < 00} 3 w +> Yr(w) is Fr-measurable (Theorem 3.7) and the function
y — E,[®] is measurable. It is then enough to show that, for A € Fr fixed,

E1an7<c0} P(Y7+1)120)] = E[lan{r<oc}Ey; [P]].

As above, we can restrict our attention to the case where

2(f) = p1(f(11)) - 0p(F (1)

where 0 <t <t <--- < t,and ¢1,...,¢@, € B(E). It is in fact enough to take
p = 1: If the desired result holds in that case, we can argue by induction, writing

E[lanir<co}p1 (Yr+4) == 0p(Y144,)]
= E[lanir<cc}1 (Y1+4) = @p—1 (Y744,_) El@p(Yr41,) | P4, 1]
= E[langr<co}1 (Yr+1) +* @p—1 (Y144, ) Ot 0p (Y1, )]

We thus fix > 0 and ¢ € B(E) and we aim to prove that

E1snr<00}0(Y1+:)] = E[lun(r<c0y Qs (Yr)]].
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We may assume that ¢ € Cy(E) (a finite measure on E is determined by its values
against functions of Cy(E)).

On the event T < oo, write [T], for the smallest real number of the form 27",
i € Z4, which is strictly greater than 7. Then,

Elanir<co}0(Yr40)] = nli)nolo E[1anir<oo}(Y(r),+1)]

o0
= nl_i)lgoZE[lAﬂ{(i—1)2*"§T<i2*”}(p(yi2*”+t)]
i=1

o0
= nll)ngo Z E[1an{i—1)2-<r<in—y Q10 (Yio—n)]

i=1

= nll>nc}o E[IAO{T<oo}Qt(p(Y[T]n)]

El4n{r<00} Qrp(YT)]

giving the desired result. In the first (and in the last) equality, we use the right
continuity of sample paths. In the third equality, we observe that the event

AN{(i—-1)27"<T<i2™"

belongs to F;— because A € Zr and T is a stopping time of the filtration (%)
(use Proposition 3.6). Finally, and this is the key point, in the last equality we also
use the fact that Q,¢ is continuous, since ¢ € Cy(E) and the semigroup is Feller. O

Remark In the special case of (linear) Brownian motion, the result of Theorem 6.17
is essentially equivalent to Theorem 2.20 stated in Chap.2. The reason why the
formulation in Theorem 2.20 looks different comes from the property of stationarity
and independence of the increments of Brownian motion, which of course does
not subsist in our general setting. Even for Brownian motion, the formulation
of Theorem 6.17 turns out to be more appropriate in a number of situations: A
convincing illustration is the proof of Proposition 7.7 (ii) in the next chapter.

6.5 Three Important Classes of Feller Processes

6.5.1 Jump Processes on a Finite State Space

In this subsection, we assume that the state space E is finite (and equipped with the
discrete topology). Note that any cadlag function f € D(E) must be of the following
type: There exists a real ; € (0, oo] such that f(r) = f(0) for every r € [0, 1), then,
if 11 < oo, there exists a real t, € (1, 0o] such that f(r) = f(t;) # f(0) for every
t € [t1,1), and so on.
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Fig. 6.1 A sample path of the jump process X under P,

Consider a Feller semigroup (Q;),>0 on E. By the remark of the end of Sect. 6.3,
we can construct, on a probability space §2 equipped with a right-continuous
filtration (:#)ejo,00], @ collection (Py).eg of probability measures and a process
(X1)i>0 with cadlag sample paths such that, under P,, X is Markov with semigroup
(Q1)r=0 with respect to the filtration (.%;), and P,(Xp = x) = 1. As previously,
E, stands for the expectation under P,. Since the sample paths of X are cadlag, we
know that, for every @ € 2, there exists a sequence

To(w) =0 < Ti(w) < Th(w) < T3(w) <--- < 00,

such that X,(w) = Xo(w) for every ¢t € [0,T;(w)) and, for every integer i > 1,
the condition Tj(w) < oo implies T;(w) < Tit1(®), X1,0)(®) # Xr_,(0) (@) and
X/(w) = X1yw)(w) for every t € [Ti(w), Ti+1(w)). Moreover, T,,(w) 1 oo asn —
oo. See Fig. 6.1.

It is not hard to verify that Ty, T1, T3, . . . are stopping times. For instance,

n<n= {J X #X}es
q€[0.0NQ

Recall that, for A > 0, a positive random variable U is exponentially distributed
with parameter A if P(U > r) = e™*" for every r > 0. In the following lemma, we
make the convention that an exponential variable with parameter O is equal to co
a.s.

Lemma 6.18 Let x € E. There exists a real number q(x) > 0 such that the random
variable T\ is exponentially distributed with parameter q(x) under P,. Furthermore,
if q(x) > 0, T\ and X, are independent under P,.
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Proof Lets,t > 0. We have

Px(Tl > 5+ t) = EX[I{T1>S} ¢((XS+V)VZO)L

where @(f) = 1()=f©), vrep,qy for f € ID(E). Using the simple Markov property
(Theorem 6.16), we get
PX(TI > 5+ t) = EX[I{Tl >s} EXx [®((Xr)r20]]
= Ex[l{T1>x} Px(Tl > t)]
= P(T) > 5) P(T1 > 1),

which implies that 7} is exponentially distributed under P,.
Assume that g(x) > 0, so that T} < oo, P, a.s. Then, foreveryt > 0andy € E,

P(Ty > t, X, = y) = Ex[7,50 Y ((Xetr)r=0)]s

where for f € ID(E), ¥(f) = Ois f is constant, and otherwise ¥ (f) = 1g,(5)=y}, if
y1(f) is the value of f after its first jump. We thus get
Px(Tl > 1, XT1 = Y) = EX[I{T1>t} EX:[W((Xr)rEO)]]
= Ex[l{T1>t} PX(XTl = )’)]
= PX(TI > t) Px(XTl = y),

which gives the desired independence. O

Points x such that g(x) = 0 are absorbing states for the Markov process, in the
sense that P, (X, = x,Vt > 0) = 1.
For every x € E such that g(x) > 0, and every y € E, we set

H(x, y) = PX(XTI = y)'

Note that I7(x, -) is a probability measure on E, and I1(x,x) = 0.

Proposition 6.19 Let L denote the generator of (Q;)i>0. Then D(L) = Cy(E) =
B(E), and, for every ¢ € B(E), for every x € E:

s ifq(x) =0, Lo(x) = 0;
e ifgq(x) >0,

Lo(x) =q(x) Y  HE)(e() —e®) =Y L) Q).

YEE y#x yEE
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where

g (x,y) if y # x,

Ley) = —q(x) ify =x.

Proof Let ¢ € B(E) andx € E. If g(x) = 0, it is trivial that Q,¢(x) = ¢(x) and so

. Q) —p(x)
m —— —=

i 0.
t}0 t
Suppose then that g(x) > 0. We first observe that
P(T, < 1) = O(F) (6.1)

as t — 0. Indeed, using the strong Markov property at 77,
PTy < 1) S P(Th <t, T» <T1 + 1) = Ex[lir, < Pxy, (T1 < 1)),
and we can bound

Py, (T1 < 1) <supPy(T\ < 1) <tsupq(y),

yEE yEE

giving the desired result since we have also P (T} < t) < g(x)t.
It follows from (6.1) that

0ip(x) = Elp(X)] = Edlo(X)) Ly=ry] + Edlo(Xr,) Lz <] + O(F)

= @) e ™ + (1 -1 > M(x.y) e(y) + OF).

YEE,y#x

using the independence of 71 and X7, and the definition of I7(x,y). We conclude
that

M — —qe@ + 4@ Y 5y (),

YEE y#x

and this completes the proof. O

In particular, taking ¢(y) = 1,3, we have if y # x,

d
L(x,y) = &Px(Xt = Y)}i=0>

so that L(x, y) can be interpreted as the instantaneous rate of transition from x to y.
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The next proposition provides a complete description of the sample paths of X
under P,. For the sake of simplicity, we assume that there are no absorbing states,
but the reader will easily extend the statement to the general case.

Proposition 6.20 We assume that q(y) > 0 for every y € E. Let x € E. Then,
P. a.s., the jump times T) < T, < T3 < --- are all finite and the sequence
Xo, X1, X1y, . . . is under Py a discrete Markov chain with transition kernel I1 started
from x. Furthermore, conditionally on (Xo,Xr,,Xr,,...), the random variables
T, — Ty, T, — Ty,... are independent and, for every integer i > 0, the conditional
distribution of Ti+1 — T; is exponential with parameter q(Xr,).

Proof An application of the strong Markov property shows that all stopping times
T,,T,... are finite P, a.s. Then, let y,z € E, and f1,f» € B(R4+). By the strong
Markov property at Ty,

Ex[Lxy, =i (T1) Lixyy =32 (T2 — Th)]
= Ex[Lixy, = f1(Th) Exy, [Lixy, =212(T1)]]

o0 o0
— MG0.9) [ e i) [ dne A,
0 0
Arguing by induction, we get for every y1,...,y, € Eandfi,....f, € B(Ry),

Ex[l{X'rl =}’1}1{X1'2=y2} T 1{X7‘p=>'p}fl(T1)f2(T2 —T1) - fp (T, = Tp-1)]

P 00
= M0+ M0y T ([ dse®00500),
i=1

where yo = x by convention. The various assertions of the proposition follow. 0O

Jump processes play an important role in various models of applied probability,
in particular in reliability and in queueing theory. In such applications, one usually
starts from the transition rates of the process. It is thus important to know whether,
given a collection (q(x)).cg of nonnegative real numbers and, for every x such
that g(x) > 0, a probability measure [1(x,:) on E such that [T(x,x) = O,
there exists a corresponding Feller semigroup (Q;):>0 and therefore an associated
Markov process. The answer to this question is yes, and one can give two different
arguments:

* Probabilistic method. Use the description of Proposition 6.20 (or its extension
to the case where there are absorbing states) to construct the process (X;);>0
starting from any x € FE, and thus the semigroup (Q;);>0 via the formula

0ip(x) = Ed[p(X))].
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* Analytic method. Define the generator L via the formulas of Proposition 6.19,
and observe that the semigroup (Q,);>o0, if it exists, must solve the differential
equation

d
d_QT(-xv y) = QTL(xs )’)
t
by Proposition 6.11. This leads to

O, =exp(tL),

in the sense of the exponential of matrices. Since Ald + L has nonnegative
entries if A > 0 is large enough, one immediately gets that Q, has nonnegative
entries. Writing 1 for the vector (1,1,...,1), the property L1 = 0 gives
01 = 1, so that (Q;(x,-))reg defines a transition kernel. Finally, the property
exp((s + #) L) = exp(sL)exp(tL) gives the Chapman—Kolmogorov property,
and we get that (Q;),>0 is a transition semigroup on E, whose Feller property is
also immediate.

Many of the preceding results can be extended to Feller Markov processes on a
countable state space E. Note, however, that certain difficulties arise in the question
of the existence of a process with given transition rates. In fact, starting from the
probabilistic description of Proposition 6.20, one needs to avoid the possibility of
an accumulation of jumps in a finite time interval, which may occur if the rates
(q(y),y € E) are unbounded — of course this problem does not occur when E is
finite.

6.5.2 Lévy Processes

Consider a real process (Y;)>o which satisfies the following three assumptions:

(i) Yo =0as.
(i) Forevery 0 < s <1, the variable Y; — Y is independent of (¥,,0 < r < s) and
has the same law as Y;_;.
(iii) Y; converges in probability to O when ¢ | 0.

Two special cases are real Brownian motion (started from 0) and the process
(T4)a>0 of hitting times of a real Brownian motion (cf. Exercise 2.26).

Notice that we do not assume that sample paths of Y are cadlag, but only the
weaker regularity assumption (iii). The preceding theory will allow us to find a
modification of Y with cadlag sample paths.

For every t > 0, we denote the law of ¥; by Q,(0, dy), and, for every x € R, we
let Q;(x, dy) be the image of Q,(0, dy) under the translation y > x + y.
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Proposition 6.21 The collection (Q;);>0 is a Feller semigroup on R. Furthermore,
(Y10 is a Markov process with semigroup (Q;)>o.

Proof Letus show that (Q,),>o is a transition semigroup. Let ¢ € B(R), s, # > 0 and
x € R. Property (ii) shows that the law of (Y}, Y, — Y;) is the product probability
measure Q;(0,-) ® O,(0, -). Hence,

[ o [omave = [0 [00.wea+y+2

=Elp(x+ Y+ (Yis — Y1))]
= E[(p(x + Yt+x)]

:/@ﬂw&ww

giving the Chapman—Kolmogorov relation. We should also verify the measurability
of the mapping (¢, x) — Q;(x,A), but this will follow from the stronger continuity
properties that we will establish in order to verify the Feller property.

Let us start with the first property of the definition of a Feller semigroup. If
¢ € Cp(R), the mapping

x = 0ip(x) = Elp(x + Y))]

is continuous by dominated convergence, and, again by dominated convergence, we
have

Elp(x+Y)] — O
xX—>00
showing that Q,¢ € Cyp(R). Then,
Qip(x) = E[p(x + Y)] —> ¢(x)
thanks to property (iii). The uniform continuity of ¢ even shows that the latter
convergence is uniform in x. This completes the proof of the first assertion of the
proposition. To get the second one, we write, for every s, > 0 and every ¢ € B(R),
Elp(Yo+) | Y. 0 < r = 5] = Elp(Y; + (Yo, = Y)) | Y. 0 < 7 < 5]

=/an+wgm®)
=/¢@Qﬁ@@»

using property (ii) and the definition of Q,(0, -) in the second equality. O
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It then follows from Theorem 6.15 that there exists a modification of (Y;),>0 with
cadlag sample paths. Obviously this modification still satisfies (i) and (ii).

A Lévy process is a process satisfying properties (i) and (ii) above, and having
cadlag sample paths (which implies (iii)). We refer to [3] for a thorough account of
the theory of Lévy processes.

6.5.3 Continuous-State Branching Processes

A Markov process (X;)>o with values in E = Ry is called a continuous-state
branching process if its semigroup (Q;)>o satisfies the following property: for every
x,y € Ry andr >0,

Qt(—xv ) * Qt(% ) = Ql(‘x + Y, ')7
where u * v denotes the convolution of the probability measures p and v on R.
Note that this implies Q,(0, -) = &, for every ¢ > 0.

Exercise Verify that, if X and X’ are two independent continuous-state branching
processes with the same semigroup (Q;)s>0, then (X; + X))>0 is also a Markov
process with semigroup (Q;),>o. This is the so-called branching property: compare
with discrete time Galton—Watson processes.

Let us fix the semigroup (Q,);>0 of a continuous-state branching process, and
assume that:

(1) O:(x,{0}) < 1foreveryx > Oandr > 0;
(i1) Qy(x,-) — 8,(-) when t — 0, in the sense of weak convergence of probability
measures.

Proposition 6.22 Under the preceding assumptions, the semigroup (Q;)i>0 is
Feller. Furthermore, for every A > 0, and every x > 0,

where the functions Y, : (0, 00) —> (0, 00) satisfy Yoy = Y44 foreverys,t > 0.

Proof Let us start with the second assertion. If x,y > 0, the equality Q,(x,-) *
0:(y,*) = Oi(x + y,-) implies that

(/Qr(x, dz) G_M)(/Qr(y, dz) e_“) = /Q,(x+y, dz) e .
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Thus the function

x+— —log (/ 0O:(x,dz) e_“)

is nondecreasing and linear on R, hence of the form xy,(1) for some constant
Y (A) > 0 (the case ¥,(A) = 01is excluded by assumption (i)). To obtain the identity
Vi oYy =Ygy, We write

/ Ors(x,d) e = / 0,(x.dy) / 0,(y. dz) e~

_ / 0, (x. dy) e

— e U()

We still have to prove that the semigroup is Feller. For every A > 0, set ¢ (x) =
—Ax
e . Then,

0105 = @y, € CoRy).

Furthermore, an application of the Stone—Weierstrass theorem shows that the vector
space generated by the functions ¢;, A > 0, is dense in Cy(R). It easily follows
that Q,¢ € Co(R4) forevery ¢ € Co(R4).

Finally, if ¢ € Co(R+), for every x > 0,

0w = [ ) 90) — o)

by assumption (ii). Using a remark following the definition of Feller semigroups,
this suffices to show that ||Q;¢ — ¢|| —> 0 when t — 0, which completes the proof.
O

Example For every t > 0 and every x > 0, define Q;(x,dy) as the law of
e + e + --- + ey, where ej,e;,... are independent random variables with
exponential distribution of parameter 1/¢, and N is Poisson with parameter x/¢, and
is independent of the sequence (e;). Then a simple calculation shows that

/ Oi(x,dy)e ™ = e

where

vi(d) =

1+ At
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Noting that ¥, o s = V¥,4;, we obtain that (Q,)>¢ satisfies the Chapman—
Kolmogorov identity, and then that (Q;);>0 is the transition semigroup of a
continuous-state branching process. Furthermore, (Q;),>¢ satisfies assumptions (i)
and (ii) above. In particular, the semigroup (Q,).>¢ is Feller, and one can construct
an associated Markov process (X;)>o with cadlag sample paths. One can in fact
prove that the sample paths of (X;)>¢ are continuous, and this process is called
Feller’s branching diffusion, see Sect. 8.4.3 below.

Exercises

Exercise 6.23 (Reflected Brownian motion) We consider a probability space
equipped with a filtration (%)sep.00). Let @ > 0 and let B = (B;)i=0 be an
(:%#;)-Brownian motion such that By = a. For every ¢t > 0 and every z € R, we set

_ 1 2
pi(2) = Tm eXP(‘z).

1. We set X; = |B,| for every t > 0. Verify that, for every s > 0 and ¢ > 0, for every
bounded measurable function f : Ry — R,

E[f(Xs+t) I jv] = Qtf(Xv)a

where Qqf = f and, for every ¢ > 0, for every x > 0,

0f(x) = /0 (piy =) + Py + ) £(3) d.

2. Infer that (Q,),>0 is a transition semigroup, then that (X;),>0 is a Markov process
with values in E = R, with respect to the filtration (.%;), with semigroup
(Q)r=0.

. Verify that (Q,),>o is a Feller semigroup. We denote its generator by L.

4. Let f be a twice continuously differentiable function on R, such that f and
S belong to Cy(R4). Show that, if f(0) = 0, f belongs to the domain of L,
and Lf = 3 f”. (Hint: One may observe that the function g : R — R defined
by g(y) = f(|y|) is then twice continuously differentiable on R.) Show that,
conversely, if f(0) # 0, f does not belong to the domain of L.

(]

Exercise 6.24 Let (Q;)>0 be a transition semigroup on a measurable space E. Let
7 be a measurable mapping from E onto another measurable space F. We assume
that, for any measurable subset A of F, for every x,y € E such that w(x) = 7 (y),
we have

0:i(x, m71(A) = Qi(y, w1 (A)),
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for every t > 0. We then set, for every z € F and every measurable subset A of F,
for every ¢t > 0,

0i(z.4) = Q,(x, n ™" (A))

where x is an arbitrary point of E such that 77 (x) = z. We also set Q(z.A) = 14(2).
We assume that the mapping (¢, z) — Q;(z, A) is measurable on Ry x F, for every
fixed A.

1. Verify that (Q)),>0 forms a transition semigroup on F.

2. Let (X;)>0 be a Markov process in E with transition semigroup (Q;),;>0 with
respect to the filtration (%;)>¢. Set ¥, = m(X,) for every t+ > 0. Verify that
(Y1)r>0 is a Markov process in F with transition semigroup (Q})>o with respect
to the filtration (%) s>0.

3. Let (B;);>0 be a d-dimensional Brownian motion, and set R, = |B,| for every
t > 0. Verify that (R;);>0 is a Markov process and give a formula for its
transition semigroup. (The case d = 1 was treated via a different approach in
Exercise 6.23.)

In the remaining exercises, we use the following notation. (E,d) is a locally
compact metric space, which is countable at infinity, and (Q;);>0 is a Feller
semigroup on E. We consider an E-valued process (X;) >0 with cadlag sample paths,
and a collection (Py)xeg of probability measures on E, such that, under Py, (X;);>0
is a Markov process with semigroup (Q,)>0, with respect to the filtration (%), and
P.(Xo = x) = 1. We write L for the generator of the semigroup (Q;);>0, D(L) for
the domain of L and R), for the A-resolvent, for every A > 0.

Exercise 6.25 (Scale function) In this exercise, we assume that £ = R, and that
the sample paths of X are continuous. For every x € R, we set

T, :=inf{t > 0: X, = x}
and
p(x) := Px(Tp < 00).
1. Show that,if 0 <x <y,
P = 9Py (T, < 0).

2. We assume that ¢(x) < 1 and Py(sup,»( X; = +00) = 1, for every x > 0. Show
that, if 0 <x <y,

@(x) — p(y)

PiTy <T) = = —0)
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Exercise 6.26 (Feynman—Kac formula) Let v be a nonnegative function in Cy(E).
For every x € E and every ¢ > 0, we set, for every ¢ € B(E),

0700 = E:fox) exp (- [ () as)]

1. Show that, for every ¢ € B(E) and s,t > 0, Q7 ¢ = Q7 (QF¢).
2. After observing that

l—exp(— /TU(XX) ds) = /TU(XX) exp(— /rv(Xr) dr) ds
0 0 s

show that, for every ¢ € B(E),

Qi — Qg = /0 0;(v 0" @) ds.

3. Assume that ¢ € D(L). Show that

d *
d—tQt Pi=0 = Ly —veg.

Exercise 6.27 (Quasi left-continuity) Throughout the exercise we fix the starting
point x € E. For every t > 0, we write X,_(w) for the left-limit of the sample path
s Xi(w) att.

Let (T,,),>1 be a strictly increasing sequence of stopping times, and 7" = lim 1
T,,. We assume that there exists a constant C < oo such that 7 < C. The goal of the
exercise is to verify that Xy— = X7, P, a.s.

1. Letf € D(L) and h = Lf. Show that, for every n > 1,

T

B0 | Fr) =1 0) + B[ [ ot

Ty

%ﬂ].
2. We recall from the theory of discrete time martingales that
a.s.,L1 ~
Ef(X7) | Z1,] — Eilf(Xr) | F1]
n—>oo

where

W
3

I
<3
;@

3
Il
-
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Infer from question (1) that

EJf(Xr) | F1] = f(Xr-).

3. Show that the conclusion of question (2) remains valid if we only assume that
f € Cyo(E), and infer that, for every choice of f, g € Cy(E),

E[f(Xr)g(Xr-)] = E|f (Xr—)8(Xr-)].
Conclude that X7— = X7, P, a.s.
Exercise 6.28 (Killing operation) In this exercise, we assume that X has continuous
sample paths. Let A be a compact subset of E and
Ty =inf{t >0:X, € A}.

1. We set, for every r > 0 and every bounded measurable function ¢ on E,

O p(x) = Eifp(X)) Lzl Vx €E.

Verify that Q7 ¢ = O (QF ¢), for every s, > 0.
2. We set E = (E\A) U {A}, where A is a point ‘added to E'\A as an isolated point.
For every bounded measurable function ¢ on E and every ¢t > 0, we set

0,9(x) = E[o(X) Lyery] + PiTa < fl@(4), ifx € E\A

and Q,p(A) = @(A). Verify that (Q,);0 is a transition semigroup on E. (The
proof of the measurability of the mapping (1, x) = Q,¢(x) will be omitted.)
3. Show that, under the probability measure P,, the process X defined by

Tla ift>Ty

is a Markov process with semigroup (Q,);>0, with respect to the canonical
filtration of X.

4. We take it for granted that the semigroup (Q,);>o is Feller, and we denote its
generator by L. Let f € D(L) such that f and Lf vanish on an open set containing
A. Write f for the restriction of f to E\A, and consider f as a function on E by
setting f(A) = 0. Show that f € D(L) and Lf(x) = Lf(x) for every x € E\A.

Exercise 6.29 (Dynkin’s formula)
1. Let g € Cy(FE) and x € E, and let T be a stopping time. Justify the equality

oo
E Vg™ / eMg(Xrtr) di| = Eullgrooe) ™ Rig(Xr)).
0



Notes and Comments 183

2. Infer that
T
Rig) = B[ [ €7500) &r] + EulLiron 7 RigOX0)L
0

3. Show that, if f € D(L),

T
70 = £ [ e0f =100 6] + Ellrecey € 10X

4. Assuming that E,[T] < oo, infer from the previous question that

E| /0 L) ] = B~ £,

How could this formula have been established more directly?

5. For every ¢ > 0, we set T, = inf{t > 0 : d(x, X;) > &}. Assume that E,[T,,] <
00, for every sufficiently small e. Show that (still under the assumption f € D(L))
one has

Ef(Xr, )] —f(x)
Ex[Ts,x]

Lf(x) = lim

6. Show that the assumption E,[T: ]| < oo for every sufficiently small ¢ holds if the
point x is not absorbing, that is, if there exists a t > 0 such that Q,(x, {x}) < 1.
(Hint: Observe that there exists a nonnegative function 2 € Cy(E) which vanishes
on a ball centered at x and is such that Q;i(x) > 0. Infer that one can choose
a > 0and n € (0, 1) such that P,(T,, > nt) < (1 —n)" for every integern > 1.)

Notes and Comments

The theory of Markov processes is a very important area of probability theory.
Markov processes have a long history that would be too long to summarize here.
Dynkin and Feller played a major role in the development of the theory (see
in particular Dynkin’s books [20, 21]). We limited our treatment to the minimal
material needed for our later applications to stochastic differential equations. Our
treatment of Feller processes is inspired by the corresponding chapters in [70] and
[71]. We chose to focus on Feller semigroups because this special case allows
an easy presentation of key notions such as the generator, and at the same time
it includes the main examples we consider in this book. The reader interested in
the more general theory of Markov processes may have a look at the classical
books of Blumenthal and Getoor [5], Meyer [59] and Sharpe [73]. The idea of
characterizing a Markov process by a collection of associated martingales (in the
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spirit of Theorem 6.14) has led to the theory of martingale problems, for which
we refer the reader to the classical book of Stroock and Varadhan [77]. Martingale
problems are also discussed in the book [24] of Ethier and Kurtz, which focuses
on problems of characterization and convergence of Markov processes, with many
examples and applications. Markov processes with a countable state space are
treated, along with other topics, in the more recent book [76] of Stroock. We refer
to the monograph [3] of Bertoin for a modern presentation of the theory of Lévy
processes.
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