Chapter 22
Symplectic Manifolds

In this final chapter we introduce a new kind of geometric structure on manifolds,
called a symplectic structure, which is superficially similar to a Riemannian met-
ric but turns out to have profoundly different properties. It is simply a choice of a
closed, nondegenerate 2-form. The motivation for the definition may not be evident
at first, but it will emerge gradually as we see how these properties are used. For
now, suffice it to say that nondegeneracy is important because it yields a tangent-
cotangent isomorphism like that provided by a Riemannian metric, and closedness
is important because it leads to a deep relationship between smooth functions and
flows (see the discussions of Hamiltonian vector fields and Poisson brackets later in
this chapter). Symplectic structures have surprisingly varied applications in math-
ematics and physics, including partial differential equations, differential topology,
and classical mechanics, among many other fields.

In this chapter, we can give only a quick overview of the subject of symplectic
geometry. We begin with a discussion of the algebra of nondegenerate alternating 2-
tensors on a finite-dimensional vector space, and then turn our attention to symplec-
tic structures on manifolds. The most important example is a canonically defined
symplectic structure on the cotangent bundle of each smooth manifold. We give a
proof of the important Darboux theorem, which shows that every symplectic form
can be put into canonical form locally by a choice of smooth coordinates, so, unlike
the situation for Riemannian metrics, there is no local obstruction to “flatness” of
symplectic structures.

Then we explore one of the most important applications of symplectic structures.
Any smooth real-valued function on a symplectic manifold gives rise to a canoni-
cal system of ordinary differential equations called a Hamiltonian system. These
systems are central to the study of classical mechanics.

After treating Hamiltonian systems, we give a brief introduction to an odd-
dimensional analogue of symplectic structures, called contact structures. Then at
the end of the chapter, we show how symplectic and contact geometry can be used
to construct solutions to first-order partial differential equations.
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Symplectic Tensors

We begin with linear algebra. A 2-covector w on a finite-dimensional vector space V
is said to be nondegenerate if the linear map @: V — V* defined by ®(v) = v 1w
is invertible.

» Exercise 22.1. Show that the following are equivalent for 2-covector @ on a finite-
dimensional vector space V:

(a) w is nondegenerate.

(b) For each nonzero v € V, there exists w € V such that w(v, w) # 0.

(c) In terms of some (hence every) basis, the matrix (w;;) representing w is nonsin-
gular.

A nondegenerate 2-covector is called a symplectic tensor. A vector space V en-
dowed with a specific symplectic tensor is called a symplectic vector space. (A sym-
plectic tensor is also often called a “symplectic form,” because it is in particular a
bilinear form. But to avoid confusion, we reserve that name for something slightly
different, to be defined below.)

Example 22.2. Let IV be a vector space of dimension 27, with a basis denoted by
(A1.B1,....An. By). Let (o', B1, ... a", B") denote the corresponding dual basis
for V*, and let w € A%2(V*) be the 2-covector defined by

a)=Z(xi ABL. (22.1)

i=1
Note that the action of @ on basis vectors is given by
w(Ai, 4j) =w(B;i,Bj)) =0, (4, Bj) =—w(B;, Ai) =8;.  (22.2)

Suppose v = a’A; + b'B; € V satisfies w(v,w) = 0 for all w € V. Then 0 =
w(v,B;) =a' and 0 = w(v, A;) = —b*, which implies that v = 0. Thus w is non-
degenerate, and so is a symplectic tensor. I

It is interesting to consider the special case in which dim V' = 2. In this case,
using the notation of the preceding example, a! A B! is nondegenerate, and ev-
ery 2-covector is a multiple of a' A B!. Thus every nonzero 2-covector on a 2-
dimensional vector space is symplectic.

If (V,w) is a symplectic vector space and S C V is any linear subspace, we
define the symplectic complement of S, denoted by S+, to be the subspace

St={veV:ww w)=0forallweS}.

As the notation suggests, the symplectic complement is analogous to the orthog-
onal complement in an inner product space. Just as in the inner product case, the
dimension of S+ is the codimension of S, as the next lemma shows.

Lemma 22.3. Let (V,w) be a symplectic vector space. For any linear subspace
S €V, we have dim S + dim S+ =dim V.
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Proof. Let S C V be a subspace, and define a linear map @: V — S* by @(v) =
(v 1 w)|s, or equivalently

P()(w) =w(,w) forveV, wes.

Suppose ¢ is an arbitrary element of $*, and let ¢ € V* be any extension of ¢ to a
linear functional on all of V. Since the map @: V — V* defined by v > v J w is
an isomorphism, there exists v € V such that v 1 w = @. It follows that ®(v) = ¢,
and therefore @ is surjective. By the rank—nullity law, S+ = Ker @ has dimension
equal to dimV —dim $* =dim V —dim S. O

» Exercise 22.4. Let (V,w) be a symplectic vector space and S € V' be a linear
subspace. Show that (SHt=s.

Symplectic complements differ from orthogonal complements in one important
respect: although it is always true that S N S+ = {0} in an inner product space, this
need not be true in a symplectic vector space. Indeed, if S is 1-dimensional, the fact
that o is alternating forces w(v,v) = 0 for every v € §, so S C S+. Carrying this
idea a little further, a linear subspace S C V' is said to be

symplectic if S N S+ = {0};
isotropic if S € S+
coisotropic if S O S L.
Lagrangian if S = S+.

Proposition 22.5. Let (V,w) be a symplectic vector space, and let S CV be a
linear subspace.

(a) S is symplectic if and only if S* is symplectic.

(b) S is symplectic if and only if w|s is nondegenerate.

(¢) S is isotropic if and only if w|s = 0.

(d) S is coisotropic if and only if S* is isotropic.

(e) S is Lagrangian if and only if w|s = 0 and dim S = % dimV.

Proof. Problem 22-1. O

» Exercise 22.6. Let (V,w) be the symplectic vector space of dimension 2n de-
scribed in Example 22.2, and let k be an integer such that 0 < k < n.

(a) Show that span(A1, B1,..., A, By) is symplectic.

(b) Show that span(A1, ..., Ag) is isotropic.

(c) Show that span(Ay,...,An, B1,..., By) is coisotropic.

(d) Show that span(A1,..., A,) is Lagrangian.

(e) If n > 3, which of the four kinds of subspace, if any, is span(A41, A2, B1)?

The symplectic tensor w defined in Example 22.2 turns out to be the prototype
of all symplectic tensors, as the next proposition shows. This can be viewed as a
symplectic version of the Gram—Schmidt algorithm.

Proposition 22.7 (Canonical Form for a Symplectic Tensor). Let w be a sym-
plectic tensor on an m-dimensional vector space V. Then V has even dimension
m = 2n, and there exists a basis for V in which w has the form (22.1).
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Proof. The tensor w has the form (22.1) with respect to a basis (41, By, ..., An, By)
if and only if its action on basis vectors is given by (22.2). We prove the theorem by
induction on m = dim V' by showing that there is a basis with this property.

For m = 0 there is nothing to prove. Suppose (V, w) is a symplectic vector space
of dimension m > 1, and assume that the proposition is true for all symplectic vector
spaces of dimension less than m. Let A; be any nonzero vector in V. Since w is
nondegenerate, there exists B; € V such that w(A1, By) # 0. Multiplying B; by a
constant if necessary, we may assume that w(A;, B1) = 1. Because w is alternating,
B cannot be a multiple of Ay, so the set {41, By} is linearly independent, and
hence dimV > 2.

Let S C V be the span of {4}, B;}. Then dim S+ = m —2 by Lemma 22.3. Since
w|s is nondegenerate, by Proposition 22.5 it follows that S is symplectic, and thus
S+ is also symplectic. By induction, S+ is even-dimensional and there is a basis
(A2, Ba, ..., Apn, By) for S+ such that (22.2) is satisfied for 2 < i, j <n. It follows
easily that (A1, By, A2, B2, ..., Ay, By) is the required basis for V. O

Because of this proposition, if (V,w) is a symplectic vector space, a basis
(A1, B1,...,An, By) for V is called a symplectic basis if (22.2) holds, which is
equivalent to w being given by (22.1) in terms of the dual basis. The proposition
then says that every symplectic vector space has a symplectic basis.

This leads to another useful criterion for 2-covector to be nondegenerate. For an
alternating tensor w, the notation ¥ denotes the k-fold wedge product w A -+ A .

Proposition 22.8. Suppose V is a 2n-dimensional vector space and v € A*>(V*).
Then w is a symplectic tensor if and only if w"™ # 0.

Proof. Suppose first that @ is a symplectic tensor. Let (A;, B;) be a symplectic ba-
sis for V, and write v = ) ; a' A B in terms of the dual coframe. Then ®" =
> alt A BN Aain A Bin where I = (iy,...,i,) ranges over all multi-indices
of length n. Any term in this sum for which / has a repeated index is zero be-
cause ol A’ = 0. The surviving terms are those for which 7 is a permutation of
(1,...,n), and these terms are all equal to each other because 2-forms commute
with each other under wedge product. Thus

" =nl(a' AB A Aa" ABT) #£0.

Conversely, suppose @ is degenerate. Then there is a nonzero vector v € V
such that v J @ = &(v) = 0. Since interior multiplication by v is an antideriva-
tion, this implies v 1 (0”) = n(v 2 @) A @"~! = 0. We can extend v to a basis
(E1,E,, ..., Epy) for V with E; = v, and then w"(E1,..., E»,) = 0, which im-
plies " = 0. O

Symplectic Structures on Manifolds

Now let us turn to a smooth manifold M. A nondegenerate 2-form on M is a 2-
form w such that w, is a nondegenerate 2-covector for each p € M. A symplectic
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Jorm on M is a closed nondegenerate 2-form. A smooth manifold endowed with
a specific choice of symplectic form is called a symplectic manifold. A choice of
symplectic form is also sometimes called a symplectic structure.

Proposition 22.7 implies that a symplectic manifold must be even-dimensional.
However, not all even-dimensional smooth manifolds admit symplectic structures.
For example, Proposition 22.8 shows that if @ is a symplectic form on a 2n-
manifold, then w” is a nonvanishing 2n-form, so every symplectic manifold is
orientable. In addition, a necessary homological condition is described in Prob-
lem 22-5. It implies, in particular, that S? is the only sphere that admits a symplectic
structure.

If (M1, w1) and (M3, ;) are symplectic manifolds, a diffeomorphism F: M; —
M, satisfying F*w, = w is called a symplectomorphism. The study of properties
of symplectic manifolds that are invariant under symplectomorphisms is known as
symplectic geometry or symplectic topology.

Example 22.9 (Symplectic Manifolds).

(a) With standard coordinates on R*" denoted by (x!,...,x" y' ... x"), the 2-
form

n
W= Z dx' A dy'
i=1
is symplectic: it is obviously closed, and it is nondegenerate because its value at
each point is the symplectic tensor of Example 22.2. This is called the standard
symplectic form on R2" . (In formulas involving the standard symplectic form,
like those involving the Euclidean inner product, it is usually necessary to insert
explicit summation signs, because the summation index i appears twice in the
upper position.)

(b) Suppose X is any orientable smooth 2-manifold and w is a nonvanishing
smooth 2-form on X'. Then w is closed because dw is a 3-form on a 2-manifold.
Moreover, as we observed just after Example 22.2, in two dimensions every
nonvanishing 2-form is nondegenerate, so (X', w) is a symplectic manifold. /

Suppose (M, w) is a symplectic manifold. An (immersed or embedded) subman-
ifold S € M is said to be a symplectic, isotropic, coisotropic, or Lagrangian sub-
manifold if T,S (thought of as a subspace of 7, M) has the corresponding prop-
erty at each point p € §. More generally, a smooth immersion (or embedding)
F: N — M is said to have one of these properties if the subspace dF,(T, N) C
Tr(pyM has the corresponding property for every p € N. Thus a submanifold is
symplectic (isotropic, etc.) if and only if its inclusion map has the same property.

» Exercise 22.10. Suppose (M, w) is a symplectic manifold and F: N — M is a
smooth immersion. Show that F is isotropic if and only if F*w = 0, and F is sym-
plectic if and only if F*w is a symplectic form.
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Fig. 22.1 The tautological 1-form on 7*M

The Canonical Symplectic Form on the Cotangent Bundle

The most important symplectic manifolds are total spaces of cotangent bundles,
which carry canonical symplectic structures that we now define. First, there is a
natural 1-form 7 on the total space of T* M, called the tautological 1-form, defined
as follows. A point in 7*M is a covector ¢ € T M for some g € M; we denote
such a point by the notation (g, ¢). The natural projection 7: T*M — M is then

just (g, ) = g, and its pointwise pullback at ¢ is a linear map d Jr(’; 0" ;M —

T(Z w)(T*M)' We define 7 € Q1 (T*M) (a 1-form on the total space of T* M) by

T(g,0) = dn(";,(p)(p. (22.3)

(See Fig. 22.1.) In other words, the value of 7 at (q,¢) € T*M is the pullback with
respect to 7 of the covector g itself. If v is a tangent vector in T(y ) (7* M), then

T(g.p) (V) = ﬁp(d”(q,w)(v))'

Proposition 22.11. Let M be a smooth manifold. The tautological 1-form t is
smooth, and w = —d T is a symplectic form on the total space of T* M .

Proof. Let (x") be smooth coordinates on M, and let (x', &) denote the correspond-
ing natural coordinates on 7* M as defined on p. 277. Recall that the coordinates of
(q,¢) € T*M are defined to be (xi, éi), where (xi) is the coordinate representation
of ¢, and & dx' is the coordinate representation of ¢. In terms of these coordinates,
the projection 7w : T*M — M has the coordinate expression 7 (x, &) = x. This im-
plies that d 7*(dx') = dx’, so the coordinate expression for 7 is

o) = A7l g (S dx') =& dx'. (22.4)

It follows immediately that 7 is smooth, because its component functions in these
coordinates are linear.
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Let w = —dt € Q*>(T*M). Clearly, w is closed, because it is exact. Moreover,
in natural coordinates, (22.4) yields

w=>) dx' Adé.

Under the identification of an open subset of 7*M with an open subset of R?” by
means of these coordinates, @ corresponds to the standard symplectic form on R2”
(with & substituted for y*). It follows that e is symplectic. O

The symplectic form defined in this proposition is called the canonical symplec-
tic form on T* M . One of its many uses is in giving the following somewhat more
“geometric” interpretation of what it means for a 1-form to be closed.

Proposition 22.12. Let M be a smooth manifold, and let o be a smooth 1-form
on M. Thought of as a smooth map from M to T*M, o is a smooth embedding,
and o is closed if and only if its image 0 (M) is a Lagrangian submanifold of T*M .

Proof. Throughout this proof we need to remember that 0: M — T*M is playing
two roles: on the one hand, it is a 1-form on M, and on the other hand, it is a
smooth map between manifolds. Since they are literally the same map, we do not
use different notations to distinguish between them; but you should be careful to
think about which role o is playing at each step of the argument.

In terms of smooth local coordinates (xi ) for M and corresponding natural coor-
dinates (xi , E,) for T* M, the map o: M — T*M has the coordinate representation

o(x . x")y = (xt L x o1 (x), . on(X))

where 0; dx' is the coordinate representation of o as a 1-form. It follows immedi-
ately that o is a smooth immersion, and it is injective because = o6 = Idys. To show
that it is an embedding, it suffices by Proposition 4.22 to show that it is a proper map.
This in turn follows from the fact that 7 is a left inverse for o, by Proposition A.53.

Because o (M) is n-dimensional, it is Lagrangian if and only if it is isotropic,
which is the case if and only if 0*w = 0. The pullback of the tautological form
under o is

o*t=0"(& dxi) =o0;dx' =o0.
This can also be seen somewhat more invariantly from the computation
(0" D)p(V) = To(p) (d0p (V) = 0p(d To(p) © dOp (v)) = 0 (V).
which follows from the definition of 7 and the fact that 7 o 0 = Ids. Therefore,
oc*w=—-0%dt =—d(c*1) = —do.

It follows that ¢ is a Lagrangian embedding if and only if do = 0. O
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The Darboux Theorem

Our next theorem is one of the most fundamental results in symplectic geometry. It
is a nonlinear analogue of the canonical form for a symplectic tensor given in Propo-
sition 22.7. It illustrates the most dramatic difference between symplectic structures
and Riemannian metrics: unlike the Riemannian case, there is no local obstruction
to a symplectic structure being locally equivalent to the standard flat model.

Theorem 22.13 (Darboux). Let (M, w) be a 2n-dimensional symplectic manifold.
For any p € M, there are smooth coordinates (xl, R yl, .. ,y") centered at
p in which w has the coordinate representation

n
0= de" Ady'. (22.5)

i=1

We will prove the theorem below. Any coordinates satisfying (22.5) theorem
are called Darboux coordinates, symplectic coordinates, or canonical coordinates.
Obviously, the standard coordinates (xl, xm oyt y") on R?" are Darboux
coordinates. The proof of Proposition 22.11 showed that the natural coordinates
(xi , 5,) are Darboux coordinates for 7* M with its canonical symplectic structure.

The Darboux theorem was first proved (in a slightly different form) by Gaston
Darboux in 1882, in connection with his work on ordinary differential equations
arising in classical mechanics. The proof we give was discovered in 1971 by Alan
Weinstein [Wei71], based on a technique due to Jiirgen Moser [Mos65]. A more
elementary—but less elegant—proof is outlined in Problem 22-19.

Weinstein’s proof of the Darboux theorem is based on the theory of time-
dependent flows (see Theorem 9.48). Before we carry out the proof, we need some
preliminary results regarding such flows.

First, recall that Proposition 12.36 shows how to use Lie derivatives to compute
the derivative of a tensor field under a flow. We need the following generalization of
that result to the case of time-dependent flows.

Proposition 22.14. Let M be a smooth manifold. Suppose V: J x M — TM is a
smooth time-dependent vector field and W : & — M is its time-dependent flow. For
any smooth covariant tensor field A € T*(M) and any (11,19, p) € €,

d

L i), = 0 (Er, ), 26

=ty

Proof. First, assume ; = fo. In this case, ¥, s, is the identity map of M, so we
need to prove

d

dt

We begin with the special case in which A = f is a smooth 0-tensor field:

(VinA), = (Lv,,A),,- (22.7)

t=to

f (.10, p)) =V(to. ¥ (to.10. p)) f

t=to

d . D
5. (Wz,tof) (p) - E

dt t=to
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= (thO f)(P)

Next consider an exact 1-form A = df. In any smooth local coordinates (xi),
the function ¥/, f(x) = f (¥ (7,10, x)) depends smoothly on all n + 1 variables
(t, xt . ,x”). Thus, the operator d /dt (which is more properly written as d/d¢ in
this situation) commutes with each of the partial derivatives d/dx* when applied to

V{4, /- In particular, this means that the exterior derivative operator d commutes
with d/0z, and so

d 0

0ty Vo) = 5

0
d(yr =d( =
t=tg (llft!tof)p ( at

=d(%v, f), = (Lv,df),

Thus, the result is proved for O-tensors and for exact 1-forms.

Now suppose that A = B ® C for some smooth covariant tensor fields B and C,
and assume that the proposition is true for B and C. (We include the possibility that
B or C has rank 0, in which case the tensor product is just ordinary multiplication.)
By the product rule for Lie derivatives (Proposition 12.32(c)), the right-hand side of
(22.7) satisfies

(Vi) )

t=to p

($Vt0 (B® C))P = ("fvto B)p ®C+ By, ® (‘thoC)P'

On the other hand, by an argument entirely analogous to that in the proof of Propo-
sition 12.32, the left-hand side satisfies a similar product rule:

d d
a7 (Vin(B®C)), = ( 7 (‘/’t*,toB)p) ®Cp

t=to t=to

d
+B,® ( = (w;j,oc)p).
0

This shows that (22.7) holds for A = B ® C, provided it holds for B and C. The
case of arbitrary tensor fields now follows by induction, using the fact that any
smooth covariant tensor field can be written locally as a sum of tensor fields of the
form A= fdx"' ® --- @ dx'k.

To handle arbitrary 7;, we use Theorem 9.48(d), which shows that v, ;) = ¥, ©
Y1,,10 Wherever the right-hand side is defined. Therefore, because the linear map

d (th,to);3 Tk(T;;t] 0 M)~ T*(T;y M) does not depend on 7,

t=t,

d

" d
E t=t1 (I//t,tOA)p N E

AWty 10)p 0 d (Ve );,1 10(P) (Awr,to ®)

t=t

* d *
=dWnuw)p 72| AWndy, o) (Aysiy 091,10 )

t=n

— (U oo (27, 4)),,
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O

A smooth time-dependent tensor field on a smooth manifold M is a smooth map
A: J x M — TET*M, where J C R is an interval, satisfying A(¢, p) € T* (T, M)
foreach (t,p)e J x M.

Proposition 22.15. Let M be a smooth manifold and J C R be an open interval.
Suppose V : J x M is a smooth time-dependent vector field on M, . & — M is its
time-dependent flow, and A: J x M — T*T*M is a smooth time-dependent tensor

field on M . Then for any (t1,t9, p) € &,
d
— At) . (22.8)
t =ty P

d * *
E (el,loAt)p = <9l1,t0 (inlAtl + d

1=ty

Proof. For sufficiently small & > 0, consider the smooth map F': (t; —e&,t] + €) X
(ty —&.11 4 &) > T*(T;y M) defined by

F(u,v) = (65 1, Av), = d (6us,); (Av . (P)).

Since F takes its values in the finite-dimensional vector space Tk(Tp*M ), we can
apply the chain rule together with Proposition 22.14 to conclude that

d oF oF
7 — F(t,t)= E(Zlytl) + %(11711)
* 8 *
= (v, An)), + 55| Cn); (4, )

Just as in the proof of Proposition 22.14, the linear map d (9,1 ,,O); commutes past
d/dv, yielding (22.8). O

Proof of the Darboux theorem. Let wqy denote the given symplectic form on M, and
let po € M be arbitrary. The theorem will be proved if we can find a smooth coordi-
nate chart (U, ¢) centered at po such that 9*w; = wp, where w1 = Y r_, dx' Ady'
is the standard symplectic form on R2". Since this is a local question, by choosing
smooth coordinates (x',...,x", y!,..., ") in a neighborhood of po, we may re-
place M with an open ball U € R?". Proposition 22.7 shows that we can arrange
by a linear change of coordinates that wg|p, = w1 |p,-

Let n = w1 — wp. Because 7 is closed, the Poincaré lemma (Theorem 17.14)
shows that we can find a smooth 1-form « on U such that do = —7. By subtracting
a constant-coefficient (and thus closed) 1-form from o, we may assume without loss
of generality that cr,, = 0.

For each t € R, define a closed 2-form w; on U by

wr=wo+tn=(1—-1t)wy +tw.

Let J be a bounded open interval containing [0, 1]. Because wy|p, = wo|p, is non-
degenerate for all 7, a simple compactness argument shows that there is some neigh-
borhood U; C U of pg such that w; is nondegenerate on U; for all € J. Because of
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this nondegeneracy, the smooth bundle homomorphism @, : T U, — T*U, defined
by @;(X) = X 1 w; is an isomorphism for each ¢ € J.

Define a smooth time-dependent vector field V': J x Uy — TU; by V; = aA),_lot,
or equivalently

Vi Jw; = .

Our assumption that o, = 0 implies that V;|,, = 0 for each ¢. If 6: & — U, de-
notes the time-dependent flow of V, it follows that 6(¢,0, pg) = po forall t € J, so
J x{0} x {po} € &. Because & is open in J x J x M and [0, 1] is compact, there
is some neighborhood Uy of pg such that [0, 1] x {0} x Uy € &.

For each 71 € [0, 1], it follows from Proposition 22.15 that

o)
t=t1

d * *
4 (9,,0w,)=9,1’0(:£y,lw,1+ "

dt |-,

= 0:1,0(1/1‘1 _ da),l +d(Vt1 _ C()[l) + 7’])
=0y, (0 +da+n) =0.

Therefore, 0w, = 5 ywo = wo for all 7. In particular, 67 @1 = wo. It follows
from Theorem 9. 48(c) that 01,0 is a diffeomorphism onto its image, so it is a coor-
dinate map. Because 61 ,0(po) = po = 0, these coordinate are centered at py. O

Hamiltonian Vector Fields

One of the most useful constructions on symplectic manifolds is a symplectic ana-
logue of the gradient, defined as follows. Suppose (M, w) is a symplectic manifold.
For any smooth function f € C*° (M), we define the Hamiltonian vector field of f
to be the smooth vector field Xy defined by

Xy =o' (df),
where @: TM — T*M is the bundle isomorphism determined by w. Equivalently,
Xy Jw=df,
or for any vector field Y,
(X, Y)=df(Y) =Y}
In any Darboux coordinates, X can be computed explicitly as follows. Writing

d
A= Z( oxi © ayi)

i=1

for some coefficient functions (ai , bi) to be determined, we compute

n
Xf_la)=2( f%—i— b’ ) de A dy' —Z(aidyi—bidxi).

i=1 i=1
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On the other hand,

§ (G o)

Setting these two expressions equal to each other, we find that a’ = 9f/dy* and

b = —3f/0x", which yields the following formula for the Hamiltonian vector field
of f in Darboux coordinates:
of 9 of 9
Xr= _— . 22.9
4 (8y dxi  Oxt 9y ) (22.9)

This formula holds, in particular, on R?” with its standard symplectic form.

Although the definition of the Hamiltonian vector field is formally analogous to
that of the gradient on a Riemannian manifold, Hamiltonian vector fields differ from
gradients in some very significant ways, as the next lemma shows.

Proposition 22.16 (Properties of Hamiltonian Vector Fields). Ler (M,w) be a
symplectic manifold and let f € C*°(M).

(a) f is constant along each integral curve of Xy .
(b) At each regular point of f, the Hamiltonian vector field Xy is tangent to the
level set of f .

Proof. Both assertions follow from the fact that

Xy f =df (Xy) = (X7, Xp) =0
because w is alternating. O

A smooth vector field X on M is said to be symplectic if w is invariant under the
flow of X. It is said to be Hamiltonian (or globally Hamiltonian) if there exists a
function f € C*°(M) such that X = X, and locally Hamiltonian if each point p
has a neighborhood on which X is Hamiltonian. Clearly, every globally Hamiltonian
vector field is locally Hamiltonian.

Proposition 22.17 (Hamiltonian and Symplectic Vector Fields). Let (M, ) be
a symplectic manifold. A smooth vector field on M is symplectic if and only if it
is locally Hamiltonian. Every locally Hamiltonian vector field on M is globally
Hamiltonian if and only if H (M) = 0.

Proof. By Theorem 12.37, a smooth vector field X is symplectic if and only if
£xw = 0. Using Cartan’s magic formula, we compute

Exo=d(X Jw)+ X J(do)=d(X 2 ). (22.10)

Therefore, X is symplectic if and only if the 1-form X _ w is closed. On the one
hand, if X is locally Hamiltonian, then in a neighborhood of each point there is
a real-valued function f such that X = X, s0 X Jw = Xy 1w = df, which is
certainly closed. Conversely, if X is symplectic, then by the Poincaré lemma each
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point p € M has a neighborhood U on which the closed 1-form X _| w is exact. This
means there is a smooth real-valued function f defined on U such that X 1w = df’;
because w is nondegenerate, this implies that X = Xy on U.

Now suppose M is a smooth manifold with Hj(M) = 0. If X is a locally
Hamiltonian vector field, then it is symplectic, so (22.10) shows that X 1 w is
closed. The hypothesis then implies that there is a function f € C°°(M) such that
X 1o =df. This means that X = Xr, so X is globally Hamiltonian. Conversely,
suppose every locally Hamiltonian vector field is globally Hamiltonian. Let n be a
closed 1-form, and let X be the vector field X = @ '7. Then (22.10) shows that
Lxw =dn =0, so X is symplectic and therefore locally Hamiltonian. By hypoth-
esis, there is a global smooth real-valued function f such that X = X, and then
unwinding the definitions, we find that n = df . O

A symplectic manifold (M, w) together with a smooth function H € C*°(M)
is called a Hamiltonian system. The function H is called the Hamiltonian of the
system; the flow of the Hamiltonian vector field X is called its Hamiltonian flow,
and the integral curves of Xy are called the trajectories or orbits of the system.
In Darboux coordinates, formula (22.9) implies that the orbits are those curves

y(t) = (x'(¢), y' (1)) that satisfy

#0) = (v 0).
dy

9H
o (0. ()

(with dots denoting ordinary derivatives of component functions with respect to 7).
These are called Hamilton’s equations.

Hamiltonian systems play a central role in classical mechanics. We illustrate how
they arise with a simple example.

(22.11)

HOES

Example 22.18 (The n-Body Problem). Consider n physical particles moving

in space, and suppose their masses are my,...,m,. For many purposes, an effec-

tive model of such a system is obtained by idealizing the particles as points in

R3, which we denote by q,...,q,. Writing the coordinates of qi at time ¢ as
1 2 3 : :

(qk (1),q; (1), 43, (1)), we can represent the evolution of the system over time by a

curve in R3":

q(t) = (g1 (). q7(). g3 (), .. qn (1), q2(1), g2 (2)).

The collision set is the subset € C R3" where two or more particles occupy the
same position in space:

€={qeR*:q=q; forsome k #1}.

We consider only motions with no collisions, so we are interested in curves in the
open subset Q =R < €.

Suppose the particles are acted upon by forces that depend only on the posi-
tions of all the particles in the system. (A typical example is gravitational forces.)
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If we denote the components of the net force on the kth particle by Fi(q) =
(F kl (q), sz (9), F, k3 (q)), then Newton’s second law of motion asserts that the par-
ticles’ motion satisfies my i (t) = Fy (q(t)) for each k, which translates into the
3n x 3n system of second-order ODEs

mid (1) = F(q(1)),
midi (1) = FZ(q(1)),
mkéj,z(t) = F,S(q(l)), k=1,...,n.

(There is no implied summation in these equations.)

This can be written in a more compact form if we relabel the 3n position co-
ordinates as ¢(1) = (¢'(r).....¢*(r)) and the 3n components of the forces as
F(g) = (F1 @q),-.., Fsn (q)), and let M = (M;;) denote the 3n x 3n diagonal ma-

trix whose diagonal entries are (mq,my,my,Mz, My, My, ..., My, My, My). Then
Newton’s second law can be written
Miji’ (t) = F;(q(1)). (22.12)

(Here the summation convention is in force.) We assume that the forces depend
smoothly on ¢, so we can interpret F(g) = (F1(q),-.., F3,(gq)) as the components
of a smooth covector field on Q. We assume further that the forces are conservative,
which by the results of Chapter 11 is equivalent to the existence of a smooth function
V € C*°(Q) (called the potential energy of the system) such that F = —dV.

Under the physically reasonable assumption that all of the masses are posi-
tive, the matrix M is positive definite, and thus can be interpreted as a (constant-
coefficient) Riemannian metric on Q. It therefore defines a smooth bundle isomor-
phism M: TQ — T*Q. If we denote the natural coordinates on 7Q by (¢*,v")
and those on T*Q by (¢', p;), then M (v, w) = M;jv'w’, and M has the coordi-
nate representation

(qi’Pi) =1\7I(qi,vi) = (C]i,Mijvj).

If¢'(t) = (¢ (2),....4°" (1)) is the velocity vector of the system of particles at time
t, then the covector p(¢) = M (q’ (t)) is given by the formula

pi(1) = Mg’ (1). (22.13)

To give this equation a physical interpretation, we can revert to our original labeling
of the coordinates and write

p(®)=(p1.P1.Pi+- Pu: Pa- Pa)-

and then pr () = (p,i (1), p]% (1), p,i (t)) = my Qg (¢) is interpreted as the momentum
of the kth particle at time 7.

Using (22.13), we see that a curve ¢g(¢) in Q satisfies Newton’s second law
(22.12) if and only if the curve y(1) = (¢(¢), p(r)) in T*Q satisfies the first-order
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system of ODEs
g'(6) =M p; ().
. av
pi(t) = —3—q,-(Q(l)),

where (M i ) is the inverse of the matrix of (M;;). Define a function E €
C>®(T*Q), called the total energy of the system, by

E(q.p) =V(q) + K(p),

where V' is the potential energy introduced above, and K is the kinetic energy,
defined by

(22.14)

K(p)=3M" pip;.
Since (qi, pi) are Darboux coordinates on T*Q, a comparison of (22.14) with
(22.11) shows that (22.14) is precisely Hamilton’s equations for the Hamiltonian
flow of E. The fact that E is constant along the trajectories of its own Hamiltonian
flow is known as the law of conservation of energy. "

An elaboration of the same technique can be applied to virtually any classical
dynamical system in which the forces are conservative. For example, if the positions
of a system of particles are subject to constraints, as are the constituent particles of
a rigid body, for example, then the configuration space is typically a submanifold
of R3” rather than an open subset. Under very general hypotheses, the equations of
motion of such a system can be formulated as a Hamiltonian system on the cotangent
bundle of the constraint manifold. For much more on Hamiltonian systems, see
[AM78].

Poisson Brackets

Hamiltonian vector fields allow us to define an operation on real-valued functions
on a symplectic manifold M similar to the Lie bracket of vector fields. Given f, g €
C (M), we define their Poisson bracket { f, g} € C°°(M) by any of the following
equivalent formulas:

{fg} =0 (Xy Xg) =df (Xg) = X¢ f. (22.15)

Two functions are said to Poisson commute if their Poisson bracket is zero.

The geometric interpretation of the Poisson bracket is evident from the char-
acterization {f, g} = X, f: it is a measure of the rate of change of f along the
Hamiltonian flow of g. In particular, f and g Poisson commute if and only if f is
constant along the Hamiltonian flow of g.

Using (22.9), we can readily compute the Poisson bracket of two functions f, g
in Darboux coordinates:

Ueh=) s 5770 (22.16)
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Proposition 22.19 (Properties of the Poisson Bracket). Suppose (M, w) is a sym-
plectic manifold, and f,g,h € C*°(M).

(a) BILINEARITY: { f, g} is linear over R in f andin g.
(b) ANTISYMMETRY: { f,g}=—{g, f}.

(c) JACOBIIDENTITY: {{ f, g}, h} + {{g.h}, f} +{{h, f}, g} =0.
(d) X¢rqy =—[Xr, Xg].

Proof. Parts (a) and (b) are obvious from the characterization { f, g} = w (X . X g)
together with the fact that Xy = @ '(df) depends linearly on f. Because of the
nondegeneracy of w, to prove (d), it suffices to show that the following holds for
every vector field Y:

o (Xi1e3.Y) + o ([Xr. Xgl.Y) =0. (22.17)

On the one hand, note that » (X¢13.Y) =d({f.g)(Y) =Y {f.g} =YX, f.On
the other hand, because Hamiltonian vector fields are symplectic, the Lie derivative
formula of Corollary 12.33 yields

0= (Lx, ) (Xr.,Y)
= Xg (0(X7,Y)) — 0 ([Xg. X71,Y) — 0 (X7, [Xg, Y]). (22.18)

The first and third terms on the right-hand side can be simplified as follows:

Xg (W(va Y)) =Xy (df(Y)) =X, Y[
(X7, [Xg.Y])=df ((Xg.Y]) =[Xg.Y]f =XgY[ —YX, f
=X Yf —o(Xirg.Y).
Inserting these into (22.18), we obtain (22.17).
Finally, (c) follows from (d), (b), and (22.15):
Ue 1y = Xy f = —[Xg, Xpf = =X Xonf + X Xe f
=X S+ Xplf gt =/ hh i+ gh b}
=g fii—{h S8} 0
The following corollary is immediate.

Corollary 22.20. If (M, w) is a symplectic manifold, the vector space C*° (M) is a
Lie algebra under the Poisson bracket. O

If (M,w, H) is a Hamiltonian system, any function f € C°°(M) that is con-
stant on every integral curve of Xg is called a conserved quantity of the system.
Conserved quantities turn out to be deeply related to symmetries, as we now show.

A smooth vector field V on M is called an infinitesimal symmetry of (M,w, H)
if both w and H are invariant under the flow of V.
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Proposition 22.21. Let (M, w, H) be a Hamiltonian system.

(a) A function f € C®(M) is a conserved quantity if and only if { f, H} =0

(b) The infinitesimal symmetries of (M,w, H) are precisely the symplectic vector
fields V that satisfy VH = 0.

(¢) If 0 is the flow of an infinitesimal symmetry and y is a trajectory of the system,
then for each s € R, 05 o y is also a trajectory on its domain of definition.

Proof. Problem 22-18. O

The following theorem, first proved (in a somewhat different form) by Emmy
Noether in 1918 [Noe71], has had a profound influence on both physics and math-
ematics. It shows that for many Hamiltonian systems, there is a one-to-one cor-
respondence between conserved quantities (modulo constants) and infinitesimal
symmetries.

Theorem 22.22 (Noether’s Theorem). Let (M,w, H) be a Hamiltonian system.
If f is any conserved quantity, then its Hamiltonian vector field is an infinitesi-
mal symmetry. Conversely, if H le(M ) = 0, then each infinitesimal symmetry is the
Hamiltonian vector field of a conserved quantity, which is unique up to addition of
a function that is constant on each component of M .

Proof. Suppose f is a conserved quantity. Proposition 22.21 shows that { f, H} =
0. This in turn implies that Xy H = {H, f} =0, so H is constant along the flow of
Xy . Since w is invariant along the flow of any Hamiltonian vector field by Proposi-
tion 22.17, this shows that X is an infinitesimal symmetry.

Now suppose that M is a smooth manifold with HJ,(M) = 0. Let V be an in-
finitesimal symmetry of (M, w, H). Then V is symplectic by definition, and glob-
ally Hamiltonian by Proposition 22.17. Writing V = Xy, the fact that H is con-
stant along the flow of V' implies that {H, f} = X;H = VH =0, s0 f is a

conserved quantity. If ]7 is any other function that satisfies X 7= V = Xy, then

(f f)= (X ~—Xf) Jw=0,50 f — f must be constant on each component
of O

There is one conserved quantity that every Hamiltonian system possesses: the
Hamiltonian H itself. The infinitesimal symmetry corresponding to it, of course,
generates the Hamiltonian flow of the system, which describes how the system
evolves over time. Since H is typically interpreted as the total energy of the sys-
tem (as in Example 22.18), one usually says that the symmetry corresponding to
conservation of energy is “translation in the time variable.”

Hamiltonian Flowouts

Hamiltonian vector fields are powerful tools for constructing isotropic and La-
grangian submanifolds. Because Lagrangian submanifolds of 7* M correspond to
closed 1-forms (Proposition 22.12), which in turn correspond locally to differentials
of functions, such constructions have numerous applications in PDE theory. We will
see one such application later in this chapter.
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Theorem 22.23 (Hamiltonian Flowout Theorem). Suppose (M, ®) is a symplec-
tic manifold, H € C®° (M), I' is an embedded isotropic submanifold of M that is
contained in a single level set of H , and the Hamiltonian vector field X i is nowhere
tangent to I' . If § is a flowout from I' along Xm, then $ is also isotropic and con-
tained in the same level set of H .

Proof. Let 6 be the flow of Xpg. Recall from Theorem 9.20 that the flowout is
parametrized by the restriction of 6 to a neighborhood @5 of {0} x I" in R x I". First
consider a point p € I" C §. If we choose a basis Ey,..., Ex for T,I", then T,$
is spanned by (X Hlp- E1,..., Ek). The assumption that I" is isotropic implies that
wp (Ei, E j) =0 forall7 and j. On the other hand, by definition of the Hamiltonian
vector field,

wp(Xulp, Ej) = dH, (E;) =0,
because E; is tangent to I, which is contained in a level set of H . This shows that
the restriction of w to 7T,,$ is zero when p € I'.

Any other point p’ € § is of the form p’ = 6;(p) for some (¢, p) € Os CR x I'.
Because 0, is a local diffeomorphism that maps a neighborhood of p in § to a
neighborhood of p’ in §, its differential takes 7}, § isomorphically onto T},/§. Thus,
for any vectors v, w € T, S, there are vectors U, W € 7,8 such that d(6;), (ﬁ) =0
and d(6;), (@) = w. Moreover, because Xg is a symplectic vector field, its flow
preserves . Therefore,

0y (v, 0) = w0y (d(0)p (). d(B,), (D)) = (6] 0), (. D) = w, (. B) =0.

It follows that § is isotropic. By Proposition 22.16, H is constant along each integral
curve of Xy, so § is contained in the same level set of H as I". Oa

Contact Structures

As we have seen, symplectic manifolds must be even-dimensional; but there is
a closely related structure called a contact structure that one can define on odd-
dimensional manifolds. It also has important applications in geometry and analysis.
In this section, we introduce the main elements of contact geometry.

Suppose M is a smooth manifold of odd dimension 2n + 1. A contact form
on M is a nonvanishing smooth 1-form 6 with the property that for each p € M,
the restriction of d6, to the subspace Ker 8, C T, M is nondegenerate, which is
to say it is a symplectic tensor. A contact structure on M is a smooth distribution
H C TM of rank 2n with the property that any smooth local defining form 6 for
H is a contact form. A contact manifold is a smooth manifold M together with
a contact structure on M. If (M, H) is a contact manifold, any (local or global)
defining form for H is called a contact form for H . It was proved in 1971 by Jean
Martinet [Mar71] that every oriented compact smooth 3-manifold admits a contact
structure; but the question of which higher-dimensional manifolds admit contact
structures is still unresolved.
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Proposition 22.24. A smooth 1-form 0 on a (2n + 1)-manifold is a contact form if
and only if @ A dO™ is nonzero everywhere on M, where dO™ represents the n-fold
wedge product dO N --- AN d6.

» Exercise 22.25. Prove the preceding proposition.

» Exercise 22.26. Suppose H is a contact structure on a smooth manifold M. Show
that if 61 and 6, are any two local contact forms for H, then on their common domain
there is a smooth nonvanishing function f such that 6, = (6.

It follows from the result of Problem 19-2 that a codimension-1 distribution H C
TM is integrable if and only if any local defining form 6 satisfies 8 A d6 = 0. If H
is a contact structure, by contrast, not only is 8 A d6 nonzero everywhere on M, but
it remains nonzero after taking n — 1 more wedge products with d6. Thus, a contact
structure is, in a sense, a “maximally nonintegrable distribution.”

Example 22.27 (Contact Forms).

(a) On R?"*+! with coordinates (xl,...,x", yl, e, y”,z), define a 1-form 6 by

n
0=dz—) y'dx' (22.19)
i=1
and let H € TR?"*1 be the rank-2n distribution annihilated by 8. Then df =
>'_, dx" Ady'. If we define vector fields {X;,Y; :i =1,...,n} by
ad 0 ad

_ i0
_axi+y az’ ayt’

X;

then (X i Y,-) is a smooth frame for H, and it is straightforward to check that
it satisfies d0 (X;, X;) = d0 (Y;,Y;) =0and d (X;,Y;) = ;. It follows just
as in Example 22.2 that d6|g is nondegenerate, so 6 is a contact form. Theo-
rem 22.31 below shows that every contact form can be put into this form locally
by a change of coordinates.

(b) Let M be a smooth rn-manifold, and define a smooth 1-form 6 on the (2n + 1)-
manifold R x T*M by 6 = dz — 1, where z is the standard coordinate on R and
T is the tautological 1-form on 7*M. In terms of natural coordinates (x',&;)
for T*M, the form 6 has the coordinate representation

n
0 =dz—) &dx',
i=1
so it is a contact form by the same argument as in part (a).
(¢) On R?"*2 with coordinates (x',...,x"*1 y! ... y"*1) consider the 1-form
n+1

O= xtdy' — y'dx?).
> ( )

i=1
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The standard contact form on S2"*1 i5 the smooth 1-form 6 = 1*®, where
1 S2ntl s R27+2 g inclusion. To see that @ is indeed a contact form, note
first that d© = 2 372 dx? Ady' is a symplectic form on R?"*2. Consider the
following vector fields on R2"*1 < {0}:

_ _g 0 i

N=x 8xf+y oyJ’ I=x ayJ T

A computation shows that N is normal to S?*1 (with respect to the Euclidean
metric) and 7 is tangent to it. Let S € T (R*"*2 < {0}) denote the subbundle
spanned by N and T, and let S+ denote its symplectic complement with respect
to d®. For each p € S>"*1, S is the set of vectors X € T,R?"*2 such that
dO®, (Np, Xp) =dOp (Tp, Xp) = 0. We compute

n+1
NJd(H):ZZ(xidyi —yidxi) =20,
i=1
n+l . . . .
T1do=2) " (x'dx' +y dy')=d (Ix]* +|y).

i=1

It follows that ;- is the common kernel of ), and d (|x|* + ¥1?),,» which
is Ker ©, N T,S?"*! = Ker 6,. Because dO(N,T) = |x|*> + |y|*> # 0 on
R27H1 {0}, S, is a symplectic subspace of 7,R?"*2, and thus Ker 6, = S;-
is also a symplectic subspace by Proposition 22.5(a). Because the restriction of
d0, to Ker 0, is the same as the restriction of d @, it is nondegenerate, so 0 is
a contact form. "

Theorem 22.28 (The Reeb Field). Let (M, H) be a contact manifold, and suppose
0 is a contact form for H . There is a unique vector field T € X(M), called the Reeb
field of 0, that satisfies the following two conditions:

T1do=0, 6(T)=1. (22.20)

Proof. Define a smooth bundle homomorphism @: TM — T*M by &(X) =
X 1d0, and for each p € M, let @, denote the linear map @ |7, pr: TyM — Tp*M.
The fact that df), restricts to a nondegenerate 2-tensor on H), implies that @, |g,
is injective, so @, has rank at least 2n (where 2n + 1 is the dimension of M'). On
the other hand, @, cannot have rank 2n + 1, because then d6, would be nonde-
generate, which is impossible because T, M is odd-dimensional. Thus @, has rank
exactly 2n, so dimKer @, = 1. Since Ker @, is not contained in H, = Ker 6,,
there is a unique vector 7, € Ker @, satisfying 8,(7,) = 1. This shows that there is
a unique rough vector field T satisfying (22.20).

To see that T is smooth, note that Ker @ is a smooth rank-1 subbundle of TM by
Theorem 10.34. Given p € M, let X be any smooth nonvanishing section of Ker @
on a neighborhood of p. Because 8(X) # 0, we can write the Reeb field locally as
T = 60(X)~' X, which is also smooth. O
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» Exercise 22.29. Show that the Reeb fields of the three contact forms described in
Example 22.27 are as follows:

0 0 ;0 ;0
= —; = —, = J— oy
@ T=-: () T=5:  (© T (X i Y axf)

§2n+1 ’

» Exercise 22.30. Let 6 be a contact form and T be its Reeb field. Show that
L£16 =0.

Many of the constructs that we described for symplectic manifolds have ana-
logues in contact geometry. We begin with an analogue of the Darboux theorem.

Theorem 22.31 (Contact Darboux Theorem). Suppose 6 is a contact form on a
(2n 4 1)-dimensional manifold M . For each p € M, there are smooth coordinates
(xl, axm oyt ,y",z) centered at p in which 0 has the form (22.19).

Proof. Let p € M be arbitrary. Let (U, (u")) be a smooth coordinate cube centered
at p in which the Reeb field of 6 has the form 7" = 9/ dul, and let Y C U be the
slice defined by u! = 0. Because T is nowhere tangent to Y, it follows that the
pullback of df to Y is a symplectic form. After shrinking U and Y if necessary,
we can find Darboux coordinates (x1 e X yl, e, y") for Y centered at p, and
extend them to U by requiring them to be independent of u! (or equivalently, to be
constant on the integral curves of T'). Let « be the 1-form ) ; yi dx' on U, so the
pullbacks of df and —da to Y agree. Because T 1 df =T 11 da = 0, it follows
that df + do = 0 at points of Y. Then £70 = Lo = 0 implies that d(0 + «) is
invariant under the flow of 7', so in fact (6 + o) = 0 on all of U. By the Poincaré
lemma, there is a smooth function z on U such that dz = 6 + «; by subtracting a
constant, we may arrange that z (p) = 0. Because dz,(T,) = 6,(T,) = 1, it follows
that {dxi lp,dy'|p, dz| p} are linearly independent, so Problem 11-6 shows that there
is a neighborhood of p on which (x',...,x", y!,..., y", z) are the coordinates we
seek. O

The next proposition describes a contact analogue of Hamiltonian vector fields.

Proposition 22.32. Suppose (M, H) is a contact manifold and 0 is a contact
form for H. For any function f € C®°(M), there is a unique vector field Xy,
called the contact Hamiltonian vector field of f, that satisfies 0(Xy) = f and
(Xy 2 dO) | = —df .

Proof. Suppose f € C°>°(M). Because the restriction of d6 to H is nondegenerate,
there is a unique smooth vector field B € I'(H) such that B 1 d6|g = df |g. If we
set Xy = fT — B, where T is the Reeb field for 6, then it is easy to check that the
required conditions are satisfied. O

Suppose (M, H) is a contact manifold. A smooth vector field X € X(M) is
called a contact vector field if its flow 6 preserves the contact structure, in the sense
that d(0;),(Hp,) = Hy,(p) for all (¢, p) in the domain of 6.

Theorem 22.33 (Characterization of Contact Vector Fields). If (M, H) is a con-
tact manifold and 0 is a contact form for H, then a smooth vector field on M is a
contact vector field if and only if it is a contact Hamiltonian vector field.
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Proof. Problem 22-21. O

If (M, H) is a contact manifold, a smooth submanifold S C M is said to be
isotropic if TS C H, or equivalently if «*# = 0 for any contact form 6, where
t: S < M is inclusion. If § C M is isotropic, then t*df = d(¢*#) = 0. This im-
plies that for each p € §, the tangent space 7, S is an isotropic subspace of the
symplectic vector space H), and thus its dimension cannot be any larger than n,
where 2n 4 1 is the dimension of M. An isotropic submanifold of the maximum
possible dimension 7 is called a Legendrian submanifold.

The next theorem is a contact analogue of the Hamiltonian flowout theorem, and
is proved in much the same way. It is the main tool for constructing solutions of
fully nonlinear PDEs (see Theorem 22.39 below).

Theorem 22.34 (Contact Flowout Theorem). Suppose (M, H) is a contact mani-
fold, F € C*®°(M), I' is an embedded isotropic submanifold of M that is contained
in the zero set of F , and the contact Hamiltonian vector field X g is nowhere tangent
to I'. If § is a flowout from I" along XF, then § is also isotropic and contained in
the zero set of H .

Proof. Problem 22-23. O

Nonlinear First-Order PDEs

In Chapter 9, we discussed first-order partial differential equations, and showed how
to use the theory of flows to solve them in the linear and quasilinear cases. In this
section, we show how to use symplectic and contact geometry to solve fully nonlin-
ear first-order equations (i.e., equations that are not quasilinear).

We begin with a somewhat special case. A first-order partial differential equation
that involves only the first derivatives of the unknown function but not the values of
the function itself is called a Hamilton—Jacobi equation. Such an equation for an

unknown function u (xl, e ,x”) can be written in the form
ou ou
1 _
F(x ,...,x",—axl(x),...,axn (x))—O, (22.21)

where F is a smooth function defined on an open subset of R?”. (The terminology

regarding Hamilton—Jacobi equations is not universally agreed upon. Some authors

reserve the term Hamilton—Jacobi equation for the special case of an equation of

the form

ad i ad

_”+H(x1,__ n u(x),...,a—”n(x))zo. (22.22)
x

ax! S a2
The implicit function theorem shows that an equation of the general form (22.21)
can be locally rewritten in this special form if and only if the partial derivative
of F with respect to its (n + 1)st variable is nonzero. On the other hand, other
authors use the term eikonal equation to refer to any equation of the form (22.21).
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We reserve that term for another special case to which it was originally applied; see
Problem 22-24.)

More generally, if M is a smooth manifold, a Hamilton—Jacobi equation on M
is given by a smooth real-valued function F defined on an open subset W C T*M,
and a solution to the equation is a smooth real-valued function u defined on an open
subset U € M such that the image of du lies in the zero set of F':

F(x,du(x)) =0 forall x eU. (22.23)

(We write the covector duy € TY M as (x, d u(x)), in order to be more consistent
with the coordinate representation (22.21) of the equation.) We are interested in
solving a Cauchy problem for (22.23): given an embedded hypersurface S € M
and a smooth function ¢: S — R, we wish to find a smooth function u defined on
a neighborhood of S in M and satisfying (22.23) together with the initial condition

ulg =¢. (22.24)

Just as in Chapter 9, in order to obtain solutions we need to assume that the problem
is of a type called noncharacteristic; we will describe what this means below.

Because Equation (22.23) involves only du, not u itself, we look first for a
closed 1-form « satisfying F (x,a(x)) = 0; then the Poincaré lemma guarantees
that locally & = du for some function u, which then satisfies (22.23). By Proposi-
tion 22.12, it suffices to construct a Lagrangian submanifold of 7*M that is the im-
age of a 1-form and is contained in F~1(0). The key to finding such a submanifold
is the Hamiltonian flowout theorem (Theorem 22.23): after identifying an appropri-
ate isotropic embedded initial submanifold I C 7* M, we will construct the image
of « as the flowout from I" along the Hamiltonian field of F'.

The first challenge is to construct an appropriate initial submanifold I" C T*M.
The image of d¢ will not do, because it lies in 7*S, not 7*M (and there is no
canonical way to identify T*S as a subset of 7* M). Thus, we must first look for an
appropriate section of the restricted bundle 7* M |, that is, a smooth map o: S —
T*M such that o(x) € T} M for each x € S. This will be the value of du along
S for our eventual solution u. Thus, we should expect that it matches d¢ when
restricted to vectors tangent to S, and that it satisfies the PDE at points of S. In
summary, we require o to satisfy the following conditions:

0(x)|Tx ¢ =do(x) forallxes, (22.25)
F(x,a(x)) =0 forall x € S. (22.26)

To find such a o, at least locally, begin by extending ¢ to a smooth function ¢ in a
neighborhood of S and choosing a smooth local defining function  for S. Since o
must agree with d¢ when restricted to 7'S, and the annihilator of 7'S at each point
is spanned by d/, the only possibility for o is a section of the formo =d @+ f dy
for some unknown real-valued function f defined in a neighborhood of S. You can
then insert this into the equation F (x, a(x)) = 0, and attempt to solve for the values
of f along S.
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The Cauchy problem (22.23)—(22.24) is said to be noncharacteristic if there ex-
ists a smooth section o € T" (T* M |¢) satisfying (22.25)—(22.26), with the additional
property that if (x’) are any local coordinates on M and (x',...,x" &,...,&,) are
the corresponding natural coordinates on 7* M, the following vector field along S
is nowhere tangent to S:

oF 0 oF d
L= 3_&-1()“0(“?))@ R E(x,o(s))a?. (22.27)

A?|
(As we will see in the proof of the next theorem, A? is actually globally defined as a
vector field along S, and does not depend on the choice of coordinates.) When this

condition is satisfied, we can solve the Cauchy problem.

Theorem 22.35 (The Cauchy Problem for a Hamilton-Jacobi Equation). Sup-
pose M is a smooth manifold, W C T*M is an open subset, F: W — R is a
smooth function, S € M is an embedded hypersurface, and ¢: S — R is a smooth
function. If the Cauchy problem (22.23)—(22.24) is noncharacteristic, then for each
p € S there is a smooth solution defined on some neighborhood of p in M .

Proof. Giveno: S — T*M |s satisfying (22.25)—(22.26), let I' € W be the image
of 0. Then I' is an embedded submanifold of dimension n — 1, where n = dim M .
In order to apply the Hamiltonian flowout theorem, we need to check first that I
is isotropic with respect to the canonical symplectic structure w on T*M . Since
0: S — T*M is a smooth embedding whose image is I', this is equivalent to show-
ing that 0*w = 0. Let w: T*M — M be the projection; then 7 o ¢ is equal to the
inclusion ¢: § < M. If t denotes the tautological 1-form on 7*M, the defining
equation (22.3) for T implies

(0" D)(p) = do} (A7} )0 () = d(r 0 0)30(p) = diso(p) = de(p).

Thus 0*1 = dg, and it follows that 0*w = 0™ (—d1) = —d(0*t) = —d(d¢) = 0.
Thus I" is isotropic.

Next we need to check that the Hamiltonian vector field X is nowhere tangent
to I'. This follows from the noncharacteristic condition just as in the proof of The-
orem 9.53: because 7: T*M — M restricts to a diffeomorphism from I” to S, if
XF were tangent to I" at some point (p,o(p)) € I', then d 7 (X |(p,0(p))) Would
be tangent to S at p. Using (22.9) in natural coordinates (xi,é,-) on T*M (which
are Darboux coordinates for the canonical symplectic form), we find that

oF 0 oF 0 oF 0 oF d

Xp=— =2
= 9et oxt 9Em 9xn dx! 9g, X" 9&,

Thus d 7 (XF|(p.o(p))) = A°|p, so the assumption that the Cauchy problem is non-
characteristic guarantees that X g is nowhere tangent to I". (This calculation also
shows that A9 is well defined independently of coordinates, because it is the push-
forward of X from points of I".)

Let S be a flowout from I" along X . The Hamiltonian flowout theorem guaran-
tees that § is an n-dimensional isotropic—and therefore Lagrangian—submanifold
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of T*M contained in F~1(0). Using the result of Problem 22-11, we conclude that
it will be the image of a closed 1-form on a neighborhood of p provided that it is
transverse to the fiber of 7 at ( p,o( p)). Once again, we use the fact that T(, 5(p))$
is spanned by T(p.c(p)!" and Xr|(po(p))- Because dw maps Xr|(p.o(p)) to A% |p
and maps T, q(p)) " isomorphically onto 7,S, the noncharacteristic assumption
guarantees that T, 5(p)T* M = T(p,0(p)S ®Ker dn(p o(p)), and thus § intersects
the fiber transversely at ( p,o( p)). By Problem 22-11, there is a closed 1-form « de-
fined on a neighborhood U of p whose graph is an open subset of §. Because the
image of o is contained in §, it follows that

a(x)=o0(x) forxeSNU. (22.28)

By the Poincaré lemma, after shrinking U further if necessary, we can find a
smooth function u: U — R such that du = . Because § € F~!(0), we conclude
that u satisfies (22.23). To ensure that the initial condition is also satisfied, shrink U
further so that S N U is connected. By adding a constant to u#, we may arrange that
u(p) = ¢(p). Then for any x € S, it follows from (22.25) and (22.28) that

a’u(x)|TxS :O‘(x)|sz = 0(x)|TxS =dp(x).

Because S N U is connected, this means that ¥ — ¢ is constant on S N U. Since this
difference vanishes at p, it vanishes identically, so (22.24) is satisfiedon S N U. O

Note that we did not claim any uniqueness in this theorem. In Cauchy problems
for fully nonlinear equations, even local uniqueness can fail. For example, consider
the following Cauchy problem in the plane:

2
(Bu) =1, u(0,y)=0.

ax

This is noncharacteristic, as you can check. Both u(x, y) = x and u(x, y) = —x are
solutions to this problem, but they are not equal in any open subset. The problem
here is that there are two possible choices for the initial 1-form o (namely, 0 = dx
and 0 = —dx), and they yield different initial manifolds I" and therefore different
solutions to the Cauchy problem. As Problem 22-25 shows, once o is chosen, local
uniqueness holds just as in the quasilinear case.

Example 22.36 (A Hamilton-Jacobi Equation). Consider the following Cauchy

problem in the plane:
du du '\
—— (=) =o, 0,y) = y2.
o ( ay) u0,y)=y

The corresponding function on T*R? is F(x,y,£,1) = & — n?, where we use
(x,y,&,1n) to denote natural coordinates on 7 *R? associated with (x, y).

To check that the problem is noncharacteristic, we need to find a suitable 1-form
o along the initial manifold S = {(x, y) : x = 0}. Since x is a defining function for
S, we can write 0 = d (y?) + f(y)dx =2ydy + f(y)dx and solve the equation
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F(0,y, f(»),2y) = f(y) — (2y)?> = 0 to obtain f(y) = 4y?, and thus we can set
o(y)=2ydy+ 4y2 dx. The vector field A° is given by

P
|(x,y) T ox y@’

which is nowhere tangent to S.

The initial curve S can be parametrized by X(s) = (0, 5), and therefore the initial
curve I" € T*R? (the image of o) can be parametrized by X (s) = (0. s, 452, 2s).
The Hamiltonian field of F is

d ad
XFleyem = ax 2”@’

and it is an easy matter to solve the corresponding system of ODEs with initial
conditions (x, y,&,n) = (0, s, 452, 2s) to obtain the following parametrization of §:

v(t,s)= (t, s — dst, 42, 23).

Solving (x, y) = (¢t,s — 4st) for (¢, s) and inserting into the formulas for (&, 1), we
find that § is the image of the following 1-form:

2

4 2
24 dx + Y

YT =4 1—4x

dy.
This is indeed a closed 1-form, and using the procedure sketched at the end of
Chapter 11 we find that & = du on the set {(x, y) : x < 1/4}, where

y2

1—4x’

In principle, we might have to add a constant to u to satisfy the initial condition, but
in this case u(0, y) = y? already, so this is the solution to our Cauchy problem. /

u(x,y) =

General Nonlinear Equations

Finally, we show how the preceding method can be adapted to solve arbitrary first-
order PDEs by using contact geometry in place of symplectic geometry. For this
purpose, we introduce one last geometric construction. If M is a smooth manifold,
the I-jet bundle of M is the smooth vector bundle J IM =RxT*M — M, whose
fiber at x € M is R x T;) M. (It is the Whitney sum of a trivial R-bundle with
T*M.)Ifu: M — R is a smooth function, the I-jet of u is the section j'u: M —
J1M defined by jlu(x) = (u(x), du(x)). A point in the fiber of J 1M over x € M
can be viewed as a first-order Taylor polynomial at x of a smooth function on M,
represented invariantly as the values of the function and its differential at x. (One
can also define higher-order jet bundles that give invariant representations of higher-
order Taylor polynomials. They are useful for studying higher-order PDEs, but we
do not pursue them here.)
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The canonical contact form on J' M is the 1-form § = dz — t defined in Ex-
ample 22.27(b). A smooth (local or global) section n: M — J'M is said to be
Legendrian if its image is a Legendrian submanifold of J!'M, or equivalently if
n*60 = 0. The next proposition is a contact analogue of Proposition 22.12.

Proposition 22.37. Let M be a smooth manifold. A smooth local section of J'M
is the 1-jet of a smooth function if and only if it is Legendrian.

» Exercise 22.38. Prove the preceding proposition.

The 1-jet bundle provides the most general setting in which to consider first-
order partial differential equations. If M is a smooth manifold, a first-order PDE for
a function u: M — R can be viewed as a real-valued function F on the 1-jet bundle
of M, and a solution is a function whose 1-jet takes its values in the zero set of F.

Let M be a smooth manifold, and suppose we are given a function F € C*° (W)
on some open subset W C J M, a smooth hypersurface S € M, and a smooth
function ¢: S — R. We wish to solve the following Cauchy problem for u:

F (x,u(x),du(x)) =0, (22.29)
ulg =o. (22.30)

This problem is said to be noncharacteristic if there exists a smooth section o €
['(T*M|s) taking its values in W and satisfying

0(X)| g =dp(x) forallxes, (22.31)
F(x.0(x).0(x)) =0 forall x € S, (22.32)

and such that the following vector field along S is nowhere tangent to S':

| = (x @(x), a(x)) c et a—F(x @(x), a(x)) 9 . (22.33)

9&n
The proof of the next theorem is very similar to that of Theorem 22.35, but uses the
contact flowout theorem instead of the Hamiltonian one.

Theorem 22.39 (The General First-Order Cauchy Problem). Suppose M is a
smooth manifold, W C J M is an open subset, F: W — R is a smooth function,
S C M is an embedded hypersurface, and ¢: S — R is a smooth function. If the
Cauchy problem (22.29)—(22.30) is noncharacteristic, then for each p € S there is
a smooth solution on some neighborhood of p in M .

Proof. Problem 22-26. O

X7 9g

Problems

22-1. Prove Proposition 22.5 (properties of symplectic, isotropic, coisotropic, and
Lagrangian subspaces).
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22-2. Let (V,w) be a symplectic vector space of dimension 2r. Show that for each
symplectic, isotropic, coisotropic, or Lagrangian subspace S C V, there
exists a symplectic basis (4;, B;) for V' with the following property:

(a) If S is symplectic, S = span (A4, By, ..., Ak, By) for some k.

(b) If S is isotropic, S = span (Aj,..., Ax) for some k.

(c) If S is coisotropic, S = span (44, ..., An, B1,..., B) for some k.
(d) If S is Lagrangian, S = span (A4y,..., Ap).

22-3. The real symplectic group is the subgroup Sp(2n,R) € GL(2n,R) con-
sisting of all 2n x 2n matrices that leave the standard symplectic tensor
w = Z?:l dxt Ad yi invariant, that is, the set of invertible linear maps
Z: R?" — R?" such that w(Zx, Zy) = w(x, y) for all x, y € R?",

(a) Show that a matrix Z is in Sp(2n, R) if and only if it takes the standard
basis to a symplectic basis.

(b) Show that Z € Sp(2n,R) if and only if 7ZTJjZ = J, where J is the
2n x 2n block diagonal matrix

T={:ii )
0...j

with copies of the 2 x 2 block j = (_(1) é) along the main diagonal, and
zeros elsewhere.
(c) Show that Sp(2n,R) is an embedded Lie subgroup of GL(2x,R), and
determine its dimension.
(d) Determine the Lie algebra of Sp(2n,R) as a subalgebra of g[(2n, R).
(e) Is Sp(2n,R) compact?
22-4. Let (M, w) be a symplectic manifold, and suppose F: N — M is a smooth
map such that F*w is symplectic. Show that F is a smooth immersion.
22-5. Suppose (M, w) is a 2n-dimensional compact symplectic manifold.
(a) Show that " (the n-fold wedge product of @ with itself) is not exact.
(b) Show that HiP (M) #0for p=1,....,n.
(c) Show that S? is the only sphere that admits a symplectic structure.
22-6. Prove that R?" (with its standard symplectic structure) does not have any
compact symplectic submanifolds.
22-7. Let (M, ) and (117 ,@) be symplectic manifolds. Define a 2-form £2 on
Mx]\?by.Q:n*w—ﬁ*cB,wherezr: MxM-—>Mand7: M x M —
M are the projections.
(a) Show that £2 is symplectic. "
(b) Show that a diffeomorphism F: M — M is a symplectomorphism if
and only if its graph T'(F) = {(x,y) € M x M : y = F(x)} is a La-
grangian submanifold of (M xM, .Q)
22-8. Suppose (M, w) is a symplectic manifold and S € M is a coisotropic sub-
manifold. An immersed submanifold N C S is said to be characteristic if
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22-9.

22-10.

22-11.

22-12.

22-13.

22-14.

22-15.
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T,N =(T,S )+ for each p € N. Show that there is a foliation of S by con-
nected characteristic submanifolds of S whose dimension is equal to the
codimension of S in M.

Considering R?" as a symplectic manifold with its standard symplectic

structure @ = Y_; dx' A dy', let A, € G, (R?") denote the set of La-

grangian subspaces of R?".

(a) Show that the real symplectic group Sp(2n, R) acts transitively on A,
(see Problem 22-3).

(b) Show that A, has a unique smooth manifold structure such that the
action of Sp(2n,R) is smooth, and determine its dimension.

(c) Is A, compact?

Show that the canonical symplectic form on the cotangent bundle is invari-

ant under diffeomorphisms, in the following sense: suppose Q and Q are

smooth manifolds and F': Q — Q is a diffeomorphism. Let d F*: T* Q —

T*Q be the smooth bundle homomorphism described in Problem 11-8.

Show that dF* is a symplectomorphism when both 7*Q and T*Q are

endowed with their canonical symplectic forms.

Let Q be a smooth manifold, and let S be an embedded Lagrangian sub-

manifold of the total space of T* Q. Prove the following statements.

(a) If S is transverse to the fiber of T*Q at a point ¢ € T*Q, then there
exist a neighborhood V' of g in S and a neighborhood U of 7z (g) in Q
such that V' is the image of a smooth closed 1-form defined on U .

(b) S is the image of a globally defined smooth closed 1-form on Q if and
only if S intersects each fiber transversely in exactly one point.

(Cf. Theorem 6.32 and Corollary 6.33.) (Used on p. 588.)

Let M be a smooth manifold of dimension at least 1. Show that there is no
1-form o on M such that the tautological form v € Q1 (T*M) is equal to
the pullback 7*o.

Let M be a smooth manifold and let S € M be an embedded submanifold.
Define the conormal bundle of S to be the subset N*S C T*M defined
by

N*S:{(q,r))eT*M:qu, n|TqSEO}.

Show that N*§ is a smooth subbundle of 7*M |g, and an embedded La-
grangian submanifold of 7T*M (with respect to the canonical symplectic
structure on T*M).

Prove the following global version of the Darboux theorem, due to Moser
[Mos65]: Let M be a compact smooth manifold, and let wg be a symplectic
form on M. Suppose there is a smooth time-dependent 1-form «: [0, 1] x
M — T*M such that w; = wg + do; is symplectic foreach ¢ € [0, 1]. Show
that there is a diffeomorphism F: M — M such that F*w; = wy.

Using the same technique as in the proof of Theorem 22.13, prove the fol-
lowing theorem of Moser [Mos65]: If M is an oriented compact smooth



Problems 593

n-manifold, n > 1, and wqg, w; are smooth orientation forms on M such
that [y, wg = [}, w1, then there exists a diffeomorphism F: M — M such
that F*w; = wy. [Hint: for any orientation form w, show that the map
B: (M) — Q" 1 (M) defined by B(X) = X L w asin (16.11) is a bundle
isomorphism.]

22-16. Let (M, w) be a symplectic manifold. Let § (M) € X(M) denote the set of
symplectic vector fields on M, and # (M) C X(M) the set of Hamiltonian
vector fields.

(a) Show that §(M) is a Lie subalgebra of X(M), and #H (M) is a Lie
subalgebra of § (M).

(b) Show that the map from S(M) to Q(M) given by X > X
descends to a vector space isomorphism between S(M)/H (M) and
Hg(M).

22-17. Consider the 2-body problem, that is, the Hamiltonian system (T*Q, w, E)
described in Example 22.18 in the special case n = 2. Suppose that the
potential energy V' depends only on the distance between the particles.
More precisely, suppose that V(g) = v(r(q)) for some smooth function
v: (0,00) > R, where

r@) =lar— @l = (0} —a})’ + (@] ~43)’ + (g} —43)’.
(a) Letu= (u',u? u?) be a unit vector in R?, and show that the function
P: T*Q — R defined by
P(g.p)=u-p1+u-p;
=u'py+u’pl +u’pl +ulpy +uPpl +u’p;
is a conserved quantity (called the total linear momentum in the u-

direction), and that the corresponding infinitesimal symmetry generates
translations in the u-direction:

6,(q. p) = (qi + tu, qz + tu,p;.p2)
= (ql1 + tul,qf + tuz,qf + tu3,q21 + tul,qg + tuz,
g5 + 1, pi, pi. pis pas D3 D3)-
(b) Show that the function L: T*Q — R defined by
L(q,p) =4ipi —4ipt + 4205 — 4305

is a conserved quantity (called the fotal angular momentum about the
z-axis), and find the flow of the corresponding infinitesimal symmetry.
Explain what this has to do with rotational symmetry.

22-18. Prove Proposition 22.21 (properties of conserved quantities and infinitesi-
mal symmetries).
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22-19.

22-20.

22-21.
22-22.

22-23.
22-24.
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This problem outlines a different proof of the Darboux theorem. Let (M, w)

be a 2n-dimensional symplectic manifold and p € M.

(a) Show that smooth coordinates (x Lo xm, y L y") on an open sub-
set U € M are Darboux coordinates if and only if their Poisson brack-
ets satisfy

(Xyy =687 (X xIy =yl =0. (22.34)
(b) Prove the following statement by induction on k: foreach k =0,...,n,
there are smooth functions (x!,...,x*, y!,..., y¥) vanishing at p and

satisfying (22.34) in a neighborhood of p such that the 2k-tuple of
1-forms (dxl,...,dxk,dyl,...,dyk) is linearly independent at p.
When k = n, this proves the theorem. [Hint: for the inductive step,

assuming that (xl, ... ,xk, yl,...,yk) have been found, find smooth
coordinates (ul, ... ,u2") such that
0 d .
WZ xis WZXY[’ l=1,...,k,
and let y¥+1 = 42+1 Then find new coordinates (vl,...,vz”) with
0 )
w = Xxl, 1 = 1, ,k,
d
avl_,’_k: yla l:17 ‘ak+1a
and let x*¥+1 = p2k+1

Suppose (M, H) is a contact manifold of dimension 2n + 1. Show that if n
is odd, then M is orientable, while if n is even, then M is orientable if and
only if there exists a global contact form for H .

Prove Theorem 22.33 (characterization of contact vector fields).

Suppose (M, H) is a contact manifold and X is a smooth vector field on M.
Prove that X is the Reeb field of some contact form for H if and only if it
is a contact vector field that takes no values in H.

Prove Theorem 22.34 (the contact flowout theorem).

The classical eikonal equation for a real-valued function # on an open sub-
set U CR" is

"L du\?

Z( - ) = f(x). (22.35)
= ox

where f is a given smooth real-valued function on u. It plays an important
role in the theory of optics. (The word “eikonal” stems from the Greek word
for “image,” the same root from which our word “icon” is derived.) In the
special case f(x) =1, find an explicit solution u to (22.35) on an open
subset of R” with u = 0 on the unit sphere.
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22-25. Suppose (22.24) is a noncharacteristic initial condition for a Hamilton—
Jacobi equation (22.23). For any choice of o: § — T*R”" satisfying
(22.25), (22.26), and (22.27), and any p € S, show that there is a neigh-
borhood U of p on which there is a unigue solution to the Cauchy problem
(22.23)—(22.24) satisfying du(x) = o(x) forx € S.

22-26. Prove Theorem 22.39 (solution to the general first-order Cauchy problem).
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