
Chapter 12
Tensors

Much of the technology of smooth manifold theory is designed to allow the concepts
of linear algebra to be applied to smooth manifolds. Calculus tells us how to approx-
imate smooth objects by linear ones, and the abstract definitions of manifold theory
give a way to interpret these linear approximations in a coordinate-independent way.

In this chapter we carry this idea much further, by generalizing from linear maps
to multilinear ones—those that take several vectors as input and depend linearly
on each one separately. Although linear maps are paramount in differential geom-
etry, there are many situations in which multilinear maps play important geomet-
ric roles. We will introduce a unified language for talking about multilinear maps:
the language of tensors. This leads to the concepts of tensors and tensor fields on
manifolds.

We begin with tensors on a vector space, which are multilinear generalizations
of covectors; a covector is the special case of a tensor of rank one. We give two al-
ternative definitions of tensors on a vector space: on the one hand, they are elements
of the abstract “tensor product” of the dual vector space with itself; on the other
hand, they are real-valued multilinear functions of several vectors. Each definition
is useful in certain contexts. We deal primarily with covariant tensors, but we also
give a brief introduction to contravariant tensors and tensors of mixed variance.

Next we introduce two special classes of tensors: the symmetric tensors, whose
values are unchanged by permutations of their arguments, and the alternating ten-
sors, whose values change sign when two argument are interchanged.

We then move to smooth manifolds, where we define tensor fields and tensor
bundles. After describing the coordinate representations of tensor fields, we describe
how they can be pulled back by smooth maps. We also show how the Lie derivative
operator can be extended to tensors: the Lie derivative of a tensor field with respect
to a vector field is a measure of the rate of change of the tensor field along the flow
of the vector field.

Tensors will pervade the rest of the book, and we will see significant applica-
tions of them when we study Riemannian metrics, differential forms, orientations,
integration, de Rham cohomology, foliations, and symplectic structures.
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Multilinear Algebra

We have seen some of the important roles played in manifold theory by covectors,
which are real-valued linear functions on a vector space. In their simplest form,
tensors are just real-valued multilinear functions of one or more variables; simple
examples include covectors, inner products, and determinants. To set the stage for
our study of tensors, in this section we develop some of the basic properties of
multilinear functions in a general setting.

Suppose V1; : : : ; Vk , and W are vector spaces. A map F W V1 � � � � � Vk!W is
said to be multilinear if it is linear as a function of each variable separately when
the others are held fixed: for each i ,

F
�
v1; : : : ; avi C a

0v0i ; : : : ; vk
�
D aF.v1; : : : ; vi ; : : : ; vk/C a

0F
�
v1; : : : ; v

0
i ; : : : ; vk

�
:

(A multilinear function of one variable is just a linear function, and a multilinear
function of two variables is generally called bilinear.) Let us write L.V1; : : : ; Vk IW /
for the set of all multilinear maps from V1� � � ��Vk toW . It is a vector space under
the usual operations of pointwise addition and scalar multiplication:

.F CF 0/.v1; : : : ; vk/D F.v1; : : : ; vk/CF
0.v1; : : : ; vk/;

.aF /.v1; : : : ; vk/D a
�
F.v1; : : : ; vk/

�
:

Here are a few examples to keep in mind.

Example 12.1 (Some Familiar Multilinear Functions).

(a) The dot product in Rn is a scalar-valued bilinear function of two vectors, used
to compute lengths of vectors and angles between them.

(b) The cross product in R3 is a vector-valued bilinear function of two vectors, used
to compute areas of parallelograms and to find a third vector orthogonal to two
given ones.

(c) The determinant is a real-valued multilinear function of n vectors in Rn, used
to detect linear independence and to compute the volume of the parallelepiped
spanned by the vectors.

(d) The bracket in a Lie algebra g is a g-valued bilinear function of two elements
of g. //

The next example is probably not as familiar, but it is extremely important.

Example 12.2 (Tensor Products of Covectors). Suppose V is a vector space, and
!;� 2 V �. Define a function ! ˝ � W V � V !R by

! ˝ �.v1; v2/D !.v1/�.v2/;

where the product on the right is just ordinary multiplication of real numbers. The
linearity of ! and � guarantees that !˝� is a bilinear function of v1 and v2, so it is
an element of L.V;V IR/. For example, if

�
e1; e2

�
denotes the standard dual basis

for
�
R2
��

, then e1˝ e2 W R2 �R2!R is the bilinear function

e1˝ e2
�
.w;x/; .y; z/

�
Dwz: //
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The last example can be generalized to arbitrary real-valued multilinear func-
tions as follows: let V1; : : : ; Vk ;W1; : : : ;Wl be real vector spaces, and suppose
F 2 L.V1; : : : ; Vk IR/ and G 2 L.W1; : : : ;Wl IR/. Define a function

F ˝G W V1 � � � � � Vk �W1 � � � � �Wl !R

by

F ˝G.v1; : : : ; vk ;w1; : : : ;wl/D F.v1; : : : ; vk/G.w1; : : : ;wl /: (12.1)

It follows from the multilinearity of F and G that F ˝ G.v1; : : : ; vk;w1; : : : ;wl /
depends linearly on each argument vi or wj separately, so F ˝G is an element of
L.V1; : : : ; Vk ;W1; : : : ;Wl IR/, called the tensor product of F and G .

I Exercise 12.3. Show that the tensor product operation is bilinear and associative:
F ˝G depends bilinearly on F and G, and .F ˝G/˝H D F ˝ .G ˝H/.

Because of the result of the preceding exercise, we can write tensor prod-
ucts of three or more multilinear functions unambiguously without parentheses. If
F1; : : : ;Fl are multilinear functions depending on k1; : : : ; kl variables, respectively,
their tensor product F1˝� � �˝Fl is a multilinear function of k D k1C� � �Ckl vari-
ables, whose action on k vectors is given by inserting the first k1 vectors into F1,
the next k2 vectors into F2, and so forth, and multiplying the results together. For
example, if F and G are multilinear functions of two vectors and H is a multilinear
function of three, then

F ˝G ˝H.v1; : : : ; v7/D F.v1; v2/G.v3; v4/H.v5; v6; v7/:

If !j 2 V �j for j D 1; : : : ; k, then !1˝ � � �˝!k 2 L.V1; : : : ; Vk IR/ is the multilin-
ear function given by

!1˝ � � � ˝!k.v1; : : : ; vk/D !
1.v1/ � � �!

k.vk/: (12.2)

The tensor product operation is important in part because of its role in the follow-
ing proposition. The notation in this proposition is ugly because of the profusion of
indices, but the underlying idea is simple: a basis for any space of multilinear func-
tions can be formed by taking all possible tensor products of basis covectors.

Proposition 12.4 (A Basis for the Space of Multilinear Functions). Let V1; : : : ; Vk
be real vector spaces of dimensions n1; : : : ; nk , respectively. For each j 2 f1; : : : ; kg,
let
�
E
.j /
1 ; : : : ;E

.j /
nj

�
be a basis for Vj , and let

�
"1
.j /
; : : : ; "

nj
.j /

�
be the corresponding

dual basis for V �j . Then the set

B D
n
"
i1
.1/
˝ � � � ˝ "

ik
.k/
W 1� i1 � n1; : : : ; 1� ik � nk

o

is a basis for L.V1; : : : ; Vk IR/, which therefore has dimension equal to n1 � � �nk .

Proof. We need to show that B is linearly independent and spans L.V1; : : : ; Vk IR/.
Suppose F 2 L.V1; : : : ; Vk IR/ is arbitrary. For each ordered k-tuple .i1; : : : ; ik/ of
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integers with 1� ij � nj , define a number Fi1:::ik by

Fi1:::ik D F
�
E
.1/
i1
; : : : ;E

.k/
ik

�
: (12.3)

We will show that

F D Fi1:::ik"
i1
.1/
˝ � � � ˝ "

ik
.k/

(with the summation convention in effect as usual), from which it follows that B
spans L.V1; : : : ; Vk IR/. For any k-tuple of vectors .v1; : : : ; vk/ 2 V1 � � � � � Vk ,
write v1 D v

i1
1 E

.1/
i1
; : : : ; vk D v

ik
k
E
.k/
ik

, and compute

Fi1:::ik"
i1
.1/
˝ � � � ˝ "

ik
.k/
.v1; : : : ; vk/D Fi1:::ik"

i1
.1/
.v1/ � � � "

ik
.k/
.vk/

D Fi1:::ikv
i1
1 � � �v

ik
k
;

while F.v1; : : : ; vk/ is equal to the same thing by multilinearity. This proves the
claim.

To show that B is linearly independent, suppose some linear combination equals
zero:

Fi1:::ik"
i1
.1/
˝ � � � ˝ "

ik
.k/
D 0:

Apply this to any ordered k-tuple of basis vectors,
�
E
.1/
j1
; : : : ;E

.k/
jk

�
. By the same

computation as above, this implies that each coefficient Fj1:::jk is zero. Thus, the
only linear combination of elements of B that sums to zero is the trivial one. �

This proof shows, by the way, that the components Fi1:::ik of a multilinear func-
tion F in terms of the basis elements in B are given by (12.3). Thus, F is completely
determined by its action on all possible sequences of basis vectors.

Abstract Tensor Products of Vector Spaces

The results of the previous section showed that the vector space of multilinear func-
tions L.V1; : : : ; Vk IR/ can be viewed as the set of all linear combinations of objects
of the form !1˝ � � �˝!k , where !1; : : : ;!k are covectors. In this section, we give
a construction that makes sense of such linear combinations of tensor products in a
more abstract setting. The construction is a bit involved, but the idea is simple: given
finite-dimensional vector spaces V1; : : : ; Vk , we will construct a new vector space
V1 ˝ � � � ˝ Vk whose dimension is the product of the dimensions of the Vi ’s, and
which consists of “formal linear combinations” of objects of the form v1˝ � � � ˝ vk
for vi 2 Vi , defined in such a way that v1˝� � �˝vk depends linearly on each vi sep-
arately. (Many of the concepts we introduce in this section—at least the parts that
do not refer explicitly to finite bases—work equally well in the infinite-dimensional
case; but we mostly restrict our attention to the finite-dimensional case in order to
keep things simple.)

To begin, we need to make sense of “formal linear combinations.” Let S be a
set. Roughly speaking, a formal linear combination of elements of S is an expres-
sion of the form

Pm
iD1 aixi , where a1; : : : ; am are real numbers and x1; : : : ; xm are
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elements of S . Of course, since we are not assuming that S has any algebraic struc-
ture, we cannot literally add elements of S together or multiply them by numbers.
But the essential feature of such an expression is that it is completely determined
by which elements of S appear in the sum, and what coefficients appear with them.
Thus, we make the following definition: for any set S , a formal linear combination
of elements of S is a function f W S ! R such that f .s/ D 0 for all but finitely
many s 2 S . The free (real) vector space on S , denoted by F .S/, is the set of all
formal linear combinations of elements of S . Under pointwise addition and scalar
multiplication, F .S/ becomes a vector space over R.

For each element x 2 S , there is a function ıx 2 F .S/ that takes the value 1
on x and zero on all other elements of S ; typically we identify this function with x
itself, and thus think of S as a subset of F .S/. Every element f 2 F .S/ can then
be written uniquely in the form f D

Pm
iD1 aixi , where x1; : : : ; xm are the elements

of S for which f .xi /¤ 0, and ai D f .xi /. Thus, S is a basis for F .S/, which is
therefore finite-dimensional if and only if S is a finite set.

Proposition 12.5 (Characteristic Property of the Free Vector Space). For any
set S and any vector space W , every map A W S !W has a unique extension to a
linear map xA W F .S/!W .

I Exercise 12.6. Prove the preceding proposition.

Now let V1; : : : ; Vk be real vector spaces. We begin by forming the free vector
space F .V1 � � � � � Vk/, which is the set of all finite formal linear combinations
of k-tuples .v1; : : : ; vk/ with vi 2 Vi for i D 1; : : : ; k. Let R be the subspace of
F .V1 � � � � � Vk/ spanned by all elements of the following forms:

.v1; : : : ; avi ; : : : ; vk/� a.v1; : : : ; vi ; : : : ; vk/;
�
v1; : : : ; vi C v

0
i ; : : : ; vk

�
� .v1; : : : ; vi ; : : : ; vk/�

�
v1; : : : ; v

0
i ; : : : ; vk

�
;

(12.4)

with vj ; v0j 2 Vj , i 2 f1; : : : ; kg, and a 2R.
Define the tensor product of the spaces V 1; : : : ;V k, denoted by V1˝ � � � ˝ Vk ,

to be the following quotient vector space:

V1˝ � � � ˝ Vk D F .V1 � � � � � Vk/=R;

and let ˘ W F .V1 � � � � � Vk/! V1˝ � � � ˝ Vk be the natural projection. The equiv-
alence class of an element .v1; : : : ; vk/ in V1˝ � � � ˝ Vk is denoted by

v1˝ � � � ˝ vk D˘.v1; : : : ; vk/; (12.5)

and is called the (abstract) tensor product of v1; : : : ;vk. It follows from the defi-
nition that abstract tensor products satisfy

v1˝ � � � ˝ avi ˝ � � � ˝ vk D a.v1˝ � � � ˝ vi ˝ � � � ˝ vk/;

v1˝ � � � ˝
�
vi C v

0
i

�
˝ � � � ˝ vk D .v1˝ � � � ˝ vi ˝ � � � ˝ vk/

C
�
v1˝ � � � ˝ v

0
i ˝ � � � ˝ vk

�
:
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Note that the definition implies that every element of V1˝� � �˝Vk can be expressed
as a linear combination of elements of the form v1 ˝ � � � ˝ vk for vi 2 Vi ; but it is
not true in general that every element of the tensor product space is of the form
v1˝ � � � ˝ vk (see Problem 12-1).

Proposition 12.7 (Characteristic Property of the Tensor Product Space). Let
V1; : : : ; Vk be finite-dimensional real vector spaces. If A W V1 � � � � � Vk ! X is
any multilinear map into a vector space X , then there is a unique linear map
zA W V1˝ � � � ˝ Vk!X such that the following diagram commutes:

V1 � � � � � Vk
A� X;

V1˝ � � � ˝ Vk

�
�

zA

�
(12.6)

where � is the map �.v1; : : : ; vk/D v1˝ � � � ˝ vk .

Proof. First note that any map A W V1 � � � � � Vk ! X extends uniquely to a lin-
ear map xA W F .V1 � � � � � Vk/! X by the characteristic property of the free vec-
tor space. This map is characterized by the fact that xA.v1; : : : ; vk/D A.v1; : : : ; vk/
whenever .v1; : : : ; vk/ 2 V1 � � � � �Vk � F .V1 � � � � �Vk/. The fact that A is multi-
linear means precisely that the subspace R is contained in the kernel of xA, because

xA.v1; : : : ; avi ; : : : ; vk/D A.v1; : : : ; avi ; : : : ; vk/D aA.v1; : : : ; vi ; : : : ; vk/

D a xA.v1; : : : ; vi ; : : : ; vk/D xA
�
a.v1; : : : ; vi ; : : : ; vk/

�
;

with a similar computation for the other expression in (12.4). Therefore, xA descends
to a linear map zA W V1˝� � �˝Vk D F .V1�� � ��Vk/=R!X satisfying zAı˘ D xA.
Since � is equal to the inclusion V1 � � � � �Vk ,!F .V1 � � � � �Vk/ followed by ˘ ,
this implies zAı� DA, which is (12.6). Uniqueness follows from the fact that every
element of V1 ˝ � � � ˝ Vk can be written as a linear combination of elements of the
form v1˝ � � � ˝ vk , and zA is uniquely determined on such elements by

zA.v1˝ � � � ˝ vk/D xA.v1; : : : ; vk/DA.v1; : : : ; vk/: �

The reason this is called the characteristic property is that it uniquely character-
izes the tensor product up to isomorphism; see Problem 12-3.

The next result is an analogue of Proposition 12.4 for abstract tensor product
spaces.

Proposition 12.8 (A Basis for the Tensor Product Space). Suppose V1; : : : ; Vk
are real vector spaces of dimensions n1; : : : ; nk , respectively. For each j D 1; : : : ; k,
suppose

�
E
.j /
1 ; : : : ;E

.j /
nj

�
is a basis for Vj . Then the set

C D
n
E
.1/
i1
˝ � � � ˝E

.k/
ik
W 1� i1 � n1; : : : ; 1� ik � nk

o

is a basis for V1˝ � � � ˝ Vk , which therefore has dimension equal to n1 � � �nk .
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Proof. Elements of the form v1 ˝ � � � ˝ vk span the tensor product space by defi-
nition; expanding each vi in such an expression in terms of its basis representation
shows that C spans V1˝ � � � ˝ Vk .

To prove that C is linearly independent, assume that some linear combination of
elements of C is equal to zero:

ai1:::ikE
.1/
i1
˝ � � � ˝E

.k/
ik
D 0:

For each ordered k-tuple of indices .m1; : : : ;mk/, define a multilinear function
�m1:::mk W V1 � � � � � Vk!R by

�m1:::mk .v1; : : : ; vk/D "
m1
.1/
.v1/ � � � "

mk
.k/
.vk/;

where
�
"i
.j /

�
is the basis for V �j dual to

�
E
.j /
i

�
. Because �m1:::mk is multilinear,

it descends to a linear function z�m1:::mk W V1 ˝ � � � ˝ Vk ! R by the characteristic
property of the tensor product. It follows that

0D z�m1:::mk
�
ai1:::ikE

.1/
i1
˝ � � � ˝E

.k/
ik

�

D ai1:::ik�m1:::mk
�
E
.1/
i1
; : : : ;E

.k/
ik

�
D am1:::mk ;

which shows that C is linearly independent. �

Proposition 12.9 (Associativity of Tensor Product Spaces). Let V1, V2, V3 be
finite-dimensional real vector spaces. There are unique isomorphisms

V1˝ .V2˝ V3/Š V1˝ V2˝ V3 Š .V1˝ V2/˝ V3;

under which elements of the forms v1˝ .v2˝ v3/, v1˝v2˝v3, and .v1˝v2/˝v3
all correspond.

Proof. We construct the isomorphism V1 ˝ V2 ˝ V3 Š .V1 ˝ V2/˝ V3; the other
one is constructed similarly. The map ˛ W V1 � V2 � V3! .V1 ˝ V2/˝ V3 defined
by

˛.v1; v2; v3/D .v1˝ v2/˝ v3

is obviously multilinear, and thus by the characteristic property of the tensor product
it descends uniquely to a linear map z̨ W V1˝ V2˝ V3! .V1˝ V2/˝ V3 satisfying
z̨.v1 ˝ v2 ˝ v3/D .v1 ˝ v2/˝ v3 for all v1 2 V1, v2 2 V2, and v3 2 V3. Because
.V1˝ V2/˝ V3 is spanned by elements of the form .v1˝ v2/˝ v3, z̨ is surjective,
and therefore it is an isomorphism for dimensional reasons. It is clearly the unique
such isomorphism, because any other would have to agree with z̨ on the set of all
elements of the form v1˝ v2˝ v3, which spans V1˝ V2˝ V3. �

The connection between tensor products in this abstract setting and the more
concrete tensor products of multilinear functionals that we defined earlier is based
on the following proposition.



Multilinear Algebra 311

Proposition 12.10 (Abstract vs. Concrete Tensor Products). If V1; : : : ; Vk are
finite-dimensional vector spaces, there is a canonical isomorphism

V �1 ˝ � � � ˝ V
�
k Š L.V1; : : : ; Vk IR/;

under which the abstract tensor product defined by (12.5) corresponds to the tensor
product of covectors defined by (12.2).

Proof. First, define a map ˚ W V �1 � � � � � V
�
k
! L.V1; : : : ; Vk IR/ by

˚
�
!1; : : : ;!k

�
.v1; : : : ; vk/D !

1.v1/ � � �!
k.vk/:

(There is no implied summation in this formula.) The expression on the right
depends linearly on each vi , so ˚

�
!1; : : : ;!k

�
is indeed an element of the

space L.V1; : : : ; Vk IR/. It is easy to check that ˚ is multilinear as a function of
!1; : : : ;!k , so by the characteristic property it descends uniquely to a linear map z̊
from V �1 ˝ � � � ˝ V

�
k

to L.V1; : : : ; Vk IR/, which satisfies

z̊
�
!1˝ � � � ˝!k

�
.v1; : : : ; vk/D !

1.v1/ � � �!
k.vk/:

It follows immediately from the definition that z̊ takes abstract tensor products to
tensor products of covectors. It also takes the basis of V �1 ˝ � � � ˝ V

�
k

given by
Proposition 12.8 to the basis for L.V1; : : : ; Vk IR/ of Proposition 12.4, so it is an
isomorphism. (Although we used bases to prove that z̊ is an isomorphism, z̊ itself
is canonically defined without reference to any basis.) �

Using this canonical isomorphism, we henceforth use the notation V �1 ˝� � �˝V
�
k

to denote either the abstract tensor product space or the space L.V1; : : : ; Vk IR/,
focusing on whichever interpretation is more convenient for the problem at hand.
Since we are assuming the vector spaces are all finite-dimensional, we can also
identify each Vj with its second dual space V ��j , and thereby obtain another canon-
ical identification

V1˝ � � � ˝ Vk Š L
�
V �1 ; : : : ; V

�
k IR

�
:

Covariant and Contravariant Tensors on a Vector Space

Let V be a finite-dimensional real vector space. If k is a positive integer, a covariant
k-tensor on V is an element of the k-fold tensor product V �˝ � � � ˝ V �, which we
typically think of as a real-valued multilinear function of k elements of V :

˛ W V � � � � � V
™

k copies

!R:

The number k is called the rank of ˛. A 0-tensor is, by convention, just a real
number (a real-valued function depending multilinearly on no vectors!). We denote
the vector space of all covariant k-tensors on V by the shorthand notation

T k.V �/D V �˝ � � � ˝ V �
›

k copies

:
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Let us look at some examples.

Example 12.11 (Covariant Tensors). Let V be a finite-dimensional vector space.

(a) Every linear functional ! W V !R is multilinear, so a covariant 1-tensor is just
a covector. Thus, T 1.V �/ is equal to V �.

(b) A covariant 2-tensor on V is a real-valued bilinear function of two vectors, also
called a bilinear form. One example is the dot product on Rn. More generally,
every inner product is a covariant 2-tensor.

(c) The determinant, thought of as a function of n vectors, is a covariant n-tensor
on Rn. //

For some purposes, it is important to generalize the notion of covariant tensors
as follows. For any finite-dimensional real vector space V , we define the space of
contravariant tensors on V of rank k to be the vector space

T k.V /D V ˝ � � � ˝ V
š

k copies

:

In particular, T 1.V /D V , and by convention T 0.V /DR. Because we are assum-
ing that V is finite-dimensional, it is possible to identify this space with the set of
multilinear functionals of k covectors:

T k.V /Š
˚
multilinear functions ˛ W V � � � � � � V �

š

k copies

!R
�
:

But for most purposes, it is easier to think of contravariant tensors simply as ele-
ments of the abstract tensor product space.

Even more generally, for any nonnegative integers k; l , we define the space of
mixed tensors on V of type .k; l/ as

T .k;l/.V /D V ˝ � � � ˝ V
š

k copies

˝ V �˝ � � � ˝ V �
›

l copies

:

Some of these spaces are identical:

T .0;0/.V /D T 0.V �/D T 0.V /DR;

T .0;1/.V /D T 1.V �/D V �;

T .1;0/.V /D T 1.V /D V;

T .0;k/.V /D T k.V �/;

T .k;0/.V /D T k.V /:

(Be aware that the notation T .k;l/.V / is not universal. Another notation that is in
common use for this space is T k

l
.V /. To make matters worse, some books reverse

the roles of k and l in either of these notations; for example, the previous edition of
this text used the notation T l

k
.V / for the space we are here denoting by T .k;l/.V /.
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We have chosen the notation given here because it is common and nearly always
means the same thing. The moral, as usual, is that when you read any differen-
tial geometry book, you need to make sure you understand the author’s notational
conventions.)

When V is finite-dimensional, any choice of basis for V automatically yields
bases for all of the tensor spaces over V . The following corollary follows immedi-
ately from Proposition 12.8.

Corollary 12.12. Let V be an n-dimensional real vector space. Suppose .Ei / is
any basis for V and

�
"j
�

is the dual basis for V �. Then the following sets constitute
bases for the tensor spaces over V :

˚
"i1 ˝ � � � ˝ "ik W 1� i1; : : : ; ik � n

�
for T k.V �/I

˚
Ei1 ˝ � � � ˝Eik W 1� i1; : : : ; ik � n

�
for T k.V /I

˚
Ei1 ˝ � � � ˝Eik ˝ "

j1 ˝ � � � ˝ "jl W 1� i1; : : : ; ik ; j1; : : : ; jl � n
�

for T .k;l/.V /:

Therefore, dimT k.V �/D dimT k.V /D nk and dimT .k;l/.V /D nkCl . �

In particular, once a basis is chosen for V , every covariant k-tensor ˛ 2 T k.V �/
can be written uniquely in the form

˛D ˛i1:::ik"
i1 ˝ � � � ˝ "ik ;

where the nk coefficients ˛i1:::ik are determined by

˛i1:::ik D ˛
�
Ei1 ; : : : ;Eik

�
:

For example, T 2.V �/ is the space of bilinear forms on V , and every bilinear form
can be written as ˇD ˇij "i ˝ "j for some uniquely determined n� n matrix .ˇij /.

In this book we are concerned primarily with covariant tensors. Thus tensors will
always be understood to be covariant unless we explicitly specify otherwise. How-
ever, it is important to be aware that contravariant and mixed tensors play impor-
tant roles in more advanced parts of differential geometry, especially Riemannian
geometry.

Symmetric and Alternating Tensors

In general, rearranging the arguments of a covariant tensor need not have any
predictable effect on its value. However, some special tensors—the dot product,
for example—do not change their values when their arguments are rearranged.
Others—notably the determinant—change sign whenever two arguments are inter-
changed. In this section, we describe two classes of tensors that change in a simple
way when their arguments are rearranged: the symmetric ones and the alternating
ones.
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Symmetric Tensors

Let V be a finite-dimensional vector space. A covariant k-tensor ˛ on V is said to
be symmetric if its value is unchanged by interchanging any pair of arguments:

˛.v1; : : : ; vi ; : : : ; vj ; : : : ; vk/D ˛.v1; : : : ; vj ; : : : ; vi ; : : : ; vk/

whenever 1� i < j � k.

I Exercise 12.13. Show that the following are equivalent for a covariant k-tensor ˛:

(a) ˛ is symmetric.
(b) For any vectors v1; : : : ; vk 2 V , the value of ˛.v1; : : : ; vk/ is unchanged when

v1; : : : ; vk are rearranged in any order.
(c) The components ˛i1:::ik of ˛ with respect to any basis are unchanged by any

permutation of the indices.

The set of symmetric covariant k-tensors is a linear subspace of the space
T k.V �/ of all covariant k-tensors on V ; we denote this subspace by †k.V �/.
There is a natural projection from T k.V �/ to †k.V �/ defined as follows. First, let
Sk denote the symmetric group on k elements, that is, the group of permutations
of the set f1; : : : ; kg. Given a k-tensor ˛ and a permutation � 2 Sk , we define a new
k-tensor �˛ by

�˛.v1; : : : ; vk/D ˛
�
v�.1/; : : : ; v�.k/

�
:

Note that � . �˛/D ��˛, where �� represents the composition of � and � , that is,
��.i/ D �

�
�.i/

�
. (This is the reason for putting � before ˛ in the notation �˛,

instead of after it.) We define a projection Sym W T k.V �/! †k.V �/ called sym-
metrization by

Sym ˛D
1

kŠ

X

�2Sk

�˛:

More explicitly, this means that

.Sym ˛/.v1; : : : ; vk/D
1

kŠ

X

�2Sk

˛
�
v�.1/; : : : ; v�.k/

�
:

Proposition 12.14 (Properties of Symmetrization). Let ˛ be a covariant tensor
on a finite-dimensional vector space.

(a) Sym ˛ is symmetric.
(b) Sym ˛D ˛ if and only if ˛ is symmetric.

Proof. Suppose ˛ 2 T k.V �/. If � 2 Sk is any permutation, then

.Sym ˛/
�
v�.1/; : : : ; v�.k/

�
D
1

kŠ

X

�2Sk

�˛
�
v�.1/; : : : ; v�.k/

�

D
1

kŠ

X

�2Sk

��˛.v1; : : : ; vk/
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D
1

kŠ

X

�2Sk

�˛.v1; : : : ; vk/

D .Sym ˛/.v1; : : : ; vk/;

where we have substituted �D �� in the second-to-last line and used the fact that �
runs over all of Sk as � does. This shows that Sym ˛ is symmetric.

If ˛ is symmetric, then it follows from Exercise 12.13(b) that �˛ D ˛ for every
� 2 Sk , so it follows immediately that Sym ˛D ˛. On the other hand, if Sym ˛D ˛,
then ˛ is symmetric because part (a) shows that Sym ˛ is. �

If ˛ and ˇ are symmetric tensors on V , then ˛˝ ˇ is not symmetric in general.
However, using the symmetrization operator, it is possible to define a new product
that takes a pair of symmetric tensors and yields another symmetric tensor. If ˛ 2
†k.V �/ and ˇ 2 †l .V �/, we define their symmetric product to be the .k C l/-
tensor ˛ˇ (denoted by juxtaposition with no intervening product symbol) given by

˛ˇD Sym.˛˝ ˇ/:

More explicitly, the action of ˛ˇ on vectors v1; : : : ; vkCl is given by

˛ˇ.v1; : : : ; vkCl/D
1

.kC l/Š

X

�2SkCl

˛
�
v�.1/; : : : ; v�.k/

�
ˇ
�
v�.kC1/; : : : ; v�.kCl/

�
:

Proposition 12.15 (Properties of the Symmetric Product).

(a) The symmetric product is symmetric and bilinear: for all symmetric tensors ˛,
ˇ, � and all a; b 2R,

˛ˇ D ˇ˛;

.a˛C bˇ/� D a˛� C bˇ� D �.a˛C bˇ/:

(b) If ˛ and ˇ are covectors, then

˛ˇD 1
2
.˛˝ ˇC ˇ˝ ˛/:

I Exercise 12.16. Prove Proposition 12.15.

Alternating Tensors

We continue to assume that V is a finite-dimensional real vector space. A covariant
k-tensor ˛ on V is said to be alternating (or antisymmetric or skew-symmetric) if
it changes sign whenever two of its arguments are interchanged. This means that for
all vectors v1; : : : ; vk 2 V and every pair of distinct indices i , j it satisfies

˛.v1; : : : ; vi ; : : : ; vj ; : : : ; vk/D�˛.v1; : : : ; vj ; : : : ; vi ; : : : ; vk/:

Alternating covariant k-tensors are also variously called exterior forms, multi-
covectors, or k-covectors. The subspace of all alternating covariant k-tensors on
V is denoted by ƒk.V �/� T k.V �/.



316 12 Tensors

Recall that for any permutation � 2 Sk , the sign of � , denoted by sgn� , is equal
to C1 if � is even (i.e., can be written as a composition of an even number of
transpositions), and �1 if � is odd (see Proposition B.26). The following exercise is
an analogue of Exercise 12.13.

I Exercise 12.17. Show that the following are equivalent for a covariant k-tensor ˛:

(a) ˛ is alternating.
(b) For any vectors v1; : : : ; vk and any permutation � 2 Sk ,

˛.v�.1/; : : : ; v�.k//D .sgn�/˛.v1; : : : ; vk/:

(c) With respect to any basis, the components ˛i1:::ik of ˛ change sign whenever two
indices are interchanged.

Every 0-tensor (which is just a real number) is both symmetric and alternating,
because there are no arguments to interchange. Similarly, every 1-tensor is both
symmetric and alternating. An alternating 2-tensor on V is a skew-symmetric bilin-
ear form. It is interesting to note that every covariant 2-tensor ˇ can be expressed as
a sum of an alternating tensor and a symmetric one, because

ˇ.v;w/D 1
2

�
ˇ.v;w/� ˇ.w;v/

�
C 1

2

�
ˇ.v;w/C ˇ.w;v/

�

D ˛.v;w/C �.v;w/;

where ˛.v;w/ D 1
2

�
ˇ.v;w/ � ˇ.w;v/

�
is an alternating tensor, and �.v;w/ D

1
2

�
ˇ.v;w/C ˇ.w;v/

�
is symmetric. This is not true for tensors of higher rank, as

Problem 12-7 shows.
There are analogues of symmetrization and symmetric products that apply to

alternating tensors, but we will put off introducing them until Chapter 14, where we
will study the properties of alternating tensors in much more detail.

Tensors and Tensor Fields on Manifolds

Now let M be a smooth manifold with or without boundary. We define the bundle
of covariant k-tensors on M by

T kT �M D
a

p2M

T k
�
T �pM

�
:

Analogously, we define the bundle of contravariant k-tensors by

T kTM D
a

p2M

T k
�
TpM

�
;

and the bundle of mixed tensors of type .k;l/ by

T .k;l/TM D
a

p2M

T .k;l/
�
TpM

�
:
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There are natural identifications

T .0;0/TM D T 0T �M D T 0TM DM �R;

T .0;1/TM D T 1T �M D T �M;

T .1;0/TM D T 1TM D TM;

T .0;k/TM D T kT �M;

T .k;0/TM D T kTM:

I Exercise 12.18. Show that T kT �M; T kTM; and T .k;l/TM have natural struc-
tures as smooth vector bundles over M; and determine their ranks.

Any one of these bundles is called a tensor bundle over M . (Thus, the tangent
and cotangent bundles are special cases of tensor bundles.) A section of a tensor
bundle is called a (covariant, contravariant, or mixed) tensor field onM . A smooth
tensor field is a section that is smooth in the usual sense of smooth sections of vector
bundles. Using the identifications above, we see that contravariant 1-tensor fields are
the same as vector fields, and covariant 1-tensor fields are covector fields. Because a
0-tensor is just a real number, a 0-tensor field is the same as a continuous real-valued
function.

The spaces of smooth sections of these tensor bundles, �
�
T kT �M

�
, �
�
T kTM

�
,

and �
�
T .k;l/TM

�
, are infinite-dimensional vector spaces over R, and modules over

C1.M/. In any smooth local coordinates
�
xi
�
, sections of these bundles can be

written (using the summation convention) as

AD

†

Ai1:::ik dx
i1 ˝ � � � ˝ dxik ; A 2 �

�
T kT �M

�
I

Ai1:::ik
@

@xi1
˝ � � � ˝

@

@xik
; A 2 �

�
T kTM

�
I

A
i1:::ik
j1:::il

@

@xi1
˝ � � � ˝

@

@xik
˝ dxj1 ˝ � � � ˝ dxjl ; A 2 �

�
T .k;l/TM

�
:

The functions Ai1:::ik , Ai1:::ik , or Ai1:::ikj1:::il
are called the component functions of A

in the chosen coordinates. Because smooth covariant tensor fields occupy most of
our attention, we adopt the following shorthand notation for the space of all smooth
covariant k-tensor fields:

T k.M/D �
�
T kT �M

�
:

Proposition 12.19 (Smoothness Criteria for Tensor Fields). Let M be a smooth
manifold with or without boundary, and let A W M ! T kT �M be a rough section.
The following are equivalent.

(a) A is smooth.
(b) In every smooth coordinate chart, the component functions of A are smooth.
(c) Each point of M is contained in some coordinate chart in which A has smooth

component functions.



318 12 Tensors

(d) If X1; : : : ;Xk 2X.M/, then the function A.X1; : : : ;Xk/ W M !R, defined by

A.X1; : : : ;Xk/.p/DAp
�
X1jp; : : : ;Xkjp

�
;

is smooth.
(e) Whenever X1; : : : ;Xk are smooth vector fields defined on some open subset

U �M; the function A.X1; : : : ;Xk/ is smooth on U .

I Exercise 12.20. Prove Proposition 12.19.

I Exercise 12.21. Formulate and prove smoothness criteria analogous to those of
Proposition 12.19 for contravariant and mixed tensor fields.

Proposition 12.22. Suppose M is a smooth manifold with or without boundary,
A 2 T k.M/, B 2 T l .M/, and f 2 C1.M/. Then fA and A˝B are also smooth
tensor fields, whose components in any smooth local coordinate chart are

.fA/i1:::ik D fAi1:::ik ;

.A˝B/i1:::ikCl D Ai1:::ikBikC1:::ikCl :

I Exercise 12.23. Prove Proposition 12.22.

Proposition 12.19(d) shows that if A is a smooth covariant k-tensor field on
M and X1; : : : ;Xk are smooth vector fields, then A.X1; : : : ;Xk/ is a smooth real-
valued function on M . Thus A induces a map

X.M/� � � � �X.M/
�

k copies

! C1.M/:

It is easy to see that this map is multilinear over R. In fact, more is true: it is
multilinear over C1.M/, which means that for f;f 0 2 C1.M/ and Xi ;X 0i 2
X.M/, we have

A
�
X1; : : : ; fXi C f

0X 0i ; : : : ;Xk
�

D fA.X1; : : : ;Xi ; : : : ;Xk/C f
0A
�
X1; : : : ;X

0
i ; : : : ;Xk

�
:

This property turns out to be characteristic of smooth tensor fields, as the next lemma
shows.

Lemma 12.24 (Tensor Characterization Lemma). A map

A W X.M/� � � � �X.M/
�

k copies

! C1.M/; (12.7)

is induced by a smooth covariant k-tensor field as above if and only if it is multi-
linear over C1.M/.

Proof. We already noted that if A is a smooth covariant k-tensor field, then the map
.X1; : : : ;Xk/ 7!A.X1; : : : ;Xk/ is multilinear over C1.M/. To prove the converse,
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we proceed as in the proof of the bundle homomorphism characterization lemma
(Lemma 10.29).

Suppose, therefore, that A is a map as in (12.7), and assume that A is multilinear
over C1.M/. We show first that A acts locally. If Xi is a smooth vector field that
vanishes on a neighborhood U of p, we can choose a bump function  supported
in U such that  .p/D 1; then because  Xi � 0 we have

0DA.X1; : : : ; Xi ; : : : ;Xk/.p/D .p/A.X1; : : : ;Xi ; : : : ;Xk/.p/:

It follows as in the proof of Lemma 10.29 that the value of A.X1; : : : ;Xk/ at p
depends only on the values of X1; : : : ;Xk in a neighborhood of p.

Next we show that A actually acts pointwise. If Xi jp D 0, then in any coordinate
chart centered at p we can write Xi D X

j
i @=@x

j , where the component functions

X
j
i all vanish at p. By the extension lemma for vector fields, we can find global

smooth vector fields Ej on M such that Ej D @=@xj in some neighborhood of p;
and similarly the locally defined functions Xji can be extended to global smooth

functions f ji on M that agree with Xji in a neighborhood of p. It follows from the

multilinearity of A over C1.M/ and the fact that f ji Ej D Xi in a neighborhood
of p that

A.X1; : : : ;Xi ; : : : ;Xk/.p/DA
�
X1; : : : ; f

j
i Ej ; : : : ;Xk

�
.p/

D f
j
i .p/A.X1; : : : ;Ej ; : : : ;Xk/.p/D 0:

It follows by linearity that A.X1; : : : ;Xk/ depends only on the value of Xi at p.
Now we define a rough tensor field A W M ! T kT �M by

Ap.v1; : : : ; vk/DA
�
V1; : : : ; Vk

�
.p/

for p 2M and v1; : : : ; vk 2 TpM;where V1; : : : ; Vk are any extensions of v1; : : : ; vk
to smooth global vector fields on M . The discussion above shows that this is inde-
pendent of the choices of extensions, and the resulting tensor field is smooth by
Proposition 12.19(d). �

A symmetric tensor field on a manifold (with or without boundary) is simply a
covariant tensor field whose value at each point is a symmetric tensor. The sym-
metric product of two or more tensor fields is defined pointwise, just like the tensor
product. Thus, for example, if A and B are smooth covector fields, their symmetric
product is the smooth 2-tensor field AB , which by Proposition 12.15(b) is given by

AB D 1
2
.A˝B CB ˝A/:

Alternating tensor fields are called differential forms; we will study them in
depth beginning in Chapter 14.

Pullbacks of Tensor Fields

Just like covector fields, covariant tensor fields can be pulled back by a smooth map
to yield tensor fields on the domain. (This construction works only for covariant ten-
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sor fields, which is one reason why we focus most of our attention on the covariant
case.)

Suppose F W M ! N is a smooth map. For any point p 2M and any k-tensor
˛ 2 T k

�
T �
F.p/

N
�
, we define a tensor dF �p .˛/ 2 T

k
�
T �pM

�
, called the pointwise

pullback of ˛ by F at p, by

dF �p .˛/.v1; : : : ; vk/D ˛
�
dFp.v1/; : : : ; dFp.vk/

�

for any v1; : : : ; vk 2 TpM . If A is a covariant k-tensor field onN , we define a rough
k-tensor field F �A on M; called the pullback of A by F , by

.F �A/p D dF
�
p

�
AF.p/

�
:

This tensor field acts on vectors v1; : : : ; vk 2 TpM by

.F �A/p.v1; : : : ; vk/DAF.p/
�
dFp.v1/; : : : ; dFp.vk/

�
:

Proposition 12.25 (Properties of Tensor Pullbacks). Suppose F W M ! N and
G W N ! P are smooth maps, A and B are covariant tensor fields on N , and f is
a real-valued function on N .

(a) F �.fB/D .f ıF /F �B .
(b) F �.A˝B/D F �A˝F �B .
(c) F �.ACB/D F �ACF �B .
(d) F �B is a (continuous) tensor field, and is smooth if B is smooth.
(e) .G ıF /�B D F �.G�B/.
(f) .IdN /�B DB .

I Exercise 12.26. Prove Proposition 12.25.

If f is a continuous real-valued function (i.e., a 0-tensor field) and B is a k-
tensor field, then it is consistent with our definitions to interpret f ˝B as fB , and
F �f as f ıF . With these interpretations, property (a) of the preceding proposition
is really just a special case of (b).

I Exercise 12.27. Suppose F W M ! N is a smooth map and A;B are symmet-
ric tensor fields on N . Show that F �A and F �B are symmetric, and F �.AB/ D
.F �A/.F �B/.

The following corollary is an immediate consequence of Proposition 12.25.

Corollary 12.28. Let F W M ! N be smooth, and let B be a covariant k-tensor
field on N . If p 2M and

�
yi
�

are smooth coordinates for N on a neighborhood of
F.p/, then F �B has the following expression in a neighborhood of p:

F �
�
Bi1:::ikdy

i1 ˝ � � � ˝ dyik
�

D
�
Bi1:::ik ı F

�
d
�
yi1 ı F

�
˝ � � � ˝ d

�
yik ıF

�
: �

In words, this corollary just says that F �B is computed by the same technique
we described in Chapter 11 for computing the pullback of a covector field: wherever
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you see yi in the expression for B , just substitute the i th component function of F
and expand.

Example 12.29 (Pullback of a Tensor Field). LetM D f.r; �/ W r > 0; j� j< �=2g
and N D f.x; y/ W x > 0g, and let F W M ! R2 be the smooth map F.r; �/ D
.r cos�; r sin�/. The pullback of the tensor field A D x�2dy ˝ dy by F can be
computed easily by substituting x D r cos� , y D r sin� and simplifying:

F �AD .r cos�/�2 d.r sin�/˝ d.r sin�/

D .r cos�/�2.sin� dr C r cos� d�/˝ .sin� dr C r cos� d�/

D r�2 tan2 � dr ˝ dr C r�1 tan�.d� ˝ dr C dr ˝ d�/C d� ˝ d�: //

In general, there is neither a pushforward nor a pullback operation for mixed
tensor fields. However, in the special case of a diffeomorphism, tensor fields of any
variance can be pushed forward and pulled back at will (see Problem 12-10).

Lie Derivatives of Tensor Fields

The Lie derivative operation can be extended to tensor fields of arbitrary rank.
As usual, we focus on covariant tensors; the analogous results for contravariant or
mixed tensors require only minor modifications.

Suppose M is a smooth manifold, V is a smooth vector field on M; and � is its
flow. (For simplicity, we discuss only the case @M D¿ here, but these definitions
and results carry over essentially unchanged to manifolds with boundary as long as
V is tangent to the boundary, so that its flow exists by Theorem 9.34.) For any p 2
M; if t is sufficiently close to zero, then �t is a diffeomorphism from a neighborhood
of p to a neighborhood of �t .p/, so d.�t /�p pulls back tensors at �t .p/ to ones at p
by the formula

d.�t /
�
p

�
A�t .p/

�
.v1; : : : ; vk/DA�t .p/

�
d.�t /p.v1/; : : : ; d.�t /p.vk/

�
:

Note that d.�t /�p
�
A�t .p/

�
is just the value of the pullback tensor field ��t A at p.

Given a smooth covariant tensor field A onM; we define the Lie derivative of A
with respect to V , denoted by LVA, by

.LVA/p D
d

dt

ˇ̌
ˇˇ
tD0

.��t A/p D lim
t!0

d.�t /
�
p

�
A�t .p/

�
�Ap

t
; (12.8)

provided the derivative exists (Fig. 12.1). Because the expression being differenti-
ated lies in T k

�
T �pM

�
for all t , .LVA/p makes sense as an element of T k.T �pM/.

The following lemma is an analogue of Lemma 9.36, and is proved in exactly the
same way.

Lemma 12.30. With M; V , and A as above, the derivative in (12.8) exists for every
p 2M and defines LVA as a smooth tensor field on M .

I Exercise 12.31. Prove the preceding lemma.
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Fig. 12.1 The Lie derivative of a tensor field

Proposition 12.32. Let M be a smooth manifold and let V 2 X.M/. Suppose f
is a smooth real-valued function (regarded as a 0-tensor field) on M; and A;B are
smooth covariant tensor fields on M .

(a) LV f D Vf .
(b) LV .fA/D .LV f /AC fLVA.
(c) LV .A˝B/D .LVA/˝B CA˝LVB .
(d) If X1; : : : ;Xk are smooth vector fields and A is a smooth k-tensor field,

LV

�
A.X1; : : : ;Xk/

�
D .LVA/.X1; : : : ;Xk/CA.LVX1; : : : ;Xk/

C � � � CA.X1; : : : ;LVXk/: (12.9)

Proof. Let � be the flow of V . For a real-valued function f , we can write

��t f .p/D f
�
�t .p/

�
D f ı � .p/.t/:

Thus the definition of LV f reduces to the ordinary derivative with respect to t of
the composite function f ı � .p/. Because � .p/ is an integral curve of V , it follows
from Proposition 3.24 that

.LV f /.p/D
d

dt

ˇ̌
ˇ̌
tD0

f ı � .p/ D dfp
�
� .p/0.0/

�
D dfp.Vp/D Vf .p/:

This proves (a).
The other assertions can be proved by the technique we used in Theorem 9.38:

in a neighborhood of a regular point for V , if
�
ui
�

are coordinates in which V D
@=@u1, then it follows immediately from the definition that LV acts on a tensor field
simply by taking the partial derivative of its coefficients with respect to u1, and (b)–
(d) all follow from the ordinary product rule. The same relations hold on the support
of V by continuity, and on the complement of the support because the flow of V is
trivial there. �

One consequence of this proposition is the following formula expressing the Lie
derivative of any smooth covariant tensor field in terms of Lie brackets and ordi-
nary directional derivatives of functions, which allows us to compute Lie derivatives
without first determining the flow.
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Corollary 12.33. If V is a smooth vector field and A is a smooth covariant k-tensor
field, then for any smooth vector fields X1; : : : ;Xk ,

.LVA/.X1; : : : ;Xk/DV
�
A.X1; : : : ;Xk/

�
�A

�
ŒV;X1	;X2; : : : ;Xk

�

� � � � �A
�
X1; : : : ;Xk�1; ŒV;Xk	

�
: (12.10)

Proof. Just solve (12.9) for .LVA/.X1; : : : ;Xk/, and replace LV f by Vf and
LVXi by ŒV;Xi 	. �
Corollary 12.34. If f 2 C1.M/, then LV .df /D d.LV f /.

Proof. Using (12.10), for any X 2X.M/ we compute

.LV df /.X/D V
�
df .X/

�
� df

�
ŒV;X	

�
D VXf � ŒV;X	f

D VXf � .VXf �XVf /DXVf

D d.Vf /.X/D d.LV f /.X/: �
One drawback of formula (12.10) is that in order to calculate what LVA does

to vectors v1; : : : ; vk at a point p 2M; one must first extend them to vector fields
in a neighborhood of p. But Proposition 12.32 and Corollary 12.34 lead to an easy
method for computing Lie derivatives of smooth tensor fields in coordinates that
avoids this problem, since any tensor field can be written locally as a linear combina-
tion of functions multiplied by tensor products of exact 1-forms. The next example
illustrates the technique.

Example 12.35. Suppose A is an arbitrary smooth covariant 2-tensor field, and
V is a smooth vector field. We compute the Lie derivative LVA in smooth local
coordinates

�
xi
�
. First, we observe that LV dx

i D d
�
LV x

i
�
D d

�
Vxi

�
D dV i .

Therefore,

LVADLV

�
Aijdx

i ˝ dxj
�

DLV .Aij /dx
i ˝ dxj CAij

�
LV dx

i
�
˝ dxj CAij dx

i ˝
�
LV dx

j
�

D VAij dx
i ˝ dxj CAij dV

i ˝ dxj CAij dx
i ˝ dV j

D

�
VAij CAkj

@V k

@xi
CAik

@V k

@xj

�
dxi ˝ dxj : //

Recall that the Lie derivative of a vector field W with respect to V is zero if and
only if W is invariant under the flow of V (see Theorem 9.42). It turns out that the
Lie derivative of a covariant tensor field has exactly the same interpretation. If A is a
smooth tensor field on M and � is a flow on M; we say thatA is invariant under �
if for each t , the map �t pulls A back to itself wherever it is defined; more precisely,
this means

d.�t /
�
p

�
A�t .p/

�
DAp (12.11)

for all .t;p/ in the domain of � . If � is a global flow, this is equivalent to ��t ADA
for all t 2R.
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In order to prove the connection between Lie derivatives and invariance under
flows, we need the following proposition, which shows how the Lie derivative can
be used to compute t -derivatives at times other than t D 0. It is a generalization to
tensor fields of Proposition 9.41.

Proposition 12.36. SupposeM is a smooth manifold with or without boundary and
V 2 X.M/. If @M ¤¿, assume in addition that V is tangent to @M . Let � be the
flow of V . For any smooth covariant tensor field A and any .t0; p/ in the domain
of � ,

d

dt

ˇ
ˇ
ˇ
ˇ
tDt0

�
��t A

�
p
D
�
��t0.LVA/

�
p
: (12.12)

Proof. After expanding the definitions of the pullbacks in (12.12), we see that we
have to prove

d

dt

ˇ
ˇ
ˇ
ˇ
tDt0

d.�t /
�
p

�
A�t .p/

�
D d.�t0/

�
p

�
.LVA/�t0 .p/

�
:

Just as in the proof of Proposition 9.41, the change of variables t D sC t0 yields

d

dt

ˇˇˇˇ
tDt0

d.�t /
�
p

�
A�t .p/

�
D

d

ds

ˇˇˇˇ
sD0

d.�sCt0/
�
p

�
A�sCt0 .p/

�

D
d

ds

ˇˇˇˇ
sD0

d.�t0/
�
pd.�s/

�
�t0 .p/

�
A�s.�t0 .p//

�

D d.�t0/
�
p

d

ds

ˇˇˇ
ˇ
sD0

d.�s/
�
�t0 .p/

�
A�s.�t0 .p//

�

D d.�t0/
�
p

�
.LVA/�t0 .p/

�
: �

Theorem 12.37. LetM be a smooth manifold and let V 2X.M/. A smooth covari-
ant tensor field A is invariant under the flow of V if and only if LVAD 0.

I Exercise 12.38. Prove Theorem 12.37.

Problems

12-1. Give an example of finite-dimensional vector spaces V and W and a spe-
cific element ˛ 2 V ˝W that cannot be expressed as v˝w for v 2 V and
w 2W .

12-2. For any finite-dimensional real vector space V , prove that there are canon-
ical isomorphisms R˝ V Š V Š V ˝R.

12-3. Let V andW be finite-dimensional real vector spaces. Show that the tensor
product space V ˝W is uniquely determined up to canonical isomorphism
by its characteristic property (Proposition 12.7). More precisely, suppose
z� W V �W !Z is a bilinear map into a vector space Z with the following
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property: for any bilinear map B W V �W ! Y , there is a unique linear
map zB W Z! Y such that the following diagram commutes:

V �W
B� Y:

Z

z�
�

zB

�

Then there is a unique isomorphism ˚ W V ˝ W ! Z such that z� D
˚ ı � , where � W V �W ! V ˝W is the canonical projection. [Remark:
this shows that the details of the construction used to define the tensor prod-
uct space are irrelevant, as long as the resulting space satisfies the charac-
teristic property.]

12-4. Let V1; : : : ; Vk and W be finite-dimensional real vector spaces. Prove that
there is a canonical (basis-independent) isomorphism

V �1 ˝ � � � ˝ V
�
k ˝W Š L.V1; : : : ; Vk IW /:

(In particular, this means that V � ˝ W is canonically isomorphic to the
space L.V IW / of linear maps from V to W .)

12-5. Let V be an n-dimensional real vector space. Show that

dim†k.V �/D

 
nC k � 1

k

!

D
.nC k � 1/Š

kŠ.n� 1/Š
:

12-6. (a) Let ˛ be a covariant k-tensor on a finite-dimensional real vector
space V . Show that Sym ˛ is the unique symmetric k-tensor satisfying

.Sym ˛/.v; : : : ; v/D ˛.v; : : : ; v/

for all v 2 V .
(b) Show that the symmetric product is associative: for all symmetric ten-

sors ˛, ˇ, � ,

.˛ˇ/� D ˛.ˇ�/:

[Hint: use part (a).]
(c) Let !1; : : : ;!k be covectors on a finite-dimensional vector space.

Show that their symmetric product satisfies

!1 � � �!k D
1

kŠ

X

�2Sk

!�.1/˝ � � � ˝!�.k/:

12-7. Let
�
e1; e2; e3

�
be the standard dual basis for

�
R3
��

. Show that
e1 ˝ e2 ˝ e3 is not equal to a sum of an alternating tensor and a sym-
metric tensor.
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12-8. Let M be a smooth n-manifold, and let A be a smooth covariant k-tensor
field on M . If

�
U;
�
xi
��

and
�
zU ;
�
zxj
��

are overlapping smooth charts on
M; we can write

ADAi1:::ik dx
i1 ˝ � � � ˝ dxik D zAj1:::jkd zx

j1 ˝ � � � ˝ d zxjk :

Compute a transformation law analogous to (11.7) expressing the compo-
nent functions Ai1:::ik in terms of zAj1:::jk .

12-9. Generalize the coordinate transformation law of Problem 12-8 to mixed
tensor fields of any rank.

12-10. Show that for every pair of nonnegative integers k, l and every diffeomor-
phism F W M !N , there are pushforward and pullback isomorphisms

F� W �
�
T .k;l/TM

�
! �

�
T .k;l/TN

�
;

F � W �
�
T .k;l/TN

�
! �

�
T .k;l/TM

�
;

such that F � agrees with the usual pullback on covariant tensor fields, F�
agrees with the usual pushforward on contravariant 1-tensor fields (i.e.,
vector fields), and the following conditions are satisfied:
(a) F� D .F �/�1.
(b) F �.A˝B/D F �A˝F �B .
(c) .F ıG/� D F� ıG�.
(d) .F ıG/� DG� ıF �.
(e) .IdM /� D .IdM /� D Id W �

�
T .k;l/TM

�
! �

�
T .k;l/TM

�
.

(f) F �
�
A.X1; : : : ;Xk/

�
D F �A

�
F �1� .X1/; : : : ;F

�1
� .Xk/

�
forA 2 T k.N /

and X1; : : : ;Xk 2X.N /.

12-11. Suppose M is a smooth manifold, A is a smooth covariant tensor field
on M; and V;W 2X.M/. Show that

LVLWA�LWLVADLŒV;W �A:

[Hint: use induction on the rank of A, beginning with Corollary 12.33 for
1-tensor fields.]

12-12. Let M be a smooth manifold and V 2X.M/. Show that the Lie derivative
operators on covariant tensor fields, LV W T k.M/! T k.M/ for k � 0,
are uniquely characterized by the following properties:
(a) LV is linear over R.
(b) LV f D Vf for f 2 T 0.M/D C1.M/.
(c) LV .A˝B/DLVA˝B CA˝LVB for A 2 T k.M/, B 2 T l .M/.
(d) LV .!.X//D .LV !/.X/C! .ŒV;X	/ for ! 2 T 1.M/, X 2X.M/.
[Remark: the Lie derivative operators on tensor fields are sometimes de-
fined as the unique operators satisfying these properties. This definition
has the virtue of making sense on a manifold with boundary, where the
flow of V might not exist.]
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