Chapter 5
Stochastic Integration

This chapter is at the core of the present book. We start by defining the stochastic
integral with respect to a square-integrable continuous martingale, considering first
the integral of elementary processes (which play a role analogous to step functions
in the theory of the Riemann integral) and then using an isometry between Hilbert
spaces to deal with the general case. It is easy to extend the definition of stochastic
integrals to continuous local martingales and semimartingales. We then derive the
celebrated It6’s formula, which shows that the image of one or several continuous
semimartingales under a smooth function is still a continuous semimartingale,
whose canonical decomposition is given in terms of stochastic integrals. Itd’s
formula is the main technical tool of stochastic calculus, and we discuss several
important applications of this formula, including Lévy’s theorem characterizing
Brownian motion as a continuous local martingale with quadratic variation process
equal to ¢, the Burkholder—Davis—Gundy inequalities and the representation of
martingales as stochastic integrals in a Brownian filtration. The end of the chapter
is devoted to Girsanov’s theorem, which deals with the stability of the notions
of a martingale and a semimartingale under an absolutely continuous change of
probability measure. As an application of Girsanov’s theorem, we establish the
famous Cameron—Martin formula giving the image of the Wiener measure under
a translation by a deterministic function.

5.1 The Construction of Stochastic Integrals

Throughout this chapter, we argue on a filtered probability space (£2,.%, (%), P),
and we assume that the filtration (.%#;) is complete. Unless otherwise specified, all
processes in this chapter are indexed by R and take real values. We often say
“continuous martingale” instead of “martingale with continuous sample paths”.
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98 5 Stochastic Integration

5.1.1 Stochastic Integrals for Martingales Bounded in L*

We write H? for the space of all continuous martingales M which are bounded in
[? and such that M, = 0, with the usual convention that two indistinguishable
processes are identified. Equivalently, M € H? if and only if M is a continuous
local martingale such that My = 0 and E[(M,M)~] < oo (Proposition 4.13). By
Proposition 3.21, if M € H?, we have M, = E[My, | %] where Mo, € L? is the
almost sure limit of M, as t — oo.

Proposition 4.15 (v) shows that, if M, N € H?, the random variable (M, N)q is
well defined, and we have E[|{(M, N)oo|] < o0. This allows us to define a symmetric
bilinear form on H? via the formula

(M,N)2 = E[{(M,N)o] = E[MooNo,

where the second equality comes from Proposition 4.15 (v). Clearly (M, M)y = 0
if and only if M = 0. The scalar product (M, N)g thus yields a norm on H? given
by

1Ml = (M, M)} = E[(M,M)s]"? = E[(Mco)*]'2.

Proposition 5.1 The space H? equipped with the scalar product (M,N)y: is a
Hilbert space.
Proof We need to verify that the vector space H? is complete for the norm || ||g2.

Let (M"),>1 be a sequence in H? which is Cauchy for that norm. We have then

lim E[(M!, —M™)*] = lim (M" —M",M" = M")z2 = 0.
m,n—>00

m,n—>00

Consequently, the sequence (M" ) converges in L? to a limit, which we denote
by Z. On the other hand, Doob’s inequality in L? (Proposition 3.15 (ii)) and a
straightforward passage to the limit show that, for every m, n,

E| sup(a; — M) | < 4 B2 — ML)

>0

We thus obtain that

lim E[sup(Mf - M;")Z] =0. 5.1)

m,n—>0Q >0

Hence, for every ¢t > 0, M} converges in [?, and we want to argue that the limit
yields a process with continuous sample paths. To this end, we use (5.1) to find an
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increasing sequence n; 1 oo such that

o0

i o0 ., 12
E[ > sup m — b +| < 37 E supaay — M) < oo
=1 =0 k=1 >0

The last display implies that, a.s.,

and thus the sequence (M;*),>( converges uniformly on R, a.s., to a limit denoted
by (M;)>0. On the zero probability set where the uniform convergence does not
hold, we take M, = O for every ¢ > 0. Clearly the limiting process M has continuous
sample paths and is adapted (here we use the fact that the filtration is complete).
Furthermore, from the L?-convergence of (M oo) to Z, we immediately get by passing
to the limit in the identity M;* = E[M% | %] that M, = E[Z | .%;]. Hence (M,),>0
is a continuous martingale and is bounded in L?, so that M € H?. The a.s. uniform

convergence of (M;*);>o to (M;);>o then ensures that Mo, = IimM% = Z as.
Finally, the L?-convergence of (M%) to Z = My, shows that the sequence (M")
converges to M in H?. O

We denote the progressive o-field on £2 x Ry by &2 (see the end of Sect.3.1),
and, if M € H?, we let L>(M) be the set of all progressive processes H such that

E[/OOHSZd(M,M)S] < o0,
0

with the convention that two progressive processes H and H’ satisfying this
integrability condition are identified if H, = H, = 0, d{M, M), a.e., a.s. We can
view L*(M) as an ordinary L? space, namely

L*(M) = L*(2 xRy, 2, dPd(M, M),)

where dP d(M, M), refers to the finite measure on (£2 x Ry, &) that assigns the
mass

E[/Ooo lA(a),s)d(M,M)s]

toaset A € & (the total mass of this measure is E[{M, M) ] = ||M||§H2) .
Just like any L? space, the space L>(M) is a Hilbert space for the scalar product

(H. K) 2y = E[ /0 H,K, d(M, M)S],
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and the associated norm is

IH | 200 = (E[/Ooond(M’M)s])l/z.

Definition 5.2 An elementary process is a progressive process of the form

p—1
Hy(®) =Y Hiy(@) L4, (5),
i=0
where 0 = fp < t; <1, < --- < t,and foreveryi € {0,1,...,p— 1}, Hy isa

bounded .%,,-measurable random variable.

The set & of all elementary processes forms a linear subspace of L?>(M). To be
precise, we should here say “equivalence classes of elementary processes” (recall
that H and H’ are identified in L*(M) if [|H — H'|| 231, = 0).

Proposition 5.3 For every M € H?, & is dense in L*(M).

Proof By elementary Hilbert space theory, it is enough to verify that, if K € L*(M)
is orthogonal to &, then K = 0. Assume that K € L*(M) is orthogonal to &, and set,
for every t > 0,

t
X, = / K, d(M. M),
0

To see that the integral in the right-hand side makes sense, and defines a finite
variation process (X;);>0, we use the Cauchy—Schwarz inequality to observe that

/ K| d(M, M), /(K )Y d(M, M), ]) x (E[(M, M)oo])'/2.

The right-hand side is finite since M € H? and K € L?(M), and thus we have in
particular

t
as. V>0, / |K,| d{M, M), < oo
0

By Proposition 4.5 (and Remark (i) following this proposition), (X;)>o is well
defined as a finite variation process. The preceding bound also shows that X, € L!
forevery t > 0.

Let0 < s < t, let F be abounded .%;-measurable random-variable, and let H € &
be the elementary process defined by H,(w) = F(w) 1(54(r). Writing (H, K) 24y =
0, we get

F/rKud(M,M)M] — 0.
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It follows that E[F(X; — X;)] = O for every s < t and every bounded .%;-measurable
variable F. Since the process X is adapted and we know that X, € L! forevery r > 0,
this implies that X is a (continuous) martingale. On the other hand, X is also a finite
variation process and, by Theorem 4.8, this is only possible if X = 0. We have thus
proved that

t
/ K, dM M), =0 Vi>0, a.s.
0

which implies that, a.s., the signed measure having density K, with respect to
d(M, M), is the zero measure, which is only possible if

K, =0, d{M,M), ae., as.

or equivalently K = 0 in L>(M). O

Recall our notation X7 for the process X stopped at the stopping time 7: X! =
Xiar. If M € H?, the fact that (M7, M")o, = (M,M)7; immediately implies that
MT also belongs to H?. Furthermore, if H € L*(M), the process 1j 71 H defined
by (L7 H)s(@) = 1ljo<s<r(wpHs(w) also belongs to L?*(M) (note that 1y 7) is
progressive since it is adapted with left-continuous sample paths).

Theorem 5.4 Let M € H?. For every H € & of the form
p—1
Hy(w) = ZH(I') (w) l(fi’fi+1](s)’
i=0
the formula
p—1
(H : M)t = ZH(i) (Mt,‘Jrl/\t - Mt,-/\t)

i=0

defines a process H-M € H?. The mapping H — H - M extends to an isometry from
L>(M) into H?. Furthermore, H - M is the unique martingale of H? that satisfies the

property
(H-M,N) =H-(M,N), VN e H>. (5.2)
If T is a stopping time, we have

(lorH) -M=H-M)" =H-M". (5.3)
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We often use the notation

t
(HM)t :/ Hvde
0

and call H - M the stochastic integral of H with respect to M.

Remark The quantity H - (M, N) in the right-hand side of (5.2) is an integral with
respect to a finite variation process, as defined in Sect.4.1. The fact that we use a
similar notation H - A and H - M for the integrals with respect to a finite variation
process A and with respect to a martingale M creates no ambiguity since these two
classes of processes are essentially disjoint.

Proof As a preliminary observation, we note that the definition of H - M when
H € & does not depend on the decomposition chosen for H in the first display of
the theorem. Using this remark, one then checks that the mapping H +— H - M is
linear. We next verify that this mapping is an isometry from & (viewed as a subspace
of L*(M)) into H?2.

Fix H € & of the form given in the theorem, and for every i € {0, 1,...,p — 1},
set

M; = H(i) (MtiJrl/\t _Mt,-/\t)a

for every t > 0. Then a simple verification shows that M' is a continuous martingale
(this was already used in the beginning of the proof of Theorem 4.9), and that this
martingale belongs to HZ2. It follows that H - M = Y™~} M' is also a martingale
in H?. Then, we note that the continuous martingales M’ are orthogonal, and their
respective quadratic variations are given by

(Mi’Mi)t = H(Zi)(<M,M)t,-+1/\t - (M’ M)t,-/\t)

(the orthogonality of the martingales M’ as well as the formula of the last display are
easily checked, for instance by using the approximations of (M, N)). We conclude
that

p—1 t
(H-M.H-M), =Y H((M.M), n— (M.M)0) = / H? d(M. M),
0

i=0

Consequently,
o0
IH -M|% = E(H M. H - M)oo] = E[ /0 H; d(M, M>S] = 1H7241)-

By linearity, this implies that H-M = H’-M if H' is another elementary process that
is identified with H in L>(M). Therefore the mapping H — H - M makes sense from
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& viewed as a subspace of L?(M) into H?. The latter mapping is linear, and, since
it preserves the norm, it is an isometry from & (equipped with the norm of L?(M))
into H2. Since & is dense in L?(M) (Proposition 5.3) and H? is a Hilbert space
(Proposition 5.1), this mapping can be extended in a unique way to an isometry
from L?(M) into H?.

Let us verify property (5.2). We fix N € H?. We first note that, if H € L?>(M), the
Kunita—Watanabe inequality (Proposition 4.18) shows that

o
B [ 1100181 = Wiz [V < o0
0

and thus the variable fooo Hd(M,N); = (H-(M,N))s is well defined and in L'.
Consider first the case where H is an elementary process of the form given in the
theorem, and define the continuous martingales M,0<i< p — 1, as previously.
Then, forevery i € {0, 1,...,p — 1},

p—1
(H-M.N) =Y (M'.N)
i=0
and we have

(M'.N); = Hp((M,N)yo a0 — (MUN) i)

It follows that

p—1 t
(H M. = 3 H (M. N0 = 01N ) = [ Hea01.00,
i=0 0

which gives (5.2) when H € &. We then observe that the linear mapping X —
(X, N) oo is continuous from H? into L'. Indeed, by the Kunita—Watanabe inequality,

E[[{X,N)ool] < E[X, X)oo]/E[(N, N)oo]'/? = | Nllzz2 [IX]|zz2-
If (H"),> is a sequence in &, such that H" — H in L>(M), we have therefore

(H-M,N)oo = lim (H"-M,N)og = lim (H" - (M,N))oo = (H - (M, N))oo,

where the convergences hold in L', and the last equality again follows from the
Kunita—Watanabe inequality by writing

£ /0 " (H— H) AN,

| = EIV.N)oo] 2 1 H” = H 200,
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We have thus obtained the identity (H - M, N)s, = (H - (M, N)})o, but replacing N
by the stopped martingale N’ in this identity also gives (H - M, N), = (H - (M, N)),
which completes the proof of (5.2).

It is easy to see that (5.2) characterizes H - M among the martingales of H?.
Indeed, if X is another martingale of H? that satisfies the same identity, we get, for
every N € H?,

(H-M—X,N) = 0.

Taking N = H - M — X and using Proposition 4.12 we obtain that X = H - M.
It remains to verify (5.3). Using the properties of the bracket of two continuous
local martingales, we observe that, if N € H2,

((H'M)T7N>t = (H'M7N>t/\T = (H' (M,N)),/\T = (I[O,T]H' (MsN»t

which shows that the stopped martingale (H-M)T satisfies the characteristic property
of the stochastic integral (1o 7jH) - M. The first equality in (5.3) follows. The second
one is proved analogously, writing

(H-M",Ny=H-(M",N)y =H-(M,N)" =17 H-(M,N).

This completes the proof of the theorem. O

Remark We could have used the relation (5.2) to define the stochastic integral H-M,
observing that the mapping N +— E[(H - (M, N))o] yields a continuous linear form
on H?, and thus there exists a unique martingale H - M in H? such that

E[(H-(M,N))oo] = (H-M,N)wp = E[(H-M.N)].

Using the notation introduced at the end of Theorem 5.4, we can rewrite (5.2) in
the form

. ¢
( / H,dM,. N), = / H, d(M. N),.
0 0

We interpret this by saying that the stochastic integral “commutes” with the bracket.
Let us immediately mention a very important consequence. If M € H?, and H €
L?(M), two successive applications of (5.2) give

(H-M,H-M)=H-(H-(M,M))=H*-(M,M),
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using the “associativity property” (4.1) of integrals with respect to finite variation
processes. Put differently, the quadratic variation of the continuous martingale
H-Mis

< / H,dM,, / HdM,), = / H2d(M. M),. (5.4)
0 0 0

More generally, if N is another martingale of H? and K € L*(N), the same argument
gives

. . t
(/ Hdesv/ stNs)r = / H K d(M, N)s (55)
0 0 0

The following “associativity” property of stochastic integrals, which is analogous
to property (4.1) for integrals with respect to finite variation processes, is very
useful.

Proposition 5.5 Let H € L*(M). If K is a progressive process, we have KH €
L>(M) if and only if K € L*(H - M). If the latter properties hold,

(KH)-M =K - (H-M).

Proof Using property (5.4), we have
o0 o0
E[/ K2H? d(M, M)S] - E[/ K*d(H-M.H- M)X],
0 0
which gives the first assertion. For the second one, we write for N € H?,

(KH)-M,N) =KH-(M,N) =K - (H- (M,N)) =K - (H-M,N)

and, by the uniqueness statement in (5.2), this implies that (KH) - M = K - (H - M).
O

Moments of stochastic integrals. Let M € H>, N € H?, H € L*(M) and K €
L*(N). Since H-M and K - N are martingales in H2, we have, for every t € [0, 0o,

E[/OtHX dM] -0 (5.6)

e[ ( [ mam)( [ xan)] = o [(mxomn]. o)

using Proposition 4.15 (v) and (5.5) to derive (5.7). In particular,

E[(/OtHX dM)z] = E[/OtHSZd(M,M)S]. (5.8)
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Furthermore, since H - M is a (true) martingale, we also have forevery 0 < s <t <
w,

/ H,dM,, (5.9)

or equivalently

with an obvious notation for f f H, dM,. It is important to observe that these formulas
(and particularly (5.6) and (5.8)) may no longer hold for the extensions of stochastic
integrals that we will now describe.

5.1.2 Stochastic Integrals for Local Martingales

We will now use the identities (5.3) to extend the definition of H - M to an arbitrary
continuous local martingale. If M is a continuous local martingale, we write LY. (M)
(resp. L>(M)) for the set of all progressive processes H such that

t o0
/ Hf d{M,M); < o0, Yt >0, a.s. (resp. such that E[/ Hszd(M, M)x] < 00).
0 0

For future reference, we note that L>(M) (with the same identifications as in the
case where M € H?) can again be viewed as an “ordinary” L?-space and thus has a
Hilbert space structure.

Theorem 5.6 Let M be a continuous local martingale. For every H € LIOC(M),
there exists a unique continuous local martingale with initial value 0, which is
denoted by H - M, such that, for every continuous local martingale N,

(H-M,N) =H-(M,N). (5.10)

If T is a stopping time, we have

(lonH)-M=H-M)" =H-M". (5.11)
IfH € LloC (M) and K is a progressive process, we have K € LloC (H - M) if and only
if HK € LlOC(M), and then

H-(K-M) = HK - M. (5.12)
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Finally, if M € H?, and H € L*(M), the definition of H - M is consistent with that of
Theorem 5.4.

Proof We may assume that My, = 0 (in the general case, we write M = My + M’
and we just set H - M = H - M, noting that (M, N) = (M’, N) for every continuous
local martingale N). Also we may assume that the property fot H?d(M, M), < oo
for every ¢ > 0 holds for every w € §2 (on the negligible set where this fails we may
replace H by 0).

For every n > 1, set

t
T, =inf{r > 0: / (1 +H§)d(M,M)s > nj,
0

so that (7},) is a sequence of stopping times that increase to 4+oc0. Since
(MTnsMT”)T = (Mv M)t/\T,, E n,

the stopped martingale M is in H? (Theorem 4.13). Furthermore, we also have

o) Ty
/ H2dM™ M™), = [ H2d(M,M), <n.
0 0

Hence, H € L*(M""), and the definition of H - M"" makes sense by Theorem 5.4.
Moreover, by property (5.3), we have, if m > n,

H-M" = (H-M"™)™,
It follows that there exists a unique process denoted by H - M such that, for every n,
H-M)'" =H.-M™,

Clearly H - M has continuous sample paths and is also adapted since (H - M), =
lim(H - M™"),. Since the processes (H-M)™ are martingales in H?, we get that H - M
is a continuous local martingale.

Then, to verify (5.10), we may assume that N is a continuous local martingale
such that Ny = 0. Foreveryn > 1,set 7, = inf{t > 0 : |N;| > n},and S, = T, AT).
Then, noting that N7+ € H2, we have

(H-M,N)>" = ((H-M)" N
- (H.MTn,NT@
=H-(M" N™)
=H-(M,N)"
= (H (M7N>)Snv
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which gives the equality (H-M,N) = H- (M, N). since S, 1 oo as n — oo. The fact
that this equality (written for every continuous local martingale N) characterizes
H - M among continuous local martingales with initial value O is derived from
Proposition 4.12 as in the proof of Theorem 5.4.

The property (5.11) is then obtained by the very same arguments as in the proof of
property (5.3) in Theorem 5.4 (these arguments only depended on the characteristic
property (5.2) which we have just extended in (5.10)). Similarly, the proof of (5.12)
is analogous to the proof of Proposition 5.5.

Finally, if M € H? and H € L*(M), the equality (H -M,H - M) = H? - (M, M)
follows from (5.10), and implies that H - M € H?. Then the characteristic
property (5.2) shows that the definitions of Theorems 5.4 and 5.6 are consistent. O

In the setting of Theorem 5.6, we will again write

t
(H-M), = / H,dM;.
0

It is worth pointing out that formulas (5.4) and (5.5) remain valid when M and
N are continuous local martingales and H € L2 (M), K € L2, (N). Indeed, these
formulas immediately follow from (5.10).

Connection with the Wiener integral Suppose that B is an (.%;)-Brownian
motion, and & € L*(Ry, Z(Ry).dt) is a deterministic square integrable function.
We can then define the Wiener integral fot h(s)dB; = G(f1)p,), where G is the
Gaussian white noise associated with B (see the end of Sect. 2.1). It is easy to verify
that this integral coincides with the stochastic integral (k- B),, which makes sense
by viewing & as a (deterministic) progressive process. This is immediate when £ is
a simple function, and the general case follows from a density argument.

Let us now discuss the extension of the moment formulas that we stated above
in the setting of Theorem 5.4. Let M be a continuous local martingale, H € leoc M)
and 7 € [0, oo]. Then, under the condition

E[/OTHSZd(M,M)S] < o0, (5.13)

we can apply Theorem 4.13 to (H - M), and get that (H - M)' is a martingale of H?.
It follows that properties (5.6) and (5.8) still hold:

E[/OtHdes] —o, E[(/OtHS dMS)Z] - E[/OtHf d(M,M)S],

and similarly (5.9) is valid for 0 < s < t. In particular (case t = o0), if H € LZ(M),
the continuous local martingale H - M is in H? and its terminal value satisfies

E[(/OOOHJ de)z] - E[/OOOHf d(M,M)S].
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If the condition (5.13) does not hold, the previous formulas may fail. However, we
always have the bound

E[(/OtHs dMS)Z] < E[/OtHfd(M,M)s]. (5.14)

Indeed, if the right-hand side is finite, this is an equality by the preceding
observations. If the right-hand side is infinite, the bound is trivial.

5.1.3 Stochastic Integrals for Semimartingales

We finally extend the definition of stochastic integrals to continuous semimartin-
gales. We say that a progressive process H is locally bounded if

Vt>0, supl|Hs| <oo, as.
s<t

In particular, any adapted process with continuous sample paths is a locally bounded
progressive process. If H is (progressive and) locally bounded, then for every finite
variation process V, we have

t
V>0, / |H,| |[dVs| < 00, a.s.
0

2
loc

and similarly H € L; (M) for every continuous local martingale M.

Definition 5.7 Let X be a continuous semimartingale and let X = M + V
be its canonical decomposition. If H is a locally bounded progressive process,
the stochastic integral H - X is the continuous semimartingale with canonical
decomposition

H-X=H-M+H-V,

and we write
t
(H-X); = / H,dX;.
0

Properties

(i) The mapping (H,X) — H - X is bilinear.
(i) H-(K-X) = (HK) - X, if H and K are progressive and locally bounded.
(iii) For every stopping time T, (H-X)" = Hljo7j-X = H-X".
(iv) If X is a continuous local martingale, resp. if X is a finite variation process,
then the same holds for H - X.
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(v) If H is of the form H,(w) = 11.:3 Hpy (@) 1(;,4,,,1(s), where 0 = 1 < 1; <
-+ < ty,and, forevery i € {0, 1,...,p — 1}, H; is %, -measurable, then
p—1
(H : X)r = ZH(i) (Xt,-_H/\t —Xr;Ar)-
i=0

We can restate the “associativity” property (ii) by saying that, if ¥; = fot KdX;

then
t t
/HYdYS‘:/ HK; dX;.
0 0

Properties (i)—(iv) easily follow from the results obtained when X is a continuous
local martingale, resp. a finite variation process. As for property (v), we first note
that it is enough to consider the case where X = M is a continuous local martingale
with My = 0, and by stopping M at suitable stopping times (and using (5.11)),
we can even assume that M is in H?. There is a minor difficulty coming from the
fact that the variables Hy; are not assumed to be bounded (and therefore we cannot
directly use the construction of the integral of elementary processes). To circumvent
this difficulty, we set, for every n > 1,

T, =inf{t > 0: |H;| > n} = inf{t; : |[Hy| > n} (where inf@ = o00).

It is easy to verify that 7, is a stopping time, and we have 7,, 1 co as n — oo.
Furthermore, we have for every n,

p—1
H 11, (s) = ZHZ) l(ti,ti+1](s)
i=0

where the random variables H(”l.) = H 147, satisfy the same properties as the
H(;’s and additionally are bounded by n. Hence H 1)y r,] is an elementary process,
and by the very definition of the stochastic integral with respect to a martingale of
H2, we have

p—1
(H‘M)t/\T,, = (H 1[O,T,I] 'M)t = ZH?,-) (MtiJrl/\t _Mt,-/\t)-

i=0

The desired result now follows by letting n tend to infinity.
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5.1.4 Convergence of Stochastic Integrals

We start by giving a “dominated convergence theorem” for stochastic integrals.

Proposition 5.8 Let X = M + V be the canonical decomposition of a continuous
semimartingale X, and let t > 0. Let (H"),>1 and H be locally bounded progressive
processes, and let K be a nonnegative progressive process. Assume that the
following properties hold a.s.:

(i) H} — H;asn — oo, for every s € [0,1];
(ii) |H?| < Ky, foreveryn > 1l ands € [0,1];
(iii) Jo(Ks)* d(M. M), < 00 and [; K |dVi| < oo.

Then,
/ HdX, — H dXx;
n—>o00
in probability.
Remarks

(a) Assertion (iii) holds automatically if K is locally bounded.

(b) Instead of assuming that (i) and (ii) hold for every s € [0, 1] (a.s.), it is enough to
assume that these conditions hold for d(M, M)-a.e. s € [0, ] and for |dV|-a.e.
s € [0, 1], a.s. This will be clear from the proof.

Proof The a.s. convergence

t t
/H;‘dVS — / H,dV,
0 n—>oo 0

follows from the usual dominated convergence theorem. So we just have to verify
that fj H" dM; converges in probability to [; H;dM,. For every integer p > 1,
consider the stopping time

=inf{r € [0,1] : /r(Ks)zd(M, M) > py A,
0

and observe that 7, = ¢ for all large enough p, a.s., by assumption (iii). Then, the
bound (5.14) gives

E[( K H" dMS—/Tp H, dMS)Z] < E[/TP(HQ _HS)Zd(M,M)S],
0 0 0

which tends to 0 as n — oo, by dominated convergence, using assumptions (i) and
(ii) and the fact that fOT” (K)*d(M, M), < p. Since P(T, = 1) tends to 1 as p — oo,
the desired result follows. O



112 5 Stochastic Integration

We apply the preceding proposition to an approximation result in the case of
continuous integrands, which will be useful in the next section.

Proposition 5.9 Let X be a continuous semimartingale, and let H be an adapted
process with continuous sample paths. Then, for every t > 0, for every sequence
0 =15 <--- <ty =tof subdivisions of [0, 1] whose mesh tends to 0, we have

Pn_l

lim ZOHfz(sz —Xp) = / H, dX,,

in probability.

Proof For every n > 1, define a process H" by

Hy ife <s=<t,,, foreveryi € {0,1,...,p, — 1}
H ={ Hy ifs=0
0 ifs>rt.

Note that H" is progressive. We then observe that all assumptions of Proposition 5.8
hold if we take

K, = max |Hj|,

0<r<s

which is a locally bounded progressive process. Hence, we conclude that

/H"dX—) H, dX,

n—>oo

in probability. This gives the desired result since, by property (v) in Sect.5.1.3, we
have

pn—1

/H"dX > Hp(Mp, —My).

i=0

|

Remark The preceding proposition can be viewed as a generalization of
Lemma 4.3 to stochastic integrals. However, in contrast with that lemma, it is
essential in Proposition 5.9 to evaluate H at the left end of the interval (7], 7, ]:
The result will fail if we replace H,» by Hy» e Let us give a simple counterexample.
We take H, = X, and we assume that the sequence of subdivisions (#)o<i<p, is
increasing. By the proposition, we have

pn—1

t
Jim ;Xt;’(xtjﬁrl —Xp) = /0 X, dX;,
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in probability. On the other hand, writing

pn—l1 pn—1 pn—1

> X, (Xf+1—Xf’)—ZXr"(Xr" —X,u)+Z(X —Xp)2,
i=0

and using Proposition 4.21, we get

pn—1

t
Jim S, 0, —Xp) = [ X4+ ),

in probability. The resulting limit is different from for X;dX; unless the martingale
part of X is degenerate. Note that, if we add the previous two convergences, we
arrive at the formula

(X)) = (Xo)* = Z/TXdes + (X, X),
0

which is a special case of Itd’s formula of the next section.

5.2 1Ito’s Formula

1t6’s formula is the cornerstone of stochastic calculus. It shows that, if we apply a
twice continuously differentiable function to a p-tuple of continuous semimartin-
gales, the resulting process is still a continuous semimartingale, and there is an
explicit formula for the canonical decomposition of this semimartingale.

Theorem 5.10 (It6’s formula) Letr X', ..., X" be p continuous semimartingales,
and let F be a twice continuously differentiable real function on RP. Then, for every
t>0,

F(X/.....X]) = F(X,... XP)+Z/ (X!, XD)dxX!

82F » o
= XDy AdXE X ).
Z/ axlax] S’ ’ S) ( )

Proof We first deal with the case p = 1 and we write X = X! for simplicity. Fix
¢ > 0 and consider an increasing sequence 0 = 75 < --- < t, = 1 of subdivisions
of [0, /] whose mesh tends to 0. Then, for every n,

pn—1

F(X) = F(Xo) + Y _(F(Xp, ) — F(Xp)).
i=0
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For every i € {0,1,...,p, — 1}, we apply the Taylor-Lagrange formula to the
function [0, 1] 5 0 — F(Xy + G(Xf?+1 — X)), between 6 = 0 and 6 = 1, and we
get that

1
F(Xg,) = F(Xg) = F' (X)X, = Xo) + 5 foi X, = Xp)%,

where the quantity f, ; can be written as F”'(X;» + c(Xp,, —Xp)) for some ¢ € [0, 1].
By Proposition 5.9 with H; = F’(X;), we have

pn—1

t
. / _ /
lim 2_OF(X,¢)(X,;_5H —Xp) = /0 F'(X,) dX,,

in probability. To complete the proof of the case p = 1 of the theorem, it is therefore
enough to verify that

Pn_l

t
i 2 _ 7
i 3y, X = | Freoax). (515

in probability. We observe that

sup  |fui — F"(Xp)| < sup ( sup |[F" (x) — F”(X,;_z)|).

0<i<p,—1 0<i<p,—1 \ x€[Xp AX,:_:J’_I X VX,z_z+l]
i i i i

The right-hand side of the preceding display tends to O a.s. as n — 00, as a simple
consequence of the uniform continuity of F” (and of the sample paths of X) over a
compact interval.

Since Z;Bl X T X,l_n)2 converges in probability (Proposition 4.21), it follows
from the last display that

pn—1 pn—1
2 1/ 2

Z Oﬁw‘(Xf,ql —Xy)" — E} O:F X)X, | = Xu)™| —> 0

= i=

in probability. So the convergence (5.15) will follow if we can verify that
pn—1

t
lim ZF”(X,,n)(X,_n —Xp)? = / F"(X,) d(X, X),, (5.16)
n—00 prd i i+1 i 0

in probability. In fact, we will show that (5.16) holds a.s. along a suitable sequence
of values of n (this suffices for our needs, because we can replace the initial sequence
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of subdivisions by a subsequence). To this end, we note that
pn_l

I e e SPCRY
i=0 04
where [, is the random measure on [0, 7] defined by

pn_l

pa(dr) = > (X, — Xg)* 8 (dr).
i=0

Write D for the dense subset of [0, 7] that consists of all # forn > 1and 0 <i < p,.
As a consequence of Proposition 4.21, we get for every r € D,

un([0.7]) —> (X.X),

in probability. Using a diagonal extraction, we can thus find a subsequence of values
of n such that, along this subsequence, we have for every r € D,

pa((0.7]) = (X.X),.

which implies that the sequence w, converges a.s. to the measure 1j 4(r) d(X, X),,
in the sense of weak convergence of finite measures. We conclude that we have

t
/ F/(X,) pnlds) - / F(X,) d(X.X),
0.1 n—o00 [

along the chosen subsequence. This completes the proof of the case p = 1.
In the general case, the Taylor-Lagrange formula, applied for every n > 1 and
everyi € {0,1,...,p, — 1} to the function
1 1 1
0,1] 20— F(Xt;_, + Q(Xf?Jrl —Xt:«), e ,Xz_, + Q(Xt‘?Jrl —XZ,)) ,

gives
" OF
F(X}7+l,...,xﬁ;+l)—F(X,{_n,...,xg) = ;@(x}?,...,xﬁ;)(x’hl —xf?)
p

f;ﬁ’l’l k k 1 1
+ le—:l 7 (X’7+1 - X’?)(X’7+1 - X’?)
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where, for every k,l € {1,...,p},

= I e, — X

= n+c(Xp, —Xp)),

n,i 9x,0x; 1 lit1 1

for some ¢ € [0, 1] (here we use the notation X, = (X/, ..., X})).

Proposition 5.9 can again be used to handle the terms involving first derivatives.
Moreover, a slight modification of the arguments of the case p = 1 shows that, at

least along a suitable sequence of values of n, we have for every k,/ € {1, ..., p},
= k1 vk kvl ! "t F 1 k yl
. ) _ _ _ »
Sty i, = [k ),
in probability. This completes the proof of the theorem. O

An important special case of Itd’s formula is the formula of integration by
parts, which is obtained by taking p = 2 and F(x,y) = xy: if X and Y are two
continuous semimartingales, we have

t t
X,Y, = Xo¥o + / X.dY, + / Y, dX, + (X, Y.
0 0
In particular, if Y = X,
t
X*=X2 + 2/ X, dX; + (X, X),.
0

When X = M is a continuous local martingale, we know from the definition of the
quadratic variation that M? — (M, M) is a continuous local martingale. The previous
formula shows that this continuous local martingale is

t
M§+2/ M, dM;.
0

We could have seen this directly from the construction of (M, M) in Chap. 4 (this
construction involved approximations of the stochastic integral fot MdM;).

Let B be an (.%,)-real Brownian motion (recall from Definition 3.11 that this
means that B is a Brownian motion, which is adapted to the filtration (.%;) and such
that, for every 0 < s < ¢, the variable B; — By is independent of the o-field .%;). An
(:%;)-Brownian motion is a continuous local martingale (a martingale if By € L')
and we already noticed that its quadratic variation is (B, B); = .

In this particular case, It6’s formula reads

F(B) = F(Bo) + /0 P8, dB, + : /0 P (By)ds.
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Taking X! = 1, sz = B, we also get for every twice continuously differentiable
function F(f,x) on Ry x R,

2
F(t,B;) = F(0,By) + / — (s, Bs) dB; + / (= 2%75)(& By) ds.

Let B, = (B!,..., B?) be a d-dimensional (.%,)-Brownian motion. Note that the
components B, ..., B¢ are (.%;)-Brownian motions. By Proposition 4.16, (B, B/) =
0 when i # j (by subtracting the initial value, which does not change the bracket
(B, B/), we are reduced to the case where B',...,B%are independent). It6’s formula
then shows that, for every twice continuously differentiable function F on R4,

F(B!,...,BY)
. 1 ¢
= F(B).....BY) + Z/ —(B ....BY)dB + -/ AF(B, ..., BYds.
2 Jo
The latter formula is often written in the shorter form
t 1 t
F(B,) = F(By) + / VE(B)- B, + 5 / AF(B,) ds,

0 0

where VF stands for the vector of first partial derivatives of F. There is again an
analogous formula for F(t, B;).

Important remark It frequently occurs that one needs to apply Itd’s formula to
a function F which is only defined (and twice continuously differentiable) on an
open subset U of R”. In that case, we can argue in the following way. Suppose
that there exists another open set V, such that (X/,..., X" o) € Vas.andV C U
(here V denotes the closure of V). Typically V will be the set of all points whose
distance from U° is strictly greater than ¢, for some ¢ > 0. Set Ty := inf{r >
0 : (X',...,X7?) ¢ V}, which is a stopping time by Proposition 3.9. Simple
analytic arguments allow us to find a function G which is twice continuously
differentiable on R” and coincides with F on V. We can now apply It6’s formula to
obtam the canonical decomposition of the semimartingale G(Xr ATy - - XD ATy) =
F(x! ATy X ATV), and this decomposition only involves the first and second
derlvatlves of F on V. If in addition we know that the process (X!, ..., X?) a.s. does
not exit U, we can let the open set V increase to U, and we get that It6’s formula for
F(Xx!,...,X?) remains valid exactly in the same form as in Theorem 5.10. These
considerations can be applied, for instance, to the function F(x) = logx and to a
semimartingale X taking strictly positive values: see the proof of Proposition 5.21
below.
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We now use Itd’s formula to exhibit a remarkable class of (local) martingales,
which extends the exponential martingales associated with processes with indepen-
dent increments. A random process with values in the complex plane C is called a
complex continuous local martingale if both its real part and its imaginary part are
continuous local martingales.

Proposition 5.11 Let M be a continuous local martingale and, for every A € C, let

2

EOM), = exp (AM, — %(M, M),).

The process & (AM) is a complex continuous local martingale, which can be written
in the form

t
EMM), = M 4 2 / &(AM), dM,.
0

Remark The stochastic integral in the right-hand side of the last display is defined
by dealing separately with the real and the imaginary part.

Proof If F(r,x) is a twice continuously differentiable function on R?, Itd’s formula
gives

F((M7M>tvM1‘) = F(O,M()) + /Ot?)_f((MsM>ssMs)dMs

"/OF 10°F

— + -— J(M, M), M) d{(M,M);.
+/0 (8r+23x2>(( ) ) )

Hence, F({M,M),, M,) is a continuous local martingale as soon as F satisfies the

equation

oF 1P
ar 202

This equation holds for F(r,x) = exp(Ax — L;r) (more precisely for both the real
and the imaginary part of this function). Moreover, for this choice of F we have

%—i = AF, which leads to the formula of the statement. O

5.3 A Few Consequences of It6’s Formula

1t6’s formula has a huge number of applications. In this section, we derive some of
the most important ones.



5.3 A Few Consequences of 1t6’s Formula 119
5.3.1 Lévy’s Characterization of Brownian Motion

We start with a striking characterization of real Brownian motion as the unique
continuous local martingale M such that (M,M), = 1t In fact, we give a
multidimensional version of this result, which is known as Lévy’s theorem.

Theorem 5.12 Let X = (X!,...,X%) be an adapted process with continuous
sample paths. The following are equivalent:

(1) X is a d-dimensional (F,)-Brownian motion.
(ii) The processes X', ..., X" are continuous local martingales, and (X', X'}, = §;t
foreveryi,je{l,...,d} (here 8 is the Kronecker symbol, §;; = 1i—p).

In particular, a continuous local martingale M is an (%,)-Brownian motion if and
only if (M, M), = t, for every t > 0, or equivalently if and only if M> — t is a
continuous local martingale.

Proof The fact that (i) = (ii) has already been derived. Let us assume that (ii)
holds. Let § = (£,...,£&;) € RY. Then, £ -X, = Z;lzl £X] is a continuous local
martingale with quadratic variation

d d
DN gEX XN, = g

j=1 k=1
By Proposition 5.11, exp(i§ - X; + %|§ |?¢) is a complex continuous local martingale.
This complex continuous local martingale is bounded on every interval [0, a], a > 0,

and is therefore a (true) martingale, in the sense that its real and imaginary parts are
both martingales. Hence, for every 0 < s < ¢,

Elexp(i§ - X, + 5 Ié‘lzt) | Fs] = exp(i€ - X; + —IEIZS)
and thus
Elexp(i§ - (X; = X)) | ] = eXP(——ISI (t=5)).
It follows that, for every A € %,
E[14exp(i§ - (X; — X))] = P(A) eXp(—% €17 (1 = 5))-
Taking A = §2, we get that X; — X; is a centered Gaussian vector with covariance

matrix (z — s)Id (in particular, the components X; — X/, 1 < j < d are independent).
Furthermore, fix A € .%; with P(A) > 0, and write P, for the conditional probability
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measure P4(-) = P(A)"'P(- N A). We also obtain that

Palexp(i€ - (0 — X)) = exp(—3 €[t — 5)

which means that the law of X, — X, under P, is the same as its law under P.
Therefore, for any nonnegative measurable function f on R4, we have

Palf(X: — Xy)] = E[f(X; — X))],
or equivalently
E[14f(X; — X)] = P(A) E[f (X, — X))].

This holds for any A € % (when P(A) = 0 the equality is trivial), and thus X; — X;
is independent of .%;.

It follows that, if p = 0 < #; < ... < 1,, the vectors X;;, — X;,X;, —
Xeyyooos Xy, — X, are independent. Since the components of each of these vectors
are independent random variables, we obtain that all variables X{k — ng_l, 1 <
j < d,1 £k < p are independent, and X{k — X{kfl is distributed according to
(0, ty—tr—1). This implies that X — X is a d-dimensional Brownian motion started
from 0. Since we also know that X —X|, is independent of Xj (as an easy consequence
of the fact that X, — X is independent of .Z, for every 0 < s < t), we get that X
is a d-dimensional Brownian motion. Finally, X is adapted and has independent
increments with respect to the filtration (.%;) so that X is a d-dimensional (.%;)-
Brownian motion. |

5.3.2 Continuous Martingales as Time-Changed Brownian
Motions

The next theorem shows that any continuous local martingale M can be written as a
“time-changed” Brownian motion (in fact, we prove this only when (M, M), = oo,
but see the remarks below). It follows that the sample paths of M are Brownian
sample paths run at a different (varying) speed, and certain almost sure properties of
sample paths of M can be deduced from the corresponding properties of Brownian
sample paths. For instance, under the condition (M, M)+, = oo, the sample paths
of M must oscillate between +o00 and —oo as t — oo (cf. the last assertion of
Proposition 2.14).
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Theorem 5.13 (Dambis—Dubins—-Schwarz) Let M be a continuous local martin-
gale such that (M,M)oc = 00 a.s. There exists a Brownian motion (By)s>0 such
that

as.Nt>0, M,=Bcyus,-

Remarks

(i) One can remove the assumption (M, M) = 00, at the cost of enlarging the
underlying probability space, see [70, Chapter V].

(i) The Brownian motion § is not adapted with respect to the filtration (.%;), but
with respect to a “time-changed” filtration, as the following proof will show.

Proof We first assume that My = 0. For every r > 0, we set
T, =inf{t > 0: (M,M), > r}.

Note that 7, is a stopping time by Proposition 3.9. Furthermore, we have 7, < oo
for every r > 0, on the event {{(M, M), = oo}. It will be convenient to redefine the
variables 7, on the (negligible) event A4 = {(M, M) < oo} by taking z,(w) = 0
for every r > 0 if ® € 4. Since the filtration is complete, 7, remains a stopping
time after this modification.

By construction, for every w € £2, the function r > t,(w) is nondecreasing and
left-continuous, and therefore has a right limit at every r > 0. This right limit is
denoted by 7,4 and we have

T+ = inf{t > 0: (M,M); > r},

except of course on the negligible set ./, where 7,4+ = 0.

We set B, = M, for every r > 0. By Theorem 3.7, the process (8,),>¢ is adapted
with respect to the filtration (¥,) defined by ¥, = %, for every r > 0, and ¥, =
Z - Note that the filtration (¢,) is complete since this property holds for (.%;).

The sample paths r — §,(w) are left-continuous and have right limits given for
every r > 0 by

r+ = lim B, =M, _ .
:3+ S~L¢"IB +

In fact we have 8,1 = B, for every r > 0, a.s., as a consequence of the following
lemma.

Lemma 5.14 We have a.s. for every 0 < a < b,
M, =M, Vtelab] < (M,M), = (M,M),.

Let us postpone the proof of the lemma. Since (M, M), = (M, M), for every

r > 0, Lemma 5.14 implies that M;, = M, ___, for every r > 0, a.s. Hence the sample
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paths of B are continuous (to be precise, we should redefine 8, = 0, for every r > 0,
on the zero probability set where the property of Lemma 5.14 fails).

Let us verify that 8, and ,33 — s are martingales with respect to the filtration
(¢4,). For every integer n > 1, the stopped continuous local martingales M™ and
(M™)%— (M, M)™ are uniformly integrable martingales (by Theorem 4.13, recalling
that My = O and noting that (M™ , M™)s, = (M,M),, = n as.). The optional
stopping theorem (Theorem 3.22) then implies that, forevery 0 <r < s <n,

E[:Bv I gr] = E[Mt:’ | jl’r] = M;,n = IBr

T

and similarly
E[B; —s| %] = E(M7)’ = (M™ M™) | Fy] = (M?)? —(M" ,M™),, = B} —r.

Then the case d = 1 of Theorem 5.12 shows that 8 is a (¥,)-Brownian motion.
Finally, by the definition of 8, we have a.s. for every t > 0,

ﬁ<M,M>1 = MT<M.M>, .

Butsince Ty >, <t < T<ym>,+ and since (M, M) takes the same value at Ty p>,
and at Toy m>,+, Lemma 5.14 shows that M; = M,_,, . for every r > 0, a.s. We
conclude that we have M; = By u>, for every t > 0, a.s. This completes the proof
when My = 0.

If My # 0, we write M; = My + M, and we apply the previous argument to M’,
in order to get a Brownian motion g" with B = 0, such that M; = B, for
every t > 0 a.s. Since 8’ is a (4,)-Brownian motion, 8’ is independent of ¥, = %,
hence of My. Therefore, 8, = My + ,3; is also a Brownian motion, and we get the
desired representation for M. O

Proof of Lemma 5.14 Thanks to the continuity of sample paths of M and (M, M),
it is enough to verify that for any fixed a and b such that 0 < a < b, we have

{M;, =M,, Vtelabl}={{MM),={MM),}, as.
The fact that the event in the left-hand side is (a.s.) contained in the event in the
right-hand side is easy from the approximations of (M, M) in Theorem 4.9.
Let us prove the converse. Consider the continuous local martingale N, = M, —
M, and note that
(N,N): = (M, M), — (M, M)nqa-

For every ¢ > 0, introduce the stopping time

T, = inf{t > 0: (N,N), > &}.
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Then N+ is a martingale in H? (since (N':, N'¢) oo < &). Fix t € [a, b]. We have
EINj\7,] = E[(N.N)inz] < e.
Hence, considering the event A := {{M, M), = (M,M),} C {T. > b},
E[14N;] = E[luN;57,] < EIN; 7] < .

By letting ¢ go to 0, we get E[14N?] = 0 and thus N; = 0 a.s. on A, which completes
the proof. O

We can combine the arguments of the proof of Theorem 5.13 with Theorem 5.12
to get the following technical result, which will be useful when we consider the
image of planar Brownian motion under holomorphic transformations in Chap. 7.

Proposition 5.15 Let M and N be two continuous local martingales such that My =
Ny = 0. Assume that

i) (M,M), = (N,N); foreveryt > 0, a.s.
(i) M and N are orthogonal ({(M,N), = 0 for everyt > 0, a.s.)
(iii)) (M, M)oo = (N,N)oo = 00, a.s.

Let B = (B1)i=0, resp. ¥ = (V1)i=0, be the real Brownian motion such M, = By m),»
resp. Ny = Y.y, for every t > 0, a.s. Then B and y are independent.

Proof We use the notation of the proof of Theorem 5.13 and note that we have
B, = M, and y, = N, where

= inf{t > 0: (M, M), > r} = inf{r > 0 : (N.N), > r}.

We know that 8 and y are (¥,)-Brownian motions. Since M and N are orthogonal
martingales, we also know that M;N; is a local martingale. As in the proof of
Theorem 5.13, and using now Proposition 4.15 (v), we get that, for every n > 1,
M;{"N;" is a uniformly integrable martingale, and by applying the optional stopping
theorem, we obtain that forr < s <n,

E[Bsys | 9] = E[MZ’N;” | yrr] = M;:IN;:’ = Bsyr

so that B,y, is a (¢,)-martingale and the bracket (B, y) (evaluated in the filtration
(¢4,)) is identically zero. By Theorem 5.12, it follows that (B,y) is a two-
dimensional Brownian motion and, since 8y = Yy = 0, this implies that 8 and
y are independent. O
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5.3.3 The Burkholder—Davis—Gundy Inequalities

We now state important inequalities connecting a continuous local martingale with
its quadratic variation. If M is a continuous local martingale, we set

Mt* = sup |M;]

s<t

for every t+ > 0. Theorem 5.16 below shows that, under the condition My = 0,
for every p > 0, the p-th moment of M is bounded above and below (up to
universal multiplicative constants) by the p-th moment of /(M, M),. These bounds
are very useful because, in particular when M is a stochastic integral, it is often
easier to estimate the moments of /(M, M), than those of M;". Such applications
arise, for instance, in the study of stochastic differential equations (see e.g. the proof
of Theorem 8.5 below).

Theorem 5.16 (Burkholder-Davis—Gundy inequalities) For every real p > 0,
there exist two constants c,, C, > 0 depending only on p such that, for every
continuous local martingale M with My = 0, and every stopping time T,

¢, E[M. MY2/?] < E{(M)) < C, E[(M. MY/?).

Remark It may happen that the quantities E[{M, M )‘;/ 2] and E[(M7)"] are infinite.
The theorem says that these quantities are either both finite (then the stated bounds
hold) or both infinite.

Proof Replacing M by the stopping martingale M7, we see that it is enough to treat
the special case T = oco. We then observe that it suffices to consider the case when
M is bounded: Assuming that the bounded case has been treated, we can replace M
by M+, where T,, = inf{t > 0 : |[M,| = n}, and we get the general case by letting n
tend to co.

The left-hand side inequality, in the case p > 4, follows from the result of
question 4. in Exercise 4.26. We prove below the right-hand side inequality for all
values of p. This is the inequality we will use in the sequel (we refer to [70, Chapter
IV] for the remaining case).

We first consider the case p > 2. We apply 1t6’s formula to the function |x|?:

t 1 t
i = [ pisptsentoa ant + 3 [ o= DM a0 ).
0 0
Since M is bounded, hence in particular M € H2, the process

t
/ pIM [P~ sgn(My) dM
0
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is a martingale in H?. We therefore get

ey = P21 / o |
- p(pz— )E[(Mt*)p_2<M’M)']
< PO D oy o2 et w2,

by Holder’s inequality. On the other hand, by Doob’s inequality in L (Proposi-
tion 3.15),

B0y = (2 ) Bl

and combining this bound with the previous one, we arrive at

sy = (25) P05 ) " et g

2

It now suffices to let # tend to oco.
Consider then the case p < 2. Since M € H?, M> — (M, M) is a uniformly
integrable martingale and we have, for every stopping time 7,

E[(M7)*] = E[(M, M)7].
Let x > 0 and consider the stopping time T := inf{t > 0 : (M,)*> > x}. Then, if T
is any bounded stopping time,

PAMEY = x) = P(T, < T) = P(Mrnr) = %) < ~E[(Mr 7))

~><

= —E[(M,M)1,A7]

~><

< —E[(M.M)r].

=

Next consider the stopping time S, := inf{r > 0 : (M, M), > x}. Observe that,
for every t > 0, we have {(M;)* > x} C ({(M3 ,,)* = x} U {S, < 1}). Using the
preceding bound with 7' = S, A ¢, we thus get

P((M})? = x)

IA

P((M3 5)* =x) + P(Sc < 1)

IA

LEM. M)s.p) + PO M), 2 )



126 5 Stochastic Integration

)—ICE[(M, M); A 2]+ P((M, M), = )

1
;E[(M» M) Vi my, <) + 2 P((M, M), > x).

To complete the proof, set g = p/2 € (0, 1) and integrate each side of the last bound
with respect to the measure g x¢~' dx. We have first

00 (M)
| pny = naeta=p[ [ gxtad] = B,
0 0
and similarly
o0
[ Py, =0 gt ax = sl )
0
Furthermore,

o0

1 _

/ ;E[(M, M) Yy, <) g x4 " dx
0

o0

= E[(m. M),/ gx2dx| = —L E[(M, M)Y).
(M.M), 1
Summarizing, we have obtained the bound
EIM)™) < (24— ) El(M. M),
l—¢g

and we just have to let t — oo to get the desired result. O

Corollary 5.17 Let M be a continuous local martingale such that My = 0. The
condition

E[(M, M)/ < 00

implies that M is a uniformly integrable martingale.

Proof By the case p = 1 of Theorem 5.16, the condition E[{M, M)ééz] < 00
implies that E[M} ] < oo. Proposition 4.7 (ii) then shows that the continuous local
martingale M, which is dominated by the variable M}, is a uniformly integrable
martingale. O

The condition E[{M, M )ééz] < oo is weaker than the condition E[{(M, M)s] <

oo, which ensures that M € H?. The corollary can be applied to stochastic integrals.
If M is a continuous local martingale and H is a progressive process such that, for
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every t > 0,

E[(/tHfd(M,M)s)l/z] < o0,
0

then fot H,dM; is a martingale, and formulas (5.6) and (5.9) for the first moment and
the conditional expectations of fot HdM; hold (of course with t < 00).

5.4 The Representation of Martingales as Stochastic
Integrals

In the special setting where the filtration on £2 is the completed canonical filtration
of a Brownian motion, we will now show that all martingales can be represented as
stochastic integrals with respect to that Brownian motion. For the sake of simplicity,
we first consider a one-dimensional Brownian motion, but we will discuss the
extension to Brownian motion in higher dimensions at the end of this section.

Theorem 5.18 Assume that the filtration (%;) on $2 is the completed canonical
filtration of a real Brownian motion B started from 0. Then, for every random
variable Z € [*(2, Foo. P), there exists a unique progressive process h € L*(B)
(i.e. E[[y° h2ds] < co) such that

o0
Z = E[Z] +/ hs dB.
0

Consequently, for every martingale M that is bounded in L? (respectively, for every
continuous local martingale M), there exists a unique process h € L*(B) (resp.
h € L2, (B)) and a constant C € R such that

loc
t

M, = C+/ h dB;.
0

Remark As the proof will show, the second part of the statement applies to a
martingale M that is bounded in L?, without any assumption on the continuity
of sample paths of M. This observation will be useful later when we discuss
consequences of the representation theorem. Note that continuous local martingales
have continuous sample paths by definition.

Lemma 5.19 Under the assumptions of the theorem, the vector space generated by
the random variables

exp (i 2": Aj(B; — Bzf,-71))a

j=1
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for any choice of 0 =ty < t) < --- <tyand Ay,...,A, € R, is dense in the space
L%C(Q, F o0, P) of all square-integrable complex-valued ¥ -measurable random
variables.

Proof It is enough to prove that, if Z € L%C (£2, oo, P) is such that

E[Z exp i Z 2B, = By )| =0 (5.17)

J=1

for any choice of 0 =1y <t; <---<tyand Ay,..., A, € R, then Z = 0.
Fix0=1 <t <--- <t,, and consider the complex measure . on R" defined
by

u(F) = E[Z 1r(By, By, — By, ..., By, — Bt,,,l)]

for any Borel subset F of R”. Then (5.17) exactly shows that the Fourier transform
of u is identically zero. By the injectivity of the Fourier transform on complex
measures on R, it follows that ;1 = 0. We have thus E[Z14] = 0 for every A €
o(By,...,B:).

A monotone class argument then shows that the identity E[Z14] = 0 remains
valid for any A € o(B;,t > 0), and then by completion for any A € %. It follows
that Z = 0. 0

Proof of Theorem 5.18 We start with the first assertion. We first observe that the
uniqueness of / is easy since, if the representation of a given variable Z holds with
two processes  and /4’ in L?(B), we have

E[/Ooo(hs — Hyds] = E[(/Ooo hy dB, —/Ooo h;dBJ)Z] =0,

hence h = I’ in L*(B).

Let us turn to the existence part. Let .77 stand for the vector space of all variables
Z € L*(2, F oo, P) for which the property of the statement holds. We note that if
Z €  and h is the associated process in L?(B), we have

E[Z%] = (E[Z])® + E[ /0 ~ ds].

It follows that J# is a closed subspace of L?*(£2,.%wo, P). Indeed, if (Z,) is a
sequence in .77 that converges to Z in L?(£2, %o, P), the processes h" corre-
sponding respectively to the variables Z, form a Cauchy sequence in L*(B), hence
converge in L?>(B) to a certain process 4 € L?(B) — here we use the Hilbert space
structure of L?(B) — and it immediately follows that Z = E[Z] + fooo hy dB;.

Since .77 is closed, in order to prove that % = L?(£2, %o, P), we just have to
verify that .77 contains a dense subset of L2(£2, %o, P). Let0 =1y < 1] < -+- < t,
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and Ay,...,A, € R, and set f(s) = 27:1 Al 41(s). Write éatf for the exponential
martingale & (i [, f(s) dBy) (cf. Proposition 5.11). Proposition 5.11 shows that

S I ¢ [
exp (IZAi(Bg —B, )+ 3 Z%;(tj - tj—l)) =&, =1+ 1/0 &lf(s) dBy
=1 =1

and it follows that both the real part and the imaginary part of variables of the form
exp (i 27:1 Aj(By;—By;_, )) are in .77. By Lemma 5.19, linear combinations of such
random variables are dense in L2 (£2, oo, P). This completes the proof of the first
assertion of the theorem.

Let us turn to the second assertion. If M is a martingale that is bounded in L2,
then My € L*(£2, Z o, P), and thus can be written in the form

o0
Mo = ElMo] + [ B,
0
where /1 € L*(B). Thanks to (5.9), it follows that
t
M, = EMo | )] = E[Moo] + / hy dB,
0

and the uniqueness of # is also immediate from the uniqueness in the first assertion.

Finally, if M is a continuous local martingale, we have first My = C € R because
the o-field .%, contains only events of probability zero or one. If 7, = inf{r > 0 :
|M,| > n} we can apply the case of martingales bounded in L? to M™" and we get a
process 1" € L?(B) such that

t
M = c+/ A" dB;.
0
Using the uniqueness of the progressive process in the representation, we get that
= 10.7,,1 () W if m < n, ds ae., a.s. It is now easy to construct a process
he Lfoc (B) such that, for every m, him) = 1j0.7,,)(5) hy, ds a.e., a.s. The representation
formula of the theorem follows, and the uniqueness of % is also straightforward. O

Consequences Let us give two important consequences of the representation
theorem. Under the assumptions of the theorem:

(1) The filtration (.%,),>( is right-continuous. Indeed, let > 0 and let Z be .7, -
measurable and bounded. We can find & € L?(B) such that

o0
Z =E[Z) + / hydB.
0
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Ife > 0, Z is %, .-measurable, and thus, using (5.9),
t+e
Z=ElZ| Fud =EA+ [ .
0
When & — 0 the right-hand side converges in L? to

t
E[Z] +/ hydB;.
0

Thus Z is equal a.s. to an .%,-measurable random variable, and, since the
filtration is complete, Z is .%,-measurable.

A similar argument shows that the filtration (.%#,),>¢ is also left-continuous:
If, for t > 0, we let

Fo=\/ Z

s€[0,1)

be the smallest o-field that contains all o-fields .%; for s € [0,¢), we have
G = .

All martingales of the filtration (.%;),>( have a modification with continu-
ous sample paths. For a martingale that is bounded in L?, this follows from the
representation formula (see the remark after the statement of the theorem). Then
consider a uniformly integrable martingale M (if M is not uniformly integrable,
we just replace M by M,, for every a > 0). In that case, we have, for every
t>0,

By Theorem 3.18 (whose application is justified as we know that the filtration is
right-continuous), the process M, has a modification with cadlag sample paths,
and we consider this modification. Let Mgé) be a sequence of bounded random

variables such that M(o'é) —> My in L! as n — oo. Introduce the martingales
M" = EMG) | 7).
which are bounded in L2. By the beginning of the argument, we can assume

that, for every n, the sample paths of M®™ are continuous. On the other hand,
Doob’s maximal inequality (Proposition 3.15) implies that, for every A > 0,

n 3 n
P[sup M — M| > 2] = 2 EQME — Mec])

>0



5.4 The Representation of Martingales as Stochastic Integrals 131
It follows that we can find a sequence n; 1 oo such that, for every k > 1,

P[sup M — M| > 2"‘] <27k

>0

An application of the Borel-Cantelli lemma now shows that

sup |M,("") —M,| 250
tZO k—o00

and we get that the sample paths of M are continuous as uniform limits of
continuous functions.

Multidimensional extension Let us briefly describe the multidimensional exten-
sion of the preceding results. We now assume that the filtration (.%;) on £2 is
the completed canonical filtration of a d-dimensional Brownian motion B =
(B',...,BY) started from 0. Then, for every random variable Z € L*(2, %o, P),
there exists a unique d-tuple (h', ..., h?) of progressive processes, satisfying

E[/oo(hf;)zds] <oo, Viell,....d),
0

such that

d o0
Z =E|Z] + Z/ h dB..
i=1 70

Similarly, if M is a continuous local martingale, there exist a constant C and a unique
d-tuple (h', ..., h%) of progressive processes, satisfying

t
/(hi)zds<oo,a.s. Vi>0, Viell,...,d},
0

such that

d t
M, = c+2/ ) dB.
i=170

The proofs are exactly the same as in the case d = 1 (Theorem 5.18). Consequences
(1) and (2) above remain valid.
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5.5 Girsanov’s Theorem

Throughout this section, we assume that the filtration (%) is both complete and
right-continuous. Our goal is to study how the notions of a martingale and of a
semimartingale are affected when the underlying probability measure P is replaced
by another probability measure Q. Most of the time we will assume that P and Q are
mutually absolutely continuous, and then the fact that the filtration (.%;) is complete
with respect to P implies that it is complete with respect to Q. When there is a risk of
confusion, we will write Ep for the expectation under the probability measure P, and
similarly E, for the expectation under Q. Unless otherwise specified, the notions of a
(local) martingale or of a semimartingale refer to the underlying probability measure
P (when we consider these notions under Q we will say so explicitly). Note that, in
contrast with the notion of a martingale, the notion of a finite variation process does
not depend on the underlying probability measure.

Proposition 5.20 Assume that Q is a probability measure on ($2, F), which is
absolutely continuous with respect to P on the o-field F . For every t € [0, 00), let

d
p, = %
dP |z,

be the Radon—Nikodym derivative of Q with respect to P on the o-field %#,. The
process (Dy);>o is a uniformly integrable martingale. Consequently (D;);>o has a
cadlag modification. Keeping the same notation (Dy)>¢ for this modification, we
have, for every stopping time T,

do

TIPS

Finally, if we assume furthermore that P and Q are mutually absolutely continuous
on Foo, we have

inf D, >0, Pa.s.
>0

Proof If A € .%,, we have
0(A) = Ep[14] = Ep[14Doo] = Ep[14Ep[Deo | F4]
and, by the uniqueness of the Radon—Nikodym derivative on .%;, it follows that
D, = Ep[Doo | F1], a.s.
Hence D is a uniformly integrable martingale, which is closed by D,. Theorem 3.18

(using the fact that (.%;) is both complete and right-continuous) then allows us to
find a cadlag modification of (D;),>o, which we consider from now on.
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Then, if T is a stopping time, the optional stopping theorem (Theorem 3.22) gives
for every A € Fr,

Q(A) = Ep[14] = Ep[14Doo] = Ep[l4 Ep[Doo | Zr]] = Ep[14D1],

and, since Dr is .%#r-measurable, it follows that

dQ

"= 4P

Let us prove the last assertion. For every ¢ > 0, set
T, =inf{t > 0:D, < ¢}

and note that T is a stopping time as the first hitting time of an open set by a cadlag
process (recall Proposition 3.9 and the fact that the filtration is right-continuous).
Then, noting that the event {7, < oo} is .%7,-measurable,

O(T: < 00) = Ep[lyr,<00} D1.] < &

since Dy, < ¢ on {T; < oo} by the right-continuity of sample paths. It immediately
follows that

o( (YiTun < 1) =0
n=1

and since P is absolutely continuous with respect to Q we have also

P(ﬁ{rw < oo}) - 0.

n=1

But this exactly means that, P a.s., there exists an integer n > 1 such that 7,, = oo,
giving the last assertion of the proposition. O

Proposition 5.21 Let D be a continuous local martingale taking (strictly) positive
values. There exists a unique continuous local martingale L such that

D, = exp (L, — %(L, L),) — &(L),.

Moreover, L is given by the formula

t
L,:logDo+/ D' dD;.
0



134 5 Stochastic Integration

Proof Uniqueness is an easy consequence of Theorem 4.8. Then, since D takes
positive values, we can apply Itd’s formula to logD, (see the remark before
Proposition 5.11), and we get

log D, = log D +/th‘? I/td(D’D* L 1(L L)
(0] =10 - A — S = - X £ £
gL g1y D 2 ) D% t 2 t

where L is as in the statement. O

We now state the main theorem of this section, which explains the relation
between continuous local martingales under P and continuous local martingales
under Q.

Theorem 5.22 (Girsanov) Assume that the probability measures P and Q are
mutually absolutely continuous on ¥ . Let (D;);>0 be the martingale with cadlag
sample paths such that, for every t > 0,

_do
T AP
Assume that D has continuous sample paths, and let L be the unique continuous
local martingale such that D, = & (L),. Then, if M is a continuous local martingale
under P, the process

M=M- (ML)

is a continuous local martingale under Q.

Remark By consequences of the martingale representation theorem explained at
the end of the previous section, the continuity assumption for the sample paths of
D always holds when (%) is the (completed) canonical filtration of a Brownian
motion. In applications of Theorem 5.22, one often starts from the martingale (D;)
to define the probability measure Q, so that the continuity assumption is satisfied by
construction (see the examples in the next section).

Proof The fact that D, can be written in the form D, = &(L); follows from
Proposition 5.21 (we are assuming that D has continuous sample paths, and we also
know from Proposition 5.20 that D takes positive values). Then, let T be a stopping
time and let X be an adapted process with continuous sample paths. We claim that,
if (XD)” is a martingale under P, then X7 is a martingale under Q. Let us verify the
claim. By Proposition 5.20, Eg[|X7¢|]] = Ep[|Xra:Dra:]] < 00, and it follows that
XT e L'(Q). Then, let A € %, and s < t. Since A N {T > s} € Z,, we have, using
the fact that (XD)7 is a martingale under P,

Ep[lanir>ssXTAiDrAi]l = Ep[lanr>aXTAsD1As]-
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By Proposition 5.20,

L, _d0 _do
TAt — dP‘.?TA,’ TAs — dP |,§'/7»1~/\$’

and thus, since A N {T > s} € Fras C Fray, it follows that

Eo[langrssXrald = Eollanir>sX1As]-

On the other hand, it is immediate that

Eollangr<sXrail = Eollanir<ssX7asl-

By combining with the previous display, we have Eg[14X7A,] = Eg[1aX7ns], giving
our claim. As a consequence of the claim, we get that, if XD is a continuous local
martingale under P, then X is a continuous local martingale under Q.

Next let M be a continuous local martingale under P, and let M be as in the
statement of the theorem. We apply the preceding observation to X = M, noting
that, by 1t6’s formula,

t t t
MtDt = MODO + / Mv de + / DS de - / DS d<M7 L)v + (Ma D)t
0 0 0
t _ t
= MyD, + / M, dD, + / D, dM,
0 0

since d(M, L), = D;'d(M, D), by Proposition 5.21. We get that MD is a continuous
local martingale under P, and thus M is a continuous local martingale under Q. O

Consequences

(a) A process M which is a continuous local martingale under P remains a
semimartingale under Q, and its canonical decomposition under Q is M =
M+ (M, L) (recall that the notion of a finite variation process does not depend on
the underlying probability measure). It follows that the class of semimartingales
under P is contained in the class of semimartingales under Q.

In fact these two classes are equal. Indeed, under the assumptions of
Theorem 5.22, P and Q play symmetric roles, since the Radon—-Nikodym
derivative of P with respect to Q on the o-field .%; is Dt_1 , which has continuous
sample paths if D does.

We may furthermore notice that

D = exp (= L+ (L L) - %(L, L)) =exp(—Li—5(L.1),) = &L,

N =
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where L = L — (L, L) is a continuous local martingale under Q, and (L,L) =
(L, L). So, under the assumptions of Theorem 5.22, the roles of P and Q can be
interchanged provided D is replaced by D~! and L is replaced by —L.

(b) Let X and Y be two semimartingales (under P or under Q). The bracket (X, Y)
is the same under P and under Q. In fact this bracket is given in both cases by
the approximation of Proposition 4.21 (this observation was used implicitly in
(a) above).

Similarly, if H is a locally bounded progressive process, the stochastic
integral H - X is the same under P and under Q. To see this it is enough to
consider the case when X = M is a continuous local martingale (under P).
Write (H - M)p for the stochastic integral under P and (H - M) for the one
under Q. By linearity,

(H-M)p=(H-M)p—H-(M,L) = (H-M)p— ((H-M)p,L),

and Theorem 5.22 shows that (H-M)p is a continuous local martingale under Q.
Furthermore the bracket of this continuous local martingale with any continuous
local martingale N under Q is equalto H - (M,N) = H - (M, N), and it follows
from Theorem 5.6 that (H - M)p = (H - M)Q hence also (H - M)p = (H - M),.

With the notation of Theorem 5.22, set M = %5 (M). Then ¢} maps the
set of all P-continuous local martingales onto the set of all Q-continuous local
martingales. One easily verifies, using the remarks in (a) above, that %9 ) gé’ =
1d. Furthermore, the mapping %g commutes with the stochastic integral: if H is
a locally bounded progressive process, H - 45 (M) = 45 (H - M).

(c) Suppose that M = B is an (.%;)-Brownian motion under P, then B = B — (B, L)
is a continuous local martingale under Q, with quadratic variation (B, B) ¢ =
(B,B), = t. By Theorem 5.12, it follows that B is an (Z;)-Brownian motion
under Q.

In most applications of Girsanov’s theorem, one constructs the probability
measure Q in the following way. Start from a continuous local martingale L such
that Lo = O and (L, L) < 00 a.s. The latter condition implies that the limit Lo, :=
lim,— o0 L; exists a.s. (see Exercise 4.24). Then &(L), is a nonnegative continuous
local martingale hence a supermartingale (Proposition 4.7), which converges a.s.
to & (L)oo = exp(Loo — %(L, L)), and E[&(L)oo] < 1 by Fatou’s lemma. If the

property
E[€(L)oo] =1 (5.18)

holds, then &(L) is a uniformly integrable martingale (by Fatou’s lemma again, one
has &(L); > E[6 (L)oo | %], but (5.18) implies that E[&(L)oo] = E[&(L)o] =
E[&(L);] for every t > 0). If we let Q be the probability measure with density
& (L)oo With respect to P, we are in the setting of Theorem 5.22, with D, = &(L);.
It is therefore very important to give conditions that ensure that (5.18) holds.
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Theorem 5.23 Let L be a continuous local martingale such that Ly = 0. Consider
the following properties:
(i) Elexp %(L, L)oo] < 00 (Novikov’s criterion);
(ii) L is a uniformly integrable martingale, and Elexp %Loo] < oo (Kazamaki’s
criterion);
(iii) & (L) is a uniformly integrable martingale.
Then, (i) = (ii) = (iii).

Proof (i) = (ii) Property (i) implies that E[(L, L)s] < oo hence also that L is a
continuous martingale bounded in L? (Theorem 4.13). Then,

exp 3o = (E(L)oe) " (exp(5 (L. L)oc))

so that, by the Cauchy—Schwarz inequality,

Elexp L Lec] = (EI6 W) P (Elexp(4 (L. o))
< (Elexp(3 (L. Lyoo))'/? < .

(il) = (iii) Since L is a uniformly integrable martingale, Theorem 3.22 shows
that, for any stopping time 7, we have Ly = E[Lo | %r]. Jensen’s inequality then
gives

1 1
exp ELT < Elexp ELOO | Zr].

By assumption, E[exp %Loo] < 00, which implies that the collection of all variables
of the form E[exp %Loo | %], for any stopping time T, is uniformly integrable.
The preceding bound then shows that the collection of all variables exp %LT, for any
stopping time 7, is also uniformly integrable.

For0 <a<1,set Z? = exp(l‘lTL’a). Then, one easily verifies that
&(aL), = (EWL))” Z)' .

If I' € F and T is a stopping time, Holder’s inequality gives
2 )1 1—a? a)11—a2 1 a(l—a
E[r&(aL)r) < E[f L))" ElLrz")'™ < EMrZy"]' ™ < E1y exp o Ly,

In the second inequality, we used the property E[&(L)r] < 1, which holds by
Proposition 3.25 because &'(L) is a nonnegative supermartingale and & (L) = 1.

In the third inequality, we use Jensen’s inequality, noting that 12+ 4 > 1. Since the
a
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collection of all variables of the form exp %LT, for any stopping time 7', is uniformly
integrable, the preceding display shows that so is the collection of all variables
& (aL)7 for any stopping time 7. By the definition of a continuous local martingale,
there is an increasing sequence 7, 1 oo of stopping times, such that, for every n,
& (aLl);at, is a martingale. If 0 < s < ¢, we can use uniform integrability to pass to
the limit n — oo in the equality E[&(aL)a1, | %] = &(aLl)sar, and we get that
& (aL) is a uniformly integrable martingale. It follows that

I = B @l)oe] = EI6 (ool EIZL] ™ < ES (Do Elexp 3 Loo 1)

using again Jensen’s inequality as above. When a — 1, this gives E[£(L)so] > 1
hence E[&(L)oo] = 1. O

5.6 A Few Applications of Girsanov’s Theorem

In this section, we describe a few applications of Girsanov’s theorem, which
illustrate the strength of the previous results.

Constructing solutions of stochastic differential equations Let » be a bounded
measurable function on R4 x R. We assume that there exists a function g €
L>(Ry, Z(R4), dr) such that |b(t,x)| < g(t) for every (¢,x) € Ry x R. This holds
in particular if there exists an A > 0 such that |b| is bounded on [0,A] x R4+ and
vanishes on (A, c0) x R.

Let B be an (.%;)-Brownian motion. Consider the continuous local martingale

t
L :/ b(s, Bs) dB;
0
and the associated exponential martingale
t 1 t
D, =&(), = exp(/ b(s, By) dBs — 5/ b(s, Bs)zds).
0 0

Our assumption on b ensures that condition (i) of Theorem 5.23 holds, and thus D
is a uniformly integrable martingale. We set Q = Dy - P. Girsanov’s theorem, and
remark (c) following the statement of this theorem, show that the process

t
B =B, — / b(s, By) ds
0

is an (.%,)-Brownian motion under Q.
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We can restate the latter property by saying that, under the probability measure
Q, there exists an (.%;)-Brownian motion 8 such that the process X = B solves the
stochastic differential equation

dX[ == dﬂ[ + b([, X[) dt.

This equation is of the type that will be considered in Chap. 7 below, but in contrast
with the statements of this chapter, we are not making any regularity assumption
on the function b. It is remarkable that Girsanov’s theorem allows one to construct
solutions of stochastic differential equations without regularity conditions on the
coefficients.

The Cameron—Martin formula We now specialize the preceding discussion to
the case where b(¢, x) does not depend on x. We assume that b(¢, x) = g(t), where
g € L>(Ry, B(R4),dr), and we also set, for every ¢ > 0,

h(r) 2/0 g(s)ds.

The set .77 of all functions & that can be written in this form is called the Cameron—
Martin space. If h € 7, we sometimes write h= g for the associated function in
L*>(R,, Z(R,),dr) (this is the derivative of % in the sense of distributions).

As a special case of the previous discussion, under the probability measure

Q:=De-P= exp(/ooog(s) dB, — % /Ooog(s)zds) P,

the process B; := B, — h(t) is a Brownian motion. Hence, for every nonnegative
measurable function @ on C(R4, R),

Ep[Doo ¢((Bt)t20)] = EQ[¢((BI)TZO)] = EQ[d)((.Bt + h(f))rzo)]
= Ep[®((B; + h(1))=0)].

The equality between the two ends of the last display is the Cameron—Martin
formula. In the next proposition, we write this formula in the special case of the
canonical construction of Brownian motion on the Wiener space (see the end of
Sect.2.2).

Proposition 5.24 (Cameron—-Martin formula) Let W(dw) be the Wiener measure
on C(R4,R), and let h be a function in the Cameron—-Martin space €. Then, for
every nonnegative measurable function @ on C(Ry,R),

/ W(dw) O(w + h) = / W(dw) exp( /0 ~ i) dw(s) — % /0 sy ds>®(w).
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Remark The integral fooo h(s) dw(s) is a stochastic integral with respect to w(s)
(which is a Brownian motion under W(dw)), but it can also be viewed as a Wiener
integral since the function h(s) is deterministic. The Cameron—Martin formula can
be established by Gaussian calculations that do not involve stochastic integrals or
Girsanov’s theorem (see e.g. Chapter 1 of [62]). Still it is instructive to derive this
formula as a special case of Girsanov’s theorem.

The Cameron—Martin formula gives a “quasi-invariance” property of Wiener
measure under the translations by functions of the Cameron—Martin space: The
image of Wiener measure W(dw) under the mapping w — w + & has a density with
respect to W(dw) and this density is the terminal value of the exponential martingale
associated with the martingale for h(s)dw(s).

Law of hitting times for Brownian motion with drift Let B be a real Brownian
motion with By = 0, and for every @ > 0,let T, := inf{t > 0: B, = a}. If c € R is
given, we aim at computing the law of the stopping time

U, :=inf{t > 0: B, + ct = a}.

Of course, if ¢ = 0, we have U, = T,, and the desired distribution is given by
Corollary 2.22. Girsanov’s theorem (or rather the Cameron—Martin formula) will
allow us to derive the case where c is arbitrary from the special case ¢ = 0.

Fix t > 0 and apply the Cameron—Martin formula with

h(s) = clpzy . hs) =csAD)
and, for every w € C(R4, R),
D(W) = Limaxg g wi)=a}-
It follows that
P(U, < t) = E[®(B + h)]

- E[cp(B) exp (/Oooh(s) dB, — %/Oooh(s)zds)]

2
c
= E[l{r,< exp(cB; — 3t))]

2
C
= Ellir, <y exp(cBinr, — 5 (t AT))]

2
c
= E[lir,<s exp(ca — 5Ta)]
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t

— a —% Ca—%s
s e e
0 2ms3
t
:/ dsLe_%(a_C‘v)z
9
0 2ms3

where, in the fourth equality, we used the optional stopping theorem (Corol-
lary 3.23) to write

2 2
Elexp(cB; — Et) | «g.rATa] = exp(cBint, — E(l ANTa)),
and we also made use of the explicit density of 7, given in Corollary 2.22. This

calculation shows that the variable U, has a density on R4 given by

a

V2ms3

By integrating this density, we can verify that

e~ % (a—cs)?

¥(s) =

1 ife>0,

P =00 =) i <

which may also be checked more easily by applying the optional stopping theorem
to the continuous martingale exp(—2c¢(B; + ct)).

Exercises

In the following exercises, processes are defined on a probability space (2, F, P)
equipped with a complete filtration (F;):c[0,00]-

Exercise 5.25 Let B be an (.%#;)-Brownian motion with By = 0, and let H be an
adapted process with continuous sample paths. Show that Bl’ fot HdB;, converges in
probability when ¢ — 0 and determine the limit.

Exercise 5.26

1. Let B be a one-dimensional (.%,)-Brownian motion with By = 0. Let f be a twice
continuously differentiable function on R, and let g be a continuous function on
R. Verify that the process

X, = f(B) exp - /0 a5 )
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is a semimartingale, and give its decomposition as the sum of a continuous local
martingale and a finite variation process.

2. Prove that X is a continuous local martingale if and only if the function f satisfies
the differential equation

1" =2gf.

3. From now on, we suppose in addition that g is nonnegative and vanishes outside a
compact subinterval of (0, co). Justify the existence and uniqueness of a solution
fi of the equation f” = 2gf such that fi(0) = 1 and f{(0) = 0. Leta > 0 and
T, = inf{t > 0 : B, = a}. Prove that

E[exp ( — /OTH g(By) ds)] = fl(la)'

Exercise 5.27 (Stochastic calculus with the supremum) Preliminary question. Let
m : Ry —> R be a continuous function such that m(0) = 0, and let s : R — R
be the monotone increasing function defined by

s(t) = sup m(r).

0<r=<t

Show that, for every bounded Borel function z on R and every ¢ > 0,

t
/ (s(r) —m(r)) h(r)ds(r) = 0.
0
(One may first observe that f 1,(r) ds(r) = O for every open interval [ that does not
intersect {r > 0 : s(r) = m(r)}.)

1. Let M be a continuous local martingale such that M, = 0, and for every ¢ > 0,
let

S; = sup M,.

0<r<t

Let ¢ : R — R be a twice continuously differentiable function. Justify the
equality

0(S) = (0) + /0 ¢/(5,)dS,.
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2. Show that
t
(S — My) p(S) = B(S,) — / o(S,) dM,
0

where @(x) = [; ¢(v) dy for every x € R.
3. Infer that, for every A > 0,

e A(S; — My)e ™S

is a continuous local martingale.
4. Leta > 0and T = inf{t > 0 : S, — M, = a}. We assume that (M, M), = 00 a.s.
Show that T < oo a.s. and St is exponentially distributed with parameter 1/a.

Exercise 5.28 Let B be an (.%,)-Brownian motion started from 1. We fix ¢ € (0, 1)
and set T, = inf{r > 0 : B, = ¢}. We also let A > 0 and & € R\{0}.

1. Show that Z, = (B;ar.)* is a semimartingale and give its canonical decomposi-
tion as the sum of a continuous local martingale and a finite variation process.
2. Show that the process

IAT:
¢ ds
_ o
Zl‘ — (Bt/\TE) eXp ( - A. /0\ B_g)
is a continuous local martingale if o and A satisfy a polynomial equation to be
determined.
3. Compute

Hew(-+[ )]

Exercise 5.29 Let (X;);>0 be a semimartingale. We assume that there exists an
(:#;)-Brownian motion (B,)>¢ started from 0 and a continuous function » : R —
R, such that

t
X, =B, + / b(X,) ds.
0

1. Let F : R — R be a twice continuously differentiable function on R. Show
that, for F(X;) to be a continuous local martingale, it suffices that F' satisfies a
second-order differential equation to be determined.

2. Give the solution of this differential equation which is such that F(0) = 0 and
F'(0) = 1. In what follows, F stands for this particular solution, which can be
written in the form F(x) = f(f exp(—28(y)) dy, with a function B that will be
determined in terms of b.
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3. In this question only, we assume that b is integrable, i.e. [, |b(x)|dx < co.

(a) Show that the continuous local martingale M; = F(X,) is a martingale.
(b) Show that (M, M), = o0 a.s.
(c) Infer that

limsupX; = +o0, liminfX; = —oco, as.
t—00 =00

4. We come back to the general case. Let ¢ < 0 and d > 0, and
T.=inf{tr>0:X,<c}, T,=inf{r >0: X, > d}.

Show that, on the event {T. A T; = oo}, the random variables |B,4+| — B,|, for
integers n > 0, are bounded above by a (deterministic) constant which does not
depend on n. Infer that P(T, A Ty = c0) = 0.

5. Compute P(T. < Ty) in terms of F(c) of F(d).

6. We assume that b vanishes on (—oo, 0] and that there exists a constant o > 1/2
such that b(x) > «/x for every x > 1. Show that, for every ¢ > 0, one can choose
¢ < 0 such that

P(T, < T, foreveryn>1)>1—¢.
Infer that X, — 400 as t — 00, a.s. (Hint: Observe that the continuous local
martingale M7, is bounded.)

7. Suppose now b(x) = 1/(2x) for every x > 1. Show that

liminf X, = —00, a.s.
—> 00

Exercise 5.30 (Lévy area) Let (X;,Y;)>0 be a two-dimensional (.%;)-Brownian
motion started from 0. We set, for every r > 0 :

t t
o = / X,dY, — / Y, dX, (Lévy’s area).
0 0

1. Compute (27, o7), and infer that (.27 ),>¢ is a square-integrable (true) martingale.
2. Let A > 0. Justify the equality

E[e*] = E[cos(A.7)].
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3. Let f be a twice continuously differentiable function on R . Give the canonical
decomposition of the semimartingales
Z, = cos(A.e),

0
2

W, = X7+ Y+ f(0).

Verify that (Z, W), = 0.
4. Show that, for the process Z; "' to be a continuous local martingale, it suffices
that f solves the differential equation

0 =@ =22
5. Let r > 0. Verify that the function

f(t) = —log cosh(A(r — 1))
solves the differential equation of question 4. and derive the formula

1

inely _
Ele™] cosh(Ar)’

Exercise 5.31 (Squared Bessel processes) Let B be an (.%,)-Brownian motion
started from 0, and let X be a continuous semimartingale. We assume that X takes
values in R, and is such that, for every ¢ > 0,

t
X,:x+2/ VX;dBs + at
0

where x and « are nonnegative real numbers.

1. Let f : Ry — R4 be a continuous function, and let ¢ be a twice continuously
differentiable function on R, taking strictly positive values, which solves the
differential equation

" =2f¢

and satisfies ¢(0) = 1 and ¢’(1) = 0. Observe that the function ¢ must then be
decreasing over the interval [0, 1].
We set

_ 90
2¢(1)

u(t)
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for every ¢t > 0. Verify that we have, for every t > 0,
(1) 4+ 2u(t)* = (1)
then show that, for every ¢t > 0,
t t t
u(®)X, — | f(s)X;ds = u(0)x + / u(s)dXx, —2 / u(s)*X, ds.
0 0 0
We set
t
Y, = u()X; — / f(s) Xy ds.
0
2. Show that, for every ¢ > 0,
()~ e = EW),

where &(N), = exp(N; — %(N ,N),) denotes the exponential martingale associ-
ated with the continuous local martingale

t
N; = u(0)x + 2/ u(s) \/ZdBS.
0
3. Infer from the previous question that
1
_ = o(1)*? exp(Z¢’
Elexo (= [ r61%.)] = o expGo' O
4. Let A > 0. Show that
! X
E[exp ( —A / X, ds)] = (cosh(v/22))™*/* exp(=3 V21 tanh(~/21).
0

5. Show that, if 8 = (B;):>0 is a real Brownian motion started from y, one has, for
every A > 0,

exp / ,32 ds (cosh(«/ﬁ))_l/2 exp(—yz2 V21 tanh(«/ﬁ)).

Exercise 5.32 (Tanaka’s formula and local time) Let B be an (.%;)-Brownian
motion started from 0. For every ¢ > 0, we define a function g, : R — R by

setting g.(x) = V& + x2.
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1. Show that
g:(B)) = g.(0) + M; + A;

where M? is a square integrable continuous martingale that will be identified in
the form of a stochastic integral, and A® is an increasing process.
2. We set sgn(x) = 1.0y — 1ix<0y for every x € R. Show that, for every ¢t > 0,

2 t
M; N / sgn(By) dB;.
e—=>0 Jo

Infer that there exists an increasing process L such that, for every r > 0,

t
|B:| = / sgn(B;)dB; + L; .
0

3. Observing that A — L, when ¢ — 0, show that, for every § > 0, for every
choice of 0 < u < v, the condition (|B;| > § for every ¢ € [u, v]) a.s. implies
that L, = L,,. Infer that the function # > L, is a.s. constant on every connected
component of the open set {r > 0 : B, # 0}.

4., We set 8, = fot sgn(B,) dB, for every r > 0. Show that (8,)>0 is an (%)-
Brownian motion started from 0.

5. Show that L, = sup(—p;), a.s. (In order to derive the bound L, < sup(—p;), one

s<t s<t
may consider the last zero of B before time #, and use question 3.) Give the law
of L;.
6. For every ¢ > 0, we define two sequences of stopping times (S%),>1 and (T}),>1,
by setting
Si=0, T;=inf{t>0:|B] = ¢}
and then, by induction,
Sy =inf{t>T, :B, =0}, T, ,=inf{t>S,, :|B|=¢}.

For every t > 0, we set N° = sup{n > 1 : T, < t}, where sup @ = 0. Show that

12
eN; — L,.
e—>0

(One may observe that
t o0
L + / ( 1[33,75](s)) sgn(By;)dB; = e N; +r{
0 n=1

where the “remainder” ¥ satisfies || < ¢.)
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7. Show that N!/\/t converges in law as t — oo to |U|, where U is .4 (0, 1)-
distributed.

(Many results of Exercise 5.32 are reproved and generalized in Chap. 8.)

Exercise 5.33 (Study of multidimensional Brownian motion) Let B, =
(B!,B?,...,BY) be an N-dimensional (%)-Brownian motion started from
x = (x1,...,xy) € RV. We suppose that N > 2.

1. Verify that |B,|? is a continuous semimartingale, and that the martingale part of
|B;|? is a true martingale.
2. We set

N t Bi .
B: = / J dB;
' ; o |Bsl

with the convention that % = 0 if |B;] = 0. Justify the definition of the
stochastic integrals appearing in the definition of §;, then show that the process
(B1)i>0 is an (:#;)-Brownian motion started from 0.

3. Show that
t
I&V=MV+Z/I&MA+NL
0

4. From now on, we assume that x # 0. Let e € (0, [x|) and T, = inf{t > 0 : |B;| <
e}. We set f(a) = logaif N = 2, and f(a) = a*>V if N > 3, for every a > 0.
Verify that f(|B;ar,|) is a continuous local martingale.

5. Let R > |x| and Sg = inf{t > 0 : |B;| > R}. Show that

f(R) —f(|x])
S(R) —f(e)
Observing that P(T, < Sg) —> 0 when ¢ — 0, show that B, # 0 forevery t > 0,

a.s.
6. Show that, a.s., for every t > 0,

W|||+ﬂ+N_1/”“
= |x —_— .
' ' 2 0 |B‘v|

P(T‘9 < SR) =

7. We assume that N > 3. Show that |B;| —> oo when t — o0, a.s. (Hint: Observe
that | B,|>~" is a nonnegative supermartingale.)

8. We assume N = 3. Using the form of the Gaussian density, verify that the
collection of random variables (|B;|~!);>¢ is bounded in L?. Show that (|B;|™"),>0
is a continuous local martingale but is not a (true) martingale.
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(Chapter 7 presents a slightly different approach to the results of this exercise, see
in particular Proposition 7.16.)

Exercise 5.34 (Application of the Cameron—Martin formula) Let B be an (%#)-
Brownian motion started from 0. We set B} = sup{|B,| : s < t} for every t > 0.

1. Set Uy = inf{r > 0 : |B;|] = 1} and V; = inf{t > U; : B, = 0}. Justify
the equality P(By, < 2) = 1/2, and then show that one can find two constants
o« > 0and y > 0 such that

P(Vlza,B;l<2)=y>O.

2. Show that, for every integer n > 1, P(B;, < 2) > y". Hint: Construct a suitable
sequence Vi, V,, ... of stopping times such that, for every n > 2,

P(V,>na By <2)>yP(V,-1 = ((n—Da, By  <2).

Conclude that, for every ¢ > O and r > 0, P(B} < ¢) > 0.

3. Let & be a twice continuously differentiable function on Ry such that 4(0) = 0,
and let K > 0. Via a suitable application of 1t6’s formula, show that there exists
a constant A such that, for every ¢ > 0,

‘ /0 ‘ K (s) dB,

4. We set X, = B; — h(r) and X = sup{|X;| : s < t}. Infer from question 3. that

P(X; < 1K
lim PXx =¢) = exp ( - = / ' (s)? ds).
el0 P(B < ¢) 2 Jo

<Ae as.ontheevent {Bg < ¢}.

Notes and Comments

The reader who wishes to learn more about the topics of this chapter is strongly
advised to look at the excellent books by Karatzas and Shreve [49], Revuz and
Yor [70] and Rogers and Williams [72]. A more concise introduction to stochastic
integration can also be found in Chung and Williams [10].

Stochastic integrals with respect to Brownian motion were introduced by Itd [36]
in 1944. His motivation was to give a rigorous approach to the stochastic differential
equations that govern diffusion processes. Doob [15] suggested to study stochastic
integrals as martingales. Several authors then contributed to the theory, including
Kunita and Watanabe [50] and Meyer [60]. We have chosen to restrict our attention
to stochastic integration with respect to continuous semimartingales. The reader
interested in the more general case of semimartingales with jumps can consult the
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treatise of Dellacherie and Meyer [14] and the more recent books of Protter [63]
or Jacod and Shiryaev [44]. 1t6’s formula was derived in [40] for processes that are
stochastic integrals with respect to Brownian motions, and in our general context it
appeared in the work of Kunita and Watanabe [50]. Theorem 5.12, at least in the case
d = 1, is usually attributed to Lévy, although it seems difficult to find this statement
in Lévy’s work (see however [54, Chapitre III]). Theorem 5.13 showing that any
continuous martingale can be written as a time-changed Brownian motion is due to
Dambis [11] and Dubins—Schwarz [17]. The Burkholder-Davis—Gundy inequalities
appear in [7], see also the expository article of Burkholder [6] for the history of
these famous inequalities. Theorem 5.18 goes back to Itd [39] — in the different
form of the chaos decomposition of Wiener functionals — and was a great success of
the theory of stochastic integration. This theorem and its numerous extensions have
found many applications in the area of mathematical finance. Girsanov’s theorem
appears in [29] in 1960, whereas the Cameron—Martin formula goes back to [8] in
1944. Applications of Girsanov’s theorem to stochastic differential equations are
developed in the book [77] of Stroock and Varadhan. Exercise 5.30 is concerned
with the so-called Lévy area of planar Brownian motion, which was studied by
Lévy [53, 54] with a different definition. Exercise 5.31 is inspired by Pitman and
Yor [67].
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