Chapter 7
Lie Groups

In this chapter we introduce Lie groups, which are smooth manifolds that are also
groups in which multiplication and inversion are smooth maps. Besides providing
many examples of interesting manifolds themselves, they are essential tools in the
study of more general manifolds, primarily because of the role they play as groups
of symmetries of other manifolds.

Our aim in this chapter is to introduce Lie groups and some of the tools for
working with them, and to describe an abundant supply of examples. In subsequent
chapters (especially Chapters 8, 20, and 21), we will develop many more properties
and applications of Lie groups.

We begin with the definition of Lie groups and some of the basic structures asso-
ciated with them, and then present a number of examples. Next we study Lie group
homomorphisms, which are group homomorphisms that are also smooth maps. Then
we introduce Lie subgroups (subgroups that are also smooth submanifolds), which
lead to a number of new examples of Lie groups.

After explaining these basic ideas, we introduce actions of Lie groups on mani-
folds, which are the primary raison d’étre of Lie groups. At the end of the chapter,
we briefly touch on group representations.

The study of Lie groups was initiated in the late nineteenth century by the Norwe-
gian mathematician Sophus Lie. Inspired by the way the French algebraist Evariste
Galois had invented group theory and used it to analyze polynomial equations, Lie
was interested in using symmetries, expressed in the form of group actions, to sim-
plify problems in partial differential equations and geometry. However, Lie could
not have conceived of the global objects that we now call Lie groups, for the sim-
ple reason that global topological notions such as manifolds (or even topological
spaces!) had not yet been formulated. What Lie studied was essentially a local-
coordinate version of Lie groups, now called local Lie groups. Despite the limita-
tions imposed by the era in which he lived, he was able to lay much of the ground-
work for our current understanding of Lie groups. We will describe his principal
results in Chapter 20 (see Theorem 20.16).
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Basic Definitions

A Lie group is a smooth manifold G (without boundary) that is also a group in the
algebraic sense, with the property that the multiplication map m: G x G — G and
inversion map i : G — G, given by

m(g.h)y=gh, i(g)=g"",

are both smooth. A Lie group is, in particular, a topological group (a topological
space with a group structure such that the multiplication and inversion maps are
continuous).

The group operation in an arbitrary Lie group is denoted by juxtaposition, except
in certain abelian groups such as R” in which the operation is usually written addi-
tively. It is traditional to denote the identity element of an arbitrary Lie group by the
symbol e (for German Einselement, “unit element”), and we follow this convention,
except in specific examples in which there are more common notations (such as 7,
for the identity matrix in a matrix group, or O for the identity element in R").

The following alternative characterization of the smoothness condition is some-
times useful. (See also Problem 7-3 for a stronger result.)

Proposition 7.1. If G is a smooth manifold with a group structure such that the
map G x G — G given by (g, h) — gh™! is smooth, then G is a Lie group.

» Exercise 7.2. Prove Proposition 7.1.

If G is a Lie group, any element g € G defines maps Ly, R;: G — G, called
left translation and right translation, respectively, by

Le(hy=gh.  Re(h)=hg.

Because L, can be expressed as the composition of smooth maps

G2 6x625G.

where g (h) = (g,h) and m is multiplication, it follows that Lg is smooth. It is
actually a diffeomorphism of G, because L1 is a smooth inverse for it. Similarly,
Rg: G — G is a diffeomorphism. As we will see repeatedly below, many of the
important properties of Lie groups follow from the fact that we can systematically
map any point to any other by such a global diffeomorphism.

Example 7.3 (Lie Groups). Each of the following manifolds is a Lie group with
the indicated group operation.

(a) The general linear group GL(n,R) is the set of invertible n x n matrices with
real entries. It is a group under matrix multiplication, and it is an open sub-
manifold of the vector space M(n,R), as we observed in Example 1.27. Mul-
tiplication is smooth because the matrix entries of a product matrix AB are
polynomials in the entries of A and B. Inversion is smooth by Cramer’s rule.
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(b) Let GL*(n,R) denote the subset of GL(n,R) consisting of matrices with
positive determinant. Because det(AB) = (det A)(det B) and det (A’l) =
1/det A, it is a subgroup of GL(n, R); and because it is the preimage of (0, c0)
under the continuous determinant function, it is an open subset of GL(n,R)
and therefore an n2-dimensional manifold. The group operations are the re-
strictions of those of GL(n, R), so they are smooth. Thus GL™ (1, R) is a Lie
group.

(c) Suppose G is an arbitrary Lie group and H C G is an open subgroup (a sub-
group that is also an open subset). By the same argument as in part (b), H isa
Lie group with the inherited group structure and smooth manifold structure.

(d) The complex general linear group GL(n,C) is the group of invertible com-
plex n x n matrices under matrix multiplication. It is an open submanifold of
M(n, C) and thus a 2n2-dimensional smooth manifold, and it is a Lie group be-
cause matrix products and inverses are smooth functions of the real and imagi-
nary parts of the matrix entries.

(e) If V is any real or complex vector space, GL(}') denotes the set of invert-
ible linear maps from V to itself. It is a group under composition. If V' has
finite dimension n, any basis for V' determines an isomorphism of GL(V') with
GL(n,R) or GL(n,C), so GL(V) is a Lie group. The transition map between
any two such isomorphisms is given by a map of the form A —> BAB™! (where
B is the transition matrix between the two bases), which is smooth. Thus, the
smooth manifold structure on GL(}') is independent of the choice of basis.

(f) The real number field R and Euclidean space R” are Lie groups under addition,
because the coordinates of x — y are smooth (linear!) functions of (x, y).

(g) Similarly, C and C" are Lie groups under addition.

(h) The set R* of nonzero real numbers is a 1-dimensional Lie group under mul-
tiplication. (In fact, it is exactly GL(1,R) if we identify a 1 x 1 matrix with
the corresponding real number.) The subset R™ of positive real numbers is an
open subgroup, and is thus itself a 1-dimensional Lie group.

(i) The set C* of nonzero complex numbers is a 2-dimensional Lie group under
complex multiplication, which can be identified with GL(1, C).

(j) The circle S' € C* is a smooth manifold and a group under complex multipli-
cation. With appropriate angle functions as local coordinates on open subsets
of S! (see Problem 1-8), multiplication and inversion have the smooth coor-
dinate expressions (01, 6,) — 0; + 6, and 6 — —0, and therefore S! is a Lie
group, called the circle group.

(k) Given Lie groups Gy,..., Gy, their direct product is the product manifold
G x --- x Gy with the group structure given by componentwise multiplica-
tion:

(g1 80 (81:----8%) = (8181 - 8k 8k) -
It is a Lie group, as you can easily check.
(1) The n-torus T? = S! x --- x S! is an n-dimensional abelian Lie group.
(m) Any group with the discrete topology is a topological group, called a discrete
group. If in addition the group is finite or countably infinite, then it is a zero-
dimensional Lie group, called a discrete Lie group. I
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Lie Group Homomorphisms

If G and H are Lie groups, a Lie group homomorphism from G to H is a smooth
map F: G — H that is also a group homomorphism. It is called a Lie group iso-
morphism if it is also a diffeomorphism, which implies that it has an inverse that is
also a Lie group homomorphism. In this case we say that G and H are isomorphic
Lie groups.

Example 7.4 (Lie Group Homomorphisms).

(a) The inclusion map S! < C* is a Lie group homomorphism.

(b) Considering R as a Lie group under addition, and R* as a Lie group under
multiplication, the map exp: R — R* given by exp(¢) = ¢’ is smooth, and is a
Lie group homomorphism because e+?) = eS¢’ The image of exp is the open
subgroup R consisting of positive real numbers, and exp: R — R™ is a Lie
group isomorphism with inverse log: Rt — R.

(¢) Similarly, exp: C — C* given by exp(z) = e is a Lie group homomorphism.
It is surjective but not injective, because its kernel consists of the complex num-
bers of the form 2mik, where k is an integer.

(d) The map e: R — S! defined by &() = e?™'! is a Lie group homomorphism
whose kernel is the set Z of integers. Similarly, the map &"”: R” — T" defined
by &" (xl, e ,x") = (ez”ixl e ,eZ”ix’I) is a Lie group homomorphism whose
kernel is Z".

(e) The determinant function det: GL(n,R) — R* is smooth because det A is
a polynomial in the matrix entries of A. It is a Lie group homomorphism
because det(AB) = (det A)(det B). Similarly, det: GL(n,C) — C* is a Lie
group homomorphism.

(f) If G is aLie group and g € G, conjugation by g is the map C,: G — G given
by Cg(h) = ghg™!. Because group multiplication and inversion are smooth, Cy
is smooth, and a simple computation shows that it is a group homomorphism.
In fact, it is an isomorphism, because it has C,—1 as an inverse. A subgroup

g
H C G is said to be normal if Cq(H) = H forevery g € G. /

The next theorem is important for understanding many of the properties of Lie
group homomorphisms.

Theorem 7.5. Every Lie group homomorphism has constant rank.

Proof. Let F: G — H be a Lie group homomorphism, and let ¢ and € denote the
identity elements of G and H, respectively. Suppose go is an arbitrary element
of G. We will show that dFg, has the same rank as dF,. The fact that F is a
homomorphism means that for all g € G,

F(Lgy(8)) = F(g0g) = F(g0)F(g) = LFr(g)(F(2)).

or in other words, F o Lg, = LF(g,) © F. Taking differentials of both sides at the
identity and using Proposition 3.6(b), we find that

dFg,od (Lgo)e =d (LF(go))Eo dFe.
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Left multiplication by any element of a Lie group is a diffeomorphism, so both
d (L go) and d (L F(go)) are isomorphisms. Because composing with an isomor-
phism does not change the rank of a linear map, it follows that d Fg, and d F, have
the same rank. O

Corollary 7.6. A Lie group homomorphism is a Lie group isomorphism if and only
if it is bijective.

Proof. The global rank theorem shows that a bijective Lie group homomorphism is
a diffeomorphism. O

The Universal Covering Group

Covering space theory yields the following important result about Lie groups.

Theorem 7.7 (Existence of a Universal Covering Group). Let G be a connected
Lie group. There exists a simply connected Lie group G, called the universal cover-
ing group of G, that admits a smooth covering map 7 : G — G that is also a Lie
group homomorphism.

Proof. Let G be the universal covering manifold of G and 7 G — G be the corre-
sponding smooth covering map. By Exercise 4.38, w x 7: G xG — G xG isalso
a smooth covering map.

Letm: GxG — G andi: G — G denote the multiplication and inversion maps
of G, respectively, and let € be an arbitrary element of the fiber 77 1(e) € G. Since
G is simply connected, the lifting criterion for covering maps (Proposition A.78)
guarantees that the map m o (r X 7): G x G — G has a unique continuous lift
mi: G x G — G satisfying m(¢,¢) =€ and w ol =mo (7 x 7):

G
nxnl ln (7.1)
G

Because 7 is a local diffeomorphism and 77 o /1 = m o (7 x 1) is smooth, it follows
from Exercise 4.10(a) that 7 is smooth. By the same reasoning, i o 7: G — G has
a smooth lift 7: G — G satisfying 7(5) =e¢andwroli=iom:

7

 ——

(7.2)

S

Q+— @

Q—
B

—
1

We define multiplication and inversion in G by xy =m(x,y) and x7! =7(x)
for all x, y € G. Then (7.1) and (7.2) can be rewritten as

n(xy) = n(x)m(y). (7.3)
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n(x_l) =n(x)"L (7.4)

It remains only to show that Gisa group with these operations, for then it is a Lie
group because /71 and 7 are smooth, and (7.3) shows that 7 is a homomorphism.

First we show that ¢ is an identity for multiplication in G. Consider the map
f: G — G defined by f(x) = &x. Then (7.3) implies that 77 o f(x) = n(@)m(x) =
en(x) = m(x), so f is alift of 7: G — G. The identity map Idg is another lift
of m, and it agrees with f at a point because f (5) = n"i('é \ E) = ¢, so the unique
lifting property of covering maps (Proposition A.77(a)) implies that f = Idg, or
equivalently, ex = x for all x € G. The same argument shows that xe = x.

Next, to show that multiplication in G is associative, consider the two maps
o, 0R: GxGxG—G defined by

ap(x,y.z) = (xy)z,  ar(x,y.z) =x(yz).

Then (7.3) applied repeatedly implies that

woar(x,y.z) = (n(x)n(y)(z) = n(x)(w(y)7(2)) = 7 0 ar(x. y.2),

so oz, and g are both lifts of the same map a(x, y,z) = w(x)7(y)n(z). Because

ar and ag agree at (¢,¢,¢), they are equal. A similar argument shows that x ™' x =

xx~ 1 =2, s0 G is a group. O

» Exercise 7.8. Complete the proof of the preceding theorem by showing that

xIx=xx"1=5.

We also have the following uniqueness result.

Theorem 7.9 (Uniqueness of the Universal Covering Group). For any connected
Lie group G, the universal covering group is unique in the following sense: if G and
G’ are simply connected Lie groups that admit smooth covering maps 7 : G—>G
and 7': G’ — G that are also Lie group homomorphisms, then there exists a Lie
group isomorphism @ : G — G’ suchthatw' o ® = 1.

Proof. See Problem 7-5. O
Example 7.10 (Universal Covering Groups).

(a) For each n, the map ¢”: R” — T" given by
sn(xl x"):(ezmx1 ezm'x”)

is a Lie group homomorphism and a smooth covering map (see Example 7.4(d)).
Since R” is simply connected, this shows that the universal covering group of
T7" is the additive Lie group R”.

(b) The Lie group homomorphism exp: C — C* described in Example 7.4(c) is
also a smooth covering map, so C is the universal covering group of C*. I
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Lie Subgroups

Suppose G is a Lie group. A Lie subgroup of G is a subgroup of G endowed
with a topology and smooth structure making it into a Lie group and an immersed
submanifold of G. The following proposition shows that embedded subgroups are
automatically Lie subgroups.

Proposition 7.11. Let G be a Lie group, and suppose H C G is a subgroup that is
also an embedded submanifold. Then H is a Lie subgroup.

Proof. We need only check that multiplication H x H — H and inversion H — H
are smooth maps. Because multiplication is a smooth map from G x G into G, its
restriction is clearly smooth from H x H into G (this is true even if H is merely
immersed). Because H is a subgroup, multiplication takes H x H into H, and since
H is embedded, this is a smooth map into H by Corollary 5.30. A similar argument
applies to inversion. This proves that H is a Lie subgroup. O

The simplest examples of embedded Lie subgroups are the open subgroups. The
following lemma shows that the possibilities for open subgroups are limited.

Lemma 7.12. Suppose G is a Lie group and H C G is an open subgroup. Then H
is an embedded Lie subgroup. In addition, H is closed, so it is a union of connected
components of G.

Proof. If H is open in G, it is embedded by Proposition 5.1. In addition, every left
coset gH = {gh:h € H} is open in G because it is the image of the open subset
H under the diffeomorphism Lg. Because G ~ H is the union of the cosets of H
other than H itself, it is open, and therefore H is closed in G. Because H is both
open and closed, it is a union of components. O

If G isagroup and S C G, the subgroup generated by S is the smallest subgroup
containing S (i.e., the intersection of all subgroups containing S).

» Exercise 7.13. Given a group G and a subset S € G, show that the subgroup
generated by S is equal to the set of all elements of G that can be expressed as finite
products of elements of S and their inverses.

Proposition 7.14. Suppose G is a Lie group, and W C G is any neighborhood of
the identity.

(a) W generates an open subgroup of G.
(b) If W is connected, it generates a connected open subgroup of G.
(c) If G is connected, then W generates G.

Proof. Let W C G be any neighborhood of the identity, and let H be the subgroup
generated by W. As a matter of notation, if A and B are subsets of G, let us write

AB ={ab:ac A,be B}, A ={a"" a4}, (7.5)

For each positive integer k, let Wy denote the set of all elements of G that can be
expressed as products of k or fewer elements of W U W1, By Exercise 7.13, H is
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the union of all the sets Wy as k ranges over the positive integers. Now, W ! is open
because it is the image of W under the inversion map, which is a diffeomorphism.
Thus, Wy = W U WL is open, and for each k > 1 we have

Wi = Wil = | LeWi).
gEW

Because each L is a diffeomorphism, it follows by induction that each Wy is open,
and thus H is open.

Next suppose W is connected. Then W ™! is also connected because it is a dif-
feomorphic image of W, and W; = W U W1 is connected because it is a union
of connected sets with the identity in common. Therefore, W, = m(W; x W) is
connected because it is the image of a connected space under the continuous multi-
plication map m, and it follows by induction that Wy = m(W; x Wj_;) is connected
for each k. Thus, H = « Wk is connected because it is a union of connected sub-
sets with the identity in common.

Finally, assume G is connected. Since H is an open subgroup, it is also closed by
Lemma 7.12, and it is not empty because it contains the identity. Thus H = G. O

If G is a Lie group, the connected component of G containing the identity is
called the identity component of G .

Proposition 7.15. Let G be a Lie group and let G be its identity component. Then
Gy is a normal subgroup of G, and is the only connected open subgroup. Every
connected component of G is diffeomorphic to Gy.

Proof. Problem 7-7. O

Now we move beyond the open subgroups to more general Lie subgroups. The
following proposition shows how to produce many more examples of embedded Lie
subgroups.

Proposition 7.16. Let F: G — H be a Lie group homomorphism. The kernel of F
is a properly embedded Lie subgroup of G, whose codimension is equal to the rank

of F.

Proof. Because F has constant rank, its kernel F~!(e) is a properly embedded
submanifold of codimension equal to rank F. It is thus a Lie subgroup by Proposi-
tion 7.11. O

Complementary to the preceding result about kernels is the following result about
images. (In Chapter 21, we will prove the analogous result for images of arbitrary
Lie group homomorphisms, not just injective ones; see Theorem 21.27.)

Proposition 7.17. If F: G — H is an injective Lie group homomorphism, the im-
age of F has a unique smooth manifold structure such that F(G) is a Lie subgroup
of H and F: G — F(G) is a Lie group isomorphism.

Proof. Since a Lie group homomorphism has constant rank, it follows from the
global rank theorem that F' is a smooth immersion. Proposition 5.18 shows that
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F(G) has a unique smooth manifold structure such that it is an immersed subman-
ifold of H and F is a diffeomorphism onto its image. It is a Lie group (because
G is), and it is a subgroup for algebraic reasons, so it is a Lie subgroup. Because
F: G — F(G) is a group isomorphism and a diffeomorphism, it is a Lie group
isomorphism. O

Example 7.18 (Embedded Lie Subgroups).

(a) The subgroup GL™ (n,R) € GL(n,R) described in Example 7.3(b) is an open
subgroup and thus an embedded Lie subgroup.

(b) The circle S! is an embedded Lie subgroup of C* because it is a subgroup and
an embedded submanifold.

(c) The set SL(n,R) of n x n real matrices with determinant equal to 1 is called
the special linear group of degree n. Because SL(n,R) is the kernel of the Lie
group homomorphism det: GL(n,R) — R*, itis a properly embedded Lie sub-
group. Because the determinant function is surjective, it is a smooth submersion
by the global rank theorem, so SL(n, R) has dimension n% — 1.

(d) Let n be a positive integer, and define a map B: GL(n,C) — GL(2n,R) by
replacing each complex matrix entry a + i b with the 2 x 2 block (Z _b):

1 1 n n
aj —b; ay —bj

1 11 n SN 1 1 """ pn n
a; +ib; ...al +ib] by a; b} af
1 1 n s 1 1 n n
a, +ib, ...a}+ib} a, —b, ai —b}
1 1 """ 1n n

It is straightforward to verify that 8 is an injective Lie group homomor-
phism whose image is a properly embedded Lie subgroup of GL(2n,R). Thus,
GL(n,C) is isomorphic to this Lie subgroup of GL(2n,R). (You can check
that f arises naturally from the identification of (x! +iy!,...,x" +iy") € C"
with (xl,yl,...,x”,y”) e R?")

(e) The subgroup SL(n,C) € GL(n,C) consisting of complex matrices of deter-
minant 1 is called the complex special linear group of degree n. 1t is the kernel
of the Lie group homomorphism det: GL(n, C) — C*. This homomorphism is
surjective, so it is a smooth submersion by the global rank theorem. Therefore,
SL(n, C) = Ker(det) is a properly embedded Lie subgroup whose codimension
is equal to dim C* = 2 and whose dimension is therefore 2n? — 2. I

Finally, here is an example of a Lie subgroup that is not embedded.

Example 7.19 (A Dense Lie Subgroup of the Torus). Let H C T2 be the dense
submanifold of the torus that is the image of the immersion y: R — T?2 defined in
Example 4.20. It is easy to check that y is an injective Lie group homomorphism,
and thus H is an immersed Lie subgroup of T2 by Proposition 7.17. VA

» Exercise 7.20. Let S C T3 be the image of the subgroup H of the preceding
example under the obvious embedding T2 < T3. Show that S is a Lie subgroup of
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Fig. 7.1 An embedded Lie subgroup is closed

T3 that is not closed, embedded, or dense; but its closure is a properly embedded Lie
subgroup of T3,

In Chapter 20, we will see that the subgroup S € T3 described in the preceding
exercise is typical of nonembedded Lie subgroups: they are all dense subgroups of
properly embedded Lie subgroups (see Problem 20-10).

In general, smooth submanifolds can be closed without being embedded (as is,
for example, the figure-eight curve of Example 5.19) or embedded without being
closed (as is the open unit ball in R”). However, as the next theorem shows, Lie
subgroups have the remarkable property that closedness and embeddedness are not
independent. This means that every embedded Lie subgroup is properly embedded.

Theorem 7.21. Suppose G is a Lie group and H C G is a Lie subgroup. Then H
is closed in G if and only if it is embedded.

Proof. Assume first that H is embedded in G. To prove that H is closed, let g be
an arbitrary point of H. Then there is a sequence (4;) of points in H converging to
g (Fig. 7.1). Let U be the domain of a slice chart for H containing the identity, and
let W be a smaller neighborhood of e such that WCUu. By Problem 7-6, there is a
neighborhood V' of e with the property that g1g5 1 ¢ W whenever g1,g2 € V.

Because h; g~! — e, by discarding finitely many terms of the sequence we may

assume that h; g~ € V for all i. This implies that

hihi' = (hig™") (g ™) e W
for all i and j. Fixing j and letting i — co, we find that h,-hj_1 — ghj_1 eWcu.
Since H N U is a slice, it is closed in U, and therefore ghj_1 € H, which implies
g € H.Thus H is closed.

Conversely, assume H is a closed Lie subgroup, and let m = dim H and n =
dim G. We need to show that H is an embedded submanifold of G. If m = n, then
H is embedded by Proposition 5.21(a), so we may assume henceforth that m < n.

It suffices to show that for some /1, € H, there is a neighborhood U; of i1 in G
such that H N U; is an embedded submanifold of Uy; for then if / is any other point
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VxS
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Fig. 7.2 Finding a slice chart
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/

of H, right translation R ot G — G is a diffeomorphism of G that takes H to

H, and takes U; to a neighborhood U] of & such that U] N H is embedded in U],
so it follows from the local slice criterion that H is an embedded submanifold of G.

Because every immersed submanifold is locally embedded (Proposition 5.22),
there exist a neighborhood V' of e¢ in H and a slice chart (U,¢) for V in G
centered at e. By shrinking U if necessary, we may assume that it is a coordi-
nate cube, and U N V is the set of points whose coordinates are of the form
(x!,....x™.,0,...,0). Let S € U be the set of points with coordinates of the form
(O, L..,0, xmtL ,x”); it is the slice “perpendicular” to U N V in these coordi-
nates. Then S is an embedded submanifold of U and hence of G. Note that in these
coordinates, T,V is spanned by the first m coordinate vectors and 7,.S by the last
n—m,soT,G =T,V &T,S (Fig. 7.2).

Now consider the map ¥: V x § — G obtained by restricting group multiplica-
tion: ¥ (v, s) = vs. Since Y (v,e) = v forv e V and ¥ (e,s) = s for s € S, it follows
easily that the differential of i at (e, e) satisfies dy(X,0) = X and dy(0,Y) =Y
for X e T.V,Y €T,S, and therefore dv (. ) is bijective. By the inverse function
theorem, there are connected neighborhoods W of (e,e) in V x § and Uy of ¢ in G
such that ¥ : Wy — Uy is a diffeomorphism. Shrinking the neighborhoods if neces-
sary, we may assume that Wy = V x Sy, where V, and Sy are neighborhoods of e
in V and S, respectively.

Let K = Sp N H. There are two things we need to show about the set K:

(@ v (Vo x K)=H NU,.
(b) K is adiscrete set in the topology of H .

To prove (a), let (v, s) € Vp x S be arbitrary. Since H is a subgroup and Vy C H,, it
follows that vs € H if and only if s € H, which is to say that ¥ (v,s) € H N Uy
if and only if (v,s) € Vo x K. To prove (b), suppose & € K. Right translation
Ry H — H is a diffeomorphism of H taking e to A and taking Vj to a neighbor-
hood V}, of h in H. Note that Vj, = R, (Vp) = ¥ (Vo x {h}), while K = ¥ ({e} x K).
Since ¥ is injective on Vj x S, it follows that

Vi N K =y ({e} x {h}) = {h}.
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Thus each point & € K is isolated in H, which implies that K is discrete.

Since K is a discrete subset of the manifold H, it is countable, and since H is
closed in G, it follows that K = So N H is closed in Sy. Thus, by Corollary A.59,
there is a point s; € K that is isolated in Sy. (This step fails if H is not closed—for
example, if H were a dense subgroup of the torus, then K would be dense in Sy.)
This means there is a neighborhood S; of /7 in Sy such that S N H = {h;}. Then
U; = ¢ (Vy x S1) is a neighborhood of /11 in G with the property that U; N H is the
slice ¥ (Vo x {h1}) in U;. As explained at the beginning of the proof, the existence
of such a neighborhood for one point of H implies that H is embedded. O

In Chapter 20, we will be able to prove a significantly strengthened form of this
theorem, called the closed subgroup theorem, which asserts that every subgroup of a
Lie group that is topologically a closed subset (but not assumed to be a submanifold)
is automatically a properly embedded Lie subgroup.

Group Actions and Equivariant Maps

The most important applications of Lie groups to smooth manifold theory involve
actions by Lie groups on other manifolds. If G is a group and M is a set, a left
action of G on M is amap G x M — M, often written as (g, p) +— g - p, that
satisfies

g1+(g2+-p)=(g182)-p forallg;,gp€Gand pe M;
(7.6)

e-p=p forall pe M.

A right action is defined analogously as a map M x G — M with the appropriate
composition law:

(p-8g1)-8g=p-(g182) forallgi.gr€Gand peM;
p-e=p forall p e M.

If M is a topological space and G is a topological group, an action of G on M is
said to be a continuous action if the definingmap G xM — M or M x G — M is
continuous. In this case, M is said to be a (left or right) G -space. If in addition M is
a smooth manifold with or without boundary, G is a Lie group, and the defining map
is smooth, then the action is said to be a smooth action. We are primarily interested
in smooth actions of Lie groups on smooth manifolds.

Sometimes it is useful to give a name to an action, such as 6: G x M — M, with
the action of a group element g on a point p usually written as 8¢ (p). In terms of
this notation, the conditions (7.6) for a left action read

931 ° ng = 681&’2’

(1.7)
06 = Ide
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while for a right action the first equation is replaced by
Og, 0 0g, = Ogy g, -

For a smooth action, each map 6;: M — M is a diffeomorphism, because 6,1 is
a smooth inverse for it.

For left actions, we generally use the notations g - p and 6, (p) interchangeably.
The latter notation contains a bit more information, and is useful when it is important
to specify the particular action under consideration, while the former is often more
convenient when the action is understood. For right actions, the notation p - g is
generally preferred because of the way composition works.

A right action can always be converted to a left action by the trick of defining g - p
tobe p-g~', and a left action can similarly be converted to a right action. Thus, any
results about left actions can be translated into results about right actions, and vice
versa. We usually focus our attention on left actions, because their group law (7.7)
has the property that multiplication of group elements corresponds to composition of
maps. However, there are some circumstances in which right actions arise naturally;
we will see several such actions later in the book.

Lie group actions typically arise in situations involving some kind of symmetry.
For example, if M is a vector space or smooth manifold endowed with a metric
or other geometric structure, the set of diffeomorphisms of M that preserve the
structure (called the symmetry group of the structure) frequently turns out to be a
Lie group acting smoothly on M.

Throughout the book, we use the following standard terminology regarding
group actions. Suppose 0: G x M — M is a left action of a group G on a set
M . (The definitions for right actions are similar. For these definitions, no continuity
or smoothness assumption is necessary.)

e For each p € M, the orbit of p, denoted by G - p, is the set of all images of p
under the action by elements of G:

G-p={g-p:g<cG}.

e For each p € M, the isotropy group or stabilizer of p, denoted by G, is the set
of elements of G that fix p:

G,={ge€G:g-p=p}

The definition of a group action guarantees that G, is a subgroup of G.

o The action is said to be transitive if for every pair of points p,q € M, there exists
g € G such that g - p = ¢, or equivalently if the only orbit is all of M.

e The action is said to be free if the only element of G that fixes any element of M
is the identity: g - p = p for some p € M implies g = e, or equivalently if every
isotropy group is trivial.

Here are some examples of Lie group actions on manifolds. We will see more in
Chapter 21.
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Example 7.22 (Lie Group Actions).

(a) If G is any Lie group and M is any smooth manifold, the trivial action of G
on M is definedby g- p=pforall g€ G and p € M. It is a smooth action,
for which each orbit is a single point and each isotropy group is all of G.

(b) The natural action of GL(n,R) on R" is the left action given by matrix mul-
tiplication: (A4, x) +— Ax, considering x € R” as a column matrix. This is an
action because I,x = x and matrix multiplication is associative: (AB)x =
A(Bx). It is smooth because the components of Ax depend polynomially on
the matrix entries of A and the components of x. Because any nonzero vector
can be taken to any other by some invertible linear transformation, there are
exactly two orbits: {0} and R” ~ {0}.

(c) Every Lie group G acts smoothly on itself by left translation. Given any two
points g1, g2 € G, there is a unique left translation of G taking g; to g, namely
left translation by g,g7!; thus the action is both free and transitive. More gen-
erally, if H is a Lie subgroup of G, then the restriction of the multiplication
map to H x G — G defines a smooth and free (but generally not transitive) left
action of H on G. Similar observations apply to right translations.

(d) Every Lie group acts smoothly on itself by conjugation: g - h = ghg™!.

(e) An action of a discrete group I' on a manifold M is smooth if and only if for
each g € I', the map p — g - p is a smooth map from M to itself. Thus, for
example, Z" acts smoothly and freely on R” by left translation:

(ml,...,m”)-(xl,...,x")=(m1 —i—xl,...,m”—}—x"). Vi

Another important class of Lie group actions arises from covering maps. Sup-
pose E and M are topological spaces, and 7: E — M is a (topological) covering
map. An automorphism of w (also called a deck transformation or covering trans-
Jormation) is a homeomorphism ¢: E — E such that 7 o ¢ = 7:

E

LA
. ’/ﬂ (7.8)

M

The set Aut, (E) of all automorphisms of 7, called the automorphism group of n,
is a group under composition, acting on E on the left. It can be shown that Aut,, (E)
acts transitively on each fiber of & if and only if 7 is a normal covering map, which
means that 7, (71 (E,q)) is a normal subgroup of 71 (M, n(q)) for every ¢ € E
(see, for example, [LeeTM, Cor. 12.5]).

Proposition 7.23. Suppose E and M are smooth manifolds with or without bound-
ary,and w: E — M is a smooth covering map. With the discrete topology, the au-
tomorphism group Aut,(E) is a zero-dimensional Lie group acting smoothly and
freelyon E.
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Proof. Suppose ¢ € Aut, (E) is an automorphism that fixes a point p € E. Simply
by rotating diagram (7.8), we can consider ¢ as a lift of x:

Yl
E— M.
b4
Since the identity map of E is another such lift that agrees with ¢ at p, the unique
lifting property of covering maps (Proposition A.77(a)) guarantees that ¢ = Idg.
Thus, the action of Aut; (E) is free.

To show that Aut, (E) is a Lie group, we need only verify that it is countable.
Let ¢ € E be arbitrary, let p = 7(q) € M, and let U € M be an evenly covered
neighborhood of p. Because E is second-countable, 7! (U) has countably many
components, and because each component contains exactly one point of =1 (p), it
follows that 7~!(p) is countable. Let 8@ : Aut,(E) — E be the map 6@ (¢) =
@(q). Then 6@ maps Aut, (E) into 7~ '(p), and the fact that the action is free
implies that it is injective; thus Aut, (E) is countable.

Smoothness of the action follows from Theorem 4.29. O

Equivariant Maps

For some manifolds with group actions, there is an easily verified sufficient condi-
tion for a smooth map to have constant rank. Suppose G is a Lie group, and M and
N are both smooth manifolds endowed with smooth left or right G-actions. A map
F: M — N is said to be equivariant with respect to the given G -actions if for each
geG,

F(g-p)=g-F(p) (forleft actions),
F(p-g)= F(p)-g (forright actions).

Equivalently, if 8 and ¢ are the given actions on M and N, respectively, F is equi-
variant if the following diagram commutes for each g € G:

F
M — N

Ggl lwg

M — N.
F

This condition is also expressed by saying that F intertwines 6 and ¢.

Example 7.24. Let v = (vl, .. .,v”) € R” be any fixed nonzero vector. Define
smooth left actions of R on R” and T” by

t-(xl,...,x")z(xl—f—tvl,...,x"—f—tv”),

TS | eIl
t.(zl,”',zn):(eantv Zl’.”,ethv Zn),
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Fig. 7.3 The equivariant rank theorem

forr € R, (x',...,x") € R", and (z',....z") € T". The smooth map &": R" —

. i1 W/ AN . . .
T" given by &" (x!,...,x") = (e2™* ..., e*™*") is equivariant with respect to

these actions. /

The following generalization of Theorem 7.5 is an extremely useful tool for prov-
ing that certain maps have constant rank.

Theorem 7.25 (Equivariant Rank Theorem). Let M and N be smooth manifolds
and let G be a Lie group. Suppose F: M — N is a smooth map that is equivariant
with respect to a transitive smooth G-action on M and any smooth G-action on N .
Then F has constant rank. Thus, if F is surjective, it is a smooth submersion; if it is
injective, it is a smooth immersion; and if it is bijective, it is a diffeomorphism.

Proof. Let 6 and ¢ denote the G-actions on M and N, respectively, and let p and
g be arbitrary points in M. Choose g € G such that 6, (p) = ¢. (Such a g exists
because we are assuming that G acts transitively on M .) Because ¢g o F = F 00,
the following diagram commutes (see Fig. 7.3):

dF,
M TrpN

d(eg)pl ld((/’g)F(p)
M

Tr)N.
d Fq F(q)

Because the vertical linear maps in this diagram are isomorphisms, the horizontal
ones have the same rank. In other words, the rank of F is the same at any two
arbitrary points p,q € M, so F has constant rank. The final statement follows from
the global rank theorem. O

Here is an important application of the equivariant rank theorem. Suppose G is
a Lie group, M is a smooth manifold, and 6: G x M — M is a smooth left action.
(The definitions for right actions are analogous.) For each p € M, define a map
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8P): G — M by
0P (g)=g- p. (7.9)

This is often called the orbit map, because its image is the orbit G - p. In addition,
the preimage (0(”))~1(p) is the isotropy group G,.

Proposition 7.26 (Properties of the Orbit Map). Suppose 6 is a smooth left
action of a Lie group G on a smooth manifold M. For each p € M, the or-
bit map 0P : G — M is smooth and has constant rank, so the isotropy group
Gy = (9(1’))_1(])) is a properly embedded Lie subgroup of G. If G, = {e}, then
6P is an injective smooth immersion, so the orbit G « p is an immersed submani-

fold of M.

Remark. It is a fact that every orbit is an immersed submanifold of M, not just the
ones corresponding to trivial isotropy groups; but the proof of that fact will have to
wait until Chapter 21 (see Problem 21-17).

Proof. The orbit map is smooth because it is equal to the composition

G~Gxiple>GxM>M.

It follows from the definition of a group action that 8(?) is equivariant with respect
to the action of G on itself by left translation and the given action on M:

0P (g'g)=(g'g)-p=g -(g-p) =g -0 (g).

Since G acts transitively on itself, the equivariant rank theorem shows that () has
constant rank. Thus, G, is a properly embedded submanifold by Theorem 5.12, and
a Lie subgroup by Proposition 7.11.

Now suppose G, = {e}. If 0P (g') = §(P)(g), then

g-p=g-p = (g'¢)p=p = glgd=e = g=¢.

showing that 8(?) is injective. By the equivariant rank theorem, it is a smooth im-
mersion, and thus the orbit (endowed with a suitable topology and smooth structure)
is an immersed submanifold by Proposition 5.18. O

Next we use the equivariant rank theorem to identify some important Lie sub-
groups of the general linear groups.

Example 7.27 (The Orthogonal Group). A real n x n matrix A is said to be
orthogonal if as a linear map A: R” — R” it preserves the Euclidean dot prod-
uct:

(Ax) - (Ay)=x.y forallx,y e R".
The set O(n) of all orthogonal n x n matrices is a subgroup of GL(#n,R), called the
orthogonal group of degree n. 1t is easy to check that a matrix A is orthogonal if and

only if it takes the standard basis of R” to an orthonormal basis, which is equivalent
to the columns of A being orthonormal. Since the (i, j)-entry of the matrix AT A
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(where AT represents the transpose of A) is the dot product of the ith and jth
columns of A, this condition is also equivalent to the requirement that AT A = I,.

Define a smooth map ®@: GL(n,R) — M(n,R) by ®@(A) = AT A. Then O(n) is
equal to the level set @~1(7,,). To show that @ has constant rank and therefore that
O(n) is an embedded Lie subgroup, we show that @ is equivariant with respect to
suitable right actions of GL(n, R). Let GL(n, R) act on itself by right multiplication,
and define a right action of GL(n, R) on M(n, R) by

X.B=BTXB for X eM(,R), B eGL(n,R).
It is easy to check that this is a smooth action, and @ is equivariant because
®(AB) = (AB)T(AB) = BT AT AB = BT®(A)B = ®(A) - B.

Thus, O(n) is a properly embedded Lie subgroup of GL(7, R). It is compact because
it is closed and bounded in M(n,R) =~ R"*: closed because it is a level set of D,
and bounded because every A € O(n) has columns of norm 1, and therefore satisfies
|4l = /n.

To determine the dimension of O(#), we need to compute the rank of @. Because
the rank is constant, it suffices to compute it at the identity I, € GL(n,R). Thus for
any B € Tr, GL(n,R) = M(n,R), let y: (—¢,&) - GL(n,R) be the curve y(t) =
I, + tB, and compute

do; (B) = a1 s y(t) = 4 (In+1tB)T (I, +tB) = BT 4+ B.
dt|;=o dt ;=0
From this formula, it is evident that the image of d @y, is contained in the vector
space of symmetric matrices. Conversely, if B € M(n,R) is an arbitrary symmetric
n x n matrix, then d @y, (%B) = B. It follows that the image of d &y, is exactly
the space of symmetric matrices. This is a linear subspace of M(#, R) of dimension
n(n 4 1)/2, because each symmetric matrix is uniquely determined by its values on
and above the main diagonal. It follows that O(#n) is an embedded Lie subgroup of
dimension n2 —n(n +1)/2=nn —1)/2. Vi

Example 7.28 (The Special Orthogonal Group). The special orthogonal group
of degree n is defined as SO(n) = O(n) N SL(n,R) € GL(n,R). Because every
matrix A € O(n) satisfies

1 =det], = det(A” A) = (det A)(det A7) = (det 4)?,

it follows that det A = +1 for all A € O(n). Therefore, SO(n) is the open subgroup
of O(n) consisting of matrices of positive determinant, and is therefore also an em-
bedded Lie subgroup of dimension n(n — 1)/2 in GL(n, R). It is a compact group
because it is a closed subset of O(n). I

Example 7.29 (The Unitary Group). For any complex matrix A, the adjoint of A
is the matrix A* formed by conjugating the entries of A and taking the transpose:
A* = AT . Observe that (AB)* = (/TE)T = BT AT = B* A*. For any positive in-
teger n, the unitary group of degree n is the subgroup U(n) € GL(n, C) consisting
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of complex n x n matrices whose columns form an orthonormal basis for C” with
respect to the Hermitian dot product z - w = ), Ziwl . Itis straightforward to check
that U(n) consists of those matrices A such that A*A = I,,. Problem 7-13 shows
that it is a properly embedded Lie subgroup of GL(1, C) of dimension n?. I

Example 7.30 (The Special Unitary Group). The group SU(n) = U(n) N
SL(n,C) is called the complex special unitary group of degree n. Problem 7-14
shows that it is a properly embedded (n? — 1)-dimensional Lie subgroup of U(n).
Since the composition of smooth embeddings SU(n) < U(n) — GL(n, C) is again
a smooth embedding, this implies that SU(#n) is also embedded in GL(#n, C). I

Semidirect Products

Group actions give us a powerful new way to construct Lie groups. Suppose H and
N are Lie groups, and 8: H x N — N is a smooth left action of H on N. It is
said to be an action by automorphisms if for each h € H, the map 0;,: N — N is
a group automorphism of N (i.e., an isomorphism from N to itself). Given such an
action, we define a new Lie group N xg H, called a semidirect product of H and
N, as follows. As a smooth manifold, N xg H is just the Cartesian product N x H;
but the group multiplication is defined by

(n.h)(n' . h"y = (nOp(n"), h1'). (7.10)

Sometimes, if the action of H on N is understood or irrelevant, the semidirect
product is denoted simply by N x H.

» Exercise 7.31. Verify that (7.10) does indeed define a Lie group structure on the
manifold N x H, with (e, e) as identity and (n,h) "1 = (Qh_l (n_l),h_l).

Example 7.32 (The Euclidean Group). If we consider R” as a Lie group under
addition, then the natural action of O(n) on R” is an action by automorphisms. The
resulting semidirect product E(n) = R” x O(n) is called the Euclidean group; its
multiplication is given by (b, A)(b’, A’) = (b + Ab’, AA’). It acts on R” via

(b,A) - x=b+ Ax.

This action preserves lines, distances, and angle measures, and thus all of the rela-
tionships of Euclidean geometry. I

The next proposition details some basic properties of the semidirect product.
Recall the notation A B defined in (7.5) for subsets A, B of a group G.

Proposition 7.33 (Properties of Semidirect Products). Suppose N and H are Lie
groups, and 6 is a smooth action of H on N by automorphisms. Let G = N xg H .

(a) The subsets N = N x {e} and H = {e} x H are closed Lie subgroups of G
isomorphic to N and H , respectively.
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(b) JY is a normal subgroup of G.
() NN H={(e,e)}and NH =G.

» Exercise 7.34. Prove the preceding proposition.

Thanks to the next theorem, many Lie groups can be realized as semidirect prod-
ucts of suitable subgroups.

Theorem 7.35 (Characterization of Semidirect Products). Suppose G is a Lie
group, and N, H C G are closed Lie subgroups such that N is normal, N N H =
{e},and NH = G. Then the map (n,h) — nh is a Lie group isomorphism between
N xg H and G, where 8: H x N — N is the action by conjugation: 0y(n) =
hnh=1.

Proof. Problem 7-18. O

Under the hypotheses of Theorem (7.35), we say that G is the internal semidirect
product of N and H . Some examples are described in Problem 7-20.

Representations

Most of the Lie groups we have seen so far can be realized as Lie subgroups of
GL(n,R) or GL(n, C). It is natural to ask whether all Lie groups are of this form.
The key to studying this question is the theory of group representations.

Recall that if V' is a finite-dimensional real or complex vector space, GL(V)
denotes the group of invertible linear transformations of V', which is a Lie group
isomorphic to GL(n,R) or GL(n,C) for n =dim V. If G is a Lie group, a (finite-
dimensional) representation of G is a Lie group homomorphism from G to GL(V)
for some V. (Although it is useful for many applications to consider also the case
in which V is infinite-dimensional, in this book we consider only finite-dimensional
representations.)

If a representation p: G — GL(V') is injective, it is said to be faithful. In that
case, it follows from Proposition 7.17 that the image of p is a Lie subgroup of
GL(V), and p gives a Lie group isomorphism between G and p(G) € GL(V) =
GL(n,R) or GL(n,C). Thus, a Lie group admits a faithful representation if and
only if it is isomorphic to a Lie subgroup of GL(#n,R) or GL(n, C) for some n. Not
every Lie group admits such a representation. We do not yet have the technology to
construct a counterexample, but Problem 21-26 asks you to prove that the univer-
sal covering group of SL(2,R) has no faithful representation and therefore is not
isomorphic to any matrix group.

Representation theory is a vast subject, with applications to fields as diverse
as differential geometry, differential equations, harmonic analysis, number theory,
quantum physics, and engineering; we can do no more than touch on it here.

Example 7.36 (Lie Group Representations).

(a) If G is any Lie subgroup of GL(n,R), the inclusion map G — GL(n,R) =
GL(R") is a faithful representation, called the defining representation of G.
The defining representation of a Lie subgroup of GL(#n, C) is defined similarly.
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(b) The inclusion map S! < C* = GL(1,C) is a faithful representation of the
circle group. More generally, the map p: T” — GL(n, C) given by

z1 0o ... 0
0z2...0
p(zl,. ,Z"): Lo .
00 .. 0

is a faithful representation of T”.
(¢) Let 0: R” — GL(n + 1,R) be the map that sends x € R” to the matrix o (x)

defined in block form by
I, x
o0 =(47):

where [, is the n x n identity matrix and x is regarded as an n x 1 column
matrix. A straightforward computation shows that o is a faithful representation
of the additive Lie group R”.

(d) Another faithful representation of R” is the map R” — GL(n,R) that sends
(xl, .. ,x”) to the diagonal matrix whose diagonal entries are (e"1 e ex").

(e) Yet another representation of R” is the map R” — GL(n,C) sending x to
the diagonal matrix with diagonal entries (62” ixx! e ixn). This one is not
faithful, because its kernel is the subgroup Z" C R”.

(f) Let E(n) be the Euclidean group (Example 7.32). A faithful representation of

E(n) is given by the map p: E(n) — GL(n + 1,R) defined in block form by

p(b. A) = (g ’f) ,

where b is considered as a column matrix.

(g) For positive integers n and d, let ] denote the vector space of real-valued
polynomial functions p: R” — R of degree at most d. For any matrix A €
GL(n,R), define a linear map t;(A4): P; — P by

ooy

tj(A)p=podl.

Problem 7-24 shows that the map tj;: GL(n,R) — GL (:7)‘;’) is a faithful rep-
resentation. n

There is a close connection between representations and group actions. Let G
be a Lie group and V be a finite-dimensional vector space. An action of G on V
is said to be a linear action if for each g € G, the map from V to itself given by
X > g - x is linear. For example, if p: G — GL(V) is a representation of G, there
is an associated smooth linear action of G on V' given by g - x = p(g)x. The next
proposition shows that every linear action is of this type.

Proposition 7.37. Let G be a Lie group and V be a finite-dimensional vector space.
A smooth left action of G on V is linear if and only if it is of the form g - x = p(g)x
for some representation p of G.
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Proof. Every action induced by a representation is evidently linear. To prove the
converse, assume that we are given a linear action of G on V. The hypothe-
sis implies that for each g € G there is a linear map p(g) € GL(V') such that
g+ x = p(g)x for all x € V. The fact that the action satisfies (7.6) translates to
p(g182) = p(g1)p(g2), so p: G — GL(V) is a group homomorphism. Thus, to
show that it is a Lie group representation, we need only show that it is smooth.
Choose a basis (E;) for V, and for each i let 7 : V — R be the projection onto the
ith coordinate with respect to this basis: 7/ (xj E j) = x'. If we let pj. (g) denote the
matrix entries of p(g) with respect to this basis, it follows that ,oj. (g)=7n'(g-E),

so each function p’ is a composition of smooth functions. Because the matrix entries
form global smooth coordinates for GL(V'), this implies that p is smooth. O

Problems

7-1. Show that for any Lie group G, the multiplication map m: G x G — G is a
smooth submersion. [Hint: use local sections.]

7-2. Let G be a Lie group.
(a) Let m: G x G — G denote the multiplication map. Using Proposi-
tion 3.14 to identify T .)(G x G) with T,G @ T.G, show that the dif-
ferential dm ¢y: T.G @ T.G — T.G is given by

Admee(X,Y)=X+7Y.

[Hint: compute dm g ¢)(X,0) and dm e )(0,Y) separately.]

(b) Leti: G — G denote the inversion map. Show that di,: T,G — TG is
given by di(X) =—X.

(Used on pp. 203, 522.)

7-3. Our definition of Lie groups includes the requirement that both the multipli-
cation map and the inversion map are smooth. Show that smoothness of the
inversion map is redundant: if G is a smooth manifold with a group struc-
ture such that the multiplication map m: G x G — G is smooth, then G
is a Lie group. [Hint: show that the map F: G x G — G x G defined by
F(g,h) = (g,gh) is a bijective local diffeomorphism.]

7-4. Letdet: GL(n,R) — R denote the determinant function. Use Corollary 3.25

to compute the differential of det, as follows.
(a) For any A € M(n,R), show that

d
— det(l, +tA)=trA,
dtr:oe(n+ )=tr

where tr(A%) = Y=, A} is the trace of A. [Hint: the defining equation
(B.3) expresses det(/,, + tA) as a polynomial in 7. What is the linear
term?]
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7-5.
7-6.

7-1.

7-8.

7-9.

7-10.
7-11.

7-12.

7-13.

7-14.

7-15.
7-16.
7-17.

7-18.
7-19.

7-20.

7 Lie Groups

(b) For X € GL(n,R) and B € Tx GL(n,R) =~ M(n, R), show that
d(det)x (B) = (detX)tr (X' B). (7.11)
[Hint: det(X + tB) = det(X)det(l, + X 'B).]
(Used on p. 203.)

Prove Theorem 7.9 (uniqueness of the universal covering group).

Suppose G is a Lie group and U is any neighborhood of the identity. Show
that there exists a neighborhood V' of the identity such that V € U and
gh™! € U whenever g,h € V. (Used on pp. 159, 556.)

Prove Proposition 7.15 (properties of the identity component of a Lie group).

Suppose a connected topological group G acts continuously on a discrete
space K. Show that the action is trivial. (Used on p. 562.)

Show that the formula
A - [x] =[Ax]
defines a smooth, transitive left action of GL(n + 1,R) on RP”.
Repeat Problem 7-9 for GL(n + 1, C) and CPP” (see Problems 1-9 and 4-5).

Considering S?"*1 as the unit sphere in C"*!, define an action of S! on
S27+1 called the Hopf action, by

Z. (wl,...,w”+1) = (zwl,...,zw”+l).

Show that this action is smooth and its orbits are disjoint unit circles in C**1
whose union is S2"*1. (Used on p. 560.)

Use the equivariant rank theorem to give another proof of Theorem 7.5 by
showing that every Lie group homomorphism F: G — H is equivariant with
respect to suitable smooth G-actions on G and H.

For each n > 1, prove that U(n) is a properly embedded n2-dimensional Lie
subgroup of GL(n, C). (See Example 7.29.)

For each n > 1, prove that SU(n) is a properly embedded (n? — 1)-dimen-
sional Lie subgroup of U(n). (See Example 7.30.)

Show that SO(2), U(1), and S are all isomorphic as Lie groups.
Prove that SU(2) is diffeomorphic to S3. (Used on pp. 179, 563.)

Determine which of the following Lie groups are compact:
GL(n,R), SL(n,R), GL(n,C), SL(n,C), U(n), SU(n).

Prove Theorem 7.35 (characterization of semidirect products).

Suppose G, N, and H are Lie groups. Prove that G is isomorphic to a
semidirect product N x H if and only if there are Lie group homomorphisms
¢:G— Handy: H— G suchthat g oy =Idy and Kergp = N.

Prove that the following Lie groups are isomorphic to semidirect products as
shown. [Hint: Use Problem 7-19.]
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7-21.

7-22.

7-23.

7-24.

(a) O(n) = SO(n) x O(1).

(b) U(n) = SU(®) xU(1).

(¢) GL(n,R) = SL(n,R) x R*.

(d) GL(n,C) = SL(n,C) xC*.

Prove that when n > 1, none of the groups in Problem 7-20 are isomorphic
to direct products of the indicated groups. [Hint: the center of a group G
is the set of all elements that commute with every element of G. Show that
isomorphic groups have isomorphic centers.]

Let H = C x C (considered as a real vector space), and define a bilinear
product HxH—H by

(a,b)(c,d) = (ac —db, ad +cb), fora,b,c,d eC.

With this product, H is a 4-dimensional algebra over R, called the algebra
of quaternions. For each p = (a,b) € H, define p* = (a,—b). It is useful
to work with the basis (1, 1, j, k) for H defined by

1=(1,0), i=(@G,0), j=(0,1), k=(0,-i).
It is straightforward to verify that this basis satisfies
i2=j2=k%*>=-1, lg=ql=gq forallgeH,
ij=—ji =k, jk=-kj=1, ki =—-ik = j,
1" =1, i*=—i, i*=-1], k* = —k.

A quaternion p is said to be real if p* = p, and imaginary if p* = —p.

Real quaternions can be identified with real numbers via the correspondence

x < x1.

(a) Show that quaternionic multiplication is associative but not commu-
tative.

(b) Show that (pq)* = g* p* forall p,q € H.

(c) Show that (p,q) = %(p*q + g*p) is an inner product on H, whose
associated norm satisfies | pgq| = |p| ||

(d) Show that every nonzero quaternion has a two-sided multiplicative in-
verse given by p~! = |p|~2p*.

(e) Show that the set H* of nonzero quaternions is a Lie group under quater-
nionic multiplication.

(Used on pp. 200, 200, 562.)

Let H* be the Lie group of nonzero quaternions (Problem 7-22), and let
8§ C H* be the set of unit quaternions. Show that § is a properly embedded
Lie subgroup of H*, isomorphic to SU(2). (Used on pp. 200, 562.)

Prove that each of the maps 7/} : GL(n,R) — GL (£}) described in Exam-
ple 7.36(g) is a faithful representation of GL(n, R).
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