
Chapter 6
General Theory of Markov Processes

Our goal in this chapter is to give a concise introduction to the main ideas of the
theory of continuous time Markov processes. Markov processes form a fundamental
class of stochastic processes, with many applications in real life problems outside
mathematics. The reason why Markov processes are so important comes from the
so-called Markov property, which enables many explicit calculations that would
be intractable for more general random processes. Although the theory of Markov
processes is by no means the central topic of this book, it will play a significant
role in the next chapters, in particular in our discussion of stochastic differential
equations. In fact the whole invention of Itô’s stochastic calculus was motivated by
the study of the Markov processes obtained as solutions of stochastic differential
equations, which are also called diffusion processes.

This chapter is mostly independent of the previous ones, even though Brownian
motion is used as a basic example, and the martingale theory developed in Chap. 3
plays an important role. After a section dealing with the general definitions and
the problem of existence, we focus on the particular case of Feller processes,
and in that framework we introduce the key notion of the generator. We establish
regularity properties of Feller processes as consequences of the analogous results
for supermartingales. We then discuss the strong Markov property, and we conclude
the chapter by presenting three important classes of Markov processes.

6.1 General Definitions and the Problem of Existence

Let .E;E / be a measurable space. A Markovian transition kernel from E into E is a
mapping Q W E � E �! Œ0; 1� satisfying the following two properties:

(i) For every x 2 E, the mapping E 3 A 7! Q.x;A/ is a probability measure on
.E;E /.

(ii) For every A 2 E , the mapping E 3 x 7! Q.x;A/ is E -measurable.
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152 6 General Theory of Markov Processes

In what follows we say transition kernel instead of Markovian transition kernel.

Remark In the case where E is finite or countable (and equipped with the �-field
of all subsets of E), Q is characterized by the “matrix” .Q.x; fyg//x;y2E.

If f W E �! R is bounded and measurable (resp. nonnegative and measurable),
the function Qf defined by

Q f .x/ D
Z

Q.x; dy/ f .y/

is also bounded and measurable (resp. nonnegative and measurable) on E. Indeed,
if f is an indicator function, the measurability of Qtf is just property (ii) and the
general case follows from standard arguments.

Definition 6.1 A collection .Qt/t�0 of transition kernels on E is called a transition
semigroup if the following three properties hold.

(i) For every x 2 E, Q0.x; dy/ D ıx.dy/.
(ii) For every s; t � 0 and A 2 E ,

QtCs.x;A/ D
Z

E
Qt.x; dy/Qs.y;A/

(Chapman–Kolmogorov identity).
(iii) For every A 2 E , the function .t; x/ 7! Qt.x;A/ is measurable with respect to

the �-field B.RC/˝ E .

Let B.E/ be the vector space of all bounded measurable real functions on E,
which is equipped with the norm k f k D supfjf .x/j W x 2 Eg. Then the linear
mapping B.E/ 3 f 7! Qtf is a contraction of B.E/. From this point of view, the
Chapman–Kolmogorov identity is equivalent to the relation

QtCs D QtQs

for every s; t � 0. This allows one to view .Qt/t�0 as a semigroup of contractions of
B.E/.

We now consider a filtered probability space .˝;F ; .Ft/t2Œ0;1�;P/.

Definition 6.2 Let .Qt/t�0 be a transition semigroup on E. A Markov process (with
respect to the filtration .Ft/) with transition semigroup .Qt/t�0 is an .Ft/-adapted
process .Xt/t�0 with values in E such that, for every s; t � 0 and f 2 B.E/,

EŒf .XsCt/ j Fs� D Qtf .Xs/:

Remark When we speak about a Markov process X without specifying the
filtration, we implicitly mean that the property of the definition holds with the
canonical filtration F X

t D �.Xr; 0 � r � t/. We may also notice that, if X is a
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Markov process with respect to a filtration .Ft/, it is automatically also a Markov
process (with the same semigroup) with respect to .F X

t /.

The definition of a Markov process can be interpreted as follows. Taking f D 1A,
we have

PŒXsCt 2 A j Fs� D Qt.Xs;A/

and in particular

PŒXsCt 2 A j Xr; 0 � r � s� D Qt.Xs;A/:

Hence the conditional distribution of XsCt knowing the “past” .Xr; 0 � r � s/
before time s is given by Qt.Xs; �/, and this conditional distribution only depends
on the “present” state Xs. This is the Markov property (informally, if one wants to
predict the future after time s, the past up to time s does not give more information
than just the present at time s).

Consequences of the definition Let �.dx/ be the law of X0. Then if 0 < t1 < t2 <
� � � < tp and A0;A1; : : : ;Ap 2 E ,

P.X0 2 A0;Xt1 2 A1;Xt2 2 A2; : : : ;Xtp 2 Ap/

D
Z

A0

�.dx0/
Z

A1

Qt1 .x0; dx1/
Z

A2

Qt2�t1 .x1; dx2/ � � �
Z

Ap

Qtp�tp�1 .xp�1; dxp/:

More generally, if f0; f1; : : : ; fp 2 B.E/,

EŒ f0.X0/f1.Xt1 / � � � fp.Xtp/� D
Z
�.dx0/f0.x0/

Z
Qt1 .x0; dx1/f1.x1/

�
Z

Qt2�t1 .x1; dx2/f2.x2/ � � �
Z

Qtp�tp�1 .xp�1; dxp/fp.xp/:

This last formula is derived from the definition by induction on p. Note that,
conversely, if the latter formula holds for any choice of 0 < t1 < t2 < � � � < tp
and f0; f1; : : : ; fp 2 B.E/, then .Xt/t�0 is a Markov process of semigroup .Qt/t�0,
with respect to its canonical filtration F X

t D �.Xr; 0 � r � t/ (use a monotone
class argument to see that the property of the definition holds with Ft D F X

t , see
Appendix A1).

From the preceding formulas, we see that the finite-dimensional marginals of the
process X are completely determined by the semigroup .Qt/t�0 and the law of X0
(initial distribution).

Example If E D R
d, we can take, for every t > 0 and x 2 R

d,

Qt.x; dy/ D pt.y � x/ dy
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where, for z 2 R
d,

pt.z/ D .2�t/�d=2 exp �jzj2
2t
;

is the density of the Gaussian vector in R
d with covariance matrix t Id. It is

straightforward to verify that this defines a transition semigroup on R
d, and the

associated Markov process is d-dimensional Brownian motion (it would be more
accurate to say pre-Brownian motion since we have not yet said anything about
sample paths). In the case d D 1, compare with Corollary 2.4.

We now address the problem of the existence of a Markov process with a given
semigroup. To this end, we will need a general theorem of construction of random
processes, namely the Kolmogorov extension theorem. We give without proof the
special case of this theorem that is of interest to us (a proof in a more general setting
can be found in [64, Chapter III], see also [47, Chapter VII], and [49, Section 2.2]
for the special case E D R).

Let ˝� D ER
C be the space of all mappings ! W RC �! E. We equip ˝� with

the �-field F� generated by the coordinate mappings ! 7! !.t/ for t 2 RC. Let
F.RC/ be the collection of all finite subsets of RC, and, for every U 2 F.RC/, let
�U W ˝� �! EU be the mapping which associates with every ! W RC �! E its
restriction to U. If U;V 2 F.RC/ and U � V , we similarly write �V

U W EV �! EU

for the obvious restriction mapping.
We recall that a topological space is Polish if its topology is separable (there

exists a dense sequence) and can be defined by a complete metric.

Theorem 6.3 Assume that E is a Polish space equipped with its Borel �-field E .
For every U 2 F.RC/, let �U be a probability measure on EU. Assume that the
collection .�U ;U 2 F.RC// is consistent in the following sense: If U � V, �U

is the image of �V under �V
U . Then there exists a unique probability measure � on

.˝�;F�/ such that �U.�/ D �U for every U 2 F.RC/.

Remark The uniqueness of � is an immediate consequence of the monotone class
lemma (cf. Appendix A1).

The Kolmogorov extension theorem allows one to construct random processes
having prescribed finite-dimensional marginals. To see this, let .Xt/t�0 be the
canonical process on ˝� :

Xt.!/ D !.t/; t � 0:

If � is a probability measure on ˝� and U D ft1; : : : ; tpg 2 F.RC/, with t1 <
t2 < � � � < tp, then .Xt1 ; : : : ;Xtp/ can be viewed as a random variable with values
in EU, provided we identify EU with Ep via the mapping ! �! .!.t1/; : : : ; !.tp//.
Furthermore, the distribution of .Xt1 ; : : : ;Xtp/ under � is �U.�/. The Kolmogorov
theorem can thus be rephrased by saying that given a collection .�U ;U 2 F.RC// of
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finite-dimensional marginal distributions, which satisfies the consistency condition
(this condition is clearly necessary for the desired conclusion), one can construct
a probability measure � on the space ˝�, under which the finite-dimensional
marginals of the canonical process X are the measures �U ;U 2 F.RC/.

Corollary 6.4 We assume that E satisfies the assumption of the previous theorem
and that .Qt/t�0 is a transition semigroup on E. Let � be a probability measure
on E. Then there exists a (unique) probability measure P on ˝� under which the
canonical process .Xt/t�0 is a Markov process with transition semigroup .Qt/t�0
and the law of X0 is � .

Proof Let U D ft1; : : : ; tpg 2 F.RC/, with 0 � t1 < � � � < tp. We define a
probability measure PU on EU (identified with Ep as explained above) by setting

Z
PU.dx1 : : : dxp/ 1A.x1; : : : ; xp/

D
Z
�.dx0/

Z
Qt1 .x0; dx1/

Z
Qt2�t1 .x1; dx2/ � � �

Z
Qtp�tp�1 .xp�1; dxp/1A.x1; : : : ; xp/

for any measurable subset A of EU .
Using the Chapman–Kolmogorov relation, one verifies that the measures PU

satisfy the consistency condition. The Kolmogorov theorem then gives the existence
(and uniqueness) of a probability measure P on ˝� whose finite-dimensional
marginals are the measures PU;U 2 F.RC/. By a previous observation, this implies
that .Xt/t�0 is under P a Markov process with semigroup .Qt/t�0, with respect to the
canonical filtration. ut

For x 2 E, let Px be the measure given by the preceding corollary when � D ıx.
Then, the mapping x 7! Px is measurable in the sense that x 7! Px.A/ is measurable,
for every A 2 F�. In fact, the latter property holds when A only depends on a finite
number of coordinates (in that case, there is an explicit formula for Px.A/) and
a monotone class argument gives the general case. Moreover, for any probability
measure � on E, the measure defined by

P.�/.A/ D
Z
�.dx/Px.A/

is the unique probability measure on ˝� under which the canonical process .Xt/t�0
is a Markov process with semigroup .Qt/t�0 and the law of X0 is � .

Summarizing, the preceding corollary allows one to construct (under a topologi-
cal assumption on E) a Markov process .Xt/t�0 with semigroup .Qt/t�0, which starts
with a given initial distribution. More precisely, we get a measurable collection of
probability measures .Px/x2E such that the Markov process X starts from x under
Px. However, a drawback of the method that we used is the fact that it does not
give any information on the regularity properties of sample paths of X – at present
we cannot even assert that these sample paths are measurable. We will come back
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to this question later, but this will require additional assumptions on the semigroup
.Qt/t�0.

We end this section by introducing the important notion of the resolvent.

Definition 6.5 Let � > 0. The �-resolvent of the transition semigroup .Qt/t�0 is
the linear operator R� W B.E/ �! B.E/ defined by

R� f .x/ D
Z 1

0

e��tQt f .x/ dt

for f 2 B.E/ and x 2 E.

Remark Property (iii) of the definition of a transition semigroup is used here to get
the measurability of the mapping t 7! Qtf .x/, which is required to make sense of
the definition of R�f .x/.

Properties of the resolvent.

(i) kR� f k � 1
�
k f k.

(ii) If 0 � f � 1, then 0 � �R�f � 1.
(iii) If �;� > 0, we have R� � R� C .� � �/R�R� D 0 (resolvent equation).

Proof Properties (i) and (ii) are very easy. Let us only prove (iii). We may assume
that � 6D �. Then,

R�.R�f /.x/ D
Z 1

0

e��sQs

� Z 1

0

e��tQt f dt
�
.x/ ds

D
Z 1

0

e��s
� Z

Qs.x; dy/
Z 1

0

e��tQt f .y/ dt
�

ds

D
Z 1

0

e��s
� Z 1

0

e��tQsCt f .y/ dt
�

ds

D
Z 1

0

e�.���/s� Z 1

0

e��.sCt/QsCt f .y/ dt
�

ds

D
Z 1

0

e�.���/s� Z 1

s
e��rQrf .y/ dr

�
ds

D
Z 1

0

Qrf .y/ e��r
� Z r

0

e�.���/sds
�

dr

D
Z 1

0

Qrf .y/
�e��r � e��r

� � �

�
dr

giving the desired result. ut
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Example In the case of real Brownian motion, one verifies that

R�f .x/ D
Z

r�.y � x/f .y/ dy

where

r�.y � x/ D
Z 1

0

.2�t/�1=2 exp.�jy � xj2
2t

� �t/ dt D 1p
2�

exp.�jy � xj
p
2�/:

A neat way of getting the last equality is to use the formula EŒe��Ta � D e�a
p
2� for

the Laplace transform of the hitting time a > 0 by a real Brownian motion started
from 0 (see formula (3.7)). By differentiating with respect to �, we get EŒTa e��Ta � D
.a=

p
2�/e�a

p
2� and using the density of Ta (Corollary 2.22) to rewrite EŒTa e��Ta �,

we exactly find the integral that comes up in the calculation of r�.y � x/.

A key motivation of the introduction of the resolvent is the fact that it allows one
to construct certain supermartingales associated with a Markov process.

Lemma 6.6 Let X be a Markov process with semigroup .Qt/t�0 with respect to the
filtration .Ft/. Let h 2 B.E/ be nonnegative and let � > 0. Then the process

e��tR�h.Xt/

is an .Ft/-supermartingale.

Proof The random variables e��tR�h.Xt/ are bounded and thus in L1. Then, for
every s � 0,

QsR�h D
Z 1

0

e��tQsCth dt

and it follows that

e��sQsR�h D
Z 1

0

e��.sCt/QsCth dt D
Z 1

s
e��tQth dt � R�h:

Hence, for every s; t � 0,

EŒe��.tCs/R�h.XtCs/ j Ft� D e��.tCs/QsR�h.Xt/ � e��tR�h.Xt/;

giving the desired supermartingale property. ut
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6.2 Feller Semigroups

From now on, we assume that E is a metrizable locally compact topological space.
We also assume that E is countable at infinity, meaning that E is a countable union
of compact sets. The space E is equipped with its Borel �-field.

Under the previous assumptions, it is well known that the space E is Polish.
Moreover, one can find an increasing sequence .Kn/n�1 of compact subsets of E,
such that any compact set of E is contained in Kn for some n. A function f W E �! R

tends to 0 at infinity if, for every " > 0, there exists a compact subset K of E such
that j f .x/j � " for every x 2 EnK. This is equivalent to requiring that

sup
x2EnKn

j f .x/j �!
n!1 0:

We let C0.E/ stand for the set of all continuous real functions on E that tend to 0
at infinity. The space C0.E/ is a Banach space for the supremum norm

k f k D sup
x2E

j f .x/j:

Definition 6.7 Let .Qt/t�0 be a transition semigroup on E. We say that .Qt/t�0 is a
Feller semigroup if:

(i) 8f 2 C0.E/, Qtf 2 C0.E/;
(ii) 8f 2 C0.E/, kQtf � f k �! 0 as t ! 0.

A Markov process with values in E is a Feller process if its semigroup if Feller.

Remark One can prove (see for instance [70, Proposition III.2.4]) that condition
(ii) can be replaced by the seemingly weaker property

8f 2 C0.E/; 8x 2 E; Qtf .x/ �!
t!0

f .x/:

We will not use this, except in one particular example at the end of this chapter.
Condition (ii) implies that, for every s � 0,

lim
t#0

kQsCtf � Qsf k D lim
t#0

kQs.Qtf � f /k D 0

since Qs is a contraction of C0.E/. We note that the convergence is uniform when s
varies over RC, which ensures that the mapping t 7! Qtf is uniformly continuous
from RC into C0.E/, for any fixed f 2 C0.E/.

In what follows, we fix a Feller semigroup .Qt/t�0 on E. Using property (i) of
the definition and the dominated convergence theorem, one easily verifies that R�f 2
C0.E/ for every f 2 C0.E/ and � > 0.
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Proposition 6.8 Let � > 0, and set R D fR�f W f 2 C0.E/g. Then R does not
depend on the choice � > 0. Furthermore, R is a dense subspace of C0.E/.

Proof If � 6D �, the resolvent equation gives

R�f D R�. f C .� � �/R�f /:

Hence any function of the form R�f with f 2 C0.E/ is also of the form R�g for some
g 2 C0.E/. This gives the first assertion.

Clearly, R is a linear subspace of C0.E/. To see that it is dense, we simply note
that, for every f 2 C0.E/,

�R�f D �

Z 1

0

e��tQtf dt D
Z 1

0

e�tQt=�f dt �!
�!1 f in C0.E/;

by property (ii) of the definition of a Feller semigroup and dominated convergence.
ut

Definition 6.9 We set

D.L/ D f f 2 C0.E/ W Qtf � f

t
converges in C0.E/ when t # 0g

and, for every f 2 D.L/,

Lf D lim
t#0

Qtf � f

t
:

Then D.L/ is a linear subspace of C0.E/ and L W D.L/ �! C0.E/ is a linear operator
called the generator of the semigroup .Qt/t�0. The subspace D.L/ is called the
domain of L.

Let us start with two simple properties of the generator.

Proposition 6.10 Let f 2 D.L/ and s > 0. Then Qsf 2 D.L/ and L.Qsf / D Qs.Lf /.

Proof Writing

Qt.Qsf / � Qsf

t
D Qs

�Qtf � f

t

�

and using the fact that Qs is a contraction of C0.E/, we get that t�1.Qt.Qsf / � Qsf /
converges to Qs.Lf /, which gives the desired result. ut
Proposition 6.11 If f 2 D.L/, we have, for every t � 0,

Qtf D f C
Z t

0

Qs.Lf / ds D f C
Z t

0

L.Qsf / ds:
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Proof Let f 2 D.L/. For every t � 0,

"�1.QtC"f � Qtf / D Qt."
�1.Q"f � f // �!

"#0
Qt.Lf /:

Moreover, the preceding convergence is uniform when t varies over RC. This
implies that, for every x 2 E, the function t 7! Qtf .x/ is differentiable on RC
and its derivative is Qt.Lf /.x/, which is a continuous function of t. The formula of
the proposition follows, also using the preceding proposition. ut

The next proposition identifies the domain D.L/ in terms of the resolvent
operators R�.

Proposition 6.12 Let � > 0.

(i) For every g 2 C0.E/, R�g 2 D.L/ and .� � L/R�g D g.
(ii) If f 2 D.L/, R�.� � L/f D f .

Consequently, D.L/ D R and the operators R� W C0.E/ ! R and � � L W D.L/ !
C0.E/ are the inverse of each other.

Proof

(i) If g 2 C0.E/, we have for every " > 0,

"�1.Q"R�g � R�g/ D "�1� Z 1

0

e��tQ"Ctg dt �
Z 1

0

e��tQtg dt
�

D "�1
�
.1 � e��"/

Z 1

0

e��tQ"Ctg dt �
Z "

0

e��tQtg dt
�

�!
"!0

�R�g � g

using property (ii) of the definition of a Feller semigroup (and the fact that this
property implies the continuity of the mapping t 7! Qtg from RC into C0.E/).
The preceding calculation shows that R�g 2 D.L/ and L.R�g/ D �R�g � g.

(ii) Let f 2 D.L/. By Proposition 6.11, Qtf D f C R t
0 Qs.Lf / ds, hence

Z 1

0

e��tQtf .x/ dt D f .x/

�
C

Z 1

0

e��t
� Z t

0

Qs.Lf /.x/ ds
�

dt

D f .x/

�
C

Z 1

0

e��s

�
Qs.Lf /.x/ ds:

We have thus obtained the equality

�R�f D f C R�Lf

giving the result in (ii).



6.2 Feller Semigroups 161

The last assertions of the proposition follow from (i) and (ii): (i) shows that R �
D.L/ and (ii) gives the reverse inclusion, then the identities in (i) and (ii) show that
R� and � � L are inverse of each other. ut
Corollary 6.13 The semigroup .Qt/t�0 is determined by the generator L (including
also the domain D.L/).

Proof Let f be a nonnegative function in C0.E/. Then R�f is the unique element
of D.L/ such that .� � L/R�f D f . On the other hand, knowing R�f .x/ DR 1
0 e��tQtf .x/dt for every � > 0 determines the continuous function t 7! Qtf .x/.

To complete the argument, note that Qt is characterized by the values of Qtf for
every nonnegative function f in C0.E/. ut
Example It is easy to verify that the semigroup .Qt/t�0 of real Brownian motion is
Feller. Let us compute its generator L. We saw that, for every � > 0 and f 2 C0.R/,

R�f .x/ D
Z

1p
2�

exp.�
p
2�jy � xj/ f .y/ dy:

If h 2 D.L/, we know that there exists an f 2 C0.R/ such that h D R�f . Taking
� D 1

2
, we have

h.x/ D
Z

exp.�jy � xj/ f .y/ dy:

By differentiating under the integral sign (we leave the justification to the reader),
we get that h is differentiable on R, and

h0.x/ D
Z

sgn.y � x/ exp.�jy � xj/ f .y/ dy

with the notation sgn.z/ D 1fz>0g � 1fz�0g (the value of sgn.0/ is unimportant). Let
us also show that h0 is differentiable on R. Let x0 2 R. Then, for x > x0,

h0.x/� h0.x0/D
Z �

sgn.y � x/ exp.�jy � xj/� sgn.y � x0/ exp.�jy � x0j/
�

f .y/dy

D
Z x

x0

�
� exp.�jy � xj/� exp.�jy � x0j/

�
f .y/ dy

C
Z
RnŒx0;x�

sgn.y � x0/
�

exp.�jy � xj/ � exp.�jy � x0j/
�

f .y/ dy:

It follows that

h0.x/� h0.x0/
x � x0

�!
x#x0

�2f .x0/C h.x0/:
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We get the same limit when x " x0, and we thus obtain that h is twice differentiable,
and h00 D �2f C h.

On the other hand, since h D R1=2f , Proposition 6.12 shows that

.
1

2
� L/ h D f

hence Lh D �f C 1
2
h D 1

2
h00.

Summarizing, we have obtained that

D.L/ � fh 2 C2.R/ W h and h00 2 C0.R/g

and that, if h 2 D.L/, we have Lh D 1
2
h00.

In fact, the preceding inclusion is an equality. To see this, we may argue in the
following way. If g is a twice differentiable function such that g and g00 are in C0.R/,
we set f D 1

2
.g � g00/ 2 C0.R/, then h D R1=2f 2 D.L/. By the preceding argument,

h is twice differentiable and h00 D �2f Ch. It follows that .h�g/00 D h�g. Since the
function h�g belongs to C0.R/, it must vanish identically and we get g D h 2 D.L/.

Remark In general, it is very difficult to determine the exact domain of the
generator. The following theorem often allows one to identify elements of this
domain using martingales associated with the Markov process with semigroup
.Qt/t�0.

We consider again a general Feller semigroup .Qt/t�0. We assume that on some
probability space, we are given, for every x 2 E, a process .Xx

t /t�0 which is Markov
with semigroup .Qt/t�0, with respect to a filtration .Ft/t�0, and such that P.Xx

0 D
x/ D 1. To make sense of the integrals that will appear below, we also assume that
the sample paths of .Xx

t /t�0 are càdlàg (we will see in the next section that this
assumption is not restrictive).

Theorem 6.14 Let h; g 2 C0.E/. The following two conditions are equivalent:

(i) h 2 D.L/ and Lh D g.
(ii) For every x 2 E, the process

h.Xx
t / �

Z t

0

g.Xx
s / ds

is a martingale, with respect to the filtration .Ft/.

Proof We first prove that (i) ) (ii). Let h 2 D.L/ and g D Lh. By Proposition 6.11,
we have then, for every s � 0,

Qsh D h C
Z s

0

Qrg dr:
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It follows that, for t � 0 and s � 0,

EŒh.Xx
tCs/ j Ft� D Qsh.X

x
t / D h.Xx

t /C
Z s

0

Qrg.X
x
t / dr:

On the other hand,

E
h Z tCs

t
g.Xx

r / dr
ˇ̌
ˇ Ft

i
D

Z tCs

t
EŒg.Xx

r / j Ft� dr D
Z tCs

t
Qr�tg.X

x
t / dr

D
Z s

0

Qrg.X
x
t / dr:

The fact that the conditional expectation and the integral can be interchanged (in the
first equality of the last display) is easy to justify using the characteristic property
of conditional expectations. It follows from the last two displays that

E
h
h.Xx

tCs/ �
Z tCs

0

g.Xx
r / dr

ˇ̌
ˇ Ft

i
D h.Xx

t / �
Z t

0

g.Xx
r / dr

giving property (ii).
Conversely, suppose that (ii) holds. Then, for every t � 0,

E
h
h.Xx

t / �
Z t

0

g.Xx
r / dr

i
D h.x/

and on the other hand, from the definition of a Markov process,

E
h
h.Xx

t / �
Z t

0

g.Xx
r / dr

i
D Qth.x/�

Z t

0

Qrg.x/ dr:

Consequently,

Qth � h

t
D 1

t

Z t

0

Qrg dr �!
t#0

g

in C0.E/, by property (ii) of the definition of a Feller semigroup. We conclude that
h 2 D.L/ and Lh D g. ut
Example In the case of d-dimensional Brownian motion, Itô’s formula shows that,
if h 2 C2.Rd/,

h.Xt/� 1

2

Z t

0

�h.Xs/ ds

is a continuous local martingale. This continuous local martingale is a martingale if
we furthermore assume that h and�h are in C0.Rd/ (hence bounded). It then follows
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from Theorem 6.14 that h 2 D.L/ and Lh D 1
2
�h. Recall that we already obtained

this result by a direct computation of L when d D 1 (in fact in a more precise form
since here we can only assert that D.L/ � fh 2 C2.Rd/ W h and �h 2 C0.Rd/g,
whereas equality holds if d D 1).

6.3 The Regularity of Sample Paths

Our aim in this section is to show that one construct Feller processes in such a way
that they have càdlàg sample paths. We consider a Feller semigroup .Qt/t�0 on a
topological space E (assumed to be metrizable, locally compact and countable at
infinity as above).

Theorem 6.15 Let .Xt/t�0 be a Markov process with semigroup .Qt/t�0, with
respect to the filtration .Ft/t2Œ0;1�. Set eF1 D F1 and, for every t � 0,

eF t D FtC _ �.N /;

where N denotes the class of all F1-measurable sets that have zero probability.
Then, the process .Xt/t�0 has a càdlàg modification . QXt/t�0, which is adapted to

the filtration .eF t/. Moreover, . QXt/t�0 is a Markov process with semigroup .Qt/t�0,
with respect to the filtration .eF t/t2Œ0;1�.

Remark The filtration .eF t/ is right-continuous because so is the filtration .FtC/
and the right-continuity property is preserved when adding the class of negligible
sets N .

Proof Let E� D E [ f�g be the Alexandroff compactification of E, which is
obtained by adding the point at infinity� to E (and by definition the neighborhoods
of � are the complements of compact subsets of E). We agree that every function
f 2 C0.E/ is extended to a continuous function on E� by setting f .�/ D 0.

Write CC
0 .E/ for the set of all nonnegative functions in C0.E/. We can find a

sequence .fn/n�0 in CC
0 .E/ which separates the points of E�, in the sense that, for

every x; y 2 E� with x 6D y, there is an integer n such that fn.x/ 6D fn.y/. Then,

H D fRpfn W p � 1; n � 0g

is also a countable subset of CC
0 .E/ which separates the points of E� (use the fact

that kpRpf � f k �! 0 when p ! 1).
If h 2 H , Lemma 6.6 shows that there exists an integer p � 1 such that e�pth.Xt/

is a supermartingale. Let D be a countable dense subset of RC. Then Theorem 3.17
(i) shows that the limits

lim
D3s##t

h.Xs/ ; lim
D3s""t

h.Xs/
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exist simultaneously for every t 2 RC (the second one only for t > 0) outside
an F1-measurable event Nh of zero probability. Indeed, as in the proof of
Theorem 3.17, we may define the complementary event Nc

h as the set of all ! 2 ˝

for which the function D 3 s 7! e�psh.Xs/ makes a finite number of upcrossings
along any interval Œa; b� (a; b 2 Q, a < b) on every finite time interval. We then set

N D
[

h2H
Nh

in such a way that we still have N 2 N . Then if ! … N, the limits

lim
D3s##t

Xs.!/ ; lim
D3s""t

Xs.!/

exist for every t � 0 (the second one only for t > 0) in E�. In fact, if we assume
that Xs.!/ has two distinct accumulation points in E� when D 3 s ## t, we get a
contradiction by considering a function h 2 H that separates these two points. We
can then set, for every ! 2 ˝nN and every t � 0,

QXt.!/ D lim
D3s##t

Xs.!/:

If ! 2 N, we set QXt.!/ D x0 for every t � 0, where x0 is a fixed point in E.
Then, for every t � 0, QXt is an eF t-measurable random variable with values in E�.
Furthermore, for every ! 2 ˝ , t 7! QXt.!/, viewed as a mapping with values in E�,
is càdlàg by Lemma 3.16 (this lemma shows that the functions t 7! h. QXt.!//, for
h 2 H , are càdlàg, and this suffices since H separates points of E).

Let us now show that P.Xt D QXt/ D 1, for every fixed t � 0. Let f ; g 2 C0.E/
and let .tn/ be a sequence in D that decreases (strictly) to t. Then,

EŒf .Xt/g. QXt/� D lim
n!1 EŒf .Xt/g.Xtn/�

D lim
n!1 EŒf .Xt/Qtn�tg.Xt/�

D EŒf .Xt/g.Xt/�

since Qtn�tg �! g by the definition of a Feller semigroup. The preceding equality
entails that the two pairs .Xt; QXt/ and .Xt;Xt/ have the same distribution and thus
P.Xt D QXt/ D 1.

Let us then verify that . QXt/t�0 is a Markov process with semigroup .Qt/t�0 with
respect to the filtration .eF t/. It is enough to prove that, for every s � 0, t > 0 and
A 2 eF s, f 2 C0.E/, we have

EŒ1A f . QXsCt/� D EŒ1A Qtf . QXs/�:
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Since QXs D Xs a.s. and QXsCt D XsCt a.s., this is equivalent to proving that

EŒ1A f .XsCt/� D EŒ1A Qtf .Xs/�:

Because A is equal a.s. to an element of FsC, we may assume that A 2 FsC. Let
.sn/ be a sequence in D that decreases to s, so that A 2 Fsn for every n. Then, as
soon as sn � s C t, we have

EŒ1A f .XsCt/� D EŒ1A EŒf .XsCt/ j Fsn �� D EŒ1A QsCt�sn f .Xsn/�:

But QsCt�sn f converges (uniformly) to Qtf by properties of Feller semigroups, and
since Xsn D QXsn a.s. we also know that Xsn converges a.s. to QXs D Xs a.s. We thus
obtain the desired result by letting n tend to 1.

It remains to verify that the sample paths t 7! QXt.!/ are càdlàg as E-valued
mappings, and not only as E�-valued mappings (we already know that, for every
fixed t � 0, QXt.!/ D Xt.!/ a.s. is in E with probability one, but this does not imply
that the sample paths, and their left-limits, remain in E). Fix a function g 2 CC

0 .E/
such that g.x/ > 0 for every x 2 E. The function h D R1g then satisfies the same
property. Set, for every t � 0,

Yt D e�th. QXt/:

Then Lemma 6.6 shows that .Yt/t�0 is a nonnegative supermartingale with respect
to the filtration .eF t/. Additionally, we know that the sample paths of .Yt/t�0 are
càdlàg (recall that h.�/ D 0 by convention).

For every integer n � 1, set

T.n/ D infft � 0 W Yt <
1

n
g:

Then T.n/ is a stopping time of the filtration .eF t/ (we can apply Proposition 3.9,
because T.n/ is the first hitting time of an open set by an adapted process with càdlàg
sample paths, and the filtration .eF t/ is right-continuous). Consequently,

T D lim
n!1 " T.n/

is a stopping time. The desired result will follow if we can verify that P.T < 1/ D
0. Indeed, it is clear that, for every t 2 Œ0;T.n//, QXt 2 E and QXt� 2 E, and we may
redefine QXt.!/ D x0 (for every t � 0) for all ! belonging to the event fT < 1g
2 N .
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To verify that P.T < 1/ D 0, we apply Theorem 3.25 and the subsequent
remark to Z D Y and U D T.n/, V D T C q, where q > 0 is a rational number. We
get

EŒYTCq 1fT<1g� � EŒYT.n/ 1fT.n/<1g� � 1

n
:

By letting n tend to 1, we thus have

EŒYTCq 1fT<1g� D 0;

hence YTCq D 0 a.s. on fT < 1g. By the right-continuity of sample paths of Y, we
conclude that Yt D 0, for every t 2 ŒT;1/, a.s. on fT < 1g. But we also know
that, for every integer k � 0, Yk D e�kh. QXk/ > 0 a.s., since QXk 2 E a.s. This suffices
to get P.T < 1/ D 0. ut
Remark The previous proof applies with minor modifications to the different
setting where we are given the process .Xt/t�0 together with a collection .Px/x2E

of probability measures such that, under Px, .Xt/t�0 is a Markov process with
semigroup .Qt/t�0, with respect to a filtration .Ft/t2Œ0;1�, and Px.X0 D x/ D 1

(in the first section above, we saw that these properties will hold for the canonical
process .Xt/t�0 on the space ˝� D ER

C if the measures Px are constructed from
the semigroup .Qt/t�0 using the Kolmogorov extension theorem). In that setting, we
can define the filtration .eF t/t2Œ0;1� by

eF t D FtC _ �.N 0/;

whereN 0 denotes the class of all F1-measurable sets that have zero Px-probability
for every x 2 E. By the same arguments as in the preceding proof, we can then
construct an .eF t/-adapted process . QXt/t�0 with càdlàg sample paths, such that, for
every x 2 E,

Px. QXt D Xt/ D 1; 8t � 0;

and . QXt/t�0 is under Px a Markov process with semigroup .Qt/t�0, with respect to
the filtration .eF t/t2Œ0;1�, such that Px. QX0 D x/ D 1.

6.4 The Strong Markov Property

In the first part of this section, we come back to the general setting of Sect. 6.1
above, where .Qt/t�0 is a (not necessarily Feller) transition semigroup on E. We
assume here that E is a metric space (equipped with its Borel �-field), and moreover
that, for every x 2 E, one can construct a Markov process .Xx

t /t�0 with semigroup
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.Qt/t�0 such that Xx
0 D x a.s. and the sample paths of X are càdlàg. In the case of

a Feller semigroup, the existence of such a process follows from Corollary 6.4 and
Theorem 6.15.

The space of all càdlàg paths f W RC �! E is denoted by D.E/. This space is
equipped with the �-field D generated by the coordinate mappings f 7! f .t/. For
every x 2 E, we write Px for the probability measure on D.E/ which is the law of
the random path .Xx

t /t�0. Notice that Px does not depend on the choice of Xx, nor of
the probability space where Xx is defined: This follows from the fact that the finite-
dimensional marginals of a Markov process are determined by its semigroup and
initial distribution.

We first give a version of the (simple) Markov property, which is a simple
extension of the definition of a Markov process. We use the notation Ex for the
expectation under Px.

Theorem 6.16 (Simple Markov property) Let .Yt/t�0 be a Markov process with
semigroup .Qt/t�0, with respect to the filtration .Ft/t�0. We assume that the sample
paths of Y are càdlàg. Let s � 0 and let ˚ W D.E/ �! RC be a measurable
function. Then,

EŒ˚..YsCt/t�0/ j Fs� D EYs Œ˚�:

Remark The right-hand side of the last display is the composition of Ys and of the
mapping y 7! EyŒ˚�. To see that the latter mapping is measurable, it is enough to
consider the case where ˚ D 1A, A 2 D . When A only depends on a finite number
of coordinates, there is an explicit formula, and an application of the monotone class
lemma completes the argument.

Proof As in the preceding remark, it suffices to consider the case where ˚ D 1A

and

A D f f 2 D.E/ W f .t1/ 2 B1; : : : ; f .tp/ 2 Bpg;

where 0 � t1 < t2 < � � � < tp and B1; : : : ;Bp are measurable subsets of E. In that
case, we need to verify that

P.YsCt1 2 B1; : : : ;YsCtp 2 Bp j Fs/

D
Z

B1

Qt1 .Ys; dx1/
Z

B2

Qt2�t1 .x1; dx2/ � � �
Z

Bp

Qtp�tp�1 .xp�1; dxp/:

We in fact prove more generally that, if '1; : : : ; 'p 2 B.E/,

EŒ'1.YsCt1 / � � �'p.YsCtp/ j Fs�

D
Z

Qt1 .Ys; dx1/'1.x1/
Z

Qt2�t1 .x1; dx2/'2.x2/ � � �
Z

Qtp�tp�1 .xp�1; dxp/'p.xp/:
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If p D 1 this is the definition of a Markov process. We then argue by induction,
writing

EŒ'1.YsCt1 / � � �'p.YsCtp/ j Fs�

D EŒ'1.YsCt1 / � � �'p�1.YsCtp�1 /EŒ'p.YsCtp/ j FsCtp�1 � j Fs�

D EŒ'1.YsCt1 / � � �'p�1.YsCtp�1 /Qtp�tp�1'p.YsCtp�1 / j Fs�

and the desired result easily follows. ut
We now turn to the strong Markov property.

Theorem 6.17 (Strong Markov property) Retain the assumptions of the previous
theorem, and suppose in addition that .Qt/t�0 is a Feller semigroup (in particular,
E is assumed to be metrizable locally compact and countable at infinity). Let T be
a stopping time of the filtration .FtC/, and let ˚ W D.E/ �! RC be a measurable
function. Then, for every x 2 E,

EŒ1fT<1g˚..YTCt/t�0/ j FT � D 1fT<1gEYT Œ˚�:

Remark We allow T to be a stopping time of .FtC/, which is slightly more general
than saying that T is a stopping time of the filtration .Ft/.

Proof We first observe that the right-hand side of the last display is FT -measurable,
because fT < 1g 3 ! 7! YT.!/ is FT -measurable (Theorem 3.7) and the function
y 7! EyŒ˚� is measurable. It is then enough to show that, for A 2 FT fixed,

EŒ1A\fT<1g˚..YTCt/t�0/� D EŒ1A\fT<1gEYT Œ˚��:

As above, we can restrict our attention to the case where

˚.f / D '1.f .t1// � � �'p.f .tp//

where 0 � t1 < t2 < � � � < tp and '1; : : : ; 'p 2 B.E/. It is in fact enough to take
p D 1: If the desired result holds in that case, we can argue by induction, writing

EŒ1A\fT<1g'1.YTCt1 / � � �'p.YTCtp/�

D EŒ1A\fT<1g'1.YTCt1 / � � �'p�1.YTCtp�1 /EŒ'p.YTCtp/ j FTCtp�1 ��

D EŒ1A\fT<1g'1.YTCt1 / � � �'p�1.YTCtp�1 /Qtp�tp�1'p.YTCtp�1 /�:

We thus fix t � 0 and ' 2 B.E/ and we aim to prove that

EŒ1A\fT<1g'.YTCt/� D EŒ1A\fT<1gQt'.YT/��:
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We may assume that ' 2 C0.E/ (a finite measure on E is determined by its values
against functions of C0.E/).

On the event T < 1, write ŒT�n for the smallest real number of the form i2�n,
i 2 ZC, which is strictly greater than T. Then,

EŒ1A\fT<1g'.YTCt/� D lim
n!1 EŒ1A\fT<1g'.YŒT�nCt/�

D lim
n!1

1X
iD1

EŒ1A\f.i�1/2�n�T<i2�ng'.Yi2�nCt/�

D lim
n!1

1X
iD1

EŒ1A\f.i�1/2�n�T<i2�ngQt'.Yi2�n/�

D lim
n!1 EŒ1A\fT<1gQt'.YŒT�n /�

D EŒ1A\fT<1gQt'.YT/�

giving the desired result. In the first (and in the last) equality, we use the right
continuity of sample paths. In the third equality, we observe that the event

A \ f.i � 1/2�n � T < i2�ng

belongs to Fi2�n because A 2 FT and T is a stopping time of the filtration .FtC/
(use Proposition 3.6). Finally, and this is the key point, in the last equality we also
use the fact that Qt' is continuous, since ' 2 C0.E/ and the semigroup is Feller. ut
Remark In the special case of (linear) Brownian motion, the result of Theorem 6.17
is essentially equivalent to Theorem 2.20 stated in Chap. 2. The reason why the
formulation in Theorem 2.20 looks different comes from the property of stationarity
and independence of the increments of Brownian motion, which of course does
not subsist in our general setting. Even for Brownian motion, the formulation
of Theorem 6.17 turns out to be more appropriate in a number of situations: A
convincing illustration is the proof of Proposition 7.7 (ii) in the next chapter.

6.5 Three Important Classes of Feller Processes

6.5.1 Jump Processes on a Finite State Space

In this subsection, we assume that the state space E is finite (and equipped with the
discrete topology). Note that any càdlàg function f 2 D.E/must be of the following
type: There exists a real t1 2 .0;1� such that f .t/ D f .0/ for every t 2 Œ0; t1/, then,
if t1 < 1, there exists a real t2 2 .t1;1� such that f .t/ D f .t1/ 6D f .0/ for every
t 2 Œt1; t2/, and so on.
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x

XT1

XT2

XT3

t

E

T1 T2 T3

Fig. 6.1 A sample path of the jump process X under Px

Consider a Feller semigroup .Qt/t�0 on E. By the remark of the end of Sect. 6.3,
we can construct, on a probability space ˝ equipped with a right-continuous
filtration .Ft/t2Œ0;1�, a collection .Px/x2E of probability measures and a process
.Xt/t�0 with càdlàg sample paths such that, under Px, X is Markov with semigroup
.Qt/t�0 with respect to the filtration .Ft/, and Px.X0 D x/ D 1. As previously,
Ex stands for the expectation under Px. Since the sample paths of X are càdlàg, we
know that, for every ! 2 ˝ , there exists a sequence

T0.!/ D 0 < T1.!/ � T2.!/ � T3.!/ � � � � � 1;

such that Xt.!/ D X0.!/ for every t 2 Œ0;T1.!// and, for every integer i � 1,
the condition Ti.!/ < 1 implies Ti.!/ < TiC1.!/, XTi.!/.!/ 6D XTi�1.!/.!/ and
Xt.!/ D XTi.!/.!/ for every t 2 ŒTi.!/;TiC1.!//. Moreover, Tn.!/ " 1 as n !
1. See Fig. 6.1.

It is not hard to verify that T0;T1;T2; : : : are stopping times. For instance,

fT1 < tg D
[

q2Œ0;t/\Q

fXq 6D X0g 2 Ft:

Recall that, for � > 0, a positive random variable U is exponentially distributed
with parameter � if P.U > r/ D e��r for every r � 0. In the following lemma, we
make the convention that an exponential variable with parameter 0 is equal to 1
a.s.

Lemma 6.18 Let x 2 E. There exists a real number q.x/ � 0 such that the random
variable T1 is exponentially distributed with parameter q.x/ under Px. Furthermore,
if q.x/ > 0, T1 and XT1 are independent under Px.
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Proof Let s; t � 0. We have

Px.T1 > s C t/ D ExŒ1fT1>sg ˚..XsCr/r�0/�;

where ˚.f / D 1ff .r/Df .0/; 8r2Œ0;t�g for f 2 D.E/. Using the simple Markov property
(Theorem 6.16), we get

Px.T1 > s C t/ D ExŒ1fT1>sg EXs Œ˚..Xr/r�0��

D ExŒ1fT1>sg Px.T1 > t/�

D Px.T1 > s/Px.T1 > t/;

which implies that T1 is exponentially distributed under Px.
Assume that q.x/ > 0, so that T1 < 1, Px a.s. Then, for every t � 0 and y 2 E,

Px.T1 > t; XT1 D y/ D ExŒ1fT1>tg 	..XtCr/r�0/�;

where for f 2 D.E/, 	.f / D 0 is f is constant, and otherwise 	. f / D 1f�1.f /Dyg, if
�1.f / is the value of f after its first jump. We thus get

Px.T1 > t; XT1 D y/ D ExŒ1fT1>tg EXt Œ	..Xr/r�0/��

D ExŒ1fT1>tg Px.XT1 D y/�

D Px.T1 > t/Px.XT1 D y/;

which gives the desired independence. ut
Points x such that q.x/ D 0 are absorbing states for the Markov process, in the

sense that Px.Xt D x;8t � 0/ D 1.
For every x 2 E such that q.x/ > 0, and every y 2 E, we set

˘.x; y/ D Px.XT1 D y/:

Note that ˘.x; �/ is a probability measure on E, and ˘.x; x/ D 0.

Proposition 6.19 Let L denote the generator of .Qt/t�0. Then D.L/ D C0.E/ D
B.E/, and, for every ' 2 B.E/, for every x 2 E:

• if q.x/ D 0, L'.x/ D 0;
• if q.x/ > 0,

L'.x/ D q.x/
X

y2E;y 6Dx

˘.x; y/.'.y/ � '.x// D
X
y2E

L.x; y/ '.y/;
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where

L.x; y/ D
�

q.x/˘.x; y/ if y 6D x;
�q.x/ if y D x:

Proof Let ' 2 B.E/ and x 2 E. If q.x/ D 0, it is trivial that Qt'.x/ D '.x/ and so

lim
t#0

Qt'.x/ � '.x/
t

D 0:

Suppose then that q.x/ > 0. We first observe that

Px.T2 � t/ D O.t2/ (6.1)

as t ! 0. Indeed, using the strong Markov property at T1,

Px.T2 � t/ � Px.T1 � t; T2 � T1 C t/ D ExŒ1fT1�tg PXT1
.T1 � t/�;

and we can bound

PXT1
.T1 � t/ � sup

y2E
Py.T1 � t/ � t sup

y2E
q.y/;

giving the desired result since we have also Px.T1 � t/ � q.x/t.
It follows from (6.1) that

Qt'.x/ D ExŒ'.Xt/� D ExŒ'.Xt/ 1ft<T1g�C ExŒ'.XT1 / 1fT1�tg�C O.t2/

D '.x/ e�q.x/t C .1 � e�q.x/t/
X

y2E;y 6Dx

˘.x; y/ '.y/C O.t2/;

using the independence of T1 and XT1 and the definition of ˘.x; y/. We conclude
that

Qt'.x/ � '.x/
t

�!
t!0

�q.x/'.x/C q.x/
X

y2E;y 6Dx

˘.x; y/ '.y/;

and this completes the proof. ut
In particular, taking '.y/ D 1fyg, we have if y 6D x,

L.x; y/ D d

dt
Px.Xt D y/jtD0;

so that L.x; y/ can be interpreted as the instantaneous rate of transition from x to y.



174 6 General Theory of Markov Processes

The next proposition provides a complete description of the sample paths of X
under Px. For the sake of simplicity, we assume that there are no absorbing states,
but the reader will easily extend the statement to the general case.

Proposition 6.20 We assume that q.y/ > 0 for every y 2 E. Let x 2 E. Then,
Px a.s., the jump times T1 < T2 < T3 < � � � are all finite and the sequence
X0;XT1 ;XT2 ; : : : is under Px a discrete Markov chain with transition kernel˘ started
from x. Furthermore, conditionally on .X0;XT1 ;XT2 ; : : :/, the random variables
T1 � T0;T2 � T1; : : : are independent and, for every integer i � 0, the conditional
distribution of TiC1 � Ti is exponential with parameter q.XTi/.

Proof An application of the strong Markov property shows that all stopping times
T1;T2; : : : are finite Px a.s. Then, let y; z 2 E, and f1; f2 2 B.RC/. By the strong
Markov property at T1,

ExŒ1fXT1Dygf1.T1/ 1fXT2Dzgf2.T2 � T1/�

D ExŒ1fXT1Dygf1.T1/EXT1
Œ1fXT1Dzgf2.T1/��

D ˘.x; y/˘.y; z/
Z 1

0

ds1 e�q.x/s1 f1.s1/
Z 1

0

ds2e
�q.y/s2 f2.s2/:

Arguing by induction, we get for every y1; : : : ; yp 2 E and f1; : : : ; fp 2 B.RC/,

ExŒ1fXT1Dy1g1fXT2Dy2g � � � 1fXTp Dypg f1.T1/f2.T2 � T1/ � � � fp.Tp � Tp�1/�

D ˘.x; y1/˘.y1; y2/ � � �˘.yp�1; yp/

pY
iD1

� Z 1

0

ds e�q.yi�1/sfi.s/
�
;

where y0 D x by convention. The various assertions of the proposition follow. ut
Jump processes play an important role in various models of applied probability,

in particular in reliability and in queueing theory. In such applications, one usually
starts from the transition rates of the process. It is thus important to know whether,
given a collection .q.x//x2E of nonnegative real numbers and, for every x such
that q.x/ > 0, a probability measure ˘.x; �/ on E such that ˘.x; x/ D 0,
there exists a corresponding Feller semigroup .Qt/t�0 and therefore an associated
Markov process. The answer to this question is yes, and one can give two different
arguments:

• Probabilistic method. Use the description of Proposition 6.20 (or its extension
to the case where there are absorbing states) to construct the process .Xt/t�0
starting from any x 2 E, and thus the semigroup .Qt/t�0 via the formula
Qt'.x/ D ExŒ'.Xt/�.
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• Analytic method. Define the generator L via the formulas of Proposition 6.19,
and observe that the semigroup .Qt/t�0, if it exists, must solve the differential
equation

d

dt
Qt.x; y/ D QtL.x; y/

by Proposition 6.11. This leads to

Qt D exp.t L/;

in the sense of the exponential of matrices. Since �Id C L has nonnegative
entries if � > 0 is large enough, one immediately gets that Qt has nonnegative
entries. Writing 1 for the vector .1; 1; : : : ; 1/, the property L1 D 0 gives
Qt1 D 1, so that .Qt.x; �//x2E defines a transition kernel. Finally, the property
exp..s C t/ L/ D exp.s L/ exp.t L/ gives the Chapman–Kolmogorov property,
and we get that .Qt/t�0 is a transition semigroup on E, whose Feller property is
also immediate.

Many of the preceding results can be extended to Feller Markov processes on a
countable state space E. Note, however, that certain difficulties arise in the question
of the existence of a process with given transition rates. In fact, starting from the
probabilistic description of Proposition 6.20, one needs to avoid the possibility of
an accumulation of jumps in a finite time interval, which may occur if the rates
.q.y/; y 2 E/ are unbounded – of course this problem does not occur when E is
finite.

6.5.2 Lévy Processes

Consider a real process .Yt/t�0 which satisfies the following three assumptions:

(i) Y0 D 0 a.s.
(ii) For every 0 � s � t, the variable Yt � Ys is independent of .Yr; 0 � r � s/ and

has the same law as Yt�s.
(iii) Yt converges in probability to 0 when t # 0.

Two special cases are real Brownian motion (started from 0) and the process
.Ta/a�0 of hitting times of a real Brownian motion (cf. Exercise 2.26).

Notice that we do not assume that sample paths of Y are càdlàg, but only the
weaker regularity assumption (iii). The preceding theory will allow us to find a
modification of Y with càdlàg sample paths.

For every t � 0, we denote the law of Yt by Qt.0; dy/, and, for every x 2 R, we
let Qt.x; dy/ be the image of Qt.0; dy/ under the translation y 7! x C y.
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Proposition 6.21 The collection .Qt/t�0 is a Feller semigroup on R. Furthermore,
.Yt/t�0 is a Markov process with semigroup .Qt/t�0.

Proof Let us show that .Qt/t�0 is a transition semigroup. Let ' 2 B.R/, s; t � 0 and
x 2 R. Property (ii) shows that the law of .Yt;YtCs � Yt/ is the product probability
measure Qt.0; �/˝ Qs.0; �/. Hence,

Z
Qt.x; dy/

Z
Qs.y; dz/'.z/ D

Z
Qt.0; dy/

Z
Qs.0; dz/'.x C y C z/

D EŒ'.x C Yt C .YtCs � Yt//�

D EŒ'.x C YtCs/�

D
Z

QtCs.x; dz/'.z/

giving the Chapman–Kolmogorov relation. We should also verify the measurability
of the mapping .t; x/ 7! Qt.x;A/, but this will follow from the stronger continuity
properties that we will establish in order to verify the Feller property.

Let us start with the first property of the definition of a Feller semigroup. If
' 2 C0.R/, the mapping

x 7! Qt'.x/ D EŒ'.x C Yt/�

is continuous by dominated convergence, and, again by dominated convergence, we
have

EŒ'.x C Yt/� �!
x!1 0

showing that Qt' 2 C0.R/. Then,

Qt'.x/ D EŒ'.x C Yt/� �!
t!0

'.x/

thanks to property (iii). The uniform continuity of ' even shows that the latter
convergence is uniform in x. This completes the proof of the first assertion of the
proposition. To get the second one, we write, for every s; t � 0 and every ' 2 B.R/,

EŒ'.YsCt/ j Yr; 0 � r � s� D EŒ'.Ys C .YsCt � Ys// j Yr; 0 � r � s�

D
Z
'.Ys C y/Qt.0; dy/

D
Z
'.y/Qt.Ys; dy/;

using property (ii) and the definition of Qt.0; �/ in the second equality. ut
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It then follows from Theorem 6.15 that there exists a modification of .Yt/t�0 with
càdlàg sample paths. Obviously this modification still satisfies (i) and (ii).

A Lévy process is a process satisfying properties (i) and (ii) above, and having
càdlàg sample paths (which implies (iii)). We refer to [3] for a thorough account of
the theory of Lévy processes.

6.5.3 Continuous-State Branching Processes

A Markov process .Xt/t�0 with values in E D RC is called a continuous-state
branching process if its semigroup .Qt/t�0 satisfies the following property: for every
x; y 2 RC and t � 0,

Qt.x; �/ 	 Qt.y; �/ D Qt.x C y; �/;

where � 	 
 denotes the convolution of the probability measures � and 
 on RC.
Note that this implies Qt.0; �/ D ı0 for every t � 0.

Exercise Verify that, if X and X0 are two independent continuous-state branching
processes with the same semigroup .Qt/t�0, then .Xt C X0

t/t�0 is also a Markov
process with semigroup .Qt/t�0. This is the so-called branching property: compare
with discrete time Galton–Watson processes.

Let us fix the semigroup .Qt/t�0 of a continuous-state branching process, and
assume that:

(i) Qt.x; f0g/ < 1 for every x > 0 and t > 0;
(ii) Qt.x; �/ �! ıx.�/ when t ! 0, in the sense of weak convergence of probability

measures.

Proposition 6.22 Under the preceding assumptions, the semigroup .Qt/t�0 is
Feller. Furthermore, for every � > 0, and every x � 0,

Z
Qt.x; dy/ e��y D e�x t.�/

where the functions t W .0;1/ �! .0;1/ satisfy t ı s D  tCs for every s; t � 0.

Proof Let us start with the second assertion. If x; y > 0, the equality Qt.x; �/ 	
Qt.y; �/ D Qt.x C y; �/ implies that

� Z
Qt.x; dz/ e��z

�� Z
Qt.y; dz/ e��z

�
D

Z
Qt.x C y; dz/ e��z:



178 6 General Theory of Markov Processes

Thus the function

x 7! � log
� Z

Qt.x; dz/ e��z
�

is nondecreasing and linear on RC, hence of the form x t.�/ for some constant
 t.�/ > 0 (the case  t.�/ D 0 is excluded by assumption (i)). To obtain the identity
 t ı  s D  tCs, we write

Z
QtCs.x; dz/ e��z D

Z
Qt.x; dy/

Z
Qs.y; dz/ e��z

D
Z

Qt.x; dy/ e�y s.�/

D e�x t. s.�//:

We still have to prove that the semigroup is Feller. For every � > 0, set '�.x/ D
e��x. Then,

Qt'� D ' t.�/ 2 C0.RC/:

Furthermore, an application of the Stone–Weierstrass theorem shows that the vector
space generated by the functions '�, � > 0, is dense in C0.RC/. It easily follows
that Qt' 2 C0.RC/ for every ' 2 C0.RC/.

Finally, if ' 2 C0.RC/, for every x � 0,

Qt'.x/ D
Z

Qt.x; dy/ '.y/ �!
t!0

'.x/

by assumption (ii). Using a remark following the definition of Feller semigroups,
this suffices to show that kQt' �'k �! 0 when t ! 0, which completes the proof.

ut
Example For every t > 0 and every x � 0, define Qt.x; dy/ as the law of
e1 C e2 C � � � C eN , where e1; e2; : : : are independent random variables with
exponential distribution of parameter 1=t, and N is Poisson with parameter x=t, and
is independent of the sequence .ei/. Then a simple calculation shows that

Z
Qt.x; dy/ e��y D e�x t.�/

where

 t.�/ D �

1C �t
:
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Noting that  t ı  s D  tCs, we obtain that .Qt/t�0 satisfies the Chapman–
Kolmogorov identity, and then that .Qt/t�0 is the transition semigroup of a
continuous-state branching process. Furthermore, .Qt/t�0 satisfies assumptions (i)
and (ii) above. In particular, the semigroup .Qt/t�0 is Feller, and one can construct
an associated Markov process .Xt/t�0 with càdlàg sample paths. One can in fact
prove that the sample paths of .Xt/t�0 are continuous, and this process is called
Feller’s branching diffusion, see Sect. 8.4.3 below.

Exercises

Exercise 6.23 (Reflected Brownian motion) We consider a probability space
equipped with a filtration .Ft/t2Œ0;1�. Let a � 0 and let B D .Bt/t�0 be an
.Ft/-Brownian motion such that B0 D a. For every t > 0 and every z 2 R, we set

pt.z/ D 1p
2�t

exp.� z2

2t
/:

1. We set Xt D jBtj for every t � 0. Verify that, for every s � 0 and t � 0, for every
bounded measurable function f W RC �! R,

EŒf .XsCt/ jFs� D Qtf .Xs/;

where Q0f D f and, for every t > 0, for every x � 0,

Qtf .x/ D
Z 1

0

�
pt.y � x/C pt.y C x/

�
f .y/ dy:

2. Infer that .Qt/t�0 is a transition semigroup, then that .Xt/t�0 is a Markov process
with values in E D RC, with respect to the filtration .Ft/, with semigroup
.Qt/t�0.

3. Verify that .Qt/t�0 is a Feller semigroup. We denote its generator by L.
4. Let f be a twice continuously differentiable function on RC, such that f and

f 00 belong to C0.RC/. Show that, if f 0.0/ D 0, f belongs to the domain of L,
and Lf D 1

2
f 00. (Hint: One may observe that the function g W R ! R defined

by g.y/ D f .jyj/ is then twice continuously differentiable on R.) Show that,
conversely, if f 0.0/ 6D 0, f does not belong to the domain of L.

Exercise 6.24 Let .Qt/t�0 be a transition semigroup on a measurable space E. Let
� be a measurable mapping from E onto another measurable space F. We assume
that, for any measurable subset A of F, for every x; y 2 E such that �.x/ D �.y/,
we have

Qt.x; �
�1.A// D Qt.y; �

�1.A//;
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for every t > 0. We then set, for every z 2 F and every measurable subset A of F,
for every t > 0,

Q0
t.z;A/ D Qt.x; �

�1.A//

where x is an arbitrary point of E such that �.x/ D z. We also set Q0
0.z;A/ D 1A.z/.

We assume that the mapping .t; z/ 7! Q0
t.z;A/ is measurable on RC � F, for every

fixed A.

1. Verify that .Q0
t/t�0 forms a transition semigroup on F.

2. Let .Xt/t�0 be a Markov process in E with transition semigroup .Qt/t�0 with
respect to the filtration .Ft/t�0. Set Yt D �.Xt/ for every t � 0. Verify that
.Yt/t�0 is a Markov process in F with transition semigroup .Q0

t/t�0 with respect
to the filtration .Ft/t�0.

3. Let .Bt/t�0 be a d-dimensional Brownian motion, and set Rt D jBtj for every
t � 0. Verify that .Rt/t�0 is a Markov process and give a formula for its
transition semigroup. (The case d D 1 was treated via a different approach in
Exercise 6.23.)

In the remaining exercises, we use the following notation. .E; d/ is a locally
compact metric space, which is countable at infinity, and .Qt/t�0 is a Feller
semigroup on E. We consider an E-valued process .Xt/t�0 with càdlàg sample paths,
and a collection .Px/x2E of probability measures on E, such that, under Px, .Xt/t�0
is a Markov process with semigroup .Qt/t�0, with respect to the filtration .Ft/, and
Px.X0 D x/ D 1. We write L for the generator of the semigroup .Qt/t�0, D.L/ for
the domain of L and R� for the �-resolvent, for every � > 0.

Exercise 6.25 (Scale function) In this exercise, we assume that E D RC and that
the sample paths of X are continuous. For every x 2 RC, we set

Tx WD infft � 0 W Xt D xg

and

'.x/ WD Px.T0 < 1/:

1. Show that, if 0 � x � y;

'.y/ D '.x/Py.Tx < 1/:

2. We assume that '.x/ < 1 and Px.supt�0 Xt D C1/ D 1, for every x > 0. Show
that, if 0 < x � y;

Px.T0 < Ty/ D '.x/ � '.y/
1 � '.y/ :
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Exercise 6.26 (Feynman–Kac formula) Let v be a nonnegative function in C0.E/.
For every x 2 E and every t � 0, we set, for every ' 2 B.E/,

Q�
t '.x/ D Ex

h
'.Xt/ exp

�
�

Z t

0

v.Xs/ ds
�i
:

1. Show that, for every ' 2 B.E/ and s; t � 0, Q�
tCs' D Q�

t .Q
�
s '/.

2. After observing that

1 � exp
�

�
Z t

0

v.Xs/ ds
�

D
Z t

0

v.Xs/ exp
�

�
Z t

s
v.Xr/ dr

�
ds

show that, for every ' 2 B.E/,

Qt' � Q�
t ' D

Z t

0

Qs.vQ�
t�s'/ ds:

3. Assume that ' 2 D.L/. Show that

d

dt
Q�

t 'jtD0 D L' � v':

Exercise 6.27 (Quasi left-continuity) Throughout the exercise we fix the starting
point x 2 E. For every t > 0, we write Xt�.!/ for the left-limit of the sample path
s 7! Xs.!/ at t.

Let .Tn/n�1 be a strictly increasing sequence of stopping times, and T D lim "
Tn. We assume that there exists a constant C < 1 such that T � C. The goal of the
exercise is to verify that XT� D XT , Px a.s.

1. Let f 2 D.L/ and h D Lf . Show that, for every n � 1,

ExŒf .XT / j FTn � D f .XTn/C Ex

h Z T

Tn

h.Xs/ ds
ˇ̌
ˇFTn

i
:

2. We recall from the theory of discrete time martingales that

ExŒf .XT/ j FTn �
a:s:; L1�!
n!1 ExŒf .XT/ j eF T �

where

eF T D
1_

nD1
FTn :
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Infer from question (1) that

ExŒf .XT / j eF T � D f .XT�/:

3. Show that the conclusion of question (2) remains valid if we only assume that
f 2 C0.E/, and infer that, for every choice of f ; g 2 C0.E/,

ExŒf .XT /g.XT�/� D ExŒf .XT�/g.XT�/�:

Conclude that XT� D XT , Px a.s.

Exercise 6.28 (Killing operation) In this exercise, we assume that X has continuous
sample paths. Let A be a compact subset of E and

TA D infft � 0 W Xt 2 Ag:

1. We set, for every t � 0 and every bounded measurable function ' on E,

Q�
t '.x/ D ExŒ'.Xt/ 1ft<TAg� ; 8x 2 E:

Verify that Q�
tCs' D Q�

t .Q
�
s '/, for every s; t > 0.

2. We set E D .EnA/[ f�g, where � is a point added to EnA as an isolated point.
For every bounded measurable function ' on E and every t � 0, we set

Qt'.x/ D ExŒ'.Xt/ 1ft<TAg�C PxŒTA � t� '.�/ ; if x 2 EnA

and Qt'.�/ D '.�/. Verify that .Qt/t�0 is a transition semigroup on E. (The
proof of the measurability of the mapping .t; x/ 7! Qt'.x/ will be omitted.)

3. Show that, under the probability measure Px, the process X defined by

Xt D
�

Xt if t < TA

� if t � TA

is a Markov process with semigroup .Qt/t�0, with respect to the canonical
filtration of X.

4. We take it for granted that the semigroup .Qt/t�0 is Feller, and we denote its
generator by L. Let f 2 D.L/ such that f and Lf vanish on an open set containing
A. Write f for the restriction of f to EnA, and consider f as a function on E by
setting f .�/ D 0. Show that f 2 D.L/ and L f .x/ D Lf .x/ for every x 2 EnA.

Exercise 6.29 (Dynkin’s formula)

1. Let g 2 C0.E/ and x 2 E, and let T be a stopping time. Justify the equality

Ex

h
1fT<1ge��T

Z 1

0

e��tg.XTCt/ dt
i

D ExŒ1fT<1g e��T R�g.XT/�:
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2. Infer that

R�g.x/ D Ex

h Z T

0

e��tg.Xt/ dt
i

C ExŒ1fT<1g e��T R�g.XT/�:

3. Show that, if f 2 D.L/,

f .x/ D Ex

h Z T

0

e��t.�f � Lf /.Xt/ dt
i

C ExŒ1fT<1g e��T f .XT/�:

4. Assuming that ExŒT� < 1, infer from the previous question that

Ex

h Z T

0

Lf .Xt/ dt
i

D ExŒf .XT /�� f .x/:

How could this formula have been established more directly?
5. For every " > 0, we set T";x D infft � 0 W d.x;Xt/ > "g. Assume that ExŒT";x� <

1, for every sufficiently small ". Show that (still under the assumption f 2 D.L/)
one has

Lf .x/ D lim
"#0

ExŒf .XT";x/� � f .x/

ExŒT";x�
:

6. Show that the assumption ExŒT";x� < 1 for every sufficiently small " holds if the
point x is not absorbing, that is, if there exists a t > 0 such that Qt.x; fxg/ < 1.
(Hint: Observe that there exists a nonnegative function h 2 C0.E/which vanishes
on a ball centered at x and is such that Qth.x/ > 0. Infer that one can choose
˛ > 0 and � 2 .0; 1/ such that Px.T˛;x > nt/ � .1� �/n for every integer n � 1.)

Notes and Comments

The theory of Markov processes is a very important area of probability theory.
Markov processes have a long history that would be too long to summarize here.
Dynkin and Feller played a major role in the development of the theory (see
in particular Dynkin’s books [20, 21]). We limited our treatment to the minimal
material needed for our later applications to stochastic differential equations. Our
treatment of Feller processes is inspired by the corresponding chapters in [70] and
[71]. We chose to focus on Feller semigroups because this special case allows
an easy presentation of key notions such as the generator, and at the same time
it includes the main examples we consider in this book. The reader interested in
the more general theory of Markov processes may have a look at the classical
books of Blumenthal and Getoor [5], Meyer [59] and Sharpe [73]. The idea of
characterizing a Markov process by a collection of associated martingales (in the



184 6 General Theory of Markov Processes

spirit of Theorem 6.14) has led to the theory of martingale problems, for which
we refer the reader to the classical book of Stroock and Varadhan [77]. Martingale
problems are also discussed in the book [24] of Ethier and Kurtz, which focuses
on problems of characterization and convergence of Markov processes, with many
examples and applications. Markov processes with a countable state space are
treated, along with other topics, in the more recent book [76] of Stroock. We refer
to the monograph [3] of Bertoin for a modern presentation of the theory of Lévy
processes.
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