Chapter 8
Stochastic Differential Equations

This chapter is devoted to stochastic differential equations, which motivated It6’s
construction of stochastic integrals. After giving the general definitions, we provide
a detailed treatment of the Lipschitz case, where strong existence and uniqueness
statements hold. Still in the Lipschitz case, we show that the solution of a stochastic
differential equation is a Markov process with a Feller semigroup, whose generator
is a second-order differential operator. By results of Chap.6, the Feller property
immediately gives the strong Markov property of solutions of stochastic differential
equations. The last section presents a few important examples. This chapter can be
read independently of Chap. 7.

8.1 Motivation and General Definitions

The goal of stochastic differential equations is to provide a model for a differential
equation perturbed by a random noise. Consider an ordinary differential equation of
the form

Y () = b(y(1).

or, in differential form,

dy; = b(y,) dr.

Such an equation is used to model the evolution of a physical system. If we take
random perturbations of the system into account, we add a noise term, which is
typically of the form o dB;, where B denotes a Brownian motion, and o is a constant
corresponding to the intensity of the noise. Note that the use of Brownian motion
here is justified by its property of independence of increments, corresponding to the
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210 8 Stochastic Differential Equations

fact that the random perturbations affecting disjoint time intervals are assumed to
be independent.
In this way, we arrive at a stochastic differential equation of the form

dy; = b(y;)dr + o dB;,

or in integral form, the only one with a rigorous mathematical meaning,

t
yi = Yo + / b(ys)ds + o B,.
0

We generalize the preceding equation by allowing o to depend on the state of the
system at time 7 :

dyt = b()’t) dr + U(Yt) dBt,

or, in integral form,

t t
Y = yo + / b(y))ds + / o (y,) dB;.
0 0

Because of the integral in dBj, the preceding equation only makes sense thanks to
the theory of stochastic integrals developed in Chap. 5. We can still generalize the
preceding equation by allowing o and b to depend on the time parameter 7. This
leads to the following definition.

Definition 8.1 Let d and m be positive integers, and let o and b be locally bounded
measurable functions defined on R4 x R? and taking values in Myx,,(R) and in R?
respectively, where M,x,,(R) is the set of all d x m matrices with real coefficients.
We write 0 = (0jj)1<i<d,1<j<m and b = (b;)1<i<q-

A solution of the stochastic differential equation

E(U, b) dX[ == O-(t, Xr) dBr + b(l, Xr) dt

consists of:

* afiltered probability space (2, #, (%1)icp,00], P) (Where the filtration is always
assumed to be complete);

¢ an m-dimensional (%;)-Brownian motion B = (B',...,B™) started from O;

 an (%)-adapted process X = (X',...,X¢) with values in R, with continuous
sample paths, such that

t t
X, =Xp +/ U(S,Xy) st+/ b(s, X;) ds,
0 0
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meaning that, for every i € {1,...,d},
. . m t . t
Xi=Xg+) / 0yi(s. X;) dB] + / bi(s, X;) ds.
= o 0

If additionally Xy = x € R, we say that X is a solution of E, (o, b).

Note that, when we speak about a solution of E(o, b), we do not fix a priori the
filtered probability space and the Brownian motion B. When we fix these objects,
we will say so explicitly.

There are several notions of existence and uniqueness for stochastic differential
equations.

Definition 8.2 For the equation E(o, b) we say that there is

* weak existence if, for every x € R?, there exists a solution of E,(c, b);

* weak existence and weak uniqueness if in addition, for every x € R, all solutions
of E, (o, b) have the same law;

* pathwise uniqueness if, whenever the filtered probability space (£2, %, (%), P)
and the (%;)-Brownian motion B are fixed, two solutions X and X’ such that
Xo = X{ a.s. are indistinguishable.

Furthermore, we say that a solution X of E,(0, b) is a strong solution if X is adapted
with respect to the completed canonical filtration of B.

Remark It may happen that weak existence and weak uniqueness hold but pathwise

uniqueness fails. For a simple example, consider a real Brownian motion § started
from By = y, and set

B, = /0 sen (B,) B,

where sgn (x) = 1 if x > 0 and sgn (x) = —1 if x < 0. Then, one immediately gets
from the “associativity” of stochastic integrals that

Bi=y+ /0 sen (B.) dB,.

Moreover, B is a continuous martingale with quadratic variation (B, B); = t, and
Theorem 5.12 shows that B is a Brownian motion started from 0. We thus see that 8
solves the stochastic differential equation

dX; = sgn(X;) dB;, Xo =y,

and it follows that weak existence holds for this equation. Theorem 5.12 again shows
that any other solution of this equation must be a Brownian motion, which gives
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weak uniqueness. On the other hand, pathwise uniqueness fails. In fact, takingy = 0
in the construction, one easily sees that both f and —f solve the preceding stochastic
differential equation with the same Brownian motion B and initial value 0 (note that
Jo 1¢g,=0y ds = 0, which implies [; 15,—o; dB, = 0). One can also show that f is
not a strong solution: One verifies that the canonical filtration of B coincides with
the canonical filtration of | 8|, which is strictly smaller than that of 8 (we omit the
proof, which is a simple application of formula (9.18) in Chap. 9).

The next theorem links the different notions of existence and uniqueness.

Theorem (Yamada—Watanabe) If both weak existence and pathwise uniqueness
hold, then weak uniqueness also holds. Moreover, for any choice of the filtered
probability space (2, F, (%), P) and of the (#,)-Brownian motion B, there exists
for every x € R? a (unique) strong solution of E(c, b).

We omit the proof (see Yamada and Watanabe [83]) because we will not need
this result. In the Lipschitz case that we will consider, we will establish directly the
properties given by the Yamada—Watanabe theorem.

8.2 The Lipschitz Case

In this section, we work under the following assumptions.

Assumptions The functions o are b are continuous on R x R and Lipschitz in
the variable x: There exists a constant K such that, forevery r > 0, x,y € R4,

lo(t,x) —o(t,y)| < Klx—yl,
|b(t, x) — b(t,y)| < K|x—y|

Theorem 8.3 Under the preceding assumptions, pathwise uniqueness holds for
E(0, b), and, for every choice of the filtered probability space ($2, #, (%), P) and
of the (.%,)-Brownian motion B, for every x € R, there exists a (unique) strong
solution of E, (0, b).

The theorem implies in particular that weak existence holds for E(o, b). Weak
uniqueness will follow from the next theorem (it can also be deduced from pathwise
uniqueness using the Yamada—Watanabe theorem).

Remark One can “localize” the Lipschitz assumption on o and b, meaning that
the constant K may depend on the compact set on which the parameters ¢ and x, y
are considered. In that case, it is, however, necessary to keep a condition of linear
growth of the form

lo@x)] < KA +[x]). |6 x| < K1+ |x]).
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This kind of condition, which avoids the blow-up of solutions, already appears in
ordinary differential equations.

Proof For the sake of simplicity, we consider only the case d = m = 1. The reader
will be able to check that the general case follows from exactly the same arguments,
at the cost of a heavier notation. Let us start by proving pathwise uniqueness. We
consider (on the same filtered probability space, with the same Brownian motion B)
two solutions X and X’ such that X, = X{. Fix M > 0 and set

T =inf{r>0:|X,| > M or |X]| > M}.

Then, for every ¢t > 0,

INT

INT
Xone = Xo + / o (5, X,) dB, + / b(s, X,) ds
0 0

and an analogous equation holds for X/, .. Fix a constant 7 > 0. By considering
the difference between the two equations and using the bound (5.14), we get, for
t€[0,T],

E[(Xine — X))

< 2E[< /0 " C6.X) — o5, X)) de)z] + 2E[< /O
<2 (E[/I/\I(U(s, X,) —o(s, X;))zds] + TE[/Mr
0 0

<2K%(1 + T)E[/IM(XJ —x;)zds]
0

INT

(b(s. X,) — b(s. X)) ds)z]

(b(s, X;) — b(s, x;))zds])

t
<2K%(1 + T)E[/ (Xone —X;N)zds].
0
Hence the function h(f) = E[(Xin: — X],,)?] satisfies
t
h(t) < C/ h(s)ds
0
for every ¢ € [0, T], with C = 2K*(1 + T).
Lemma 8.4 (Gronwall’s lemma) Ler T > 0 and let g be a nonnegative bounded

measurable function on [0, T]. Assume that there exist two constants a > 0 and
b > 0 such that, for every t € [0,T],

gy <a+ b/o g(s)ds.
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Then, we also have, for every t € [0, T],

g(1) < a exp(bt).

Proof of the lemma By iterating the condition on g, we get,

g(t) < a+ a(br) + b? /Ids /Sdrg(r)
0 0

bt 2 bt)" t S1 Sn
= a—l—a(bt)—l—a(z) +"'+a(n—|) +b”+l/ dsl/ dSZ'"/ dsn4+18(sn+1),
: 0 0 0

for every n > 1. If A is a constant such that 0 < g < A, the last term in the right-
hand side is bounded above by A(br)"*!/(n + 1)!, hence tends to 0 as n — oo. The
desired result now follows. |

Let us return to the proof of the theorem. The function /4 is bounded above by
4AM? and the assumption of the lemma holds witha = 0, b = C. We thus get h = 0,
so that X,». = X],,. By letting M tend to oo, we get X, = X/, which completes the
proof of pathwise uniqueness.

For the second assertion, we construct a solution using Picard’s approximation
method. We define by induction

0
X, =x,

t t
th =x+ / o(s,x)dB; + / b(s, x) ds,
0 0
t t
X" =x+/ o(s,x’;—l)dBXJr/ b(s, X" ") ds.
0 0

The stochastic integrals are well defined since one verifies by induction that, for
every n, the process X" is adapted and has continuous sample paths.

It is enough to show that, for every 7' > 0, there is a strong solution of E, (o, b)
on the time interval [0, 7]. Indeed, the uniqueness part of the argument will then
allow us to get a (unique) strong solution on R that will coincide with the solution
on [0, T] up to time 7.

We fix T > 0 and, for every n > 1 and every t € [0, T], we set

e = E[ sup x2—x:7'12]

0<s<t

We will bound the functions g, by induction on n (at present, it is not yet clear
that these functions are finite). The fact that the functions o (-, x) and b(-,x) are
continuous, hence bounded, over [0, 7] implies that there exists a constant C’T such
that g1 (1) < C}. for every 1 € [0, T] (use Doob’s inequality in L? for the stochastic
integral term).
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Then we observe that
t t
X=X = [ 0X) — ol X B+ [ (666, X0) b X ds
0 0
Hence, using the case p = 2 of the Burkholder—Davis—Gundy inequalities in the
second bound (and writing C(,) for the constant in this inequality),
2

E[ sup |xX"+! —X;?|2] < ZE[ sup

0<s<t 0<s<t

/ (0.X") — o(u. X)) dB,
0

+ sup

0<s<t

]

/ (B X") — b X)) du
0

<2(co [ /0 (00X — ol X))
! n n—1y\2
+TE[/O (b(u, X") — b(u, X)) du])
<2(Cay + T)KZE[/Ot X" —x;—1|2du]
t
= o] [ =

where Cr = 2(C(o) + T)KZ. We have thus obtained that, for every n > 1,

t
0 = Cr [ g du 8.1)
0
Recalling that g,(r) < C%, an induction argument using (8.1) shows that, for every
n>1landt€[0,7],
—1

(n—1""

gn(t) < Cr(Cp)"™!

In particular, Y o2 | g,(T)/? < oo, which implies that

o

sup | X" — X' < 00, as.
‘o O<I=T

Hence the sequence (X', 0 < ¢ < T) converges uniformly on [0, 7], a.s., to a limiting
process (X;, 0 < ¢t < T), which has continuous sample paths. By induction, one also
verifies that, for every n, X" is adapted with respect to the (completed) canonical
filtration of B, and the same holds for X.
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Finally, from the fact that ¢ and b are Lipschitz in the variable x, we also get that,
forevery t € [0, T],

t t
lim (/ o (s, X;) dB; —/ o(s, Xy) dBJ) =0,
0 0

n—>o00

t t
lim ( / b(s, X,) ds — / b(s, X") ds) — 0,
n—>oo 0 0

in probability (to deal with the stochastic integrals, we may use Proposition 5.8,
noting that |X? — X;| is dominated by >"72 supy,, |X**! — X}|). By passing to
the limit in the induction equation defining X", we get that X solves E,(c,b) on

[0, T]. This completes the proof of the theorem. O

In the following statement, W(dw) stands for the Wiener measure on the
canonical space C(R4,R™) of all continuous functions from R into R” (W(dw)
is the law of (B;, ¢t > 0) if B is an m-dimensional Brownian motion started from 0).

Theorem 8.5 Under the assumptions of the preceding theorem, there exists, for
everyx € R, amapping F, : C(Ry,R™) — C(R4,RY), which is measurable when
C(R4,R™) is equipped with the Borel o-field completed by the W-negligible sets,
and C(R, RY) is equipped with the Borel o-field, such that the following properties
hold:

(i) for every t > 0, Fy(w); coincides W(dw) a.s. with a measurable function of
w(r),0 <r =<1y,

(i) for everyw € C(R4,R™), the mapping x — F(W) is continuous;

(iii) for every x € RY, for every choice of the (complete) filtered probability
space (82, F, (%), P) and of the m-dimensional (%;)-Brownian motion B
with By = 0, the process X, defined X, = Fy(B), is the unique solution of
E\(0,b); furthermore, if U is an Fy-measurable real random variable, the
process Fy(B), is the unique solution with Xy = U.

Remark Assertion (iii) implies in particular that weak uniqueness holds for
E(o,b): any solution of E.(o,b) must be of the form F,(B) and its law is thus
uniquely determined as the image of W(dw) under F.

Proof Again we consider only the case d = m = 1. Let .4 be the class of all
W-negligible sets in C(R4, R), and, for every ¢ € [0, o0], set

Y =0(w(s),0<s<r1p)v.r.

For every x € R, we write X* for the solution of E,(o,b) corresponding to the
filtered probability space (C(R4,R), %, (%), W) and the (canonical) Brownian
motion B;(w) = w(?). This solution exists and is unique (up to indistinguishability)
by Theorem 8.3, noting that the filtration (¥}) is complete by construction.
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Let x,y € R and let 7, be the stopping time defined by
T, =inf{r > 0: |X}| > nor |X}| > n}.

Let p > 2 and T > 1. Using the Burkholder-Davis—Gundy inequalities (Theo-
rem 5.16) and then the Holder inequality, we get, for ¢ € [0, 77,

E[ sup |X§/\T,, - XZYAT,, |p]
s<t

< Gyl =yl + E[ sup ]

s<t

/ M X — 0 X)) dB,
0

/OT (b(r. X)) —bir. X)) ar| ])

+E[ sup

s<t

= Cp(lx -y + C;,E[( /0 o (0(r, X*) — o (r, X)))? dr)r'/z]

INT, p
+E[( / Ib(r. X5) — b(r. X)) dr) ])
0
P ! ;
< c,,(|x T c,’,ﬁ—lE[/o |0:(r A Ty, Xirg) — 0. A Tn,XﬁATn)V’dr]
r 5
! E[/ b0 A T Xig,) = bl A T Xy, )1Pdr])
0

t
<ot 417 [ B, =X, 11 0)

where the constants C,, C;, C;’ < 0o depend on p (and on the constant K appearing
in our assumption on ¢ and ») but noton n oron x,y and 7.

As the function ¢ — E [ Sup,<, |Xinz, — Xonr, |1’] is bounded, Lemma 8.4 implies
that, for ¢ € [0, T,

E[ sup [Xing, = Xiag,I”] = Clx =317 exp(Cy T,
s<t
hence, letting n tend to oo,

E[sup X5 — X;‘|”] < Clx—yI” exp(C,T"1).

s<t

The topology on the space C(R4, R) is defined by the distance

d(w,w) = Z(xk<sull:() [w(s) —w'(s)| A 1),

k=1
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where the sequence of positive reals o can be chosen in an arbitrary way, provided
that the series ) oy converges. We may choose the coefficients o so that

o
Zak exp(CZkP“) < oo.
k=1

For every x € R, we consider X* as a random variable with values in C(R4, R). The
preceding estimates and Jensen’s inequality then show that

o0 o0
p—1 _
EAe Y] < (D) D[ suplx; = X3¢ < G v =y,
k=1 =1 s<k

with a constant Cp independent of x and y. By Kolmogorov’s lemma (Theorem 2.9),
applied to the process (X*, x € R) with values in the space E = C(R4+, R) equipped
with the distance d, we get that (X*,x € R) has a modification with continuous
sample paths, which we denote by (X*,x € R). We set Fo(w) = X*(w) =
(Xf(w)),zo. Property (ii) is then obvious.

The mapping w +— F,(w) is measurable from C(R4, R) equipped with the o-
field ¥ into C(R4+,R) equipped with the Borel o-field € = o(w(s),s > 0).

Moreover, for every t > 0, F(w), = Xf(w) = X} (w) is ¥,-measurable hence

coincides W(dw) a.s. with a measurable function of (w(s),0 < s < ¢). Thus
property (i) holds.

Let us now prove the first part of assertion (iii). To this end, we fix the filtered
probability space (£2,.%, (%), P) and the (.%;)-Brownian motion B. We need to
verify that the process (Fy(B);):>o then solves E,(o, b). This process (trivially) has
continuous sample paths, and is also adapted since F,(B), coincides a.s. with a
measurable function of (B,,0 < r < f), by (i), and since the filtration (%) is
complete. On the other hand, by the construction of F, (and because X' =X* a.s.),
we have, for every t > 0, W(dw) a.s.

t

F.(w), =x+ /Ora(s, F.(w)s)dw(s) + /0 b(s, Fy(w)y)ds,

where the stochastic integral fot o (s, Fy(w);)dw(s) can be defined by

2k —1

[ o moane) = tim 3 o Az () —wi).
i=0

2 2
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W(dw) a.s. Here (nx)r>1 is a suitable subsequence, and we used Proposition 5.9. We
can now replace w by B (whose distribution is W(dw)!) and get a.s.

2k —1

. it d
F.(B); = x+ kl_l)lgo Z U(ﬁ, F(B)itjo2w) (B(it1yry2 — Bigjom) + /0 b(s, Fy(B),)ds

=x+ /(;tO'(S, F(B)s)dB; + /Otb(sv F(B)s)ds,

again thanks to Proposition 5.9. We thus obtain that F,(B) is the desired solution.

We still have to prove the second part of assertion (iii). We again fix the filtered
probability space (£2, %, (%), P) and the (.%#,)-Brownian motion B. Let U be an
Fp-measurable random variable. If in the stochastic integral equation satisfied by
F.(B) we formally substitute U for x, we obtain that Fy(B) solves E(o, b) with
initial value U. However, this formal substitution is not so easy to justify, and we
will argue with some care.

We first observe that the mapping (x, @) + F,(B), is continuous with respect to
the variable x (if w is fixed) and .%,-measurable with respect to w (if x is fixed). It
easily follows that this mapping is measurable for the o-field Z(R) ® .%;. Since U
is %p-measurable, we get that Fy(B), is #;-measurable. Hence the process Fy(B)
is adapted. For x € R and w € C(R,R), we define G(x,w) € C(R4,R) by the
formula

G(x, W),:/O b(s, Fy(w),) ds.

We also set H(x,w) = Fy(w) —x — G(x, w). We have already seen that, for every
x € R, we have W(dw) a.s.,

H(-x7 W)t = /(;to(sv FX(W)Y) dW(S)

Hence, if
= it i+ 1) it
Hy(, W)y = D 0 FeW)iy) (W) = w()),
i=0

Proposition 5.9 shows that

H(x,w), = nl_i)rgoHn(x, W)y,

in probability under W(dw), for every x € R. Using the fact that U and B are
independent (because U is .%p-measurable), we infer from the latter convergence
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that

H(Us B)I‘ = hm Hn(Uv B)t
n—>oo

in probability. Thanks again to Proposition 5.9, the limit must be the stochastic
integral

/f o(s, Fy(B)s) dB;.
0

We have thus proved that

/ (5. Fu(B),) dB, = H(U, B), = Fy(B),— U — / b5, Fu(B),) ds
0 0

which shows that F;(B) solves E(o, b) with initial value U. O

A consequence of Theorem 8.5, especially of property (ii) in this theorem, is the
continuity of solutions with respect to the initial value. Given the filtered probability
space (£2, .7, (%), P) and the (%,)-Brownian motion B, one can construct, for
every x € R?, the solution X* of E,(c, b) in such a way that, for every w € 2, the
mapping x — X*(w) is continuous. More precisely, the arguments of the previous
proof give, for every ¢ € (0, 1) and for every choice of the constants A > 0 and
T > 0, a (random) constant C, 4 r(w) such that, if |x|, |y| <A,

sup X () — X} (@)] < Coar(@) |x =y~
1<T
(in fact the version of Kolmogorov’s lemma in Theorem 2.9 gives this only for

d = 1, but there is an analogous version of Kolmogorov’s lemma for processes
indexed by a multidimensional parameter, see [70, Theorem 1.2.1]).

8.3 Solutions of Stochastic Differential Equations as Markov
Processes

In this section, we consider the homogeneous case where o(f,y) = o(y) and
b(t,y) = b(y). As in the previous section, we assume that ¢ and b are Lipschitz:
There exists a constant K such that, for every x,y € R4,

lo(x) —o()| = Klx—y|. [b(x) —b(y)| = Klx—yl.

Let x € R? and let X* be a solution of E, (o, b). Since weak uniqueness holds, for
every t > 0, the law of X7 does not depend on the choice of the solution. In fact, this
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law is the image of Wiener measure on C(R, RY) under the mapping w > F,.(W);,
where the mappings F, were introduced in Theorem 8.5. The latter theorem also
shows that the law of X} depends continuously on the pair (x, 7).

Theorem 8.6 Assume that (X;);>0 is a solution of E(o,b) on a (complete) filtered
probability space (2, F,(F;), P). Then (X;)>0 is a Markov process with respect
to the filtration (%), with semigroup (Q,);>o defined by

Qf () = E[f(XD].

where X* is an arbitrary solution of E, (o, b).

Remark With the notation of Theorem 8.5, we have also
0f) = [ FF () Wiaw). (8.2)

Proof We first verify that, for any bounded measurable function f on R?, and for
every s,t > 0, we have

E[f(XH-r) | ys] = Qtf(Xs)s

where Q,f is defined by (8.2). To this end, we fix s > 0 and we write, for every
t>0,

s+t s+t
Xopr = X, + / o(X,) dB, + / b(X,) dr (8.3)

where B is an (.%;)-Brownian motion starting from 0. We then set, for every ¢ > 0,
Xr/ = Xs+t s «g}/ = ys-}-t s B; = Bs+t — B;.

We observe that the filtration (%)) is complete (of course #., = ), that the
process X' is adapted to (.%/), and that B’ is an m-dimensional (%/)-Brownian
motion. Furthermore, using the approximation results for the stochastic integral
of adapted processes with continuous sample paths (Proposition 5.9), one easily

verifies that, a.s. for every t > 0,

s+t t
/ o(X,)dB, = / o(X))dB,
K 0

where the stochastic integral in the right-hand side is computed in the filtration (%]).
It follows from (8.3) that

t t
X =X, + / (X' dB. + / b(X) du.
0 0
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Hence X’ solves E(o,b), on the space (£2,.%,(%/),P) and with the Brownian
motion B’, with initial value X, = X; (note that X; is .%-measurable). By the last
assertion of Theorem 8.5, we must have X’ = Fy (B'), a.s.

Consequently, for every ¢ > 0,

Elf(Xs+)|.75] = E[f(X)|.75] = Elf (Fx,(B"))|.7] = /f(Fxs (w),) W(dw)
= Qlf(XS)v

by the definition of Q,f. In the third equality, we used the fact that B’ is independent
of .%,, and distributed according to W(dw), whereas X is .%;-measurable.

We still have to verify that (Q;).>¢ is a transition semigroup. Properties (i) and
(iii) of the definition are immediate (for (iii), we use the fact that the law of X7
depends continuously on the pair (x, #)). For the Chapman—Kolmogorov relation,
we observe that, by applying the preceding considerations to X*, we have, for every
s,t>0,

011/ (@) = EIf (X%, )] = E[EF (X, )L F] = EIOF(X)] = / 0.(x.4) O ().

This completes the proof. O

We write C2(R?) for the space of all twice continuously differentiable functions
with compact support on R

Theorem 8.7 The semigroup (Qr)s>o is Feller. Furthermore, its generator L is such
that

CX(RY) C D(L)

and, for every f € C*(R?),

f of

Lf(x) = Z(oo i) 5 —=— (x>+Zb<x)—(x>

IJ 1
where 0* denotes the transpose of the matrix o.

Proof For the sake of simplicity, we give the proof only in the case when ¢ and
b are bounded. We fix f € Co(R?) and we first verify that Q,f € Co(RY). Since
the mappings x — Fy(w) are continuous, formula (8.2) and dominated convergence
show that Q,f is continuous. Then, since

t t
X =x+ / o(X?)dB; + / b(X3) ds,
0 0
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and o and b are assumed to be bounded, we get the existence of a constant C, which
does not depend on ¢, x, such that

E[XF —x)?’] < C(t+ ). (8.4)
Using Markov’s inequality, we have thus, for every ¢ > 0,

sup P(|X; —x| > A) — 0.
xeRd A—o00

Writing
10 )| = [EF XD < [EF (X)) Lixi—a<a]| + IFI| POXF = x[ > A),
we get, using our assumption f € Co(R9),

limsup |Qf (x)| < If]l sup P(IX; — x| > A).

X—>00 xeR4

and thus, since A was arbitrary,
lim Qf(x) = 0,
X—>00

which completes the proof of the property Q,f € Co(R?).
Let us show similarly that Q,f —> f when t — 0. For every ¢ > 0,

sup [E[f(XD] —f@)| = sup  [f(x) =fO)] + 2f[| sup P(IX] — x| > ¢).

X€ERC x.yERY [x—y|<e X€ERC
However, using (8.4) and Markov’s inequality again, we get

sup P(|X; —x| > &) — 0,

Y€ER t—0

hence

timsup | O Il = limsup ( sup [EF(X)] = f(l) < swp /@) =fO)

t—0  xeRd x.y€R4 [x—y|<e

which can be made arbitrarily close to 0 by taking & small.

Let us prove the second assertion of the theorem. Let f € C>(R?). We apply
1t6’s formula to f(XY), recalling that, if X* = (X;"',....X"%), we have, for every
ie{l,...,d},

m t t
X =x+ Y / 0yj(X}) dB] + / bi(X5) ds.
=170 ’
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We get

X d ! X af X azf X Xl Xl
SO =100+ M+ 3 [ o oas+ 3 Z / (X, X,

0x; 0x;yr
where M is a continuous local martingale. Moreover, if i,/ € {1,...,d},
d(xs, x5y, Zo,,(Xx)o,,(Xx) ds = (60 (X¥) ds.
j=1

We thus see that, if g is the function defined by

f

1 - of
g(x) = Z (00" (1) 5= —(x) + 3 bi(x) = (),
ii’=1 Xi i=1 !

the process

M, = f(X) —f(x) — /0 ¢(X7) ds

is a continuous local martingale. Since f and g are bounded, Proposition 4.7 (ii)
shows that M is a martingale. It now follows from Theorem 6.14 that f € D(L) and

Lf =g. O

Corollary 8.8 Suppose that (X;)>0 solves E(a, b) on a filtered probability space
(2, F,(F:),P). Then (X;)i>0 satisfies the strong Markov property: If T is a
stopping time and if @ is a Borel measurable function from C(R, R?) into Ry,

E[I{T<oo}qj(XT+ta t> O) | JGZT] = 1{T<oo} EX]'[é]a

where, for every x € RY, P, denotes the law on C(Ry,R?) of an arbitrary solution
of Ex(o, b).

Proof It suffices to apply Theorem 6.17. Alternatively, we could also argue in a
similar manner as in the proof of Theorem 8.6, letting the stopping time 7 play the
same role as the deterministic time s in the latter proof, and using the strong Markov
property of Brownian motion. O

Markov processes with continuous sample paths that are obtained as solutions
of stochastic differential equations are sometimes called diffusion processes (certain
authors call a diffusion process any strong Markov process with continuous sample
paths in R? or on a manifold). Note that, even in the Lipschitz setting considered
here, Theorem 8.7 does not completely identify the generator L, but only its action
on a subset of the domain D(L): As we already mentioned in Chap. 6, it is often very
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difficult to give a complete description of the domain. However, in many instances,
one can show that a partial knowledge of the generator, such as the one given by
Theorem 8.7, suffices to characterize the law of the process. This observation is at
the core of the powerful theory of martingale problems, which is developed in the
classical book [77] by Stroock and Varadhan.

At least when restricted to C?(R?), the generator L is a second order differential
operator. The stochastic differential equation E(o, b) allows one to give a proba-
bilistic approach (as well as an interpretation) to many analytic results concerning
this differential operator, in the spirit of the connections between Brownian motion
and the Laplace operator described in the previous chapter. We refer to Durrett
[18, Chapter 9] and Friedman [26, 27] for more about links between stochastic
differential equations and partial differential equations. These connections between
probability and analysis were an important motivation for the definition and study
of stochastic differential equations.

8.4 A Few Examples of Stochastic Differential Equations

In this section, we briefly discuss three important examples, all in dimension one.
In the first two examples, one can obtain an explicit formula for the solution, which
is of course not the case in general.

8.4.1 The Ornstein—-Uhlenbeck Process

Let A > 0. The (one-dimensional) Ornstein—Uhlenbeck process is the solution of
the stochastic differential equation

dXt = dBt - /’\'Xl‘ dt.

This equation is solved by applying Itd’s formula to e*'X,, and we get
t
X, = Xoe ™M + / e M7 dB,.
0

Note that the stochastic integral is a Wiener integral (the integrand is deterministic),
which thus belongs to the Gaussian space generated by B.
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First consider the case where Xy = x € R. By the previous remark, X is a (non-
centered) Gaussian process, whose mean function is m(f) = E[X,] = xe™, and
whose covariance function is also easy to compute:

—Alt—s| _ e—l(r-l-s)

21

€

K(s, 1) = cov(X,, X;) =

It is also interesting to consider the case when X is distributed according to
A0, %). In that case, X is a centered Gaussian process with covariance function

1 —Alt—s|
1 € .

Notice that this is a stationary covariance function. In that case, the Ornstein—
Uhlenbeck process X is both a stationary Gaussian process (indexed by Ry ) and
a Markov process.

8.4.2 Geometric Brownian Motion

Let 0 > 0 and r € R. The geometric Brownian motion with parameters o and r is
the solution of the stochastic differential equation

er == UX[ dB[ + VX[ dt.

One solves this equation by applying It6’s formula to log X; (say in the case where
Xo > 0), and it follows that:

2
o
X, = Xo exp (UB, + (r— 7)t)

Note in particular that, if the initial value Xy is (strictly) positive, the solution
remains so at every time ¢ > 0. Geometric Brownian motion is used in the celebrated
Black—Scholes model of financial mathematics. The reason for the use of this
process comes from an economic assumption of independence of the successive
ratios

th —th Xt3 —th Xl‘ -
Xrl ) sz ) )

corresponding to disjoint time intervals: From the explicit formula for X,, we see
that this is nothing but the property of independence of increments of Brownian
motion.
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8.4.3 Bessel Processes

Let m > 0 be a real number. The m-dimensional squared Bessel process is the real
process taking nonnegative values that solves the stochastic differential equation

dX, = 2/X,dB, + mdr . (8.5)

Notice that this equation does not fit into the Lipschitz setting studied in this chapter,
because the function o (x) = 2./x is not Lipschitz over Ry (one might also observe
that this function is only defined on R and not on R, but this is a minor point
because one can replace 2./x by 2 \/m and check a posteriori that a solution starting
from a nonnegative value stays nonnegative). However, there exist (especially in
dimension one) criteria weaker than our Lipschitz continuity assumptions, which
apply to (8.5) and give the existence and pathwise uniqueness of solutions of (8.5).
See in particular Exercise 8.14 for a criterion of pathwise uniqueness that applies
to (8.5).

One of the main reasons for studying Bessel processes comes from the following
observation. If ¢ > 1 is an integer and 8 = (B'.....,B%) is a d-dimensional
Brownian motion, an application of Itd’s formula shows that the process

B2 = (B))? + -+ + (BY)?

is a d-dimensional squared Bessel process: See Exercise 5.33. Furthermore, one can
also check that, when m = 0, the process (%Xt)tzo has the same distribution as
Feller’s branching diffusion discussed at the end of Chap. 6 (see Exercise 8.11).

Suppose from now on that m > 0 and Xo = x > 0. For every r > 0, set
T, :=inf{t > 0: X, = r}. If r > x, we have P(T, < co) = 1. To get this, use (8.5)
to see that X,n7, = x + m(t A T,) + Yia7,, Where E[(Yt,\Tr)Z] < 4rt. By Markov’s
inequality, P(Yia7, > t3/4) —> 0 as t — o0, and if we assume that P(T, = oc0) > 0
the preceding expression for X;a7, gives a contradiction.

Set, for every ¢ € [0, Tp),

_ [ X)"TYifm#£2,
"7 | log(Xy) ifm = 2.
It follows from Itd’s formula that, for every ¢ € (0,x), M;or, is a continuous
local martingale. This continuous local martingale is bounded over the time interval
[0, Te A Tal, for every A > x, and an application of the optional stopping theorem
(using the fact that Ty < oo a.s.) gives, if m # 2,

AlTE 173

A-E 5

P(T, <Ty) =
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and if m = 2,

logA —logx
PTe < Th) = logA —loge’

When m = d is an integer, we recover the formulas of Proposition 7.16.

Let us finally concentrate on the case m > 2. Letting € go to 0 in the preceding
formulas, we obtain that P(Ty < oco) = 0. If we let A tend to oo, we also get that
P(T; < c0) = 1if m = 2 (as we already noticed in Chap.7) and P(T, < o0) =
(e/x)"2D=Vifm > 2.

It then follows from the property P(Ty < oo) = O that the process M, is well-
defined for every ¢+ > 0 and is a continuous local martingale. When m > 2, M,
takes nonnegative values and is thus a supermartingale (Proposition 4.7 (i)), which
converges a.s. as t — oo (Proposition 3.19). The limit must be 0, since we already
noticed that P(T4 < oo) = 1 for every A > x, and we conclude that X, converges
a.s.to oo as t — oo when m > 2. One can show that the continuous local martingale
M, is not a (true) martingale (cf. Question 8. in Exercise 5.33 in the case m = 3).

Exercise 5.31 in Chap.5 gives a number of important calculations related to
squared Bessel processes. We refer to Chapter XI in [70] for a thorough study of
this class of processes.

Remark The m-dimensional Bessel process is (of course) obtained by taking
Y, = X;, and, whenm = dis a positive integer, it corresponds to the norm of d-
dimensional Brownian motion. When m > 1, the process Y also satisfies a stochastic
differential equation, which is however less tractable than (8.5): See Exercise 8.13
below.

Exercises

Exercise 8.9 (Time change method) We consider the stochastic differential equa-
tion

E(0,0) dX;, = o(X;) dB;

where the function 0 : R —> R is continuous and there exist constants £ > 0 and
M suchthate <o <M.

1. In this question and the next one, we assume that X solves E(o, 0) with Xy = x.
We set, for every ¢ > 0,

t
A = / 0(X)?ds ., 1 =inf{s >0:A, >t}
0
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Justify the equalities

/t dr 4 infits > 0 /S dr i
T = _—, = inf{s > 0 : — >t}
' 0 U(Xtr)z ' o 0 er)z

2. Show that there exists a real Brownian motion 8 = (B;),;>0 started from x such
that, a.s. for every r > 0,

X = IBinf{sZO: Jo o(Br)~2dr>1}

3. Show that weak existence and weak uniqueness hold for E(o,0). (Hint: For
the existence part, observe that, if X is defined from a Brownian motion 8 by
the formula of question 2., X is (in an appropriate filtration) a continuous local
martingale with quadratic variation (X, X), = fot o(X,)%ds.)

Exercise 8.10 We consider the stochastic differential equation

E(o,b) dX; = o(X;) dB; + b(X;) dt

where the functions 0,b : R — R are bounded and continuous, and such that
fR |b(x)|dx < oo and o > ¢ for some constant & > 0.

1. Let X be a solution of E(o,b). Show that there exists a monotone increasing
function F : R — R, which is also twice continuously differentiable, such that
F(X;) is a martingale. Give an explicit formula for F in terms of o and b.

2. Show that the process Y; = F(X;) solves a stochastic differential equation of the
form dY; = o’ (Y;) dB;, with a function ¢’ to be determined.

3. Using the result of the preceding exercise, show that weak existence and weak
uniqueness hold for E(o, b). Show that pathwise uniqueness also holds if o is
Lipschitz.

Exercise 8.11 We suppose that, for every x € R, one can construct on the same
filtered probability space (£2,.%, (%), P) a process X* taking nonnegative values,
which solves the stochastic differential equation

er = A/ 2Xr dB[
X() =X

and that the processes X* are Markov processes with values in R4, with the same
semigroup (Q;):>0, with respect to the filtration (.%;). (This is, of course, close to
Theorem 8.6, which however cannot be applied directly because the function +/2x
is not Lipschitz.)
1. We fix x € Ry, and areal T > 0. We set, for every ¢ € [0, T
Y ( AXY )
=exp| ———— ).
TP T T AT o)

Show that the process (M;7);>0 is @ martingale.
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2. Show that (Q;):>o is the semigroup of Feller’s branching diffusion (see the end
of Chap. 6).

Exercise 8.12 We consider two sequences (0,,),>1 and (b,),>1 of real functions
defined on R. We assume that:

(i) There exists a constant C > 0 such that |0, (x)| < C and |b,(x)| < C for every
n>1andx € R.
(i) There exists a constant K > 0 such that, for everyn > 1 and x,y € R,

lon(x) =0, < Klx—y[ , [ba(x) = ba(y)| < K|x =yl

Let B be an (.%;)-Brownian motion and, for every n > 1, let X" be the unique
adapted process satisfying

t t
X" = / on(X") dB, + / bu(X") ds.
0 0

1. Let T > 0. Show that there exists a constant A > 0 such that, for every real
M > 0 and foreveryn > 1,

A
P(su X" >M)<—.
tfgl AzM) =5

2. We assume that the sequences (0,) and (b,) converge uniformly on every
compact subset of R to limiting functions denoted by o and b respectively. Justify
the existence of an adapted process X = (X;);>¢ with continuous sample paths,
such that

t t
X, = / o(X;)dBs + / b(Xy) ds,
0 0

then show that there exists a constant A” such that, for every real M > 0, for every
tef0,T]andn > 1,

/

t
A
£ supx; ~ X)) < 44 + DK / E[(X" — X)) ds +
s<t 0 M2

+4T(4 sup (02(x) — 0 ()% + T sup (bu(x) — b(x))z).
[x|<M [x|<M

3. Infer from the preceding question that

lim E[sup(xg — Xs)z] —0.
n—>0o0

s<T
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Exercise 8.13 Let § = (B;):>0 be an (:#;)-Brownian motion started from 0. We fix
two real parameters « and r, with @ > 1/2 and r > 0. For every integer n > 1 and
every x € R, we set

fn(x):iAn.

Il

1. Let n > 1. Justify the existence of the unique semimartingale Z" that solves the
equation

t
z = r+ﬁt+a/ f20) ds.
0
2. We set S, = inf{tr > 0 : Z}' < 1/n}. After observing that, for# < S, A S,41,

Z”'H—Z"—a/t( ! —i)ds
t t o \Zntl T zn ’

show that Z"! = Z" forevery t € [0, S, A S,41], a.s. Infer that S, > S,.
3. Let g be a twice continuously differentiable function on R. Show that the process

o2 =)= [ (g @A + 3@ s

is a continuous local martingale.

4. We set h(x) = x'72* for every x > 0. Show that, for every integer n > 1,
h(Z}, Sn) is a bounded martingale. Infer that, for every t > 0, P(S,, < t) tends to O
as n — oo, and consequently S, — oo a.s. as n — oo.

5. Infer from questions 2. and 4. that there exists a unique positive semimartingale
Z such that, for every r > 0,

Zi=r+p + /tds
=r o | —.
' ' OZS

6. Let d > 3 and let B be a d-dimensional Brownian motion started from y €
R4\ {0}. Show that ¥, = |B,| satisfies the stochastic equation in question 5. (with
an appropriate choice of g) with r = |y| and @ = (d — 1)/2. One may use the
results of Exercise 5.33.

Exercise 8.14 (Yamada—Watanabe uniqueness criterion) The goal of the exercise
is to get pathwise uniqueness for the one-dimensional stochastic differential equa-
tion
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when the functions o and b satisfy the conditions

lo(x) —oW| =K Vix=y[. [b(x)—=bO)]=Kx—yl,

for every x,y € R, with a constant K < oo.

1.

Preliminary question. Let Z be a semimartingale such that (Z,Z), = fot h ds,
where 0 < hy < C|Zj|, with a constant C < co. Show that, for every ¢ > 0,

'
lim nE[/ Lo<iz<1/m} d(Z,Z)S:I = 0.
0

n—>oo

(Hint: Observe that, for everyn > 1,

t
E[/ IZV|_11{0<\ZXI§1}d<Z7Z)S:| <Ct<o00.)
0

. For every integer n > 1, let ¢, be the function defined on R by

0 if |x| > 1/n,
@n(x) = ¢ 2n(1 —nx) if0 < x < 1/n,
2n(1 +nx) if —1/n<x<0.

Also write F, for the unique twice continuously differentiable function on R
such that F,,(0) = F/,(0) = 0 and F// = ¢,. Note that, for every x € R, one has
F,(x) — |x| and F,(x) —> sgn(x) := 10y — 1{y<oy whenn — oo.

Let X and X’ be two solutions of E(o, b) on the same filtered probability space
and with the same Brownian motion B. Infer from question 1. that

t
lim E[/ (p,,(XJ—X;)d(X—X’,X—X’)J] —0.
n—>oo 0

. Let T be a stopping time such that the semimartingale X, — X/, ; is bounded.

By applying It6’s formula to F,,(X;n7 — X] 1), show that

INT
ElXir = Xiurl) = EX0 = X501+ E] [ (%) = b0 sen(x, = X) ds].

. Using Gronwall’s lemma, show that, if X, = X, one has X; = X] forevery ¢ > 0,

a.s.
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Notes and Comments

As already mentioned, the treatment of stochastic differential equations motivated
Itd’s invention of stochastic differential equations. For further reading on this
topic, the reader may consult the classical books of Ikeda and Watanabe [43] and
Stroock and Varadhan [77], the latter studying stochastic differential equations
in connection with martingale problems. @Jksendal’s book [66] emphasizes the
applications of stochastic differential equations in other fields. The books [26, 27]
of Friedman focus on connections with partial differential equations. We have
chosen to concentrate on the Lipschitz case, where the main results of existence
and uniqueness were already obtained by Itd [37, 38]. In dimension one, the criteria
ensuring pathwise uniqueness can be weakened significantly (see in particular
Yamada and Watanabe [83], which inspired Exercise 8.14) but this is no longer the
case in higher dimensions. Chapter XI of [70] contains a lot of information about
Bessel processes.
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