Chapter 5
Submanifolds

Many familiar manifolds appear naturally as subsets of other manifolds. We have
already seen that open subsets of smooth manifolds can be viewed as smooth man-
ifolds in their own right; but there are many interesting examples beyond the open
ones. In this chapter we explore smooth submanifolds, which are smooth manifolds
that are subsets of other smooth manifolds. As you will soon discover, the situation
is quite a bit more subtle than the analogous theory of topological subspaces.

We begin by defining the most important type of smooth submanifolds, called
embedded submanifolds. These have the subspace topology inherited from their con-
taining manifold, and turn out to be exactly the images of smooth embeddings. As
we will see in this chapter, they are modeled locally on linear subspaces of Euclidean
spaces. Because embedded submanifolds are most often presented as level sets of
smooth maps, we devote some time to analyzing the conditions under which level
sets are smooth submanifolds. We will see, for example, that level sets of constant-
rank maps (in particular, smooth submersions) are always embedded submanifolds.

Next, we introduce a more general kind of submanifolds, called immersed sub-
manifolds, which turn out to be the images of injective immersions. An immersed
submanifold looks locally like an embedded one, but globally it may have a topol-
ogy that is different from the subspace topology.

After introducing these basic concepts, we address two crucial technical ques-
tions about submanifolds: When is it possible to restrict the domain or codomain
of a smooth map to a smooth submanifold and still retain smoothness? How can
we identify the tangent space to a smooth submanifold as a subspace of the tangent
space of its ambient manifold? Then we show how the theory of submanifolds can
be generalized to the case of submanifolds with boundary.

Embedded Submanifolds

Suppose M is a smooth manifold with or without boundary. An embedded subman-
ifold of M is a subset S C M that is a manifold (without boundary) in the subspace
topology, endowed with a smooth structure with respect to which the inclusion map
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S < M is a smooth embedding. Embedded submanifolds are also called regular
submanifolds by some authors.

If S is an embedded submanifold of M, the difference dim M — dim S is called
the codimension of S in M, and the containing manifold M is called the ambi-
ent manifold for S. An embedded hypersurface is an embedded submanifold of
codimension 1. The empty set is an embedded submanifold of any dimension.

The easiest embedded submanifolds to understand are those of codimension O.
Recall that in Example 1.26, for any smooth manifold M we defined an open sub-
manifold of M to be any open subset with the subspace topology and with the
smooth charts obtained by restricting those of M.

Proposition 5.1 (Open Submanifolds). Suppose M is a smooth manifold. The em-
bedded submanifolds of codimension 0 in M are exactly the open submanifolds.

Proof. Suppose U € M is an open submanifold, and lett: U < M be the inclusion
map. Example 1.26 showed that U is a smooth manifold of the same dimension
as M, so it has codimension 0. In terms of the smooth charts for U constructed in
Example 1.26, ¢ is represented in coordinates by an identity map, so it is a smooth
immersion; and because U has the subspace topology, ¢ is a smooth embedding.
Thus U is an embedded submanifold. Conversely, suppose U is any codimension-0
embedded submanifold of M. Then inclusion ¢: U < M is a smooth embedding
by definition, and therefore it is a local diffeomorphism by Proposition 4.8, and an
open map by Proposition 4.6. Thus U is an open subset of M . O

The next few propositions demonstrate several other ways to produce embedded
submanifolds.

Proposition 5.2 (Images of Embeddings as Submanifolds). Suppose M is
a smooth manifold with or without boundary, N is a smooth manifold, and
F: N — M is a smooth embedding. Let S = F(N). With the subspace topology,
S is a topological manifold, and it has a unique smooth structure making it into an
embedded submanifold of M with the property that F is a diffeomorphism onto its
image.

Proof. If we give S the subspace topology that it inherits from M, then the assump-
tion that F is an embedding means that F' can be considered as a homeomorphism
from N onto S, and thus S is a topological manifold. We give S a smooth structure
by taking the smooth charts to be those of the form (F(U), @po F_l), where (U, ¢)
is any smooth chart for N; smooth compatibility of these charts follows immedi-
ately from the smooth compatibility of the corresponding charts for N. With this
smooth structure on S, the map F is a diffeomorphism onto its image (essentially
by definition), and this is obviously the only smooth structure with this property. The
inclusion map S < M is equal to the composition of a diffeomorphism followed
by a smooth embedding:

—1
s N oo, (5.1)

and therefore it is a smooth embedding. O
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Fig. 5.1 A graph is an embedded submanifold

Since every embedded submanifold is the image of a smooth embedding (namely
its own inclusion map), the previous proposition shows that embedded submanifolds
are exactly the images of smooth embeddings.

Proposition 5.3 (Slices of Product Manifolds). Suppose M and N are smooth
manifolds. For each p € N, the subset M x {p} (called a slice of the product man-
ifold) is an embedded submanifold of M x N diffeomorphic to M .

Proof. The set M x {p} is the image of the smooth embedding x +— (x, p). O

Proposition 5.4 (Graphs as Submanifolds). Suppose M is a smooth m-manifold
(without boundary), N is a smooth n-manifold with or without boundary, U C M
is open, and f: U — N is a smooth map. Let T'(f) C M x N denote the graph
of f:

L(f)={(x.y)eM xN:xeU, y= f(x)}.
Then T'(f) is an embedded m-dimensional submanifold of M x N (see Fig. 5.1).

Proof. Defineamap yr: U — M x N by
yr(0) = (x. f(x)). (5.2)

It is a smooth map whose image is I'( /). Because the projection mps: M x N - M
satisfies mpr o yr (x) = x for x € U, the composition d (7ar) (x, £(x)) © d(Yr)x is the
identity on Ty M for each x € U. Thus, d(yr)x is injective, so yr is a smooth
immersion. It a homeomorphism onto its image because mas|r(r) is a continuous
inverse for it. Thus, I'( /) is an embedded submanifold diffeomorphic to U. O

For some purposes, merely being an embedded submanifold is not quite a strong
enough condition. (See, e.g., Lemma 5.34 below.) An embedded submanifold S C
M is said to be properly embedded if the inclusion S < M is a proper map.

Proposition 5.5. Suppose M is a smooth manifold with or without boundary and
S C M is an embedded submanifold. Then S is properly embedded if and only if it
is a closed subset of M .
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Proof. If S is properly embedded, then it is closed by Theorem A.57. Conversely,
if S is closed in M, then Proposition A.53(c) shows that the inclusion map S — M
is proper. O

Corollary 5.6. Every compact embedded submanifold is properly embedded.
Proof. Compact subsets of Hausdorff spaces are closed. O

Graphs of globally defined functions are common examples of properly embed-
ded submanifolds.

Proposition 5.7 (Global Graphs Are Properly Embedded). Suppose M is
a smooth manifold, N is a smooth manifold with or without boundary, and
fi: M — N is a smooth map. With the smooth manifold structure of Proposi-
tion 5.4, I'(f) is properly embedded in M x N .

Proof. In this case, the projection pr: M X N — M is a smooth left inverse for
the embedding yy: M — M x N defined by (5.2). Thus y¢ is proper by Proposi-
tion A.53. O

Slice Charts for Embedded Submanifolds

As our next theorem will show, embedded submanifolds are modeled locally on the
standard embedding of R into R”, identifying R* with the subspace

{(xl,...,xk,xk+l,...,xn) kL :0} C R”.

Somewhat more generally, if U is an open subset of R” and k € {0,...,n}, a k-
dimensional slice of U (or simply a k-slice) is any subset of the form

S = {(xl,...,xk,xk+1,...,x”) eU :xktl = cktl  yn =c”}

for some constants ck+1, ...,c". (When k = n, this just means S = U.) Clearly,
every k-slice is homeomorphic to an open subset of R¥. (Sometimes it is convenient
to consider slices defined by setting some subset of the coordinates other than the
last ones equal to constants. The meaning should be clear from the context.)

Let M be a smooth n-manifold, and let (U, ¢) be a smooth chart on M. If S
is a subset of U such that ¢(S) is a k-slice of ¢(U), then we say that S is a k-
slice of U. (Although in general we allow our slices to be defined by arbitrary
constants ck“, ...,c", it is sometimes useful to have slice coordinates for which
the constants are all zero, which can easily be achieved by subtracting a constant
from each coordinate function.) Given a subset S € M and a nonnegative integer &,
we say that S satisfies the local k-slice condition if each point of S is contained
in the domain of a smooth chart (U, ¢) for M such that S N U is a single k-slice
in U. Any such chart is called a slice chart for S in M, and the corresponding
coordinates (xl, e ,x") are called slice coordinates.

Theorem 5.8 (Local Slice Criterion for Embedded Submanifolds). Let M be a
smooth n-manifold. If S € M is an embedded k-dimensional submanifold, then S
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Fig. 5.2 A chart for a subset satisfying the k-slice condition

satisfies the local k-slice condition. Conversely, if S € M is a subset that satisfies
the local k-slice condition, then with the subspace topology, S is a topological man-
ifold of dimension k, and it has a smooth structure making it into a k-dimensional

embedded submanifold of M .

Proof. First suppose that S C M is an embedded k-dimensional submanifold. Since
the inclusion map S < M is an immersion, the rank theorem shows that for any
p € S there are smooth charts (U, ¢) for S (in its given smooth manifold structure)
and (V, ) for M, both centered at p, in which the inclusion map t|y: U — V has
the coordinate representation

(xl,...,xk) — (xl,...,xk,O,...,O).

Choose ¢ > 0 small enough that both U and V' contain coordinate balls of radius ¢
centered at p, and denote these coordinate balls by Uy € U and V,, C V. It follows
that Uy = t(Uyp) is exactly a single slice in V. Because S has the subspace topology,
the fact that Uy is open in S means that there is an open subset W C M such that
Uo =W N S. Setting V; = Vo N W, we obtain a smooth chart (Vi, |y, ) for M
containing p such that V; NS = Uy, which is a single slice of V7.

Conversely, suppose S satisfies the local k-slice condition. With the subspace
topology, S is Hausdorff and second-countable, because both properties are inher-
ited by subspaces. To see that S is locally Euclidean, we construct an atlas. The basic
idea of the construction is that if (xl e x”) are slice coordinates for S in M, we
canuse (x!,...,x¥) as local coordinates for S.

For this proof, let 7 : R” — R¥ denote the projection onto the first k coordinates.
Let (U, ¢) be any slice chart for S in M (Fig. 5.2), and define

A~

V=UnNS, V=moepV), w=n0g0|y:V—>17.

By definition of slice charts, ¢(V) is the intersection of ¢(U) with a certain k-slice
A C R” defined by setting x¥+1 = ck+1 | x" = ¢ and therefore (V) is open
in A. Since 7|4 is a diffeomorphism from A to R¥, it follows that ¥ is open in R¥.
Moreover, ¥ is a homeomorphism because it has a continuous inverse given by
! o j|p,where j: R¥ — R” is the map

j(xl,...,xk) = (xl,...,xk,ckH,...,c”).
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Fig. 5.3 Smooth compatibility of slice charts

Thus S is a topological k-manifold, and the inclusion map ¢: S < M is a topolog-
ical embedding.

To put a smooth structure on S, we need to verify that the charts constructed
above are smoothly compatible. Suppose (U, ¢) and (U’,¢’) are two slice charts
for S in M, and let (V,¥), (V/,¥') be the corresponding charts for S. The transi-
tion map is given by ¥’ o ! = 7 0 ¢’ 0 ¢~ ! o j, which is a composition of four
smooth maps (Fig. 5.3). Thus the atlas we have constructed is in fact a smooth atlas,
and it defines a smooth structure on S. In terms of a slice chart (U, ¢) for M and
the corresponding chart (V, ) for S, the inclusion map S < M has a coordinate
representation of the form

(xl,...,xk) — (xl,...,xk,ck+1,...,c"),
which is a smooth immersion. Since the inclusion is a smooth immersion and a
topological embedding, S is an embedded submanifold. O

Notice that the local slice condition for S € M is a condition on the subset S
only; it does not presuppose any particular topology or smooth structure on S. As
we will see later (Theorem 5.31), the smooth manifold structure constructed in the
preceding theorem is the unique one in which S can be considered as a submanifold,
so a subset satisfying the local slice condition is an embedded submanifold in only
one way.

Example 5.9 (Spheres as Submanifolds). For any n > 0, S” is an embedded sub-
manifold of R”*!, because it is locally the graph of a smooth function: as we
showed in Example 1.4, the intersection of S” with the open subset {x :x' > 0}
is the graph of the smooth function

Xt :f(xl,...,xi_l,xi"'],...,x”"’l),

where f: B" — R is given by f(u) = /1 — |u|?. Similarly, the intersection of S"
with {x :x’ <0} is the graph of — f. Since every point in S” is in one of these
sets, S™ satisfies the local n-slice condition and is thus an embedded submanifold of
R”*1. The smooth structure thus induced on S” is the same as the one we defined
in Chapter 1: in fact, the coordinates for S” determined by these slice charts are
exactly the graph coordinates defined in Example 1.31. I
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Fig. 5.4 A level set

» Exercise 5.10. Show that spherical coordinates (Example C.38) form a slice chart
for S2 in R3 on any open subset where they are defined.

If M is a smooth manifold with nonempty boundary and S € M is an embedded
submanifold, then S might intersect M in very complicated ways, so we will not
attempt to prove any general results about the existence of slice charts for S in M
in that case.However, in the special case in which the submanifold is the boundary
of M itself, the boundary charts for M play the role of slice charts for dM in M,
and we do have the following result.

Theorem 5.11. If M is a smooth n-manifold with boundary, then with the subspace
topology, oM is a topological (n — 1)-dimensional manifold (without boundary),
and has a smooth structure such that it is a properly embedded submanifold of M .

Proof. See Problem 5-2. O

We will see later that the smooth structure on dM is unique. (See Theorem 5.31.)

In order to analyze more general submanifolds of M when M has a boundary,
the most effective technique is often to find an embedding of M into a larger smooth
manifold M without boundary, and apply the preceding results in that context. Ex-
ample 9.32 will show that every smooth manifold with boundary can be embedded
in such a way.

Level Sets

In practice, embedded submanifolds are most often presented as solution sets of
equations or systems of equations. Extending the terminology we introduced in Ex-
ample 1.32, if ®: M — N is any map and c is any point of N, we call the set
@~ (c) alevel set of ® (Fig. 5.4). (In the special case N = R¥ and ¢ = 0, the level
set @~1(0) is usually called the zero set of ®.)

It is easy to find level sets of smooth functions that are not smooth submanifolds.
For instance, consider the three smooth functions ©, @, ¥: R? — R defined by

O(x.y)=x>—y,  Px,y)=x>—y>  W¥(x,y)=x>—y>

(See Fig. 5.5.) Although the zero set of ® (a parabola) is an embedded submanifold
of R? because it is the graph of the smooth function f(x) = x2, Problem 5-11 asks
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you to show that neither the zero set of @ nor that of ¥ is an embedded submanifold.
In fact, without further assumptions on the smooth function, the situation is about
as bad as could be imagined: as Theorem 2.29 showed, every closed subset of M
can be expressed as the zero set of some smooth real-valued function.

The argument we used in Example 1.32 (based on the implicit function theorem)
to show that certain level sets in R” are smooth manifolds can be adapted to show
that those level sets are in fact embedded submanifolds of R”. But using the rank
theorem, we can prove something much stronger.

Theorem 5.12 (Constant-Rank Level Set Theorem). Let M and N be smooth
manifolds, and let ®: M — N be a smooth map with constant rank r. Each level
set of @ is a properly embedded submanifold of codimension r in M .

Proof. Write m =dimM, n =dim N, and k =m —r. Let ¢ € N be arbitrary, and
let S denote the level set @~ !(¢) € M. From the rank theorem, for each p € S there
are smooth charts (U, ¢) centered at p and (V, ) centered at c = @(p) in which @
has a coordinate representation of the form (4.1), and therefore S N U is the slice

{(xt X M) eUixt = =x"=0}.

Thus S satisfies the local k-slice condition, so it is an embedded submanifold of
dimension k. It is closed in M by continuity, so it is properly embedded by Propo-
sition 5.5. O

Corollary 5.13 (Submersion Level Set Theorem). If M and N are smooth mani-
folds and @ : M — N is a smooth submersion, then each level set of @ is a properly
embedded submanifold whose codimension is equal to the dimension of N .

Proof. Every smooth submersion has constant rank equal to the dimension of its
codomain. O

This result should be compared to the corresponding result in linear algebra: if
L: R™ — R" is a surjective linear map, then the kernel of L is a linear subspace
of codimension r by the rank-nullity law. The vector equation Lx = 0 is equivalent
to r linearly independent scalar equations, each of which can be thought of as cutting
down one of the degrees of freedom in R, leaving a subspace of codimension r. In
the context of smooth manifolds, the analogue of a surjective linear map is a smooth
submersion, each of whose (local) component functions cuts down the dimension
by one.

Corollary 5.13 can be strengthened considerably, because we need only check
the submersion condition on the level set we are interested in. If ®: M — N isa
smooth map, a point p € M is said to be a regular point of @ if d®,: T,M —
Te(p) N is surjective; it is a critical point of @ otherwise. This means, in particular,
that every point of M is critical if dim M < dim N, and every point is regular if and
only if F is a submersion. Note that the set of regular points of @ is always an open
subset of M by Proposition 4.1. A point ¢ € N is said to be a regular value of @ if
every point of the level set @1 (c) is a regular point, and a critical value otherwise.
In particular, if @~!(c) = @, then ¢ is a regular value. Finally, a level set @~ !(c) is
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T

xz—y=0 X —y2=0 x2—y3=

Fig. 5.5 Level sets may or may not be embedded submanifolds

called a regular level set if c is a regular value of @; in other words, a regular level
set is a level set consisting entirely of regular points of @ (points p such that d @,
is surjective).

Corollary 5.14 (Regular Level Set Theorem). Every regular level set of a smooth
map between smooth manifolds is a properly embedded submanifold whose codi-
mension is equal to the dimension of the codomain.

Proof. Let @: M — N be a smooth map and let c € N be a regular value. The
set U of points p € M where rankd @, = dim N is open in M by Proposition 4.1,
and contains @1 (c) because of the assumption that ¢ is a regular value. It follows
that @|y: U — N is a smooth submersion, and the preceding corollary shows that
@~ 1(c) is an embedded submanifold of U. Since the composition of smooth em-
beddings @~!(c) < U < M is again a smooth embedding, it follows that ! (c)
is an embedded submanifold of M, and it is closed by continuity. O

It is worth noting that the previous corollary also applies to empty level sets,
which are both regular level sets and properly embedded submanifolds.

Example 5.15 (Spheres). Now we can give a much easier proof that S” is an
embedded submanifold of R”*!. The sphere is a regular level set of the smooth
function f: R"*! — R given by f(x) = |x|?, since dfy(v) =2 ; x'v’, which is
surjective except at the origin. I

Not all embedded submanifolds can be expressed as level sets of smooth submer-
sions. However, the next proposition shows that every embedded submanifold is at
least locally of this form.

Proposition 5.16. Let S be a subset of a smooth m-manifold M. Then S is an
embedded k-submanifold of M if and only if every point of S has a neighborhood
U in M such that U N S is a level set of a smooth submersion ®: U — R™ K.

Proof. First suppose S is an embedded k-submanifold. If (xl, .. .,xm) are slice
coordinates for S on an open subset U C M, the map @: U — RMk given in
coordinates by @(x) = (xk+1, e ,x’”) is easily seen to be a smooth submersion,
one of whose level sets is § N U (Fig. 5.6). Conversely, suppose that around every
point p € S there is a neighborhood U and a smooth submersion ®: U — R™*
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Fig. 5.6 An embedded submanifold is locally a level set

such that S N U is a level set of @. By the submersion level set theorem, S N U is
an embedded submanifold of U, so it satisfies the local slice condition; it follows
that S is itself an embedded submanifold of M. O

If S € M is an embedded submanifold, a smooth map ®: M — N such that
S is a regular level set of @ is called a defining map for S. In the special case
N =Rm* (so that @ is areal-valued or vector-valued function), it is usually called
adefining function. Example 5.15 shows that f(x) = |x|? is a defining function for
the sphere. More generally, if U is an open subset of M and @: U — N is a smooth
map such that S N U is a regular level set of @, then @ is called a local defining
map (or local defining function) for S . Proposition 5.16 says that every embedded
submanifold admits a local defining function in a neighborhood of each of its points.

In specific examples, finding a (local or global) defining function for a submani-
fold is usually just a matter of using geometric information about how the subman-
ifold is defined together with some computational ingenuity. Here is an example.

Example 5.17 (Surfaces of Revolution). Let H be the half-plane {(r,z) : r > 0},
and suppose C C H is an embedded 1-dimensional submanifold. The surface of
revolution determined by C is the subset S¢ € R3 given by

Sc = {(x,y,z) : (\/x2+y2,z> GC}.

The set C is called its generating curve (see Fig. 5.7). If ¢: U — R is any local
defining function for C in H, we get a local defining function @ for S¢ by

D(x.y.z2)=¢ (\/x2 + yz,Z) .

defined on the open subset

= {(x,y,z) : (\/x2 + yz,z) € U} CR3.

A computation shows that the Jacobian matrix of @ is

D®(x.y.z) = (fa—“’(r,z) Y9 1 a—‘p(r,z)),
r or r or 0z
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Fig. 5.7 A surface of revolution

where we have written r = /x2 + y2. At any point (x, y,z) € Sc, at least one of
the components of D®(x, y,z) is nonzero, so Sc is a regular level set of @ and is
thus an embedded 2-dimensional submanifold of R3.

For a specific example, the doughnut-shaped torus of revolution D described
in Example 4.2(d) is the surface of revolution obtained from the circle (r — 2)? +
z? = 1. Itis a regular level set of the function @(x, y,z) = (/x2 + y2 — 2)2 + 22,
which is smooth on R minus the z-axis. Vi

Immersed Submanifolds

Although embedded submanifolds are the most natural and common submanifolds
and suffice for most purposes, it is sometimes important to consider a more general
notion of submanifold. In particular, when we study Lie subgroups in Chapter 7 and
foliations in Chapter 19, we will encounter subsets of smooth manifolds that are
images of injective immersions, but not necessarily of embeddings. To see some of
the kinds of phenomena that occur, look back at the two examples we introduced
in Chapter 4 of sets that are images of injective immersions that are not embed-
dings: the figure-eight curve of Example 4.19 and the dense curve on the torus of
Example 4.20. Neither of these sets is an embedded submanifold (see Problems 5-4
and 5-5).

So as to have a convenient language for talking about examples like these, we
introduce the following definition. Let M be a smooth manifold with or without
boundary. An immersed submanifold of M is a subset S C M endowed with a
topology (not necessarily the subspace topology) with respect to which it is a topo-
logical manifold (without boundary), and a smooth structure with respect to which
the inclusion map S <> M is a smooth immersion. As for embedded submanifolds,
we define the codimension of S in M to be dimM —dim S.

Every embedded submanifold is also an immersed submanifold. Because im-
mersed submanifolds are the more general of the two types of submanifolds, we
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adopt the convention that the term smooth submanifold without further qualifica-
tion means an immersed one, which includes an embedded submanifold as a special
case. Similarly, the term smooth hypersurface without qualification means an im-
mersed submanifold of codimension 1.

You should be aware that there are variations in how smooth submanifolds are
defined in the literature. Some authors reserve the unqualified term “submanifold”
to mean what we call an embedded submanifold. If there is room for confusion, it is
safest to specify explicitly which type of submanifold—embedded or immersed—is
meant. Even though both terms “smooth submanifold” and “immersed submani-
fold” encompass embedded ones as well, when we are considering general sub-
manifolds we sometimes use the phrase immersed or embedded submanifold as a
reminder that the discussion applies equally to the embedded case.

(Some authors define immersed submanifolds even more generally than we have,
as images of smooth immersions with no injectivity requirement. Such a subman-
ifold can have “self-crossings” at points where the immersion fails to be injective.
We do not consider such sets as submanifolds, but it is good to be aware that some
authors do.)

There are also various notions of submanifolds in the topological category. For
example, if M is a topological manifold, one could define an immersed topological
submanifold of M to be a subset S € M endowed with a topology such that it
is a topological manifold and such that the inclusion map is a topological immer-
sion. It is an embedded topological submanifold if the inclusion is a topological
embedding. To be entirely consistent with our convention of assuming by default
only continuity rather than smoothness, we would have to distinguish the types of
submanifolds we have defined in this chapter by calling them smooth embedded
submanifolds and smooth immersed submanifolds, respectively; but since we have
no reason to treat topological submanifolds in this book, for the sake of simplicity
let us agree that the terms embedded submanifold and immersed submanifold always
refer to the smooth kind.

Immersed submanifolds often arise in the following way.

Proposition 5.18 (Images of Immersions as Submanifolds). Suppose M is a
smooth manifold with or without boundary, N is a smooth manifold, and F: N —
M is an injective smooth immersion. Let S = F(N). Then S has a unique topol-
ogy and smooth structure such that it is a smooth submanifold of M and such that
F: N — S is a diffeomorphism onto its image.

Proof. The proof is very similar to that of Proposition 5.2, except that now we also
have to define the topology on S. We give S a topology by declaring aset U C S to
be open if and only if F~1(U) C N is open, and then give it a smooth structure by
taking the smooth charts to be those of the form (F(U), @o F’l), where (U, ¢) is
any smooth chart for N. As in the proof of Proposition 5.2, the smooth compatibility
condition follows from that for N. With this topology and smooth structure on S,
the map F is a diffeomorphism onto its image, and these are the only topology and
smooth structure on S with this property. As in the embedding case, the inclusion
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S <> M can be written as the composition
F~1 F
S — N — M;

in this case, the first map is a diffeomorphism and the second is a smooth immersion,
so the composition is a smooth immersion. O

Example 5.19 (The Figure-Eight and the Dense Curve on the Torus). Look back
at the two examples we introduced in Chapter 4 of injective smooth immersions that
are not embeddings: because the figure-eight of Example 4.19 and the dense curve
of Example 4.20 are images of injective smooth immersions, they are immersed
submanifolds when given appropriate topologies and smooth structures. As smooth
manifolds, they are diffeomorphic to R. They are not embedded submanifolds, be-
cause neither one has the subspace topology. In fact, their image sets cannot be made
into embedded submanifolds even if we are allowed to change their topologies and
smooth structures (see Problems 5-4 and 5-5). VA

The following observation is sometimes useful when thinking about the topology
of an immersed submanifold.

» Exercise 5.20. Suppose M is a smooth manifold and S € M is an immersed sub-
manifold. Show that every subset of S that is open in the subspace topology is also
open in its given submanifold topology; and the converse is true if and only if S is
embedded.

Given a smooth submanifold that is known only to be immersed, it is often useful
to have simple criteria that guarantee that it is embedded. The next proposition gives
several such criteria.

Proposition 5.21. Suppose M is a smooth manifold with or without boundary,
and S C M is an immersed submanifold. If any of the following holds, then S is
embedded.

(a) S has codimension 0 in M .
(b) The inclusion map S € M is proper.
(c) S is compact.

Proof. Problem 5-3. O

Although many immersed submanifolds are not embedded, the next proposition
shows that the local structure of an immersed submanifold is the same as that of an
embedded one.

Proposition 5.22 (Immersed Submanifolds Are Locally Embedded). If M is a
smooth manifold with or without boundary, and S C M is an immersed submani-
fold, then for each p € S there exists a neighborhood U of p in S that is an embed-
ded submanifold of M .

Proof. Theorem 4.25 shows that each p € § has a neighborhood U in S such that
the inclusion t|yy: U < M is an embedding. O
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Fig. 5.8 An immersed submanifold is locally embedded

It is important to be clear about what this proposition does and does not say:
given an immersed submanifold S € M and a point p € S, it is possible to find a
neighborhood U of p (in S) such that U is embedded; but it may not be possible to
find a neighborhood V of p in M such that V' N S is embedded (see Fig. 5.8).

Suppose S € M is an immersed k-dimensional submanifold. A local param-
etrization of S is a continuous map X : U — M whose domain is an open subset
UC Rk, whose image is an open subset of S, and which, considered as a map
into S, is a homeomorphism onto its image. It is called a smooth local parametri-
zation if it is a diffeomorphism onto its image (with respect to .S’s smooth manifold
structure). If the image of X is all of S, it is called a global parametrization.

Proposition 5.23. Suppose M is a smooth manifold with or without boundary, S C
M is an immersed k-submanifold, 1: S < M is the inclusion map, and U is an
open subset of RK. A map X: U — M is a smooth local parametrization of S if
and only if there is a smooth coordinate chart (V, ) for S such that X =10 ¢!,

Therefore, every point of S is in the image of some local parametrization.
» Exercise 5.24. Prove the preceding proposition.

Example 5.25 (Graph Parametrizations). Suppose U C R” is an open subset
and f: U — R* is a smooth function. The map v U — R" x R¥ given by
vr(u) = (u, f(u)) is a smooth global parametrization of I'(f), called a graph pa-
rametrization. Its inverse is the graph coordinate map constructed in Example 1.3.
For example, the map F: B2 — R3 given by

F(u,v):(u,v,vl—u2—v2)

is a smooth local parametrization of S whose image is the open upper hemisphere,
and whose inverse is one of the graph coordinate maps described in Example 1.4. /

Example 5.26 (Parametrization of the Figure-Eight Curve). Let S C R? be
the figure-eight curve of Example 5.19, considered as an immersed submanifold
of R2. The map B: (—m, ) — R? of Example 4.19 is a smooth global parametri-
zation of S. I
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Fig. 5.9 Restricting the domain Fig. 5.10 Restricting the codomain

Restricting Maps to Submanifolds

Given a smooth map F: M — N, itis important to know whether F is still smooth
when its domain or codomain is restricted to a submanifold. In the case of restricting
the domain, the answer is easy.

Theorem 5.27 (Restricting the Domain of a Smooth Map). If M and N are
smooth manifolds with or without boundary, F: M — N is a smooth map, and
S C M is an immersed or embedded submanifold (Fig. 5.9), then F|s: S — N is
smooth.

Proof. The inclusion map ¢: S < M is smooth by definition of an immersed sub-
manifold. Since F|s = F o, the result follows. O

When the codomain is restricted, however, the resulting map may not be smooth,
as the following example shows.

Example 5.28. Let S C R? be the figure-eight submanifold, with the topology and
smooth structure induced by the immersion 8 of Example 4.19. Define a smooth
map G: R — R? by

G(t) = (sin2¢,sint).

(This is the same formula that we used to define 8, but now the domain is extended
to the whole real line instead of being just a subinterval.) It is easy to check that the
image of G lies in S. However, as a map from R to S, G is not even continuous,
because B! o G is not continuous at t = 7. I

The next theorem gives sufficient conditions for a map to be smooth when its
codomain is restricted to an immersed submanifold.It shows that the failure of con-
tinuity is the only thing that can go wrong.

Theorem 5.29 (Restricting the Codomain of a Smooth Map). Suppose M is
a smooth manifold (without boundary), S € M is an immersed submanifold, and
F: N — M is a smooth map whose image is contained in S (Fig. 5.10). If F is
continuous as a map from N to S, then F: N — S is smooth.

Remark. This theorem is stated only for the case in which the ambient manifold M
is a manifold without boundary, because it is only in that case that we have con-
structed slice charts for embedded submanifolds of M. But the conclusion of the
theorem is still true when M has nonempty boundary; see Problem 9-13.
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Fig. 5.11 Proof of Theorem 5.29

Proof. Let p € N be arbitrary and let ¢ = F(p) € S. Proposition 5.22 guaran-
tees that there is a neighborhood V of ¢ in S such that t|y: V < M is a smooth
embedding. Thus there exists a smooth chart (W, ) for M that is a slice chart
for V in M centered at ¢ (Fig. 5.11). (It might not be a slice chart for S in M.)
The fact that (W, ) is a slice chart means that (VO, J) is a smooth chart for V,

where Vo =W NV and 1/7 =77 oy, with 7: R” — RF the projection onto the first
k = dim S coordinates. Since Vg = (t|y) "' (W) is open in V, it is open in S in its
given topology, and so ( Vo, 1/~/) is also a smooth chart for S.

Let U = F~1(V,), which is an open subset of N containing p. (Here is where
we use the hypothesis that F is continuous into S.) Choose a smooth chart (Uy, ¢)
for N such that p € Uy C U. Then the coordinate representation of F: N — S with
respect to the charts (Up, ¢) and (VO, J) is

VoFop! =mo(yoFogpl),
which is smooth because F: N — M is smooth. |

In the special case in which the submanifold S is embedded, the continuity
hypothesis is always satisfied.

Corollary 5.30 (Embedded Case). Let M be a smooth manifold and S € M be
an embedded submanifold. Then every smooth map F: N — M whose image is
contained in S is also smooth as a map from N to S.

Proof. Since S € M has the subspace topology, a continuous map F: N — M
whose image is contained in S is automatically continuous into S, by the character-
istic property of the subspace topology (Proposition A.17(a)). O

Although the conclusion of the preceding corollary fails for some immersed sub-
manifolds such as the figure-eight curve (see Example 5.28), it turns out that there
are certain immersed but nonembedded submanifolds for which it holds. To dis-
tinguish them, we introduce the following definition. If M is a smooth manifold
and § C M is an immersed submanifold, then S is said to be weakly embedded in
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M if every smooth map F: N — M whose image lies in S is smooth as a map
from N to S. (Weakly embedded submanifolds are called initial submanifolds by
some authors.) Corollary 5.30 shows that every embedded submanifold is weakly
embedded. It follows from Example 5.28 that the figure-eight curve is not weakly
embedded. However, the dense curve on the torus is weakly embedded; see Prob-
lem 5-13. In Chapter 19, we will encounter some classes of submanifolds that are
automatically weakly embedded (see Theorems 19.17 and 19.25).

Uniqueness of Smooth Structures on Submanifolds

Using the preceding results about restricting maps to submanifolds, we can prove
the promised uniqueness theorem for the smooth manifold structure on an embedded
submanifold.

Theorem 5.31. Suppose M is a smooth manifold and S € M is an embedded
submanifold. The subspace topology on S and the smooth structure described in
Theorem 5.8 are the only topology and smooth structure with respect to which S is
an embedded or immersed submanifold.

Proof. Suppose S € M is an embedded k-dimensional submanifold. Theorem 5.8
shows that it satisfies the local k-slice condition, so it is an embedded submani-
fold with the subspace topology and the smooth structure of Theorem 5.8. Suppose
there were some other topology and smooth structure on S making it into an im-
mersed submanifold of some dimension. Let S denote the same set S, considered
as a smooth manifold with the non-standard topology and smooth structure, and let
i: § < M denote the inclusion map, which by assumption is an injective immer-
sion (but not necessarily an embedding). Because T(§ ) = §, Corollary 5.30 implies

that 7 is also smooth~when considered as a map from S to S. For each pE S , the
differential di,: T,S — T, M is equal to the composition
~ di d
7,5 =% 1,5 <% T,M,
where (: S < M is also inclusion. Because this composition is injective (since S
is assumed to be a smooth submanifold of M), di, must be injective. In particular,
this means that 7: § — § is an immersion. Because it is bijective, it follows from

the global rank theorem that it is a diffeomorphism. In other words, the topology
and smooth manifold structure of S are the same as those of S O

Thanks to this uniqueness result, we now know that a subset S € M is an em-
bedded submanifold if and only if it satisfies the local slice condition, and if so, its
topology and smooth structure are uniquely determined. Because the local slice con-
dition is a local condition, if every point p € S has a neighborhood U € M such that
U N S is an embedded k-submanifold of U, then S is an embedded k-submanifold
of M.

The preceding theorem is false in general if S is merely immersed; but we do
have the following uniqueness theorem for the smooth structure of an immersed
submanifold once the topology is known.
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Theorem 5.32. Suppose M is a smooth manifold and S € M is an immersed sub-
manifold. For the given topology on S, there is only one smooth structure making S
into an immersed submanifold.

Proof. See Problem 5-14. O

It is certainly possible for a given subset of M to have more than one topology
making it into an immersed submanifold (see Problem 5-15). However, for weakly
embedded submanifolds we have a stronger uniqueness result.

Theorem 5.33. If M is a smooth manifold and S C M is a weakly embedded sub-
manifold, then S has only one topology and smooth structure with respect to which
it is an immersed submanifold.

Proof. See Problem 5-16. O

Extending Functions from Submanifolds

Complementary to the restriction problem is the problem of extending smooth func-
tions from a submanifold to the ambient manifold. Let M be a smooth manifold
with or without boundary, and let S € M be a smooth submanifold. If f: § — R
is a function, there are two ways we might interpret the statement “ f is smooth”:
it might mean that f is smooth as a function on the smooth manifold S (i.e., each
coordinate representation is smooth), or it might mean that it is smooth as a function
on the subset S € M (i.e., it admits a smooth extension to a neighborhood of each
point). We adopt the convention that the notation f € C°°(S) always means that f
is smooth in the former sense (as a function on the manifold §).

Lemma 5.34 (Extension Lemma for Functions on Submanifolds). Suppose M
is a smooth manifold, S € M is a smooth submanifold, and f € C*°(S).

(a) If S is embedded, then there exist a neighborhood U of S in M and a smooth
Sfunction f € C®(U) such that f|s = f.

(b) If S is properly embedded, then the neighborhood U in part (a) can be taken to
be all of M .

Proof. Problem 5-17. O

Problem 5-18 shows that the hypotheses in both (a) and (b) are necessary.

The Tangent Space to a Submanifold

If S is a smooth submanifold of R”, we intuitively think of the tangent space 7, S
at a point of S as a subspace of the tangent space 7,R”. Similarly, the tangent
space to a smooth submanifold of an abstract smooth manifold can be viewed as a
subspace of the tangent space to the ambient manifold, once we make appropriate
identifications.
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Fig. 5.12 The tangent space to an embedded submanifold

Let M be a smooth manifold with or without boundary, and let S € M be an im-
mersed or embedded submanifold. Since the inclusion map ¢: S < M is a smooth
immersion, at each point p € S we have an injective linear map di,: 7,5 — T, M.
In terms of derivations, this injection works in the following way: for any vector
v eT,S, the image vector U = di,(v) € T, M acts on smooth functions on M by

Vf =dyp) f=v(fo)=v(fls).

We adopt the convention of identifying T,S with its image under this map, thereby
thinking of 7},S as a certain linear subspace of T, M (Fig. 5.12). This identification
makes sense regardless of whether S is embedded or immersed.

There are several alternative ways of characterizing T, S as a subspace of 7, M.
The first one is the most general; it is just a straightforward generalization of Propo-
sition 3.23.

Proposition 5.35. Suppose M is a smooth manifold with or without boundary,
S € M is an immersed or embedded submanifold, and p € S. A vector v e T,M is
in T, S if and only if there is a smooth curve y: J — M whose image is contained
in S, and which is also smooth as a map into S, such that 0 € J, y(0) = p, and

Y'(0)=v.
» Exercise 5.36. Prove the preceding proposition.

The next proposition gives a useful way to characterize T, S in the embedded
case. (Problem 5-20 shows that this does not work in the nonembedded case.)

Proposition 5.37. Suppose M is a smooth manifold, S C M is an embedded sub-
manifold, and p € S. As a subspace of Ty M, the tangent space T, S is characterized
by

T,S ={veT,M :vf =0 whenever f € C®°(M) and f|g =0}.

Proof. Firstsuppose v € T, S € T, M . This means, more precisely, that v = d ¢, (w)
for some w € 7, S, where ¢: § — M is inclusion. If f is any smooth real-valued
function on M that vanishes on S, then f ot =0, so

vf =di(w)f =w(for)=0.
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Conversely, if v € T, M satisfies vf = 0 whenever f vanishes on S, we need to
show that there is a vector w € 7, S such that v = d 1, (w). Let (xl, e, x”) be slice
coordinates for S in some neighborhood U of p, so that U N S is the subset of U
where x¥t1 = ... = x" =0, and (x1, ... ,xk) are coordinates for U N S. Because
the inclusion map ¢: S N U < M has the coordinate representation

L(xl,...,xk) = (xl,...,xk,O,...,O)

in these coordinates, it follows that 7, S (that is, dt,(7,,.S)) is exactly the subspace
of T, M spanned by /dx'|,,...,d/dxk|,. If we write the coordinate representation
of v as

v IZ_; v ax’ ’
we see that v € T, if and only if v’ = 0 for i > k.
Let ¢ be a smooth bump function supported in U that is equal to 1 in a neigh-
borhood of p. Choose an index j > k, and consider the function f(x) = ¢(x)x/,
extended to be zero on M ~ supp ¢. Then f vanishes identically on S, so

0=uvf = Z go(x)x ()_v]

i=1
Thus v € T, S as desired. O

If an embedded submanifold is characterized by a defining map, the defining
map gives a concise characterization of its tangent space at each point, as the next
proposition shows.

Proposition 5.38. Suppose M is a smooth manifold and S € M is an embed-
ded submanifold. If @: U — N is any local defining map for S, then T,S =
Kerd®,: TyM — TN foreach pe SNU.

Proof. Recall that we identify 7, S with the subspace di,(1,S) € T, M, where
t: § < M is the inclusion map. Because @ o ¢ is constant on S N U, it follows that
d®p o dup is the zero map from T, S to Tg(p) N, and therefore Imd1, € Kerd @,.
On the other hand, d®, is surjective by the definition of a defining map, so the
rank—nullity law implies that

dimKerd®, =dimT,M —dimT¢ )N =dim7T,S =dimImd¢,,
which implies that Imdt, = Kerd @,. O

When the defining function @ takes its values in ]Rk, it is useful to restate the
proposition in terms of component functions of @. The proof of the next corollary
is immediate.

Corollary 5.39. Suppose S € M is a level set of a smooth submersion @ =
(@,...,®5): M — R¥. A vector v e Ty M is tangent to S if and only if v®! =
=v@k =0. O
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Fig. 5.13 An inward-pointing vector

» Exercise 5.40. Suppose S € M is a level set of a smooth map @: M — N with
constant rank. Show that 7, S = Kerd @), foreach p € S.

If M is a smooth manifold with boundary and p € dM, it is intuitively evident
that the vectors in 7, M can be separated into three classes: those tangent to the
boundary, those pointing inward, and those pointing outward. Formally, we make
the following definition. If p € M, a vector v € T, M ~ T,dM is said to be inward-
pointing if for some ¢ > 0 there exists a smooth curve y: [0,6) — M such that
y(0) = p and y’(0) = v, and it is outward-pointing if there exists such a curve
whose domain is (—¢, 0]. The following proposition gives another characterization
of inward-pointing and outward-pointing vectors, which is usually much easier to
check. (See Fig. 5.13.)

Proposition 5.41. Suppose M is a smooth n-dimensional manifold with boundary,
p € 0M, and (xi) are any smooth boundary coordinates defined on a neighbor-
hood of p. The inward-pointing vectors in T, M are precisely those with positive
x"-component, the outward-pointing ones are those with negative x"-component,
and the ones tangent to OM are those with zero x"-component. Thus, T, M is the
disjoint union of T,0M, the set of inward-pointing vectors, and the set of outward-
pointing vectors, and v € T, M is inward-pointing if and only if —v is outward-
pointing.

» Exercise 5.42. Prove Proposition 5.41.

If M is a smooth manifold with boundary, a boundary defining function for
M is a smooth function f: M — [0, 00) such that f~1(0) = M and df, # O for
all p € M. For example, f(x) = 1 — |x|? is a boundary defining function for the
closed unit ball B".

Proposition 5.43. Every smooth manifold with boundary admits a boundary defin-
ing function.

Proof. Let {(Uy, ¢4)} be a collection of smooth charts whose domains cover M . For
each «, define a smooth function f: Uy — [0, 00) as follows: if U, is an interior
chart, let f, = 1; while if U, is a boundary chart, let f, (xl,...,x") = x" (the
nth coordinate function in that chart). Thus, fy(p) is positive if p € Int M and
zero if p € OM . Let {14} be a partition of unity subordinate to this cover, and let
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f = 4 Vafe Then f is smooth, identically zero on dM, and strictly positive
in Int M. To see that df does not vanish on dM, suppose p € M and v is an
inward-pointing vector at p. For each « such that p € Uy, we have f,(p) =0 and
dfa|p(v) = dx"|,(v) > 0 by Proposition 5.41. Thus

dfy () =Y (fa(P)dValp() + Va(p)dfalp(v)).

o

For each «, the first term in parentheses is zero and the second is nonnegative, and
there is at least one « for which the second term is positive. Thus df, (v) > 0, which
implies that df, # 0. O

» Exercise 5.44. Suppose M is a smooth manifold with boundary, f is a boundary
defining function, and p € M. Show that a vector v € T, M is inward-pointing if and
only if vf > 0, outward-pointing if and only if vf* < 0, and tangent to M if and only
ifvf =0.

The results of this section have important applications to the problem of deciding
whether a given subset of a smooth manifold is a submanifold. Given a smooth
manifold M and a subset S C M, it is important to bear in mind that there are
two very different questions one can ask. The simplest question is whether S is an
embedded submanifold. Because embedded submanifolds are exactly those subsets
satisfying the local slice condition, this is simply a question about the subset S
itself: either it is an embedded submanifold or it is not, and if so, the topology and
smooth structure making it into an embedded submanifold are uniquely determined
(Theorem 5.31).

A more subtle question is whether S can be an immersed submanifold. In this
case, neither the topology nor the smooth structure is known in advance, so one
needs to ask whether there exist any topology and smooth structure on S making
it into an immersed submanifold. This question is not always straightforward to
answer, and it can be especially tricky to prove that S is not a smooth submanifold.
A typical approach is to assume that it is, and then use one or more of the following
phenomena to derive a contradiction:

e Ateach p € §, the tangent space 7, is a linear subspace of T, M, with the same
dimension at each point.

e Each point of § is in the image of a local parametrization of §.

e Each vector tangent to S is the velocity vector of some smooth curve in S

e Each vector tangent to S annihilates every smooth function that is constant on S.

Here is one example of how this can be done; others can be found in Problems 5-4
through 5-11.

Example 5.45. Consider the subset S = {(x, y) : y = |x|} € R2.Itis easy to check
that S ~ {(0,0)} is an embedded 1-dimensional submanifold of R, so if S itself is
a smooth submanifold at all, it must be 1-dimensional. Suppose there were some
smooth manifold structure on S making it into an immersed submanifold. Then
T(0,0)S would be a 1-dimensional subspace of T(O,O)Rz, so by Proposition 5.35,
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Fig. 5.14 A submanifold with boundary in a manifold with boundary

there would be a smooth curve y: (—¢,¢) — R2 whose image lies in S, and that
satisfies y(0) = (0,0) and y’(0) # 0. Writing y(¢) = (x ®), y(t)), we see that y(¢)
takes a global minimum at ¢t = 0, so y’(0) = 0. On the other hand, because every
point (x,y) € S satisfies x2 = y2, we have x(¢)?> = y(¢t)? for all ¢. Differentiat-
ing twice and setting t = 0, we conclude that 2x’(0)? = 2y’(0)? = 0, which is a
contradiction. Thus, there is no such smooth manifold structure. /

Submanifolds with Boundary

So far in this chapter, all of our submanifolds have been manifolds without bound-
ary. For some purposes (notably in the theory of integration), it is important also
to consider submanifolds that have boundaries. The definitions are straightforward
generalizations of the ones for ordinary submanifolds. If M is a smooth manifold
with or without boundary, a smooth submanifold with boundary in M is a subset
S € M endowed with a topology and smooth structure making it into a smooth
manifold with boundary such that the inclusion map is a smooth immersion. If the
inclusion map is an embedding, then it is called an embedded submanifold with
boundary; in the general case, it is an immersed submanifold with boundary. The
terms codimension and properly embedded are defined just as in the submanifold
case.

For example, for any positive integers k < n, the closed unit k-dimensional ball
B*isa properly embedded submanifold with boundary in B", because the inclusion
map BF < B” is easily seen to be a proper smooth embedding (Fig. 5.14).

One particular type of submanifold with boundary is especially important. If M
is a smooth manifold with or without boundary, a regular domain in M is a properly
embedded codimension-0 submanifold with boundary. Familiar examples are the
closed upper half space H” C R”, the closed unit ball B” C R”, and the closed
upper hemisphere in S”.

Proposition 5.46. Suppose M is a smooth manifold without boundary and D € M
is a regular domain. The topological interior and boundary of D are equal to its
manifold interior and boundary, respectively.

Proof. Suppose p € D is arbitrary. If p is in the manifold boundary of D, Theo-
rem 4.15 shows that there exist a smooth boundary chart (U, ¢) for D centered at p
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and a smooth chart (V, ) for M centered at p in which F' has the coordinate repre-
sentation F (xl,...,x") = (xl,...,x”), where n =dim M = dim D. Since D has
the subspace topology, U = D N W for some open subset W € M,so Vo=V NW
is a neighborhood of p in M such that Vy N D consists of all the points in V) whose
x™ coordinate is nonnegative. Thus every neighborhood of p intersects both D and
M ~ D, so p is in the topological boundary of D.

On the other hand, suppose p is in the manifold interior of D. The manifold
interior is a smooth embedded codimension-0 submanifold without boundary in M,
so it is an open subset by Proposition 5.1. Thus p is in the topological interior of D.

Conversely, if p is in the topological interior of D, then it is not in the topological
boundary, so the preceding argument shows that it is not in the manifold boundary
and hence must be in the manifold interior. Similarly, if p is in the topological
boundary, it is also in the manifold boundary. O

Here are some ways in which regular domains often arise.
Proposition 5.47. Suppose M is a smooth manifold and f € C*°(M).

(a) For each regular value b of f, the sublevel set f_l((—oo,b]) is a regular
domainin M .

(b) If a and b are two regular values of f witha < b, then ! ([a, b]) is a regular
domainin M .

Proof. Problem 5-21. O

A set of the form f~! ((—oo, b]) for b a regular value of f is called a regular
sublevel set of f . Part (a) of the preceding theorem shows that every regular sub-
level set of a smooth real-valued function is a regular domain. If D € M is a regular
domain and f € C°°(M) is a smooth function such that D is a regular sublevel set
of f,then f is called a defining function for D.

Theorem 5.48. If M is a smooth manifold and D C M is a regular domain, then
there exists a defining function for D. If D is compact, then [ can be taken to be a
smooth exhaustion function for M .

Proof. Problem 5-22. O

Many (though not all) of the earlier results in this chapter have analogues for
submanifolds with boundary. Since we will have little reason to consider nonem-
bedded submanifolds with boundary, we focus primarily on the embedded case.
The statements in the following proposition can be proved in the same way as their
submanifold counterparts.

Proposition 5.49 (Properties of Submanifolds with Boundary). Suppose M is a
smooth manifold with or without boundary.

(a) Every open subset of M is an embedded codimension-0 submanifold with (pos-
sibly empty) boundary.

(d) If N is a smooth manifold with boundary and F: N — M is a smooth em-
bedding, then with the subspace topology F(N) is a topological manifold with



122 5 Submanifolds

boundary, and it has a smooth structure making it into an embedded submani-
fold with boundary in M .

(c) An embedded submanifold with boundary in M is properly embedded if and
only if it is closed.

(d) If S € M is an immersed submanifold with boundary, then for each p € S there
exists a neighborhood U of p in S that is embedded in M .

» Exercise 5.50. Prove the preceding proposition.

In order to adapt the results that depended on the existence of local slice charts,
we have to generalize the local k-slice condition as follows. Suppose M is a smooth
manifold (without boundary). If (U, (x)) is a chart for M, a k-dimensional half-

slice of U is a subset of the following form for some constants k1 en:

{(xl,...,x") eU:xktl =kt X" =" and x* 20}.

We say that a subset S € M satisfies the local k-slice condition for submani-
Jfolds with boundary if each point of S is contained in the domain of a smooth
chart (U, (x")) such that S N U is either an ordinary k-dimensional slice or a
k-dimensional half-slice. In the former case, the chart is called an interior slice
chart for S in M, and in the latter, it is a boundary slice chart for S in M .

Theorem 5.51. Let M be a smooth n-manifold without boundary. If S € M is
an embedded k-dimensional submanifold with boundary, then S satisfies the local
k-slice condition for submanifolds with boundary. Conversely, if S € M is a subset
that satisfies the local k-slice condition for submanifolds with boundary, then with
the subspace topology, S is a topological k-manifold with boundary, and it has a
smooth structure making it into an embedded submanifold with boundary in M .

» Exercise 5.52. Prove the preceding theorem.

Using the preceding theorem in place of Theorem 5.8, one can readily prove the
following theorem.

Theorem 5.53 (Restricting Maps to Submanifolds with Boundary). Suppose M
and N are smooth manifolds with boundary and S C M is an embedded submani-
fold with boundary.

(a) RESTRICTING THE DOMAIN: If F: M — N is a smooth map, then Fl|s: S —
N is smooth.

(b) RESTRICTING THE CODOMAIN: If M = @ and F: N — M is a smooth map
whose image is contained in S, then F is smooth as a map from N to S.

Remark. The requirement that )M = @ can be removed in part (b) just as for The-
orem 5.29; see Problem 9-13.

» Exercise 5.54. Prove Theorem 5.53.



Problems 123

Problems

5-1.

5-3.

5-4.

5-6.

5-7.

5-8.

5-9.

5-10.

Consider the map @: R* — R? defined by
D(x,y,s,t)= (x2 +y.x2+y? 452412 —|—y).
Show that (0, 1) is a regular value of @, and that the level set ®~1(0, 1) is

diffeomorphic to S2.

Prove Theorem 5.11 (the boundary of a manifold with boundary is an em-
bedded submanifold).

Prove Proposition 5.21 (sufficient conditions for immersed submanifolds to
be embedded).

Show that the image of the curve B: (—m, ) — R? of Example 4.19 is
not an embedded submanifold of R?. [Be careful: this is not the same as
showing that § is not an embedding.]

. Let y: R — T2 be the curve of Example 4.20. Show that y(R) is not an

embedded submanifold of the torus. [Remark: the warning in Problem 5-4
applies in this case as well.]

Suppose M C R” is an embedded m-dimensional submanifold, and let
UM C TR" be the set of all unit tangent vectors to M :

UM = {(x,v)e TR :xeM,veTM, |v|= 1}.

It is called the unit tangent bundle of M . Prove that UM is an embedded
(2m — 1)-dimensional submanifold of TR"” ~ R” x R". (Used on p. 147.)

Let F: R? — R be defined by F(x,y) = x> + xy + y3. Which level sets
of F are embedded submanifolds of R2? For each level set, prove either that
it is or that it is not an embedded submanifold.

Suppose M is a smooth n-manifold and B C M is a regular coordinate ball.
Show that M ~ B is a smooth manifold with boundary, whose boundary is
diffeomorphic to S*~!. (Used on p. 225.)

Let S € R? be the boundary of the square of side 2 centered at the ori-
gin (see Problem 3-5). Show that S does not have a topology and smooth
structure in which it is an immersed submanifold of R2.

For each a € R, let M, be the subset of R? defined by

M, = {(x,y) yr=x(x—1)(x —a)}.

For which values of a is M, an embedded submanifold of R?? For which
values can M, be given a topology and smooth structure making it into an
immersed submanifold?

. Let @: R? — R be defined by @(x,y) = x? — y2.

(a) Show that @~1(0) is not an embedded submanifold of R2.
(b) Can @~1(0) be given a topology and smooth structure making it into an
immersed submanifold of R2?
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5-12.

5-13.

5-14.

5-15.

5-16.

5-17.
5-18.

5-19.

5-20.

5-21.
5-22.
5-23.

5 Submanifolds

(c) Answer the same two questions for ¥: R? — R defined by ¥(x,y) =

x2—y3.

Suppose E and M are smooth manifolds with boundary, and 7: E — M
is a smooth covering map. Show that the restriction of 7 to each connected

component of dF is a smooth covering map onto a component of M . (Used
onp. 433.)

Prove that the image of the dense curve on the torus described in Exam-
ple 4.20 is a weakly embedded submanifold of T 2.

Prove Theorem 5.32 (uniqueness of the smooth structure on an immersed
submanifold once the topology is given).

Show by example that an immersed submanifold S € M might have more
than one topology and smooth structure with respect to which it is an im-
mersed submanifold.

Prove Theorem 5.33 (uniqueness of the topology and smooth structure of a
weakly embedded submanifold).

Prove Lemma 5.34 (the extension lemma for functions on submanifolds).

Suppose M is a smooth manifold and S € M is a smooth submanifold.

(a) Show that S is embedded if and only if every f € C°°(S) has a smooth
extension to a neighborhood of S in M. [Hint: if S is not embedded,
let p € S be a point that is not in the domain of any slice chart. Let U
be a neighborhood of p in S that is embedded, and consider a function
f € C°°(S) that is supported in U and equal to 1 at p.]

(b) Show that S is properly embedded if and only if every f € C°°(S) has
a smooth extension to all of M.

Suppose S € M is an embedded submanifold and y: J — M is a smooth
curve whose image happens to lie in S. Show that y’(¢) is in the subspace
Ty)S of TyyM forall ¢t € J. Give a counterexample if S is not embedded.

Show by giving a counterexample that the conclusion of Proposition 5.37
may be false if S is merely immersed.

Prove Proposition 5.47 (regular domains defined by smooth functions).
Prove Theorem 5.48 (existence of defining functions for regular domains).
Suppose M is a smooth manifold with boundary, N is a smooth manifold,
and F: M — N is a smooth map. Let S = F~!(¢), where ¢ € N is aregu-

lar value for both F and F|ys. Prove that S is a smooth submanifold with
boundary in M, with S =S N IM.
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