Chapter 11
The Cotangent Bundle

In this chapter we introduce a construction that is not typically seen in elementary
calculus: tangent covectors, which are linear functionals on the tangent space at a
point p € M. The space of all covectors at p is a vector space called the cotangent
space at p; in linear-algebraic terms, it is the dual space to 7, M . The union of all
cotangent spaces at all points of M is a vector bundle called the cotangent bundle.

Whereas tangent vectors give us a coordinate-free interpretation of derivatives of
curves, it turns out that derivatives of real-valued functions on a manifold are most
naturally interpreted as tangent covectors. Thus we define the differential of a real-
valued function as a covector field (a smooth section of the cotangent bundle); it is
a coordinate-independent analogue of the gradient. We then explore the behavior of
covector fields under smooth maps, and show that covector fields on the codomain
of a smooth map always pull back to covector fields on the domain.

In the second half of the chapter we introduce line integrals of covector fields,
which are the natural generalization of the line integrals of elementary calculus.
Then we explore the relationships among three closely related types of covector
fields: exact (those that are the differentials of functions), conservative (those whose
line integrals around closed curves are zero), and closed (those that satisfy a certain
differential equation in coordinates). This leads to a far-reaching generalization of
the fundamental theorem of calculus to line integrals on manifolds.

Covectors

Let V be a finite-dimensional vector space. (As usual, all of our vector spaces are
assumed to be real.) We define a covector on V to be a real-valued linear functional
on V, that is, a linear map w: V — R. The space of all covectors on V is itself
a real vector space under the obvious operations of pointwise addition and scalar
multiplication. It is denoted by V* and called the dual space of V.

The next proposition expresses the most important fact about V* in the finite-
dimensional case. Recall from Exercise B.13 that a linear map is uniquely deter-
mined by specifying its values on the elements of any basis.
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Proposition 11.1. Let V be a finite-dimensional vector space. Given any basis
(Ev,....E,) for V., letel,... " € V* be the covectors defined by

e'(Ej) =6},

where 81’: is the Kronecker delta symbol defined by (4.4). Then (51, e ,8") is a basis
for V*, called the dual basis to (E ;). Therefore, dim V* = dim V.

» Exercise 11.2. Prove Proposition 11.1.

For example, we can apply this to the standard basis (eq, ..., e,) for R”. The dual
basis is denoted by (el, .. ,e") (note the upper indices), and is called the standard
dual basis. These basis covectors are the linear functionals on R” given by

e(v)=eé (v ...0") =,

In other words, e is the linear functional that picks out the ith component of a
vector. In matrix notation, a linear map from R” to R is represented by a 1 x n
matrix, called a row matrix. The basis covectors can therefore also be thought of as
the linear functionals represented by the row matrices

el=(10...0), ¢2=(010...0), ..., e"=(0...01).

In general, if (E;) is a basis for V' and (¢') is its dual basis, then for any vector
v=1v’/ E; € V, we have (using the summation convention)

e (v) = vjsi(Ej) = ijJ’: =’

Thus, just as in the case of R”, the i th basis covector &’ picks out the i th component
of a vector with respect to the basis (£;). More generally, Proposition 11.1 shows
that we can express an arbitrary covector w € V* in terms of the dual basis as

o = w;e', (11.1)
where the components are determined by @; = w(E;). The action of  on a vector
v=v/E;is

o) = w;v’. (11.2)

We always write basis covectors with upper indices, and components of a covec-
tor with lower indices, because this helps to ensure that mathematically meaningful
summations such as (11.1) and (11.2) always follow our index conventions.

Suppose V and W are vector spaces and A: V' — W is a linear map. We define
a linear map A*: W* — V*, called the dual map or transpose of A, by

(A*w)(v) = w(4v) foroe W*, veV.

» Exercise 11.3. Show that A*w is actually a linear functional on V, and that 4™ is
a linear map.

Proposition 11.4. The dual map satisfies the following properties:
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(a) (Ao B)* =B*o0 A*.
(b) (Idy)*: V* — V* is the identity map of V*.

» Exercise 11.5. Prove the preceding proposition.

Corollary 11.6. The assignment that sends a vector space to its dual space and a
linear map to its dual map is a contravariant functor from the category of real vector
spaces to itself. O

Apart from the fact that the dimension of V* is the same as that of V, the sec-
ond most important fact about dual spaces is the following characterization of the
second dual space V** = (V*)*. For each vector space V there is a natural, basis-
independent map £: V — V**, defined as follows. For each vector v € V, define a
linear functional £(v): V* — R by

EW)(w) =w() forweV™. (11.3)
» Exercise 11.7. Let V be a vector space.

(a) For any v € V, show that £ (v)(w) depends linearly on w, so &(v) € V**.
(b) Show that the map &: V — V** is linear.

Proposition 11.8. For any finite-dimensional vector space V ,the map §: 'V — V**
is an isomorphism.

Proof. Because dim V' = dim V**, it suffices to verify that £ is injective (see Ex-
ercise B.22(c)). Suppose v € V is not zero. Extend v to a basis (v = Eq,..., E,)
for V, and let (81, .. ,8”) denote the dual basis for V*. Then & (v) # 0 because

E) (') =e'(v) =" (E1) = 1. O

The preceding proposition shows that when V is finite-dimensional, we can un-
ambiguously identify V** with V itself, because the map £ is canonically defined,
without reference to any basis. It is important to observe that although V* is also
isomorphic to V' (for the simple reason that any two finite-dimensional vector spaces
of the same dimension are isomorphic), there is no canonical isomorphism V = V*.
One way to make this statement precise is indicated in Problem 11-1. Note also that
the conclusion of Proposition 11.8 is always false when V' is infinite-dimensional
(see Problem 11-2).

Because of Proposition 11.8, the real number w(v) obtained by applying a covec-
tor w to a vector v is sometimes denoted by either of the more symmetric-looking
notations (w, v) and (v, w); both expressions can be thought of either as the action
of the covector w € V* on the vector v € V, or as the action of the linear functional
&(v) € V** on the element w € V*. There should be no cause for confusion with
the use of the same angle bracket notation for inner products: whenever one of the
arguments is a vector and the other a covector, the notation (w, v) is always to be
interpreted as the natural pairing between vectors and covectors, not as an inner
product. We typically omit any mention of the map &, and think of v € V either as a
vector or as a linear functional on V*, depending on the context.
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There is also a symmetry between bases and dual bases for a finite-dimensional
vector space V': any basis for V' determines a dual basis for V*, and conversely, any
basis for V* determines a dual basis for V** = V. If (si) is the basis for V* dual
to a basis (£;) for V, then (E;) is the basis dual to (si), because both statements
are equivalent to the relation (&', E;) = §;.

Tangent Covectors on Manifolds

Now let M be a smooth manifold with or without boundary. For each p € M, we
define the cotangent space at p, denoted by T; M, to be the dual space to T, M :

XM =(T,M)".

Elements of Tp*M are called tangent covectors at p, or just covectors at p.

Given smooth local coordinates (xi) on an open subset U € M, for each p € U
the coordinate basis (8 /x| p) gives rise to a dual basis for 7 M, which we denote
for the moment by (/\i | p). (In a short while, we will come up with a better notation.)
Any covector w € T, M can thus be written uniquely as @ = w; A’|,, where

w; =w 9
T ax"p'

Suppose now that ()Tj ) is another set of smooth coordinates whose domain con-

tains p, and let (Xf | p) denote the basis for 7, M dual to (8/ 0x7| p). We can com-
pute the components of the same covector w with respect to the new coordinate
system as follows. First observe that the computations in Chapter 3 show that the
coordinate vector fields transform as follows:

0 0w
dxt » T oxt

(11.4)

(Here we use the same notation p to denote either a point in M or its coordinate
representation as appropriate.) Writing o in both systems as @ = w; A |, = @; A/ |,
we can use (11.4) to compute the components w; in terms of ®;:

0 8)?7( ) i
PO\, oxi 7 9%

As we mentioned in Chapter 3, in the early days of smooth manifold theory,
before most of the abstract coordinate-free definitions we are using were developed,
mathematicians tended to think of a tangent vector at a point p as an assignment
of an n-tuple of real numbers to each smooth coordinate system, with the property
that the n-tuples (v',...,v") and (7', ...,7") assigned to two different coordinate
systems (xi) and (55j ) were related by the transformation law that we derived in

0x
,,) = o (D). (11.5)
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Chapter 3:
_. ox/ ;
v/ = —(p)'. (11.6)
ox?
Similarly, a tangent covector was thought of as an n-tuple (wy,...,w,) that trans-

forms, by virtue of (11.5), according to the following slightly different rule:

X/
w = —
ox?

Since the transformation law (11.4) for the coordinate partial derivatives follows
directly from the chain rule, it can be thought of as fundamental. Thus it became
customary to call tangent covectors covariant vectors because their components
transform in the same way as (“vary with”) the coordinate partial derivatives, with
the Jacobian matrix (d%//dx') multiplying the objects associated with the “new”
coordinates (X7) to obtain those associated with the “old” coordinates (x*). Analo-
gously, tangent vectors were called contravariant vectors, because their components
transform in the opposite way. (Remember, it was the component n-tuples that were
thought of as the objects of interest.) Admittedly, these terms do not make a lot of
sense, but by now they are well entrenched, and we will see them again in Chap-
ter 12. Note that this use of the terms covariant and contravariant has nothing to do
with the covariant and contravariant functors of category theory!

(P)@;. (1L.7)

Covector Fields

For any smooth manifold M with or without boundary, the disjoint union

T*M = ]_[ T*M
PEM

is called the cotangent bundle of M . It has a natural projection map 7: T*M —
M sending @ € T M to p € M. As above, given any smooth local coordinates
(xi ) on an open subset U € M, for each p € U we denote the basis for T; M
dual to (3/9x"|,) by (A’],). This defines n maps A',... ,A": U — T*M, called
coordinate covector fields.

Proposition 11.9 (The Cotangent Bundle as a Vector Bundle). Let M be a
smooth n-manifold with or without boundary. With its standard projection map and
the natural vector space structure on each fiber, the cotangent bundle T*M has a
unique topology and smooth structure making it into a smooth rank-n vector bundle
over M for which all coordinate covector fields are smooth local sections.

Proof. The proof is just like that of Theorem 10.4. Given a smooth chart (U, ¢) on
M, with coordinate functions (x'), define @: 771 (U) — U x R" by

@(%‘,’/\i}p) = (P, (‘Elv“w%‘n))y
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where A’ is the ith coordinate covector field associated with (xi). Suppose (U,
is another smooth chart with coordinate functions (X/), and let &: ! (U )— U x
R" be defined analogously. On 7~' (U N U), it follows from (11.5) that

_ . % - v
@08 (5, Ern ) = (1 (G 0B 5w 0 ).

The GL(n,R)-valued function (d%//dx") is smooth, so it follows from the vector
bundle chart lemma that 7* M has a smooth structure making it into a smooth vector
bundle for which the maps @ are smooth local trivializations. Uniqueness follows
as in the proof of Proposition 10.24. O

» Exercise 11.10. Suppose M is a smooth manifold and £ — M is a smooth vec-
tor bundle over M. Define the dual bundle to E to be the bundle E* — M whose
total space is the disjoint union E* = [[,cps E, where E; is the dual space to
Ep, with the obvious projection. Show that E* — M is a smooth vector bundle,
whose transition functions are given by t*(p) = (1’ ( p)_l)T for any transition func-

tion t: U — GL(k,R) of E.

As in the case of the tangent bundle, smooth local coordinates for M yield
smooth local coordinates for its cotangent bundle. If (xi) are smooth coordinates
on an open subset U € M, Corollary 10.21 shows that the map from 7~!(U) to
R2" given by

si/‘va = (xl(p)v""xn(p)’i:lv"'v%_n)

is a smooth coordinate chart for 7*M. We call (x', ;) the natural coordinates for
T*M associated with (xi ) (In this situation, we must forgo our insistence that co-
ordinate functions have upper indices, because the fiber coordinates &; are already
required by our index conventions to have lower indices. Nonetheless, the conven-
tion still holds that each index to be summed over in a given term appears once as a
superscript and once as a subscript.)

A (local or global) section of T*M 1is called a covector field or a (differential)
1-form. (The reason for the latter terminology will become clear in Chapter 14,
when we define differential k-forms for k& > 1.) Like sections of other bundles,
covector fields without further qualification are assumed to be merely continuous;
when we make different assumptions, we use the terms rough covector field and
smooth covector field with the obvious meanings. As we did with vector fields,
we write the value of a covector field w at a point p € M as w,, instead of w(p),
to avoid conflict with the notation for the action of a covector on a vector. If @
itself has subscripts or superscripts, we usually use the notation w|, instead. In any
smooth local coordinates on an open subset U € M, a (rough) covector field w can
be written in terms of the coordinate covector fields (1) as @ = w; A’ for n functions
w;: U — R called the component functions of ®. They are characterized by

)

0
w;(p) = wp (—

axt
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If w is a (rough) covector field and X is a vector field on M, then we can form a
function w(X): M — R by

o(X)(p) = wp(Xp), peM.

If we write @ = w; A' and X = X/9/0dx/ in terms of local coordinates, then w(X)
has the local coordinate representation w(X) = w; X'.

Just as in the case of vector fields, there are several ways to check for smoothness
of a covector field.

Proposition 11.11 (Smoothness Criteria for Covector Fields). Let M be a
smooth manifold with or without boundary, and let w: M — T*M be a rough
covector field. The following are equivalent:

(a) w is smooth.

(b) In every smooth coordinate chart, the component functions of w are smooth.

(c) Each point of M is contained in some coordinate chart in which @ has smooth
component functions.

(d) For every smooth vector field X € X(M), the function w(X) is smooth on M .

(e) For every open subset U C M and every smooth vector field X on U, the func-
tion w(X): U — R is smooth on U .

» Exercise 11.12. Prove this proposition. [Suggestion: try proving (a) = (b) = (c)
= (a), and (c) = (d) = (e) = (b). The only tricky part is (d) = (e); look at the proof
of Proposition 8.14 for ideas.]

Of course, since any open subset of a smooth manifold (with boundary) is again
a smooth manifold (with boundary), the preceding proposition applies equally well
to covector fields defined only on some open subset of M .

Coframes

Let M be a smooth manifold with or without boundary, and let U € M be an open
subset. A local coframe for M over U is an ordered n-tuple of covector fields
(¢'.....&") defined on U such that (& |,) forms a basis for 7, M at each point
peU.If U = M, itis called a global coframe. (A local coframe for M is just a
local frame for the vector bundle T* M, in the terminology of Chapter 10.)

Example 11.13 (Coordinate Coframes). For any smooth chart (U, (x)), the co-
ordinate covector fields (/\i) defined above constitute a local coframe over U, called
a coordinate coframe. By Proposition 11.11(c), every coordinate frame is smooth,

because its component functions in the given chart are constants. I
Given a local frame (Eq,..., E,) for TM over an open subset U, there is a
uniquely determined (rough) local coframe (81 e s") over U such that (s’ | p) is

the dual basis to (E;|,) for each p € U, or equivalently ¢’ (E;) = 81’ This coframe
is called the coframe dual to (E ;). Conversely, if we start with a local coframe (&)
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over an open subset U € M, there is a uniquely determined local frame (E;), called
the frame dual to (¢'), determined by &' (E;) = 8]’.. For example, in a smooth chart,

the coordinate frame (3/dx’) and the coordinate coframe (/\i) are dual to each other.

Lemma 11.14. Let M be a smooth manifold with or without boundary. If (E;) is
a rough local frame over an open subset U C M and (8‘) is its dual coframe, then
(E;) is smooth if and only if (ei) is smooth.

Proof. Tt suffices to show that for each p € U, the frame (E_,-) is smooth in a neigh-
borhood of p if and only if (') is. Given p € U, let (V. (x')) be a smooth coordi-
nate chart such that p € V C U. In V', we can write

9 . .
k Jyl
Ei:a,-ax—k, 81:1)/?&,
for some matrices of real-valued functions (a¥) and (bl’ ) defined on V. By virtue
of Propositions 8.1 and 11.11, the vector fields E; are smooth on V' if and only if
the functions al’.‘ are smooth, and the covector fields ¢/ are smooth on V' if and only
if the functions blj are smooth. The fact that &/ (E;) = Sij implies that the matrices
(af-C ) and (blj ) are inverses of each other. Because matrix inversion is a smooth map
from GL(n, R) to itself, either one of these matrix-valued functions is smooth if and
only if the other one is smooth. O

Given a local coframe (si) over an open subset U € M, every (rough) covec-
tor field w on U can be expressed in terms of the coframe as w = w; &’ for some
functions w1, ...,w,: U — R, called the component functions of @ with respect
to the given coframe. The component functions are determined by w; = w(Ej;),
where (E;) is the frame dual to (Ei). This leads to another way of characterizing
smoothness of covector fields.

Proposition 11.15 (Coframe Criterion for Smoothness of Covector Fields). Let
M be a smooth manifold with or without boundary, and let w be a rough covector
fieldon M . If (si) is a smooth coframe on an open subset U C M, then w is smooth
on U if and only if its component functions with respect to (si) are smooth.

» Exercise 11.16. Prove the preceding proposition.

We denote the real vector space of all smooth covector fields on M by X*(M).
As smooth sections of a vector bundle, elements of X*(M) can be multiplied by
smooth real-valued functions: if f € C*°(M) and w € X*(M), the covector field
fw is defined by

(fo)p = f(Pwp. (11.8)

Because it is the space of smooth sections of a vector bundle, X* (M) is a module
over C*°(M).

Geometrically, we think of a vector field on M as an arrow attached to each

point of M. What kind of geometric picture can we form of a covector field? The

key idea is that a nonzero linear functional w, € Tp*M is completely determined by
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Fig. 11.1 A covector field

two pieces of data: its kernel, which is a linear hyperplane in 7, M (a codimension-1
linear subspace); and the set of vectors v for which w,(v) = 1, which is an affine
hyperplane parallel to the kernel (Fig. 11.1). (Actually, the set where w,(v) = 1
alone suffices, but it is useful to visualize the two parallel hyperplanes.) The value of
wp (v) for any other vector v is then obtained by linear interpolation or extrapolation.

Thus, you can visualize a covector field as defining a pair of hyperplanes in each
tangent space, one through the origin and another parallel to it, and varying continu-
ously from point to point. Where the covector field is small, one of the hyperplanes
becomes very far from the kernel, eventually disappearing altogether at points where
the covector field takes the value zero.

The Differential of a Function

In elementary calculus, the gradient of a smooth real-valued function f on R” is
defined as the vector field whose components are the partial derivatives of f. In our
notation, this would read
n
af d
rad = — . 11.9
grad f ; e (11.9)

Unfortunately, in this form, the gradient does not make sense independently of co-
ordinates. (The fact that it violates our index conventions is a strong clue.)

» Exercise 11.17. Let f(x,y) = x2 on R2, and let X be the vector field
a
X =grad f =2x—.
ax
Compute the coordinate expression for X in polar coordinates (on some open subset
on which they are defined) using (11.4) and show that it is not equal to

of 0 of o
or ar 060 06~
Although the partial derivatives of a smooth function cannot be interpreted in a
coordinate-independent way as the components of a vector field, it turns out that they
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can be interpreted as the components of a covector field. This is the most important
application of covector fields.

Let f be a smooth real-valued function on a smooth manifold M with or without
boundary. (As usual, all of this discussion applies to functions defined on an open
subset U C M, simply by replacing M with U throughout.) We define a covector
field df, called the differential of f , by

dfp(v) =vf forveT,M.

(We will discuss the relationship between this differential and the differential of a
smooth map below; see the paragraph just after Exercise 11.24.)

Proposition 11.18. The differential of a smooth function is a smooth covector field.

Proof. 1t is straightforward to verify that at each point p € M, df,(v) depends lin-
early on v, so that df, is indeed a covector at p. To see that df is smooth, we use
Proposition 11.11(d): for any smooth vector field X on M, the function df (X) is
smooth because it is equal to X f'. O

To see what df looks like more concretely, we need to compute its coordinate
representation. Let (xi) be smooth coordinates on an open subset U € M, and let
()Li) be the corresponding coordinate coframe on U. Write df in coordinates as
df, = A;(p)A'|p for some functions A4;: U — R; then the definition of df implies

)_ 9 af
» oxi

oxi
This yields the following formula for the coordinate representation of df:

o
U = 5y

Thus, the component functions of df in any smooth coordinate chart are the partial
derivatives of f with respect to those coordinates. Because of this, we can think
of df as an analogue of the classical gradient, reinterpreted in a way that makes
coordinate-independent sense on a manifold.

If we apply (11.10) to the special case in which f is one of the coordinate func-
tions x/ : U — R, we obtain

0
&@:%6; ).

f:
p

(p)A! |p. (11.10)

; ax/ ; o .
dx’|, = 77 (P2 |, =8, =2,

In other words, the coordinate covector field A/ is none other than the differential
dx’ ! Therefore, the formula (11.10) for df, can be rewritten as

0 .
afy = L (pyax

or as an equation between covector fields instead of covectors:

of i

P’

(11.11)
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In particular, in the 1-dimensional case, this reduces to

d
df = —fdx.
dx
Thus, we have recovered the familiar classical expression for the differential of a
function f in coordinates. Henceforth, we abandon the notation A* for the coordi-

nate coframe, and use dx’ instead.

Example 11.19. If f(x,y) = x2y cosx on R2, then df is given by the formula

9 (x? 9 (x?
if — (x2ycosx) i (x%ycosx) i
ox dy
= (2xycosx —x?ysinx) dx + x?cosx dy. "

Proposition 11.20 (Properties of the Differential). Let M be a smooth manifold
with or without boundary, and let f,g € C*°(M).

(a) If a and b are constants, then d(af + bg) =adf +bdg.

(b) d(fg)=fdg+gdf.

(c) d(f/g) = (gdf — f dg)/g? on the set where g # 0.

(d) If J C R is an interval containing the image of f, and h: J — R is a smooth
function, then d(ho )= (W o f)df.

(e) If f is constant, then df = 0.

» Exercise 11.21. Prove Proposition 11.20.

One very important property of the differential is the following characterization
of smooth functions with vanishing differentials.

Proposition 11.22 (Functions with Vanishing Differentials). If f is a smooth
real-valued function on a smooth manifold M with or without boundary, then df =
0 if and only if f is constant on each component of M .

Proof. Tt suffices to assume that M is connected and show that df = 0 if and only if
f is constant. One direction is immediate: if f is constant, then df = 0 by Propo-
sition 11.20(e). Conversely, suppose df = 0, let p € M, and let € = {g € M :
f(q) = f(p)}. If q is any point in €, let U be a smooth coordinate ball (or half-
ball, in case ¢ € M) centered at ¢. From (11.11) we see that f/dx’ =0 in U for
each i, so by elementary calculus f is constant on U. This shows that € is open,
and since it is closed by continuity, it must be all of M. Thus, f is everywhere equal
to the constant f(p). O

In elementary calculus, one thinks of df as an approximation for the small
change in the value of f caused by small changes in the independent variables x’.
In our present context, df has the same meaning, provided we interpret everything
appropriately. Suppose M is a smooth manifold and f € C*°(M), and let p be
a point in M. By choosing smooth coordinates on a neighborhood of p, we can
think of f as a function on an open subset U  R”. Recall that dx’ |p is the lin-
ear functional that picks out the ith component of a tangent vector at p. Writing
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z

dfp(v)

Fig. 11.2 The differential as an approximation to A f

Af = f(p+v)— f(p) for v e R?, Taylor’s theorem shows that A f is well ap-
proximated when v is small by

af af
dx? dx?
(where now we are considering v as an element of 7,R" via our usual identification
T,R" <> R"). In other words, df), is the linear functional that best approximates
Af near p (Fig. 11.2). The great power of the concept of the differential comes
from the fact that we can define df invariantly on any manifold, without resorting
to vague arguments involving infinitesimals.
The next result is an analogue of Proposition 3.24 for the differential.

Af ~ == ()’ = = (p)dx'| (v) = dfy(v)

Proposition 11.23 (Derivative of a Function Along a Curve). Suppose M is a
smooth manifold with or without boundary, y: J — M is a smooth curve, and
f: M — R is a smooth function. Then the derivative of the real-valued function
foy:J—Risgiven by

(f oy)' (@) = dfy (v ()- (11.12)
Proof. See Fig. 11.3. Directly from the definitions, for any 79 € J,
dfy(to)(y’(to)) =9y'(to) f (definition of df)
=dyy, (% to) f  (definition of y'(z))
d .
= . (foy)  (definition of dy)
=(foy)(t) (definition of d /dt|y,). O

» Exercise 11.24. For a smooth real-valued function f: M — R, show that p € M
is a critical point of f if and only if df, = 0.

You may have noticed that for a smooth real-valued function f: M — R, we
now have two different definitions for the differential of f at a point p € M. In
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Sfoy(o) R

dfyo)

Fig. 11.3 Derivative of a function along a curve

Chapter 3, we defined df), as a linear map from 7, M to Tr(p)R. In this chapter, we
defined df), as a covector at p, which is to say a linear map from 7, M to R. These
are really the same object, once we take into account the canonical identification
between R and T7(,)R; one easy way to see this is to note that both are represented
in coordinates by the row matrix whose components are the partial derivatives of f.

Similarly, if y is a smooth curve in M, we have two different meanings for the
expression (f oy)’(¢). On the one hand, f oy can be interpreted as a smooth curve
in R, and thus (f o y)’(¢) is its velocity at the point f o y(t), which is an element of
the tangent space Tro,(;)R. Proposition 3.24 shows that this tangent vector is equal
to dfy)(y' (1)), thought of as an element of Ty, () R. On the other hand, f oy can
also be considered simply as a real-valued function of one real variable, and then
(f oy)(¢) is just its ordinary derivative. Proposition 11.23 shows that this derivative
is equal to dfy () (y’ (t)), thought of as a real number. Which of these interpretations
we choose depends on the purpose we have in mind.

Pullbacks of Covector Fields

As we have seen, a smooth map yields a linear map on tangent vectors called the
differential. Dualizing this leads to a linear map on covectors going in the opposite
direction.

Let F: M — N be a smooth map between smooth manifolds with or without
boundary, and let p € M be arbitrary. The differential dF),: T,M — Tr(,)N yields
a dual linear map

dF}: TN — Tr M,
called the (pointwise) pullback by F at p, or the cotangent map of F . Unraveling
the definitions, we see that d Fp* is characterized by

dF, (@)(v) = o(dFy(v)), forwe TrmyN. veT,M.

Observe that the assignments (M, p) — TP*M and F — dF ; yield a contravari-
ant functor from the category of pointed smooth manifolds to the category of real
vector spaces. Because of this, the convention of calling elements of 7*M “covari-
ant vectors” is particularly unfortunate; but this terminology is so deeply entrenched
that one has no choice but to go along with it.
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When we discussed vector fields, we made a point of noting that pushforwards of
vector fields under smooth maps are defined only in the special cases of diffeomor-
phisms or Lie group homomorphisms. The surprising thing about covectors is that
covector fields always pull back to covector fields. Given a smoothmap F: M — N
and a covector field w on N, define a rough covector field F*w on M, called the
pullback of ® by F, by

(F*w), =dF; (wp(p)). (11.13)
It acts on a vector v € T, M by

(F*0),(v) = wp(p) (dFp(v)).

In contrast to the vector field case, there is no ambiguity here about what point to
pull back from: the value of F*w at p is the pullback of w at F(p). We will prove in
Proposition 11.26 below that F'*w is continuous, and is smooth when w is smooth.
Before we do so, let us prove two important properties of the pullback.

Proposition 11.25. Let F: M — N be a smooth map between smooth manifolds
with or without boundary. Suppose u is a continuous real-valued function on N,
and w is a covector field on N . Then

F*(uw)=(uo F)F*w. (11.14)
If in addition u is smooth, then
F*du=d(uoF). (11.15)
Proof. To prove (11.14) we compute

(F*(uw)), = dF; (o) Fp) (by (11.13))
=dF; (u(F(p))wrp)) (by (11.8)
= u(F(p))dF; (wF(py) (by linearity of dF,)
=u(F(p))(F )y (by (11.13))
= ((u oF)F*a))p (by (11.8)).

For (11.15), we let v € T, M be arbitrary, and compute

(F*du),(v)= (dF};k (dup(p))) (v) (by (11.13))
=durp) (dFp(v)) (by definition of dF,)

=dF,(v)u (by definition of du)
=v(uoF) (by definition of d F)
=duo F),(v) (by definition of d(u o F)). O

Proposition 11.26. Suppose F: M — N is a smooth map between smooth mani-
folds with or without boundary, and let @ be a covector field on N . Then F*w is a
(continuous) covector field on M . If w is smooth, then so is F*w.
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Proof. Let p € M be arbitrary, and choose smooth coordinates (yj ) for N in a
neighborhood V of F(p). Let U = F~1(V), which is a neighborhood of p. Writ-
ing w in coordinates as w = wjdyj for continuous functions w; on V and using
Proposition 11.25 twice (applied to F|y ), we have the following computation in U':

F*o = F* (w;dy’) = (0j o F)F*dy’ = (w; o F)d (y/ o F). (11.16)
This expression is continuous, and is smooth if @ is smooth. O

Formula (11.16) for the pullback of a covector field can also be written in the
following way:

F*o = (wjo F)d (y/ o F)=(wj o F) dF”/, (11.17)
where F/ is the jth component function of F in these coordinates. Using either of

these formulas, the computation of pullbacks in coordinates is exceedingly simple,
as the next example shows.

Example 11.27. Let F: R?® — R? be the map given by
(u,v)=F(x,y,z)= (xzy,y sinz) ,
and let w € X* (R?) be the covector field
w=udv+vdu.
According to (11.16), the pullback F*w is given by
F*o=@WmoF)dwvoF)+ (voF)d(uoF)

= (xzy) d(ysinz) 4 (ysinz)d (xzy)

= x2y(sinzdy + ycoszdz) + ysinz (2xy dx + x> dy)

= 2xy2sinzdx + 2x2ysinzdy + x*>y? cosz dz. I

In other words, to compute F*w, all you need to do is substitute the component
functions of F for the coordinate functions of N everywhere they appear in w!

This also yields an easy way to remember the transformation law for a covector
field under a change of coordinates. Again, an example will convey the idea better
than a general formula.

Example 11.28. Let (r,0) be polar coordinates on, say, the right half-plane H =
{(x,y) : x > 0}. We can think of the change of coordinates (x, y) = (r cos 8, r sinf)
as the coordinate expression for the identity map of H, but using (r, #) as coordi-
nates for the domain and (x, y) for the codomain. Then the pullback formula (11.17)
tells us that we can compute the polar coordinate expression for a covector field sim-
ply by substituting x = r cos 6, y = r sin 6 and expanding. For example,

xdy —ydx =1d*(xdy — ydx)
= (rcosB)d(rsinf) — (rsinf)d(r cos )
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= (rcosB)(sinfdr +rcos6df) — (rsinf)(cos@dr —rsinf db)
= (rcosfsinf —rsinfcosf)dr + (r2 cos? 0 + r?sin® 0) do
=r?df. Vi

Restricting Covector Fields to Submanifolds

In Chapter 8, we considered the conditions under which a vector field restricts to a
submanifold. The restriction of covector fields to submanifolds is much simpler.

Suppose M is a smooth manifold with or without boundary, S € M is an im-
mersed submanifold with or without boundary, and ¢: S < M is the inclusion map.
If w is any smooth covector field on M, the pullback by : yields a smooth covector
field t*w on S. To see what this means, let v € T,,.S be arbitrary, and compute

(Fw)p(v) = wp (dtp(v)) = wp(v),

since dip: T, S — T, M is just the inclusion map, under our usual identification
of T, S with a subspace of T, M. Thus, (*w is just the restriction of w to vectors
tangent to S. For this reason, (*w is often called the restriction of @ to S. Be
warned, however, that (*w might equal zero at a given point of S, even though
considered as a covector field on M, @ might not vanish there. An example will
help to clarify this distinction.

Example 11.29. Let = dy on R2, and let S be the x-axis, considered as an
embedded submanifold of RZ. As a covector field on R2, w is nonzero everywhere,
because one of its component functions is always 1. However, the restriction (*w is
identically zero, because y vanishes identically on S:

Fo=1"dy=d(yot)=0. Vi

To distinguish the two ways in which we might interpret the statement “w van-
ishes on S, one usually says that @ vanishes along S or vanishes at points of S
if w, = 0 for every point p € S. The weaker condition that t*@ = 0 is expressed by
saying that the restriction of ® to S vanishes, or the pullback of ® to S vanishes.

» Exercise 11.30. Suppose M is a smooth manifold with or without boundary and
S C M is an immersed submanifold with or without boundary. For any f € C*°(M),
show that d (f|s) = ¢*(df). Conclude that the pullback of df to S is zero if and only
if f is constant on each component of S.

Line Integrals

Another important application of covector fields is to make coordinate-independent
sense of the notion of a line integral.

We begin with the simplest case: an interval in the real line. Suppose [a,b] C R
is a compact interval, and w is a smooth covector field on [a, b]. (This means that
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the component function of @ admits a smooth extension to some neighborhood of
[a,b].) If we let ¢ denote the standard coordinate on R, then w can be written w; =
f(t)dt for some smooth function f: [a,b] — R. The similarity between this and
the usual notation [ f(¢) dt for an integral suggests that there might be a connection
between covector fields and integrals, and indeed there is. We define the integral of

® over [a, b] to be
b
[ a)=/ f@)de.
[a,b] a

The next proposition should convince you that this is more than just a trick of
notation.

Proposition 11.31 (Diffeomorphism Invariance of the Integral). Ler w be a
smooth covector field on the compact interval [a,b] CR. If ¢: [c,d] — [a,b] is
an increasing diffeomorphism (meaning that t| < tp implies ¢(t1) < ¢(t2)), then

/ ¢*w =/ w.
[c.d] [a,b]

Proof. If we let s denote the standard coordinate on [c,d] and ¢ that on [a,b],
then (11.17) shows that the pullback ¢*w has the coordinate expression (p*w)s =
f (go(s))(p’ (s) ds. Inserting this into the definition of the line integral and using the
change of variables formula for ordinary integrals, we obtain

/[c,d](p*w = /cd fe())e'(s)ds = /ab f(r)dt = /[a’b]w_ -

» Exercise 11.32. Prove that if ¢: [c,d] — [a,b] is a decreasing diffeomorphism,

then
/ *w = —/ o.
[e,d] [a,b]

Now let M be a smooth manifold with or without boundary. By a curve segment
in M we mean a continuous curve y: [a,b] — M whose domain is a compact
interval. It is a smooth curve segment if it is smooth when [a, b] is considered
as a manifold with boundary (or, equivalently, if y has an extension to a smooth
curve defined in a neighborhood of each endpoint). It is a piecewise smooth curve
segment if there exists a finite partition a = a9 <a; <--- < ay = b of [a,b] such
that y|[4;_, ;] is smooth for each i (Fig. 11.4). Continuity of y means that y(¢)
approaches the same value as ¢ approaches any of the points a; (other than ag or
ay ) from the left or the right. Smoothness of y on each subinterval means that y has
one-sided velocity vectors at each such ¢; when approaching from the left or the
right, but these one-sided velocities need not be equal.

Proposition 11.33. If M is a connected smooth manifold with or without boundary,
any two points of M can be joined by a piecewise smooth curve segment.

Proof. Let p be an arbitrary point of M, and define a subset € C M by

€ = {gq € M : there is a piecewise smooth curve segment in M from p to g}.
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v(a;) y(b)

Fig. 11.4 A piecewise smooth curve segment

Clearly, p € €, so € is nonempty. To show that € = M, we need to show that it is
open and closed in M.

Let ¢ € € be arbitrary, which means that there is a piecewise smooth curve seg-
ment y going from p to g. Let U be a smooth coordinate ball (or half-ball) centered
atq.If ¢’ is any point in U, then it is easy to construct a piecewise smooth curve seg-
ment from p to g’ by first following y from p to g, and then following a straight-line
path in coordinates from ¢ to ¢’. Thus U C €, which shows that € is open in M.
On the other hand, if ¢ € d€, let U be a smooth coordinate ball or half-ball around
q as above. The fact that ¢ is a boundary point of € means that there is some point
¢’ € €N U. In this case, we can construct a piecewise smooth curve from p to g by
first following one from p to ¢’ and then following a straight-line path in coordinates
from ¢’ to ¢. This shows that ¢ € €, so € is also closed. O

If y: [a,b] > M is a smooth curve segment and w is a smooth covector field
on M, we define the line integral of ® over y to be the real number

/w:[ viw.
y [a,b]

Because y*w is a smooth covector field on [a, b], this definition makes sense. More
generally, if y is piecewise smooth, we define

k
/w = Z/ v,
Y i—1 /lai—1.ai]
where [a;—1,a;],i =1,...,k, are subintervals on which y is smooth.

Proposition 11.34 (Properties of Line Integrals). Let M be a smooth manifold
with or without boundary. Suppose y: [a,b] — M is a piecewise smooth curve seg-
ment, and w, wy,w; € X*(M).

(a) Foranyci,cz €R,

/(clwl +6‘2602)=C1/a)1 +02/w2.
Y Y Y

(b) If y is a constant map, then fy w=0.
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©) If yi = Vlja,c] and y2 = ¥l[c,p] Witha < c < b, then

/wz/ w—i—/ w.
14 71 72

(d) If F: M — N is any smooth map and n € X*(N), then

fra=,,
4 Foy

» Exercise 11.35. Prove Proposition 11.34.

Example 11.36. Let M = R? ~ {0}, let o be the covector field on M given by
wo X dy —ydx

X2+ y2
and let y: [0,27] — M be the curve segment defined by y(¢) = (cost,sint). Since

y*w can be computed by substituting x = cost and y = sint¢ everywhere in the
formula for w, we find that

/a) =/ cost(cost dt) —sint(—sinz dt) _ /‘2” di =2 /
Y [0,27] 0

’

sin?¢ + cos?¢

One of the most significant features of line integrals is that they are indepen-
dent of parametrization, in a sense we now make precise. If y: [a,b] > M and
y: [c,d] — M are piecewise smooth curve segments, we say that ¥ is a reparam-
etrization of y if ¥ =y o ¢ for some diffeomorphism ¢: [c¢,d] — [a,b]. If ¢ is
an increasing function, we say that y is a forward reparametrization, and if ¢
is decreasing, it is a backward reparametrization. (More generally, with obvious
modifications one can allow ¢ to be piecewise smooth.)

Proposition 11.37 (Parameter Independence of Line Integrals). Suppose M is
a smooth manifold with or without boundary, @ € X*(M), and y is a piecewise
smooth curve segment in M . For any reparametrization y of y, we have

/70_

Proof. First assume that y: [a,b] — M is smooth, and suppose ¥ = y o ¢, where
¢: [c,d] — [a,b] is an increasing diffeomorphism. Then Proposition 11.31 implies

/w=/ (J/ow)*w=/ w*y*w=/ V*w=fw-
y [c,d] [c.d] [a,b] y

When ¢ is decreasing, the analogous result follows from Exercise 11.32. If y is only
piecewise smooth, the result follows simply by applying the preceding argument on
each subinterval where y is smooth. O

/ w if Y is a forward reparametrization,
Y

— / o if ¥ is a backward reparametrization.
Y

The next proposition gives a useful alternative expression for a line integral.
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Proposition 11.38. If y: [a,b] — M is a piecewise smooth curve segment, the line
integral of w over y can also be expressed as the ordinary integral

b
/w:/ wy (' (1)) dt. (11.18)
y a

Proof. First suppose that y is smooth and that its image is contained in the do-
main of a single smooth chart. Writing the coordinate representations of y and w as
(y(r).....y" (1)) and w; dx', respectively, we have

oy (v (1)) = o (y(0)) dx' (¥ (1)) = oi (y(1)) 7 (0).

Combining this with the coordinate formula (11.17) for the pullback, we obtain

(Y*w)e = (@i oy)()d (y'), = @i (y(1) 7' (1) d1 = 0y (v' (1)) dt.

Therefore, by definition of the line integral,

b
/w:/ y*a)=/ wy (¥ (1)) dt
V4 [a,b] a

If y is an arbitrary smooth curve segment, by compactness there exists a finite
partition a = ag < ay < --- < aj = b of [a,b] such that y([a;—1,a;]) is contained
in the domain of a single smooth chart for each i = 1,...,k, so we can apply the
computation above on each such subinterval. Finally, if y is only piecewise smooth,
we simply apply the same argument on each subinterval on which y is smooth. [

There is one special case in which a line integral is trivial to compute: the line
integral of a differential.

Theorem 11.39 (Fundamental Theorem for Line Integrals). Ler M be a smooth
manifold with or without boundary. Suppose f is a smooth real-valued function on
M and y: [a,b] = M is a piecewise smooth curve segment in M. Then

[ ar =) - £ (@),
¥
Proof. Suppose first that y is smooth. By Propositions 11.23 and 11.38,
b b
[ar=[ anotroyi=[ rerwar

Y a a

By the fundamental theorem of calculus, this is equal to f o y(b) — f o y(a).
If y is merely piecewise smooth, let a = ag < --- < ay = b be the endpoints

of the subintervals on which y is smooth. Applying the above argument on each
subinterval and summing, we find that

[ df = Z (@) - f (V@) = £ (r(®) - £ (@),

because the contributions from all the interior points cancel. O
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Conservative Covector Fields

Theorem 11.39 shows that the line integral of any covector field that can be written
as the differential of a smooth function can be computed easily once the smooth
function is known. For this reason, there is a special term for covector fields with
this property. A smooth covector field ® on a smooth manifold M with or without
boundary is said to be exact (or an exact differential) on M if there is a function f €
C° (M) such that w = df . In this case, the function f is called a potential for .
The potential is not uniquely determined, but by Proposition 11.22, the difference
between any two potentials for @ must be constant on each component of M .

Because exact differentials are so easy to integrate, it is important to develop
criteria for deciding whether a covector field is exact. Theorem 11.39 provides an
important clue. It shows that the line integral of an exact covector field depends
only on the endpoints p = y(a) and ¢ = y(b): any other curve segment from p to
q would give the same value for the line integral. In particular, if y is a closed curve
segment, meaning that y(a) = y(b), then the integral of df over y is zero.

We say that a smooth covector field w is conservative if the line integral of w
over every piecewise smooth closed curve segment is zero. This terminology comes
from physics, where a force field is called conservative if the change in energy
caused by the force acting along any closed path is zero (“energy is conserved”). (In
elementary physics, force fields are usually thought of as vector fields rather than
covector fields; see Problem 11-15 for the connection.)

Conservative covector fields can also be characterized by path independence.

Proposition 11.40. A smooth covector field w is conservative if and only if its line
integrals are path-independent, in the sense that fy w= f;  whenever y and ¥ are
piecewise smooth curve segments with the same starting and ending points.

» Exercise 11.41. Prove Proposition 11.40. [Remark: this would be harder to prove
if we defined conservative fields in terms of smooth curves instead of piecewise smooth
ones.]

Theorem 11.42. Let M be a smooth manifold with or without boundary. A smooth
covector field on M is conservative if and only if it is exact.

Proof. If w € X*(M) is exact, Theorem 11.39 shows that it is conservative, so we
need only prove the converse. Suppose w is conservative, and assume for the mo-
ment that M is connected. Because the line integrals of w are path-independent, we
can adopt the following notation: for any points p,q € M, we use the notation qu w
to denote the value of any line integral of the form fy w, where y is a piecewise
smooth curve segment from p to q. Because a backward reparametrization of a path
from p to ¢ is a path from g to p, Proposition 11.37 implies fqp W= —f; w; and
for any three points p1, p», p3 € M, Proposition 11.34(c) implies that

P2 P3 P3
/ a)+/ a)=/ w. (11.19)
14 P2 P
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I

D1 =-J/(—8) |qo V(-f)

Fig. 11.5 Proof that a conservative covector field is exact

Now choose any base point py € M, and define a function f: M — R by
flg)= f;o . We need to show that f is smooth and df = w. To accomplish this,
let g9 € M be arbitrary, let (U , (xi)) be a smooth chart centered at g¢, and write the
coordinate representation of @ in U as w = w;dx*. We need to show that

a
() = 1 a0)

for j =1,...,n, which implies dfg, = wy,.

First suppose go € Int M. Fix j, and let y: [—¢&,&] — U be the smooth curve
segment defined in coordinates by y(¢) = (0,...,t,...,0), with ¢ in the jth place,
and with & chosen small enough that y[—e,e] C U (Fig. 11.5). Let p; = y(—¢), and
define a new function ]7: M — R by f(q) = f;l . Note that (11.19) implies that
forallg e M,

f(q)—f(q)=/p:w—/:w=[p:w+/qp'w=/p:‘w,

which does not depend on ¢g. Thus f~ and f differ by a constant, so it suffices to
show that 3 /' /9x7 (q0) = ®; (qo).
Now y’(t) = d/dx/ |, ) by construction, so

[
Wy (' (1)) = wi(y(1))dx’ (_

ox/

) = w; (y(1)).
y(2)

Since the restriction of y to [—e&, t] is a smooth curve from p; to y(¢), we have

- y(t) t t
foy(t):/ a)=/ wys)(Y'(5)) ds=/ w; (v(s))ds.
»

1 —e —&

Thus, by the fundamental theorem of calculus,

d

af

77 90) = y'(0) f = n z=0f oy()
d t
=il [ etroras =0, 60) =00
t=0J—¢

This shows that df, = wy, when go € Int M.
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For go € 0M, the chart (U , (xi)) is a boundary chart centered at go. The proof
above shows that 9f/3x7 (go) = w;(qo) except in the case j = n = dim M; but
that case requires a special argument because x” takes on only nonnegative values
in a boundary chart. In that case we simply set p; = y(0) instead of p; = y(—¢),
and proceed as before. Then the same argument shows that df,, = wy, in this case
as well. This completes the proof that df = @ when M is connected. Since the
component functions of @ are smooth and equal to the partial derivatives of f in
coordinates, this also shows that f is smooth.

Finally, if M is not connected, let { M; } be the components of M. The argument
above shows that for each i there is a function f; € C*°(M;) such that df; = w
on M;. Letting f: M — R be the function that is equal to f; on M; for each i, we
have df = w, thus completing the proof. O

It would be nice if every smooth covector field were exact, for then the evalua-
tion of any line integral would just be a matter of finding a potential function and
evaluating it at the endpoints, a process analogous to evaluating an ordinary integral
by finding an indefinite integral (also called a primitive or antiderivative). However,
this is too much to hope for.

Example 11.43. The covector field @ of Example 11.36 cannot be exact on
R2 ~ {0}, because it is not conservative: the computation in that example showed
that [ MOES 27 # 0, where y is the unit circle traversed counterclockwise. I

Because exactness has such important consequences for the evaluation of line
integrals, we would like to have an easy way to check whether a given covector field
is exact. Fortunately, there is a very simple necessary condition, which follows from
the fact that partial derivatives of smooth functions can be taken in any order.

To see what this condition is, suppose w € X*(M) is exact. Let f be any po-
tential function for w, and let (U, (xi)) be any smooth chart on M. Because f is
smooth, it satisfies the following identity on U:

2 f 0 f

= 11.20
oxtox/  dxJox! ( )

Writing w = w;dx" in coordinates, we see that w = df is equivalent to w; =
df/0x'. Substituting this into (11.20), we find that the component functions of
satisfy the following identity for each pair of indices i and j:

8a)j _ 8a),-
axi  9xJ’

(11.21)

We say that a smooth covector field w is closed if its components in every smooth
chart satisfy (11.21). The following proposition summarizes the computation above.

Proposition 11.44. Every exact covector field is closed. O

One technical difficulty in checking directly from the definition that a covector
field is closed is that it would require checking that (11.21) holds in every coordinate
chart. The next proposition gives an alternative characterization of closed covector
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fields that is coordinate independent, and incidentally shows that it suffices to check
(11.21) in some coordinate chart around each point.

Proposition 11.45. Let w be a smooth covector field on a smooth manifold M with
or without boundary. The following are equivalent:

(a) w is closed.
(b) w satisfies (11.21) in some smooth chart around every point.
(c) For any open subset U € M and smooth vector fields X,Y € X(U),

X(0(Y)) = Y (0(X)) = o([X, Y]). (11.22)

Proof. We will prove that (a) = (b) = (¢) = (a). The implication (a) = (b) is
immediate from the definition of closed covector fields.

To prove (b) = (c), assume (b) holds, and suppose U € M and X,Y € X(U)
as in the statement of (c). It suffices to verify that (11.22) holds in a neighborhood
of each point of U. In any coordinate chart (V, (x?)) with V C U, we can write
o =w;dx', X =X79/0x/,and Y = Y*93/9x¥, and compute
aa),-

X(o¥))=X(@Y') =Y Xo + o XY =YX/ o + o XY,
X

If we repeat the same computation with X and Y reversed and subtract, the terms
involving derivatives of w; cancel by virtue of (11.21). Thus we get

X(w(¥)) =Y (0(X)) = 0 (XY —YX').

Formula (8.9) shows that this last expression is equal to a)([X Y ])
Finally, if w satisfies (¢), in any coordinate chart we can apply (11.22) with X =
d/dx* and Y = d/dx/, noting that [X, Y] = 0 in that case, to obtain (11.21). O

One consequence of this proposition is that closedness can be easily checked
using criterion (b), so many covector fields can be shown quickly not to be exact
because they are not closed. Another is the following corollary.

Corollary 11.46. Suppose F: M — N is a local diffeomorphism. Then the pull-
back F*: X*(N) — X*(M) takes closed covector fields to closed covector fields,
and exact ones to exact ones.

Proof. The result for exact covector fields follows immediately from (11.15). For
closed covector fields, if (U, ¢) is any smooth chart for NV, then ¢ o F is a smooth
chart for M in a neighborhood of each point of F~1(U). In these coordinates, the
coordinate representation of F is the identity, so if w satisfies (11.21) in U, then
F*w satisfies (11.21) in F~1(U). a

Example 11.47. Consider the following covector field on R2:
w=ycosxydx + xcosxydy.
It is easy to check that
d(ycosxy) d(xcosxy)

=CosSXy —Xxysinxy,
dy Ix y y y
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s0 w is closed. In fact, you might guess that @ = d(sin xy). On the other hand, the
covector field

n=xcosxydx + ycosxydy

is not closed, because

d(x cosxy) 5 . d(ycosxy) > .
———— = —x“sinxy, ————==—y"sinxy.
ay ax
Thus 7 is not exact. I

The question then naturally arises whether the converse of Proposition 11.44 is
true: Is every closed covector field exact? The answer is almost yes, but there is an
important restriction. It turns out that the answer to the question depends in a subtle
way on the shape of the domain, as the next example illustrates.

Example 11.48. Look once again at the covector field @ of Example 11.36.
A straightforward computation shows that  is closed; but as we observed above, it
is not exact on R? ~ {0}. On the other hand, if we restrict the domain to the right
half-plane U = {(x, y) : x > 0}, a computation shows that w = d (tan_1 y/x) there.
This can be seen more clearly in polar coordinates, where w = df. The problem,
of course, is that there is no smooth (or even continuous) angle function on all of
R2 < {0}, which is a consequence of the “hole” in the center. I

This last example illustrates a key principle: the question of whether a particular
closed covector field is exact is a global one, depending on the shape of the domain
in question. This observation is the starting point for de Rham cohomology, which
expresses a deep relationship between smooth structures and topology. We will de-
fine de Rham cohomology and study this relationship in Chapter 17, but for now we
can prove the following result. If V' is a finite-dimensional vector space, a subset
U C V is said to be star-shaped if there is a point ¢ € U such that for every x e U,
the line segment from ¢ to x is entirely contained in U (Fig. 11.6). For example,
every convex subset is star-shaped.

Theorem 11.49 (Poincaré Lemma for Covector Fields). If U is a star-shaped
open subset of R™ or H", then every closed covector field on U is exact.

Proof. Suppose U is star-shaped with respect to ¢ € U, and let ® = w;dx’ be a
closed covector field on U. As in the proof of Theorem 11.42, we will construct a
potential function for w by integrating along smooth curve segments from c¢. How-
ever, in this case we do not know a priori that the line integrals are path-independent,
so we must integrate along specific paths.

Because diffeomorphisms take closed forms to closed forms and exact ones to
exact ones, we can apply a translation to U to arrange that ¢ = 0. For any point
x € U, let yx: [0,1] = U denote the line segment from O to x, parametrized as
yx(t) = tx. The hypothesis guarantees that the image of y, lies entirely in U for
each x € U. Define a function f: U — R by

fx) = / o, (1123)
Yx
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Fig. 11.6 A star-shaped subset of R?

We need to show that £ is a potential for w, or equivalently that f/dx/ = w;
for j =1,...,n. To begin, we compute

1 1 A
f(x):/0 Wy 0y (v (1)) dt =/0 w; (tx)x" dt. (11.24)

(The summation convention is in effect.) To compute the partial derivatives of f, we
note that the integrand is smooth in all variables, so it is permissible to differentiate
under the integral sign to obtain

af . 1
w(’”—/o (

Because w is closed, this reduces to

gi’l (tx)x' + w; (tx)) dr.

8“” (1x)x" + (lx)) dt

of [0

o= /0 (Z -
1 g t=

:/0 E(ij(tx))dtz[le(fx)]t=::wj(x)' O

Corollary 11.50 (Local Exactness of Closed Covector Fields). Let w be a closed
covector field on a smooth manifold M with or without boundary. Then every point
of M has a neighborhood on which w is exact.

Proof. Let p € M be arbitrary. The hypothesis implies that @ satisfies (11.21) in
some smooth coordinate ball or half-ball (U, ¢) containing p. Because balls and
half-balls are convex, we can apply Theorem 11.49 to the coordinate representation
of w and conclude that there is a function f € C°°(U) such that w|y = df . O

The key to constructing a potential function in Theorem 11.49 is that we can
reach every point x € M by a definite path from c to x, chosen to vary smoothly as
x varies. That is what fails in the case of the closed covector field @ on the punctured
plane (Example 11.43): because of the hole, it is impossible to choose a smoothly
varying family of paths starting at a fixed base point and reaching every point of the
domain exactly once. In Chapter 16 we will generalize Theorem 11.49 to show that
every closed covector field is exact on any simply connected manifold.

When you actually have to compute a potential function for a given covector
field that is known to be exact, there is a much simpler procedure that almost always
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works. It is a straightforward generalization of the method introduced in calculus
texts for computing a potential function for a vector field that is known to be a
gradient. Rather than describe it in complete generality, we illustrate it with an ex-
ample.

Example 11.51. Let o be the following covector field on R3:
2 2
w=e""dx+2xye’ dy —2zdz.

You can check that w is closed. For f to be a potential for w, it must satisfy

% _ eyz, y _ 2xyey2,
ox

— =-2z. 11.25
oy z ( )

0z

Holding y and z fixed and integrating the first equation with respect to x, we obtain

f(x.y.2) Z/eyzdx =xe’” +C1(y.2),

where the “constant” of integration C;(y,z) may depend on the choice of (y,z).
Now the second equation of (11.25) implies

0 aC
2xyey2 = —()cey2 + Cl(y,z)) = 2xyey2 + =
ay dy

which forces 0C1/dy = 0, so C; is actually a function of z only. Finally, the third
equation implies

d 2 dCy
e e ) =52
z P xe? + C1(2) e
from which we conclude that C;(z) = —z2 4+ C, where C is an arbitrary constant.

Thus a potential function for w is given by f(x, y,z) = xe” 222, Any other po-
tential differs from this one by a constant. I

You should convince yourself that the formal procedure we followed in this
example is equivalent to choosing an arbitrary base point ¢ € R3 and defining
f(x,y,z) by integrating w along a path from ¢ to (x,y,z) consisting of three
straight line segments parallel to the axes. This works for any closed covector field
on an open rectangle in R” (which we know must be exact, because a rectangle
is convex). In practice, once a formula is found for f on some open rectangle,
the same formula typically works for the entire domain. (This is because most
of the covector fields for which one can explicitly compute the integrals are real-
analytic, and real-analytic functions are determined by their behavior in any open
subset.)
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Problems

11-1. (a) Suppose V and W are finite-dimensional vector spacesand A: V — W
is any linear map. Show that the following diagram commutes:

|4 A w
évl lEW
Ve W
(A%)

where £y and £y denote the isomorphisms defined by (11.3) for V' and
W, respectively.

(b) Show that there does not exist a way to assign to each finite-dimensional
vector space V' an isomorphism 8y : V — V* such that for every linear
map A: V — W, the following diagram commutes:

A
V—Ww

ﬁvl lﬁw
k k
V <A—* W,

11-2. Suppose V is an infinite-dimensional real vector space, and let IV* denote
the vector space of all linear functionals from V to R. (This is often called
the algebraic dual space of V to distinguish it from the space of continuous
linear functionals when V' is endowed with a norm or a topology.)

(a) Prove that there is an injective linear map from V to V*. [Hint: see
Exercise B.5.]

(b) Prove that there is no injective linear map from V* to V. [Hint: if S is
a basis for V, prove that there is a linearly independent subset of V' *
with the same cardinality as the power set of S.]

(c) Use (a) and (b) to prove there is no isomorphism between V and V' **.

(Used on p. 489.)

11-3. Let Vec; be the category of finite-dimensional vector spaces and linear iso-
morphisms as in Problem 10-8. Define a functor ¥ : Vec; — Vec; by set-
ting F (V) = V* for a vector space V, and ¥ (4) = (A~1)* for an isomor-
phism A. Show that ¥ is a smooth covariant functor, and that for every M,
F(TM) and T*M are canonically smoothly isomorphic vector bundles.

11-4. Let M be a smooth manifold with or without boundary and p be a point
of M. Let J, denote the subspace of C° (M) consisting of smooth func-
tions that vanish at p, and let Jllz, be the subspace of 4, spanned by functions
of the form fg for some f, g € J,.

(a) Show that f € J; if and only if in any smooth local coordinates, its
first-order Taylor polynomial at p is zero. (Because of this, a function
in J; is said to vanish to second order.)



300

11 The Cotangent Bundle

(b) Define a map @: d, — T, M by setting @(f) = dfp. Show that the
restriction of @ to J; is zero, and that @ descends to a vector space
isomorphism from d,,/J ; to Ty M.

[Remark: Problem 3-8 showed that tangent vectors at p can be viewed as

equivalence classes of smooth curves, which are smooth maps from (sub-

sets of) R to M. This problem shows that covectors at p can be viewed
dually as equivalence classes of smooth functions from M to R: a covector
is an equivalence class of smooth functions that vanish at p, with two such
functions considered equivalent if they differ by a function that vanishes to
second order. In some treatments of smooth manifold theory, T;M is de-
fined first in this way, and then T, M is defined as the dual space (d,,/d 1%)* ]

. For any smooth manifold M, show that T*M is a trivial vector bundle if

and only if M is trivial.

Suppose M is a smooth n-manifold, p € M, and y!,..., y¥ are smooth

real-valued functions defined on a neighborhood of p in M. Prove the fol-

lowing statements.

() Ifk =nand (dy'[,.....dy"|,) is a basis for Ty M, then (y'....,y")
are smooth coordinates for M in some neighborhood of p.

(b) If (dy1| I . dyF| p) is a linearly independent k-tuple of covectors

k+1

and k < n, then there are smooth functions y .., y" such that

(yl, ceey y") are smooth coordinates for M in a neighborhood of p.
(c) If (dy1|p, dy* |p) span T, M, there are indices i1,...,i, such that
(y'1....,y™) are smooth coordinates for M in a neighborhood of p.

(Used on p. 584.)

. In the following problems, M and N are smooth manifolds, F: M — N is

a smooth map, and w € X*(N). Compute F*w in each case.
() M =N =R?;

F(s,t) = (st,e");

w=xdy—ydx.

(b) M =R?and N =R3;

F0,p) = ((cos<p +2)cos B, (cosg + 2)sin6, sin (p);
w=7z%dx.

(©) M ={(s.1) eR?:5* + 1> <1} and N = R>~ {0};
F(s,t)= (s,l, V1 —s2 —tz);
ow=(1-x2-y%dz.

(a) Suppose F: M — N is a diffeomorphism, and let dF*: T*N —
T*M be the map whose restriction to each cotangent space Tq*N is
equal to dF @ Show that d F'* is a smooth bundle homomorphism.

(b) Let Diff; be the category whose objects are smooth manifolds, but
whose only morphisms are diffeomorphisms; and let VB be the cate-

gory whose objects are smooth vector bundles and whose morphisms
are smooth bundle homomorphisms. Show that the assignment M —
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T*M, F + dF* defines a contravariant functor from Diff; to VB,
called the cotangent functor.
(Used on p. 592.)
11-9. Let f: R3> — R be the function f(x,y,z) = x2 + y2 + z2, and let
F: R? — R3 be the following map (the inverse of the stereographic pro-
jection):

2u 20 u2+v2—1)

F , = ) ’
(u.v) (u2+v2+1 uz+v2+ 1 u24+0v2+1

Compute F*df and d( f o F) separately, and verify that they are equal.

11-10. 1In each of the cases below, M is a smooth manifold and f: M — R is a
smooth function. Compute the coordinate representation for df, and deter-
mine the set of all points p € M at which df, = 0.

(@) M ={(x,y)eR?:x>0}; f(x,y) =x/(x*+ y?). Use standard co-
ordinates (x, ).

(b) M and f are as in (a); this time use polar coordinates (r, 6).

(c) M =S8?CR3; f(p) =z(p) (the z-coordinate of p as a point in R3).
Use north and south stereographic coordinates (Problem 1-7).

(d) M =R"; f(x) = |x|?. Use standard coordinates.

11-11. Let M be a smooth manifold, and C € M be an embedded submanifold.
Let f € C*°(M), and suppose p € C is a point at which f attains a local
maximum or minimum value among points in C. Given a smooth local
defining function ®@: U — R¥ for C on a neighborhood U of p in M,
show that there are real numbers Ay, ..., A (called Lagrange multipliers)
such that

dfy =Md | + -+ Agd ¥ .

11-12. Show that any two points in a connected smooth manifold can be joined by
a smooth curve segment.

11-13. The length of a smooth curve segment y: [a,b] — R”" is defined to be the
value of the (ordinary) integral

b
Ly = [y
Show that there is no smooth covector field w € X* (R") with the property
that fy o = L(y) for every smooth curve y.
11-14. Consider the following two covector fields on R3:
4z dx 2y dy 2xdz
(x2+1)2 Y241 X241
4xz dx 2ydy 2dz
(x2+1)2 y24+1  x241°
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11-15.

11-16.

11-17.

11-18.
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(a) Set up and evaluate the line integral of each covector field along the
straight line segment from (0,0,0) to (1,1, 1).

(b) Determine whether either of these covector fields is exact.

(c) For each one that is exact, find a potential function and use it to recom-
pute the line integral.

LINE INTEGRALS OF VECTOR FIELDS: Let X be a smooth vector field
on an open subset U C R”. Given a piecewise smooth curve segment
y: la,b] = U, define the line integral of X over y, denoted by fy X -ds,

as
b
/X-ds=[ Xy(t)-)/l(l‘)dt,
y a

where the dot on the right-hand side denotes the Euclidean dot product be-

tween tangent vectors at y(t), identified with elements of R”. A conserva-

tive vector field is one whose line integral around every piecewise smooth

closed curve is zero.

(a) Show that X is conservative if and only if there exists a smooth function
f € C%®(U) such that X = grad f. [Hint: consider the covector field
o defined by wy(v) = Xy - v.]

(b) Suppose n = 3. Show that if X is conservative, then curl X = 0, where

3 2 1 3
Curle(aX 8X) a (BX BX) 0

ax2  ax3 ) ox! ax3  ox! ) ox2
X2 X'\ 9
_ 9 112
+ (axl dx2 ) dx3 (11.26)

(c) Show thatif U € R3 is star-shaped, then X is conservative on U if and
only if curl X = 0.

Let M be a compact manifold of positive dimension. Show that every ex-

act covector field on M vanishes at least at two points in each component

of M.

Let T” =S x.--xS! C C" denote the n-torus. For each j=1,...,nlet

yj: [0,1] = T" be the curve segment

yi(t) = (1,...,e2”i’,...,1) (with e?™ in the jth place).

Show that a closed covector field w on T" is exact if and only if fy/ w=0
for j = 1,...,n. [Hint: consider first (¢")*w, where &": R" — T" is the
smooth covering map &”" (xl, e, x") = (62’”"“1 e e27rix”).]

This problem shows how to give a rigorous meaning to words like “natural”
and “canonical” that are so often used informally in mathematics. Suppose
C and D are categories, and ¥, § are (covariant or contravariant) functors

from C to D. A natural transformation A from ¥ to § is a rule that assigns
to each object X € Ob(C) a morphism Ay € Homp (?7 (X), ﬁ(X)) in such



Problems 303

a way that for every pair of objects X,Y € Ob(C) and every morphism
f € Homg(X,Y), the following diagram commutes:

7x) ZYL g vy

AXl lxy

9(X) 77 5(Y).

(If either ¥ or ¢ is contravariant, the corresponding horizontal arrow

should be reversed.)

(a) Let Vecr denote the category of real vector spaces and linear maps, and
let O be the contravariant functor from Vecg to itself that sends each
vector space to its dual space and each linear map to its dual map. Show
that the assignment V +— &y, where £y : V — V** is the map defined
by £y (v)w = w(v), is a natural transformation from the identity functor
of Vecg to D o D.

(b) Show that there does not exist a natural transformation from the identity
functor of Vecg to D.

(c) Let Diff; be the category of smooth manifolds and diffeomorphisms
and VB the category of smooth vector bundles and smooth bundle ho-
momorphisms, and let 7, T*: Diff; — VB be the tangent and cotangent
functors, respectively (see Problems 10-3 and 11-8). Show that there
does not exist a natural transformation from 7 to 7*.

(d) Let X: Diff; — Vecr be the covariant functor given by M — X(M),
F + F,; and let X x X: Diff; — Vecg be the covariant functor given
by M — X(M) x X(M), F — Fy x Fy. Show that the Lie bracket is a
natural transformation from X x X to X.

(Used on pp. 189, 347, 376.)
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