Chapter 15
Orientations

The purpose of this chapter is to introduce a subtle but important property of smooth
manifolds called orientation. This word stems from the Latin oriens (“east”), and
originally meant “turning toward the east” or more generally “positioning with re-
spect to one’s surroundings.” Thus, an orientation of a line or curve is a simply a
choice of direction along it. As we saw in Chapter 11, the sign of a line integral
depends on a choice of preferred direction along the curve.

Mathematicians have extended the sense of the word “orientation” to higher-
dimensional manifolds, as a choice between two inequivalent ways in which objects
can be situated with respect to their surroundings. For 2-dimensional manifolds, an
orientation is essentially a choice of which rotational direction should be considered
“clockwise” and which “counterclockwise.” For 3-dimensional ones, it is a choice
between “left-handedness” and “right-handedness.” The general definition of an ori-
entation is an adaptation of these everyday concepts to arbitrary dimensions.

As we will see in this chapter, a vector space always has exactly two choices of
orientation. In R”, there is a standard orientation that we can all agree on; but in
other vector spaces, an arbitrary choice has to be made. For manifolds, the situation
is much more complicated. On a sphere, it is possible to decide unambiguously
which rotational direction is counterclockwise, by looking at the surface from the
outside (Fig. 15.1). On the other hand, a Mobius band (Fig. 15.2) has the curious
property that a figure moving around on the surface can come back to its starting
point transformed into its mirror image, so it is impossible to decide consistently
which of the two possible rotational directions on the surface to call “clockwise”
and which “counterclockwise,” or which is the “front” side and which is the “back”
side. The analogous phenomenon in a 3-manifold would be a right-handed person
who takes a long trip and comes back left-handed. Manifolds like the sphere, in
which it is possible to choose a consistent orientation, are said to be orientable;
those like the Mobius band in which it is not possible are said to be nonorientable.

In this chapter we develop the theory of orientations of smooth manifolds. They
have numerous applications, most notably in the theory of integration on manifolds,
which we will study in Chapter 16.
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Fig. 15.1 A sphere is orientable Fig. 15.2 A Mobius band is not orientable

We begin the chapter with an introduction to orientations of vector spaces, and
then show how this theory can be carried over to manifolds. Next, we explore the
ways in which orientations can be induced on hypersurfaces and on boundaries of
manifolds with boundary. Then we treat the special case of orientations on Rie-
mannian manifolds and Riemannian hypersurfaces. At the end of the chapter, we
explore the close relationship between orientability and covering maps.

Orientations of Vector Spaces

We begin with orientations of vector spaces. We are all familiar with certain infor-
mal rules for singling out preferred ordered bases of R!, R?, and R? (see Fig. 15.3).
We usually choose a basis for R! that points to the right (i.e., in the positive direc-
tion). A natural family of preferred ordered bases for R? consists of those for which
the rotation from the first vector to the second is in the counterclockwise direction.
And every student of vector calculus encounters “right-handed” bases in R3: these
are the ordered bases (Eq, E,, E3) with the property that when the fingers of your
right hand curl from E; to E,, your thumb points in the direction of E3.

Although “to the right,” “counterclockwise,” and “right-handed” are not mathe-
matical terms, it is easy to translate the rules for selecting preferred bases of R!, R?,
and R3 into rigorous mathematical language: you can check that in all three cases,
the preferred bases are the ones whose transition matrices from the standard basis
have positive determinants.

In an abstract vector space for which there is no canonical basis, we no longer
have any way to determine which bases are “correctly oriented.” For example, if V
is the vector space of polynomials in one real variable of degree at most 2, who is to
say which of the ordered bases (1, X, xz) and (x2, X, 1) is “right-handed”? All we
can say in general is what it means for two bases to have the “same orientation.”

Thus we are led to introduce the following definition. Let V' be a real vector space

of dimension n > 1. We say that two ordered bases (E, ..., E,) and (El e E,,)
for V are consistently oriented if the transition matrix (B/), defined by
E; = B} Ej, (15.1)

has positive determinant.
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» Exercise 15.1. Show that being consistently oriented is an equivalence relation on
the set of all ordered bases for V', and show that there are exactly two equivalence
classes.

If dimV =n > 1, we define an orientation for V as an equivalence class of
ordered bases. If (Eq,..., E,) is any ordered basis for V', we denote the orientation
that it determines by [E1,..., E,], and the opposite orientation by —[E1, ..., Ej].
A vector space together with a choice of orientation is called an oriented vector
space. If V is oriented, then any ordered basis (£, ..., E,) that is in the given
orientation is said to be oriented or positively oriented. Any basis that is not in the
given orientation is said to be negatively oriented.

For the special case of a zero-dimensional vector space V', we define an orienta-
tion of V' to be simply a choice of one of the numbers +1.

Example 15.2. The orientation [ey, ..., e,] of R” determined by the standard basis
is called the standard orientation. You should convince yourself that, in our usual
way of representing the axes graphically, an oriented basis for R is one that points to
the right; an oriented basis for R2 is one for which the rotation from the first basis
vector to the second is counterclockwise; and an oriented basis for R3 is a right-
handed one. (These can be taken as mathematical definitions for the words “right,”
“counterclockwise,” and “right-handed.”) The standard orientation for RO is defined
to be +1. Vi

There is an important connection between orientations and alternating tensors,
expressed in the following proposition.

Proposition 15.3. Let V' be a vector space of dimension n. Each nonzero element
w € A" (V*) determines an orientation O, of V as follows: if n > 1, then O, is the
set of ordered bases (E1, ..., Ep) such that w(E1,..., E,) > 0; while ifn = 0, then
Oy is +1 if o >0, and —1 if w < 0. Two nonzero n-covectors determine the same
orientation if and only if each is a positive multiple of the other.

Proof. The 0-dimensional case is immediate, since a nonzero element of A°(V*) is
just a nonzero real number. Thus we may assume n > 1. Let @ be a nonzero element
of A*(V*), and let O, denote the set of ordered bases on which w gives positive
values. We need to show that @, is exactly one equivalence class.

Suppose (E;) and (E j) are any two ordered bases for V', and let B: V — V be
the linear map sending E; to EJ-. This means that Ej = BE; = B]’: E;, so B is the
transition matrix between the two bases. By Proposition 14.9,

w(Ei,...,Ey) = 0(BEy,..., BE,) = (det B)w(Ey, ..., En).

It follows that the basis (E;) is consistently oriented with (E;) if and only if
w(Eq,...,E,) and a)(ﬁl, e En) have the same sign, which is the same as saying
that @, is one equivalence class. The last statement then follows easily. O

If V is an oriented n-dimensional vector space and w is an n-covector that de-
termines the orientation of V' as described in this proposition, we say that w is a
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Fig. 15.3 Oriented bases for R!, R?, and R3

(positively) oriented n-covector. For example, the n-covector e! A --- A e” is posi-
tively oriented for the standard orientation on R”.

For any n-dimensional vector space V, the space A"(V*) is 1-dimensional.
Proposition 15.3 shows that choosing an orientation for V' is equivalent to choos-
ing one of the two components of A”(V*) ~ {0}. This formulation also works for
0-dimensional vector spaces, and explains why we have defined an orientation of a
0-dimensional space in the way we did.

Orientations of Manifolds

Let M be a smooth manifold with or without boundary. We define a pointwise
orientation on M to be a choice of orientation of each tangent space. By itself, this
is not a very useful concept, because the orientations of nearby points may have
no relation to each other. For example, a pointwise orientation on R” might switch
randomly from point to point between the standard orientation and its opposite.
In order for orientations to have some relationship with the smooth structure, we
need an extra condition to ensure that the orientations of nearby tangent spaces are
consistent with each other.

Let M be a smooth n-manifold with or without boundary, endowed with a point-
wise orientation. If (E;) is a local frame for TM, we say that (E;) is (positively)
oriented if (E1|p,....Ey,|p) is a positively oriented basis for T, M at each point
p € U. A negatively oriented frame is defined analogously.

A pointwise orientation is said to be continuous if every point of M is in the
domain of an oriented local frame. (Recall that by definition the vector fields that
make up a local frame are continuous.) An orientation of M is a continuous point-
wise orientation. We say that M is orientable if there exists an orientation for it, and
nonorientable if not. An oriented manifold is an ordered pair (M, @), where M is
an orientable smooth manifold and O is a choice of orientation for M ; an oriented
manifold with boundary is defined similarly. For each p € M, the orientation of
T, M determined by O is denoted by @,. When it is not important to name the ori-
entation explicitly, we use the usual shorthand expression “M 1is an oriented smooth
manifold” (or “manifold with boundary”).

If M is zero-dimensional, this definition just means that an orientation of M is a
choice of +1 attached to each of its points. The continuity condition is vacuous in
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this case, and the notion of oriented frames is not useful. Clearly, every 0-manifold
is orientable.

» Exercise 15.4. Suppose M is an oriented smooth n-manifold with or without
boundary, and n > 1. Show that every local frame with connected domain is either
positively oriented or negatively oriented. Show that the connectedness assumption is
necessary.

The next two propositions give ways of specifying orientations on manifolds that
are more practical to use than the definition.

Proposition 15.5 (The Orientation Determined by an n-Form). Let M be a
smooth n-manifold with or without boundary. Any nonvanishing n-form w on M
determines a unique orientation of M for which w is positively oriented at each
point. Conversely, if M is given an orientation, then there is a smooth nonvanishing
n-form on M that is positively oriented at each point.

Remark. Because of this proposition, if M is a smooth n-manifold with or without
boundary, any nonvanishing n-form on M is called an orientation form. If M is
oriented and w is an orientation form determining the given orientation, we also say
that w is (positively) oriented. 1t is easy to check that if w and @ are two positively
oriented smooth forms on M, then @ = fw for some strictly positive smooth real-
valued function f.If M is a 0-manifold, a nonvanishing 0-form (i.e., real-valued
function) assigns the orientation +1 to points where it is positive and —1 to points
where it is negative.

Proof. Let w be a nonvanishing n-form on M. Then @ defines a pointwise orien-
tation by Proposition 15.3, so all we need to check is that it is continuous. This
is trivially true when n = 0, so assume n > 1. Given p € M, let (E;) be any lo-
cal frame on a connected neighborhood U of p, and let (si) be the dual coframe.
On U, the expression for @ in this frame is w = f el A--- A g" for some continu-
ous function f. The fact that @ is nonvanishing means that f is nonvanishing, and
therefore

w(Er,....En)=f#0
at all points of U. Since U is connected, it follows that this expression is either
always positive or always negative on U, and therefore the given frame is either
positively oriented or negatively oriented. If negatively, we can replace E1 by —E;
to obtain a new frame that is positively oriented. Thus, the pointwise orientation
determined by w is continuous.

Conversely, suppose M is oriented, and let A% T*M C A"T*M be the open
subset consisting of positively oriented n-covectors at all points of M. At any point
p € M, the intersection of A" 7*M with the fiber A”(T; M) is an open half-line,
and therefore convex. By the usual partition-of-unity argument (see Problem 13-2),
there exists a smooth global section of A’ T*M (i.e., a positively oriented smooth
global n-form). O

A smooth coordinate chart on an oriented smooth manifold with or without
boundary is said to be (positively) oriented if the coordinate frame (8/ ax’) is pos-
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itively oriented, and negatively oriented if the coordinate frame is negatively ori-
ented. A smooth atlas {(Uy, ¢q)} is said to be consistently oriented if for each «,
B, the transition map ¢g o ¢ ! has positive Jacobian determinant everywhere on
®a(Ua N Up).

Proposition 15.6 (The Orientation Determined by a Coordinate Atlas). Ler M
be a smooth positive-dimensional manifold with or without boundary. Given any
consistently oriented smooth atlas for M, there is a unique orientation for M with
the property that each chart in the given atlas is positively oriented. Conversely, if
M is oriented and either IM = & or dim M > 1, then the collection of all oriented
smooth charts is a consistently oriented atlas for M .

Proof. First, suppose M has a consistently oriented smooth atlas. Each chart in
the atlas determines a pointwise orientation at each point of its domain. Wherever
two of the charts overlap, the transition matrix between their respective coordinate
frames is the Jacobian matrix of the transition map, which has positive determinant
by hypothesis, so they determine the same pointwise orientation at each point. The
orientation thus determined is continuous because each point is in the domain of an
oriented coordinate frame.

Conversely, assume M is oriented and either dM = @ or dim M > 1. Each point
is in the domain of a smooth chart, and if the chart is negatively oriented, we can
replace x! by —x! to obtain a new chart that is positively oriented. The fact that
these charts all are positively oriented guarantees that their transition maps have
positive Jacobian determinants, so they form a consistently oriented atlas. (This does
not work for boundary charts when dim M = 1 because of our convention that the
last coordinate is nonnegative in a boundary chart.) O

Proposition 15.7 (Product Orientations). Suppose M1,..., M} are orientable
smooth manifolds. There is a unique orientation on My X --- X My, called the prod-
uct orientation, with the following property: if for eachi =1, ...k, w; is an orien-
tation form for the given orientation on M;, then i w1 A-+- AT @y is an orientation
form for the product orientation.

» Exercise 15.8. Prove the preceding proposition.

Proposition 15.9. Let M be a connected, orientable, smooth manifold with or with-
out boundary. Then M has exactly two orientations. If two orientations of M agree
at one point, they are equal.

» Exercise 15.10. Prove the preceding proposition.

Proposition 15.11 (Orientations of Codimension-0 Submanifolds). Suppose M
is an oriented smooth manifold with or without boundary, and D C M is a smooth
codimension-0 submanifold with or without boundary. Then the orientation of M
restricts to an orientation of D. If w is an orientation form for M, then 1}, is an
orientation form for D.

» Exercise 15.12. Prove the preceding proposition.
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Let M and N be oriented smooth manifolds with or without boundary, and sup-
pose F': M — N is alocal diffeomorphism. If M and N are positive-dimensional,
we say that F is orientation-preserving if for each p € M, the isomorphism
dF, takes oriented bases of 7, M to oriented bases of Tr(,) N, and orientation-
reversing if it takes oriented bases of T, M to negatively oriented bases of Tr ()N .
If M and N are 0-manifolds, then F is orientation-preserving if for every p € M,
the points p and F(p) have the same orientation; and it is orientation-reversing if
they have the opposite orientation.

» Exercise 15.13. Suppose M and N are oriented positive-dimensional smooth
manifolds with or without boundary, and F: M — N is a local diffeomorphism. Show
that the following are equivalent.

(a) F is orientation-preserving.

(b) With respect to any oriented smooth charts for M and N, the Jacobian matrix of
F has positive determinant.

(c) For any positively oriented orientation form w for N, the form F*w is positively
oriented for M.

» Exercise 15.14. Show that a composition of orientation-preserving maps is
orientation-preserving.

Here is another important method for constructing orientations.

Proposition 15.15 (The Pullback Orientation). Suppose M and N are smooth
manifolds with or without boundary. If F: M — N is a local diffeomorphism and
N is oriented, then M has a unique orientation, called the pullback orientation
induced by F , such that F is orientation-preserving.

Proof. For each p € M, there is a unique orientation on 7, M that makes the iso-
morphism dFy,: T,M — Tr(p)N orientation-preserving. This defines a pointwise
orientation on M, and provided it is continuous, it is the unique orientation on M
with respect to which F is orientation-preserving. To see that it is continuous, just
choose a smooth orientation form w for N and note that F*w is a smooth orienta-
tion form for M. O

In the situation of the preceding proposition, if @ denotes the given orientation
on N, the pullback orientation on M is denoted by F*0O.

» Exercise 15.16. Suppose F: M — N and G: N — P are local diffeomorphisms
and O is an orientation on P. Show that (G o F)*® = F*(G*0).

Recall that a smooth manifold is said to be parallelizable if it admits a smooth
global frame.

Proposition 15.17. Every parallelizable smooth manifold is orientable.

Proof. Suppose M is parallelizable, and let (Eq, ..., E,) be a global smooth frame
for M . Define a pointwise orientation on M by declaring the basis (E1|p, ..., Es |p)
to be positively oriented at each p € M. This pointwise orientation is continuous,
because every point of M is in the domain of the (global) oriented frame (E;). O
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Fig. 15.4 A vector field along a submanifold

Example 15.18. The preceding proposition implies that Euclidean space R”, the
n-torus T7”, the spheres St, S3, and S7, and products of them are all orientable,
because they are all parallelizable. Therefore, any codimension-0 submanifold of
one of these manifolds is also orientable. Likewise, every Lie group is orientable
because it is parallelizable. I

In the case of Lie groups, we can say more. If G is a Lie group, an orientation
of G 1is said to be left-invariant if L is orientation-preserving for every g € G.

Proposition 15.19. Every Lie group has precisely two left-invariant orientations,
corresponding to the two orientations of its Lie algebra.

» Exercise 15.20. Prove the preceding proposition.

Orientations of Hypersurfaces

If M is an oriented smooth manifold and S is a smooth submanifold of M (with or
without boundary), S might not inherit an orientation from M, even if S is embed-
ded. Clearly, it is not sufficient to restrict an orientation form from M to S, since
the restriction of an n-form to a manifold of lower dimension must necessarily be
zero. A useful example to consider is the Mobius band, which is not orientable (see
Example 15.38 below), even though it can be embedded in R3.

In this section we focus our attention on immersed or embedded hypersurfaces
(codimension-1 submanifolds). With one extra piece of information (a vector field
that is nowhere tangent to the hypersurface), we can use an orientation on M to
induce an orientation on a hypersurface in M .

Suppose M is a smooth manifold with or without boundary, and S € M is a
smooth submanifold (immersed or embedded, with or without boundary). Recall
(Example 10.10) that a vector field along S is a section of the ambient tangent
bundle TM |s, i.e., a continuous map N: S — TM with the property that N, €
T, M for each p € § (Fig. 15.4). For example, any vector field on M restricts to a
vector field along S, but in general, not every vector field along S is of this form
(see Problem 10-9).

Proposition 15.21. Suppose M is an oriented smooth n-manifold with or without
boundary, S is an immersed hypersurface with or without boundary in M, and N is
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Fig. 15.5 The orientation induced by a nowhere tangent vector field

a vector field along S that is nowhere tangent to S. Then S has a unique orientation
such that for each p € S, (E1, ..., En—1) is an oriented basis for T, S if and only if
(Np, E1,..., Ey_1) is an oriented basis for T, M . If w is an orientation form for M,
then 1g(N 1 w) is an orientation form for S with respect to this orientation, where
ts: S < M is inclusion.

Remark. See Fig. 15.5 for an illustration of the n = 3 case. When n = 1, since S is
a 0-manifold, this proposition should be interpreted as follows: at each point p € S,
we assign the orientation +1 to p if N, is an oriented basis for 7, M, and —1 if N,
is negatively oriented. With this understanding, the proof below goes through in the
n = 1 case without modification.

Proof. Let w be an orientation form for M. Then 0 = (5(N J ) is an (n — 1)-form
on S. (Recall that the pullback ¢ is really just restriction to vectors tangent to S.) It
will follow that ¢ is an orientation form for S if we can show that it never vanishes.
Given any basis (E1,..., E,—1) for T, S, the fact that N is nowhere tangent to S
implies that (N, E1, ..., E,—1) is a basis for T, M. The fact that w is nonvanishing
implies that

Op(El, e ,Enfl) = a)p(Np, El,...,Enfl) 5& 0.

Since 0,(E1, ..., En—1) > 0 if and only if w,(Ny, Ey, ..., En—1) > 0, the orienta-
tion determined by o is the one defined in the statement of the proposition. O

Example 15.22. The sphere S” is a hypersurface in R” !, to which the vector field
N = x'9/0dx" is nowhere tangent, so this vector field induces an orientation on S”.
This shows that all spheres are orientable. We define the standard orientation of S"
to be the orientation determined by N. Unless otherwise specified, we always use
this orientation. (The standard orientation on S? is the one that assigns the orienta-
tion +1 to the point +1 € S® and —1 to —1 € S°.) I

Not every hypersurface admits a nowhere tangent vector field. (See Prob-
lem 15-6.) However, the following proposition gives a sufficient condition that holds
in many cases.
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Proposition 15.23. Let M be an oriented smooth manifold, and suppose S C M is
a regular level set of a smooth function f: M — R. Then S is orientable.

Proof. Choose any Riemannian metric on M, and let N = grad f|s. The hypothe-
ses imply that N is a nowhere tangent vector field along S, so the result follows
from Proposition 15.21. O

Boundary Orientations

If M is a smooth manifold with boundary, then dM is an embedded hypersurface
in M (see Theorem 5.11), and Problem 8-4 showed that there is always a smooth
outward-pointing vector field along dM . Because an outward-pointing vector field
is nowhere tangent to dM, it determines an orientation on dM .

Proposition 15.24 (The Induced Orientation on a Boundary). Let M be an ori-
ented smooth n-manifold with boundary, n > 1. Then OM is orientable, and all
outward-pointing vector fields along OM determine the same orientation on oM .

Remark. The orientation on dM determined by any outward-pointing vector field
is called the induced orientation or the Stokes orientation on oM . (The second
term is chosen because of the role this orientation plays in Stokes’s theorem, to be
discussed in Chapter 16.)

Proof. Let n = dim M, let w be an orientation form for M, and let N be a smooth
outward-pointing vector field along dM . The (n — 1)-form ¢3;,(N J ) is an orien-
tation form for dM by Proposition 15.21, so dM is orientable.

To show that this orientation is independent of the choice of N, let p € IM
be arbitrary, and let (xi) be smooth boundary coordinates for M on a neighbor-
hood of p. If N and N are two different outward-pointing vector fields along oM,
Proposition 5.41 shows that the last components N”(p) and N”(p) are both neg-
ative. Both (Np,d/dx'|,,...,8/x""1|,) and (N,,d/9x"|p,...,3/9x""1|,) are
bases for T, M, and the transition matrix between them has determinant equal to
N™(p)/ N "(p) > 0. Thus, both bases determine the same orientation for 7, M, so
N and N determine the same orientation for T, oM. (When n = 1, the bases in
question are just (V) and (]Vp), which determine the same orientation because
they are both negative multiples of 3/dx1|,.) O

Example 15.25. This proposition gives a simpler proof that S™ is orientable, be-
cause it is the boundary of the closed unit ball. The orientation thus induced on S”
is the standard one, as you can check. /

Example 15.26. Let us determine the induced orientation on dH" when H” itself
has the standard orientation inherited from R”. We can identify dH" with R”~! un-
der the correspondence (xl o xL 0) RES (xl, .. ,x"_l). Since the vector field
—0/0x™ is outward-pointing along dH", the standard coordinate frame for R”~!
is positively oriented for 9H" if and only if [—3/0x",d/dx",...,d/0x" "] is the



Orientations of Manifolds 387

Fig. 15.6 Orientation criterion for a boundary parametrization

standard orientation for R”. This orientation satisfies
[—8/8x",8/8x1,...,8/8x"71] = —[a/ax",8/8x1,...,8/8x"71]
=(-D" [8/3x1, e, 8/8x”_1,8/8x”].

Thus, the induced orientation on JH” is equal to the standard orientation on R”~!
when n is even, but it is opposite to the standard orientation when »n is odd. In
particular, the standard coordinates on dH” ~ R"~! are positively oriented if and
only if n is even. (This fact will be important in the proof of Stokes’s theorem in
Chapter 16.) I

For many purposes, the most useful way of describing submanifolds is by means
of local parametrizations. The next lemma gives a useful criterion for checking
whether a local parametrization of a boundary is orientation-preserving.

Lemma 15.27. Let M be an oriented smooth n-manifold with boundary. Suppose
U C R"! is open, a,b are real numbers with a <b, and F: (a,b] x U — M is
a smooth embedding that restricts to an embedding of {b} x U into OM . Then the
parametrization f: U — OM given by f(x) = F(b,x) is orientation-preserving
for dM if and only if F is orientation-preserving for M .

Proof. Let x be an arbitrary point of U, and let p = f(x) = F(b,x) € 0OM
(Fig. 15.6). The hypothesis that F' is an embedding means that the linear map
dFpx): (TsR & TxR"™') — T, M is bijective. Since the restriction of d Fp y) to
TyR"! is equal to dfy: TxR"™! — T,dM, which is already injective, it follows
that d F (9/9s|(p,x)) ¢ TpdM (where s denotes the coordinate on (a, b]).

Define a smooth curve y: [0,¢) — M by

y(t)=F(b—t,x).

This curve satisfies y(0) = p and y’(0) = —dF (3/8s|(b,x)) ¢ T,0M . It follows
that —d F (3/0s|(p,x)) is inward-pointing, and therefore d F (9/ds|(p,x)) is outward-
pointing.
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Fig. 15.7 Parametrizing the sphere via spherical coordinates

The definition of the induced orientation yields the following equivalences:
F is orientation-preserving for M
& (dF(a/as), dF(d/0xY),..., dF(B/ax"_l)) is oriented for TM
& (dF(d/0x'),...,dF(3/3x"")) is oriented for TOM
& (df(@/ox"),....df(3/0x""")) is oriented for TOM
& f is orientation-preserving for dM. O
Here is an illustration of how the lemma can be used.

Example 15.28. Spherical coordinates (Example C.38) yield a smooth local param-
etrization of S? as follows. Let U be the open rectangle (0, ) x (0,27) € R?, and
let X: U — R3 be the following map:

X(p,0) = (singcosb,singsinb, cos )

(Fig. 15.7).We can check whether X preserves or reverses orientation by using the
fact that it is the restriction of the 3-dimensional spherical coordinate parametriza-
tion F: (0,1] x U — B> defined by

F(p,9,0) = (psingcosf, psingpsinb, pcos ).

Because F(1,¢,0) = X(p,0), the hypotheses of Lemma 15.27 are satisfied. By
direct computation, the Jacobian determinant of F is p? sin ¢, which is positive on
(0,1] x U. By virtue of Lemma 15.27, X is orientation-preserving. VA

The Riemannian Volume Form

Let (M, g) be an oriented Riemannian manifold of positive dimension. We know
from Proposition 13.6 that there is a smooth orthonormal frame (Ey,..., E,) ina
neighborhood of each point of M. By replacing E| by —FE if necessary, we can
find an oriented orthonormal frame in a neighborhood of each point.
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Proposition 15.29. Suppose (M, g) is an oriented Riemannian n-manifold with
or without boundary, and n > 1. There is a unique smooth orientation form wg €
Q" (M), called the Riemannian volume form, that satisfies

wg(Er,....Ey) =1 (15.2)
for every local oriented orthonormal frame (E;) for M .
Proof. Suppose first that such a form w, exists. If (Ey, ..., E,) is any local oriented
orthonormal frame on an open subset U € M and (81 e 8") is the dual coframe,

we can write wg = f &' A---A&" on U. The condition (15.2) then reduces to f =1,
)

wg =" AN E". (15.3)

This proves that such a form is uniquely determined.

To prove existence, we would like to define w, in a neighborhood of each point
by (15.3), so we need to check that this definition is independent of the choice of
oriented orthonormal frame. If ( E Ioeves E,,) is another oriented orthonormal frame,

with dual coframe (', ... "), let

We can write

E;=AlE;
for some matrix (Al] ) of smooth functions. The fact that both frames are orthonor-
mal means that (4 (p)) € O(n) for each p, so det(4]) = +1, and the fact that the

two frames are consistently oriented forces the positive sign. We compute

wg(El, .. .,En) = det(e’ (E,)) = det(A{) =1= 5g(51, .. .,En).
Thus w, = @y, so defining w, in a neighborhood of each point by (15.3) with
respect to some smooth oriented orthonormal frame yields a global n-form. The
resulting form is clearly smooth and satisfies (15.2) for every oriented orthonormal
frame. =

» Exercise 15.30. Suppose (M, g) and (1\7 ,§) are positive-dimensional Riemann-

ian manifolds with or without boundary, and F: M — M is a local isometry. Show
that F*wz = wg.

Although the expression for the Riemannian volume form with respect to an ori-
ented orthonormal frame is particularly simple, it is also useful to have an expression
for it in coordinates.

Proposition 15.31. Let (M, g) be an oriented Riemannian n-manifold with or with-
out boundary, n > 1. In any oriented smooth coordinates (x’), the Riemannian vol-
ume form has the local coordinate expression

wg = \/det(g;;)dx' A+ AdX",
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where gi; are the components of g in these coordinates.

Proof. Let (U, (x")) be an oriented smooth chart, and let p € M. In these coordi-
nates, wg = f dx' A -+ A dx™ for some positive coefficient function f. To com-
pute f, let (E;) be any smooth oriented orthonormal frame defined on a neighbor-
hood of p, and let (ai) be the dual coframe. If we write the coordinate frame in
terms of the orthonormal frame as

a7 = A Eis

then we can compute

9 9 1 8 3
fza)g(ﬁ,...,ax—n)zé‘ /\"'/\Sn(ax—l,...,w)

= det (ef (a%)) = det(4]).

On the other hand, observe that

J 9 k 1 k 4l k 4k
8ij :<ﬁ, W>g :<Ai Ek’AjEl>g = A; Aj(Ek,El)g sz:Ai Aj.

This last expression is the (i, j)-entry of the matrix product A7 A, where 4 = (Al] )
Thus,

det(gij) = det(AT A) = det A det A = (det A)?,

from which it follows that f = det4 = £/det(g;;). Since both frames (9/0x")
and (E;) are oriented, the sign must be positive. O

Hypersurfaces in Riemannian Manifolds

Let (M, g) be an oriented Riemannian manifold with or without boundary, and sup-
pose S € M is an immersed hypersurface with or without boundary. Any unit nor-
mal vector field along S is nowhere tangent to S, so it determines an orientation of
S by Proposition 15.21. The next proposition gives a simple formula for the volume
form of the induced metric on S with respect to this orientation.

Proposition 15.32. Let (M, g) be an oriented Riemannian manifold with or without
boundary, let S € M be an immersed hypersurface with or without boundary, and
let g denote the induced metric on S. Suppose N is a smooth unit normal vector
field along S. With respect to the orientation of S determined by N, the volume
form of (S, §) is given by

wg = g(N Jwg).

Proof. By Proposition 15.21, the (n — 1)-form (5 (N 1 wg) is an orientation form
for S. To prove that it is the volume form for the induced Riemannian metric, we
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Fig. 15.8 A hypersurface in a Riemannian manifold

need only show that it gives the value 1 whenever it is applied to an oriented or-
thonormal frame for S. Thus, let (Ey,..., E,—1) be such a frame. At each point
p €S, the basis (Ny, Eqlp, ..., En—1|p) is orthonormal (Fig. 15.8),and is oriented
for T, M (this is the definition of the orientation determined by N). Thus

LE(N_Ia)g)(El,...,En—l) :(Ug(Ny El,qun—l) = 17

which proves the result. O

The result of Proposition 15.32 takes on particular importance in the case of a
Riemannian manifold with boundary, because of the following proposition.

Proposition 15.33. Suppose M is any Riemannian manifold with boundary. There
is a unique smooth outward-pointing unit normal vector field N along M .

Proof. First, we prove uniqueness. At any point p € 3M, the subspace (T,dM )+ C
T, M is 1-dimensional, so there are exactly two unit vectors at p that are normal
to dM . Since any unit normal vector N is nowhere tangent to dM, it must have
nonzero x"-component in any smooth boundary chart. Thus, exactly one of the two
choices of unit normal has negative x”-component, which is equivalent to being
outward-pointing.

To prove existence, let f: M — R be a boundary defining function (Proposi-
tion 5.43), and let N be the restriction to dM of the unit vector field
—grad f/|grad f|g;. Because df # O at points of dM, N is well-defined and
smooth on dM. Then N is normal to dM by Problem 13-21, and outward
pointing by Exercise 5.44, because Njf = —(grad f,grad f),/|grad | =
—|grad f|, <O. O

The next corollary is immediate.

Corollary 15.34. If (M, g) is an oriented Riemannian manifold with boundary and
g is the induced Riemannian metric on M, then the volume form of g is

wg =3, (N Jwg),

where N is the outward unit normal vector field along IM . O
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Orientations and Covering Maps

Although it is often easy to prove that a given smooth manifold is orientable by con-
structing an orientation for it, proving that a manifold is not orientable can be much
trickier. The theory of covering spaces provides one of the most useful techniques
for doing so. In this section, we explore the close relationship between orientability
and covering maps.

Our first result is a simple application of pullback orientations.

Proposition 15.35. If n: E — M is a smooth covering map and M is orientable,
then E is also orientable.

Proof. Because a covering map is a local diffeomorphism, this follows immediately
from Proposition 15.15. O

The next theorem is more interesting. If G is a Lie group acting smoothly on a
smooth manifold E (on the left, say), we say the action is an orientation-preserving
action if for each g € G, the diffeomorphism x — g - x is orientation-preserving.

Theorem 15.36. Suppose E is a connected, oriented, smooth manifold with or
without boundary, and w: E — M is a smooth normal covering map. Then M
is orientable if and only if the action of Aut; (E) on E is orientation-preserving.

Proof. Let O denote the given orientation on E. First suppose M is orientable, and
let g be an arbitrary point in E. Because M is connected, it has exactly two orien-
tations, and one of them has the property that d 7, : Ty E — Ty, M is orientation-
preserving. Call that orientation (Ops. The pullback orientation 7* @y, agrees with
the given orientation at ¢, so it must be equal to O by Proposition 15.9. Suppose
¢ € Aut, (E). The fact that w o ¢ = 7 implies that

0 O = *(@*Op) = (r09)* Oy =7"Op = Og.

Thus, ¢ is orientation-preserving.

Conversely, suppose the action of Aut,(FE) is orientation-preserving, and let
peM.If U C M is any evenly covered neighborhood of p, there is a smooth sec-
tion 0: U — E, which induces an orientation 6 * Qg on U. Suppose 61: U — E is
any other smooth local section over U. Because 7 is a normal covering, Aut, (E)
acts transitively on each fiber of m, so there is a covering automorphism ¢ such
that o1(p) = go(a(p)). Then ¢ o o is a local section of 7 that agrees with o
at p, and thus o7 = ¢ o o on all of U. Because ¢ is orientation-preserving,
07O =0*¢*Ofp = 0" O, so the orientations induced by o and o are equal.
Thus, we can define a global orientation Ops on M by defining it on each evenly
covered open subset to be the pullback orientation induced by any local section;
the argument above shows that the orientations so defined agree where they over-
lap. O

Here are two applications of the preceding theorem.
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Example 15.37 (Orientability of Projective Spaces). For n > 1, consider the
smooth covering map ¢: S* — RP” of Example 4.35. The only nontrivial covering

automorphism of ¢ is the antipodal map «(x) = —x. Problem 15-3 shows that « is
orientation-preserving if and only if # is odd, so it follows that RP” is orientable if
and only if n is odd. I

Example 15.38 (The Mobius Bundle and the Mobius Band). Let E be the total
space of the Mobius bundle (Example 10.3). The quotient map ¢: R? — E used to
define E is a smooth normal covering map, and the covering automorphism group
is isomorphic to Z, acting on RZ by n - (x, y) = (x +n, (—1)”y). (You can check
this directly from the definitions, or you can accept this for now and wait until we
have developed more machinery in Chapter 21, where a simpler proof is available;
see Problem 21-9.) For n odd, the diffeomorphism (x, y) = n - (x, y) of R? pulls
back the orientation form dx A dy to —dx A dy, so the action of Aut,(F) is not
orientation-preserving. Thus, Theorem 15.36 shows that E' is not orientable.

For each r > 0, the image under ¢ of the rectangle [0, 1] x [—r, r] is a Mobius
band M, . Because ¢ restricts to a smooth covering map from R x [—r, r] to M,, the
same argument shows that a Mobius band is not orientable either. I

The Orientation Covering

Next we show that every nonorientable smooth manifold M has an orientable two-
sheeted covering manifold. The fiber over a point p € M will correspond to the two
orientations of T, M.

In order to handle the orientable and nonorientable cases in a uniform way, it
is useful to expand our definition of covering maps slightly, by allowing “covering
spaces” that are not connected. If N and M are topological spaces, let us say that a
map 7w : N — M is a generalized covering map if it satisfies all of the requirements
for a covering map except that N might not be connected: this means that N is
locally path-connected, 7 is surjective and continuous, and each point p € M has
a neighborhood that is evenly covered by . If in addition N and M are smooth
manifolds with or without boundary and 7 is a local diffeomorphism, we say it is a
generalized smooth covering map.

Lemma 15.39. Suppose N and M are topological spaces and w: N — M is a
generalized covering map. If M is connected, then the restriction of w to each com-
ponent of N is a covering map.

Proof. Suppose W is a component of N. If U is any open subset of M that is
evenly covered by 7, then each component of 771 (U) is connected and therefore
contained in a single component of N . It follows that (7T|W)_l U)y=a"Y U)W
is either the empty set or a nonempty disjoint union of components of 7 =1 (U), each
of which is mapped homeomorphically onto U by 7 |w. In particular, this means
that each point in 77 (W) has a neighborhood that is evenly covered by 7|y .

To complete the proof, we just need to show that 7|y is surjective. Because 7
is a local homeomorphism, (W) is an open subset of M. On the other hand, if
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peM~n(W),and U is aneighborhood of p that is evenly covered by 7, then the
discussion in the preceding paragraph shows that (7'5|W)_1 (U) = @, which implies
that U € M ~ 7(W). Therefore, (W) is closed in M. Because W is not empty,
(W) isall of M. O

Let M be a connected, smooth, positive-dimensional manifold with or without
boundary, and let M denote the set of orientations of all tangent spaces to M :

= {(p Op) : p € M and O, is an orientation of TPM} .

Define the projection 7 : M—>M by sending an orientation of 7, M to the point
p itself: 7 (p, @,) = p. Since each tangent space has exactly two orientations, each
fiber of this map has cardinality 2. The map 7 : M — M is called the orientation
covering of M .

Proposition 15.40 (Properties of the Orientation Covering). Suppose M is a
connected, smooth, positive-dimensional manifold with or without boundary, and
let w: M — M be its orientation covering. Then M can be given the structure of a
smooth, oriented manifold with or without boundary, with the following properties:

(a) 7: M—>Misa generalized smooth covering map.

(b) A connected open subset U C M is evenly covered by 7 if and only if U is
orientable.

(c) If U € M is an evenly covered open subset, then every orientation of U is the
pullback orientation induced by a local section of & over U.

Proof. We first topologize M by defining a basis for it. For each pair (U, @), where
U is an open subset of M and O is an orientation on U, define a subset Uy € M as
follows:

Uo = {(p,0p) € M : p € U and O, is the orientation of 7, M determined by O}.

We will show that the collection of all subsets of the form Ug is a basis for a topol-
ogy on M. Given an arbitrary point (p,0,) € M, let U be an orientable neigh-
borhood of p in M, and let @ be an orientation on it. After replacing @ by —0O if
necessary, we may assume that the given orientation ¢, is same as the orientation
of T, M determined by @. It follows that (p, 0,) € 0@, so the collection of all sets
of the form Ug covers M . If Ug and U}, are two such sets and (p,0p) is a point in
their intersection, then @,, is the orientation of 7, M determined by both @ and ¢’.
If V is the component of U N U’ containing p, then the restricted orientations O]y
and (9 |v agree at p and therefore are identical by Proposition 15.9, so it follows
that U(9 n U(g, contains the basis set V(9|v Thus, we have defined a topology on M.
Note that for each orientable open subset U € M and each orientation @ of U, 7
maps the basis set Uo bijectively onto U . Because the orientable open subsets form
a basis for the topology of M, this implies that 7 restricts to a homeomorphism
from Ug to U. In particular, 7 is a local homeomorphism.

Next we show that with this topology, 7 is a generalized covering map. Sup-
pose U € M is an orientable connected open subset and @ is an orientation for U'.
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Then 7~ 1(U) is the disjoint union of open subsets 17(9 and 17_@, and 7 restricts to
a homeomorphism from each of these sets to U. Thus, each such set U is evenly
covered, and it follows that 7 is a generalized covering map. By Lemma 15.39,
7 restricts to an ordinary covering map on each component of M, and so Propo-
sition 4.40 shows that each such component is a topological n-manifold with or
without boundary and has a unique smooth structure making 7 into a smooth cover-
ing map. These smooth structures combine to give a smooth structure on all of M.
This completes the proof of (a).

Next we give M an orientation. Let D = (p.0,) be a point in M. By defini-
tion, @, is an orientation of 7, M, so we can give TAA//? the unique orientation
(9A such that d 75 P TAM — T, M is orientation- preservmg This defines a point-

wise orientation © on M. On each basis open subset U(g, the orientation © agrees
with the pullback orientation induced from (U, @) by (the restriction of) 7, so it is
continuous.

Next we prove (b). We showed earlier that every orientable connected open sub-
set of M is evenly covered by 7. Conversely, if U C M is any evenly covered open
subset, then there is a smooth local section o: U — M of 7 by Proposition 4.36,
which pulls O back to an orientation on U by Proposition 15.15.

Finally, to prove (c), assume U C M is evenly covered and therefore ori-
entable. Given any orientation @ of U, define a section 0: U — M by setting
o(p) = (p,Op). To see that ¢ is continuous, suppose U@/ is any basis open subset

of M. Then for each component V of U N U’, the restricted orientations @]y and
O'|y must either agree or disagree on all of V, so o~} (Ué,) is a union of such
components and therefore open. O

Theorem 15.41 (Orientation Covering Theorem). Suppose M is a connected

smooth manifold with or without boundary, and let 7: M — M be its orientation
covering.

(a) If M is orientable, then M has exactly two components, and the restriction of
7T to each component is a diffeomorphism onto M .

(b) If M is nonorientable, then M is connected, and T is a two-sheeted smooth
covering map.

Proof. If M is orientable, then Proposition 15.40(b) shows that M is evenly covered
by 7, which means that M has two components, each mapped diffeomorphically
onto M. R

Now assume M is nonorientable. We show first that M is connected. Let W be
a component of M. Lemma 15.39 shows that 7|w is a covering map, so its fibers
all have the same cardinality. Because the fibers of 7 have cardinality 2 and W is
not empty, the fibers of 7 | must have cardinality 1 or 2. If the cardinality were 1,
then 7|y would be an injective smooth covering map and thus a diffeomorphism,
and its inverse would be a smooth section of 7, which would induce an orienta-
tion on M. Thus, the cardinality must be 2, which implies that W = M . Because
M is connected, 7 is a covering map by Lemma 15.39, and because it is a local
diffeomorphism it is a smooth covering map. O
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Fig. 15.9 The nontrivial covering automorphism of M

The orientation covering is sometimes called the oriented double covering of M .
There are other ways of constructing it besides the one we have given here, but as the
next theorem shows, the specific details of the construction do not matter, because
they all yield isomorphic covering manifolds.

Theorem 15.42 (Uniqueness of the Orientation Covering). Let M be a nonori-
entable connected smooth manifold with or without boundary, and let 7: M — M
be its orientation covering. If M is an oriented smooth manifold with or with-
out boundary that admits a two-sheeted smooth covering map T : M — M, then
there exists a unique orientation-preserving diffeomorphism ¢ : M — M such that
Top=1.

Proof. See Problem 15-11. O

By invoking a little more covering space theory, we obtain the following suf-
ficient topological condition for orientability. If G is a group and H C G is a
subgroup, the index of H in G is the cardinality of the set of left cosets of H
in G. (If H is a normal subgroup, it is just the cardinality of the quotient group
G/H.)

Theorem 15.43. Let M be a connected smooth manifold with or without boundary,
and suppose the fundamental group of M has no subgroup of index 2. Then M is
orientable. In particular, if M is simply connected then it is orientable.

Proof. Suppose M is not orientable, and let 7 : M — M be its orientation _cover-
ing, which is an honest covering map in this case. Choose any point ¢ € M, and
let p=7(q) € M. Let a: M — M be the map that interchanges the two points
in each fiber of 7 (Fig. 15.9).To prove that « is smooth, suppose U € M is any
evenly covered open subset and Uy, Uy € M are the two components of J?_I(U ).
Since 7 restricts to a diffeomorphism from each component onto U, we can write
aly, = (7?|Ul)_1 o (]y,), which is smooth. Similarly, «|y, is also smooth. Since

the collection of all such sets Uy, U; is an open covering of M , it follows that « is
smooth, and it is a covering automorphism because it satisfies 7 o « = 7. In fact,
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since a covering automorphism is determined by what it does to one point, « is the
unique nontrivial element of the automorphism group Aut; (1\//} ), which is there-
fore equal to the two-element group {Id M,Ol}. Because the automorphism group
acts transitively on fibers, 7 is a normal covering map. Let H denote the subgroup
T (771 (1\7 , q)) of w1 (M, p). A fundamental result in the theory of covering spaces
(see, e.g., [LeeTM, Chap. 12]) is that the quotient group 71 (M, p)/H is isomorphic

~

to Autz (M ) Therefore, H has index 2 in 7y (M, p). O

Problems

15-1. Suppose M is a smooth manifold that is the union of two orientable open
submanifolds with connected intersection. Show that M is orientable. Use
this to give another proof that S” is orientable.

15-2. Suppose M and N are oriented smooth manifolds with or without bound-
ary, and F: M — N is a local diffeomorphism. Show that if M is con-
nected, then F is either orientation-preserving or orientation-reversing.

15-3. Suppose n > 1, and let o: S* — S” be the antipodal map: «(x) = —x.
Show that « is orientation-preserving if and only if n is odd. [Hint: consider
the map F: B"” — B" given by F(x) = —x, and use Corollary 15.34.]
(Used on pp. 393, 435.)

15-4. Let 6 be a smooth flow on an oriented smooth manifold with or without
boundary. Show that for each ¢ € R, 6; is orientation-preserving wherever
it is defined. (Used on p. 425.)

15-5. Let M be a smooth manifold with or without boundary. Show that the total
spaces of TM and T*M are orientable.

15-6. Let U € R? be the open subset {(x, ,2) : (v/x* + )/2—2)2 422 <1} (the
solid torus bounded by the torus of revolution of Example 5.17). Define a
map F: R? — U by

F(u,v) =(cos 27u(2 + tanh v cos Tu),

sin 27w u (2 + tanh v cos wu), tanh v sin Jru).

(a) Show that F' descends to a smooth embedding of E into U, where E
is the total space of the Mobius bundle of Example 10.3.

(b) Let S be the image of F. Show that S is a properly embedded smooth
submanifold of U'.

(c) Show that there is no unit normal vector field along S.

(d) Show that S has no global defining function in U'.

15-7. Suppose M is an oriented Riemannian manifold with or without boundary,
and S € M is an oriented smooth hypersurface with or without boundary.
Show that there is a unique smooth unit normal vector field along S that
determines the given orientation of S.
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15-8.

15-9.

15-10.

15-11.

15-12.

15-13.

15-14.

15 Orientations

Suppose M is an orientable Riemannian manifold, and S € M is an im-
mersed or embedded submanifold with or without boundary. Prove the fol-
lowing statements.

(a) If S has trivial normal bundle, then S is orientable.

(b) If S is an orientable hypersurface, then S has trivial normal bundle.

Let S be an oriented, embedded, 2-dimensional submanifold with bound-
ary in R3, and let C = 9S with the induced orientation. By Problem 15-7,
there is a unique smooth unit normal vector field N on S that determines
the orientation. Let 7" be the oriented unit tangent vector field on C, and let
V be the unique unit vector field tangent to S along C that is orthogonal to
T and inward-pointing. Show that (7}, V,,, N,,) is an oriented orthonormal
basis for R3 at each p € C.

CHARACTERISTIC PROPERTY OF THE ORIENTATION COVERING: Let M
be a connected nonorientable smooth manifold with or without boundary,
and let #: M — M be its orientation covering. Prove that if X is any
oriented smooth manifold with or without boundary, and F: X — M is
any local d1ffeom0rphlsm then there exists a unlque orientation-preserving
local diffeomorphism F: X — M suchthat # o F = F:

M
<
F. lﬁ

M

X —
F

Prove Theorem 15.42 (uniqueness of the orientation covering). [Hint: use
Problem 15-10.]

Show that every orientation-reversing diffeomorphism of R has a fixed
point.

CLASSIFICATION OF SMOOTH 1-MANIFOLDS: Let M be a connected

smooth 1-manifold. Show that M is diffeomorphic to either R or St as

follows:

(a) First, do the case in which M is orientable by showing that M admits
a nonvanishing smooth vector field and using Problem 9-1.

(b) Now let M be arbitrary, and prove that M is orientable by showing
that its universal covering manifold is diffeomorphic to R and using
the result of Problem 15-12.

Conclude that the smooth structures on both R and S! are unique up to

diffeomorphism.

CLASSIFICATION OF SMOOTH 1-MANIFOLDS WITH BOUNDARY: Show
that every connected smooth 1-manifold with nonempty boundary is dif-
feomorphic to either [0, 1] or [0, co). [Hint: use the double.]
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15-15.

15-16.

399

Let M be a nonorientable embedded hypersurface in R”, and let NM be
its normal bundle with projection wyar: NM — M. Show that the set

W ={(x,v) e NM :|v| =1}

is an embedded submanifold of NM, and the restriction of s to W is a
smooth covering map isomorphic to the orientation covering of M. [Hint:
consider the orientation determined by v i (dx! A-+- A dx™).]

Let E be the total space of the Mobius bundle as in Example 15.38. Show
that the orientation covering of E is diffeomorphic to the cylinder S! x R.
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