Chapter 7
Determinants of Matrices

The determinant is a map that assigns to every square matrix A € R™", where R is
a commutative ring with unit, an element of R. This map has very interesting and
important properties. For instance it yields a necessary and sufficient condition for
the invertibility of A € R™". Moreover, it forms the basis for the definition of the
characteristic polynomial of a matrix in Chap. 8.

7.1 Definition of the Determinant

There are several different approaches to define the determinant of a matrix. We use
the constructive approach via permutations.

Definition 7.1 Letn € N be given. A bijective map
o {1,2,...,n}=>{L,2,...,n}, jr o(j),

is called a permutation of the numbers {1, 2, ..., n}. We denote the set of all these
maps by S,,.

A permutation o € S, can be written in the form
[c() o) ...0m)].
For example S| = {[1]}, S» = {[12], [2 1]}, and
S;={[123],[132],[213],[231],[312],[321]}.
From Lemma?2.17 we know that |S,,| =n!=1-2-... -n.
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82 7 Determinants of Matrices
The set S, with the composition of maps “o” forms a group (cp. Exercise 3.3),
which is sometimes called the symmetric group. The neutral element in this group is
the permutation [12 ... n].
While S; and S, are commutative groups, the group S, for n > 3 is non-
commutative. As an example consider n = 3 and the permutations o; = [23 1],
o, = [132]. Then

o100y = [01(02(1)) 01(02(2)) 01(02(3))] = [01(1) 0:1(3) 01(2)] = [213],
oz 001 = [02(01(1)) 02(01(2)) 02(01(3))] = [02(2) 02(3) o2(D)] = [321].

Definition 7.2 Letn > 2 and o € S,,. A pair (c(i),o(j)) with1 <i < j <n and
o(i) > o(j) is called an inversion of . If k is the number of inversions of o, then
sgn(o) := (—1)F is called the sign of o. For n = 1 we define sgn([1]) := 1= (—=1)°.

In short, an inversion of a permutation o is a pair that is “out of order”. The term
inversion should not be confused with the inverse map o~ ! (which exists, since o is
bijective). The sign of a permutation is sometimes also called the signature.

Example 7.3 The permutation [2314] € S, has the inversions (2, 1) and (3, 1),
so that sgn([23 14]) = 1. The permutation [4 1 23] € S4 has the inversions (4, 1),
4,2), (4,3), so that sgn([4123]) = —1.

We can now define the determinant map.

Definition 7.4 Let R be a commutative ring with unit and let n € N. The map

det : R™ — R, A =[a;;] — det(A) := Z sgn(o) H i (i) (7.1)

og€eS, i=1

is called the determinant, and the ring element det(A) is called the determinant of A.

The formula (7.1) for det(A) is called the signature formula of Leibniz.! The term
sgn(o) in this definition is to be interpreted as an element of the ring R, i.e., either
sgn(c) =1 € Rorsgn(oc) = —1 € R, where —1 € R is the unique additive inverse
of the unit 1 € R.

Example 7.5 Forn = 1 we have A = [a;;] and thus det(A) = sgn([1])a;; = ay;.
For n = 2 we get

apy a
az) ax

det(A) = det (|: :|) = sgn([12])aj1axn + sgn([2 1])apaz:

= djjaz — adpazg.

! Gottfried Wilhelm Leibniz (1646-1716).
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For n = 3 we have the Sarrus rule?:

det(A) = anaxnasz; + appaxaz; + apzazasn

—dapazidasz — djpdp1asz — d13axdsy.

In order to compute det(A) using the signature formula of Leibniz we have to
form n! products with n factors each. For large n this is too costly even on mod-
ern computers. As we will see in Corollary7.16, there are more efficient ways for
computing det(A). The signature formula is mostly of theoretical relevance, since it
represents the determinant of A explicitly in terms of the entries of A. Considering
the n” entries as variables, we can interpret det(A) as a polynomial in these variables.
If R = R or R = C, then standard techniques of Analysis show that det(A) is a
continuous function of the entries of A.

We will now study the group of permutations in more detail. The permutation
o = [321] € $3 has the inversions (3, 2), (3, 1) and (2, 1), so that sgn(c) = —1.
Moreover,

TI o(j)—o@) o(2)—o(1) c3)—0c(1) c(3) —0(2)
j—i  2-1 3-1 3-2

2-31-31-2

T 2-13-13-2

1<i<j<3

= (—1)’ = —1 = sgn(0).

This observation can be generalized as follows.

Lemma 7.6 For each o € S, we have

o(j)—o(i)

san(o) = [ T (7.2)
- J —1
I<i<j<n
Proof If n = 1, then the left hand side of (7.2) is an empty product, which is defined
to be 1 (cp. Sect.3.2), so that (7.2) holds for n = 1.

Letn > 1 and 0 € S, with sgn(o) = (—=DF*, i.e., k is the number of pairs
(o(@),o(j)) withi < jbuto(i) > o(j). Then

[T @eh—oin=cn ] leth—odli=D" J] G-

I<i<j<n I<i<j<n 1<i<j<n

In the last equation we have used the fact that the two products have the same factors
(except possibly for their order). O

2Pierre Frédéric Sarrus (1798-1861).
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Theorem 7.7 For all 01,0, € S, we have sgn(o; o ;) = sgn(oy) sgn(o,). In
particular, sgn(c~") = sgn(o) for all o € S,.

Proof By Lemma7.6 we have

a1(02())) — o1(02(i))
j—i

sgn(oy o 0y) = H

I<i<j<n

_ H 01(02(j)) — o1(02(i)) H 02(j) — 02(i)
o2(j) — o2(i) j—i

I<i<j<n I<i<j<n

H a1(02())) — o1(02(0))
02(j) — 02(i)

sgn(o,)

1<os(i)<o2(j)<n

01(j) —o1(i)
= | | ———— | sgn(o2)
- J —1
I<i<j<n
= sgn(oy) sgn(oy).

Foreach o € S, wehave 1 =sgn([12 ... n]) =sgn(c oo~') = sgn(o) sgn(c™ "),
so that sgn(o) = sgn(c™). ]

Theorem 7.7 shows that the map sgn is a homomorphism between the groups
(Sy,0) and ({1, —1}, -), where the operation in the second group is the standard
multiplication of the integers 1 and —1.

Definition 7.8 A transposition is a permutation 7 € S,, n > 2, that exchanges
exactly two distinct elements &k, ¢ € {1,2,...,n}, ie., 7(k) = £, 7({) = k and
T7(j)=jforall j € {1,2,...,n}\ {k, £}.

Obviously 7=! = 7 for every transposition 7 € S,,.

Lemma 7.9 Let 7 € S, be the transposition, that exchanges k and £ for some
1 <k <€ < n.ThenT has exactly 2(£ — k) — 1 inversions and, hence, sgn(1) = —1.

Proof We have £ = k + j fora j > 1 and thus 7 is given by
T=[1,....k=1, k+j, k+1,...,k+G -1, k, £+1,...,n],

where the points denote values of 7 in increasing and thus “correct” order. A simple
counting argument shows that 7 has exactly 2j — 1 = 2(¢ — k) — | inversions. O
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7.2 Properties of the Determinant

In this section we prove important properties of the determinant map.

Lemma 7.10 For A € R™" the following assertions hold:

(1) For A\ € R,
A | _ /\0].,1 _
det(|:0ml A:|) = det (|:* A ]) = Adet(A).

(2) If A = [a;;] is upper or lower triangular, then det(A) = [\, a;;.

(3) If A has a zero row or column, then det(A) = 0.

(4) If n > 2 and A has two equal rows or two equal columns, then det(A) = 0.
(5) det(A) = det(AT).

Proof

(1) Exercise.

(2) This follows by an application of (1) to the upper (or lower) triangular matrix A.

(3) If A has a zero row or column, then for every o € S, at least one factor in the
product [[*_, a; ) is equal to zero and thus det(A) = 0.

(4) Let the rows k and £, with k < £, of A = [a;;] be equal, i.e., ax; = ay; for
j=1,...,n. LetT € §, be the transposition that exchanges the elements k and
£, and let

T, :={c€sS, |ok) <o)}

Since the set 7, contains all permutations o € S, for which o(k) < o(¢), we
have |T,,| = |S,]/2 and
S \T,={coT1 |0 €T}

Moreover,
Aoy, 1 #kL,
Qi (oor)() = | o) | =K,
ag,g(k), i = Z

We have ai ») = a0y and a; o) = ak.ok), Thus, using Theorem 7.7 and
Lemma7.9, we obtain

n n
Z sgn(o) H Qo) = Z sgn(o o 7) H Qi (oor)(i)
i=1 1

oeS\T, €T, i=
n
= > (=sgn(o) [ ] ai.conii
oeT, i=1

n

= — Z sgn(a) H aj o(i)-

oeT, i=1
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This implies
det(A) Z sgn(a) H Ai o (i)
ogeSs,
- Z Sgl’l(o’) H a; Lo (i) + Z Sgn(U) H a;, o) — 0
€T, oeS\T,

The proof for the case of two equal columns is analogous.
(5) We observe first that

{(c@),i)|1<i<n}={Go'G)I1<i<n}

forevery o € §,. To see this, let i with 1 <i < n be fixed. Then o (i) = j if and
only if i = o~'(j). Thus, (¢(i),i) = (j, i) is an element of the first set if and
only if (j, ='(j)) = (j, i) is an element of the second set. Since o is bijective,
the two sets are equal.

Let A = [ai.,-] and AT = [bij] with bij =dajj. Then

det(AT) = Z Sgn(U) H bl o(i) — Z sgn(a) H Ao (i),i
oES, o€S,
= Z Sgn(U ) H Ag(i),i = Z SgH(U 1) H aj o-1(i)
o€ES, oes,
= Z sgn(o) H ai g0y = det(A).
og€eS,

Here we have used that sgn(o) = sgn(cr’l) (cp. Theorem7.7) and the fact that
the two products [[/_; a,¢); and []'_; a; ,-1(;) have the same factors. ]

Example 7.11 For the matrices

123 120 112
A=|045|, B=|130|, C=|113
006 140 114

from Z*3 we obtain det(A) = 1-4 -6 = 24 by (2) in Lemma7.10, and det(B) =
det(C) = 0 by (3) and (4) in Lemma 7.10. We may also compute these determinants
using the Sarrus rule from Example 7.5.

Item (2) in Lemma7.10 shows in particular that det(Z,) = 1 for the identity
matrix I, = [e}, ez, ...,e,] € R™". For this reason the determinant map is called
normalized.
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For o € S, the matrix
P = les(1), €52)s - - - s Com)]

is called the permutation matrix associated with o. This map from the group S, to
the group of permutation matrices in R™" is bijective. The inverse of a permutation
matrix is its transpose (cp. Theorem4.16) and we can easily check that

P'=P =P,

a

IfA=la,a,...,a,] € R™", ie.,a; € R isthe jth column of A, then
APy = [as), Ag2)s - - - Qo]

i.e., the right-multiplication of A with P, exchanges the columns of A according to
the permutation o. If, on the other hand, a; € R is the ith row of A, then

As(1)

Ag(2)
Pla=| |,

Ag(n)

i.e., the left-multiplication of A by P! exchanges the rows of A according to the
permutation o.
We next study the determinants of the elementary matrices.

Lemma 7.12 (1) For o € S, and the associated permutation matrix P, € R™" we
have sgn(o) = det(P,). If n > 2 and P;; is defined as in (5.1), then det(P;;) =
—1.

(2) If M;(N) and G;j(\) are defined as in (5.2) and (5.3), respectively, then
det(M;(\)) = X and det(G;;(\)) = 1.

Proof

(1) Ifo € S, and P = [a;;] € R™", then az(j); = 1 for j = 1,2,...,n, and all
other entries of Py are zero. Hence

n n
det(P5) = det(PaT) = Z sgn(o) H ag(j),j = sgn(a) H ag(j),j = sgn(o).
gESy j=1 j=1 "
N , =1
=0 for o#0

The permutation matrix P;; is associated with the transposition that exchanges
i and j. Hence, det(P;;) = —1 follows from Lemma7.9.

(2) Since M; () and G;; () are lower triangular matrices, the assertion follows from
(2) in Lemma7.10. |
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These results lead to some important computational rules for determinants.

Lemma 7.13 For A € R™", n > 2, and )\ € R the following assertions hold:

(1) The multiplication of a row of A by X leads to the multiplication of det(A) by A:
det(M;(A\)A) = Adet(A) = det(M; (X)) det(A).

(2) The addition of the A—multiple of a row of A to another row of A does not change
det(A):
det(G;; (M) A) = det(A) = det(G;;(N)) det(A), and
det(G;;(MNT A) = det(A) = det(G;;(M\)T) det(A).

(3) Exchanging two rows of A changes the sign of det(A):
det(P,-jA) = — det(A) = det(P,-j) det A.

Proof
(1) If A = [ay] and A = M;(\)A = [Gp], then

~ Amk s m 7& iv
Amk =

Aamkv m = i,

and hence

det(A) = > sgn(@) [ [ @mowm = D sgn(o) it [T @nom

€S, m=1 o€, m=1
" " =i o) mE =Am,om)

= Adet(A).
(2) If A = [a,] and A = Gij(M)A = [ap], then

fd amk7 m#js
mk = .
ajr + Najg, m = j,

and hence

det(A) = Z sgn (o) (aj,0(j) + Adio()) H A (m)

geS, m=1
m# j
n n
= Z Sgn(o') H Am,o(m) + A Z Sgn(U)ai,U(.j) H Am,o(m)-
o€eSs, m=1 g€es, m=1

m#j

The first term is equal to det(A), and the second is equal to the determinant of a
matrix with two equal columns, and thus equal to zero. The proof for the matrix
G;j(MT A is analogous.
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(3) The permutation matrix P;; exchanges rows i and j of A, where i < j. This
exchange can be expressed by the following four elementary row operations:
Multiply row j by —1; add row i to row j; add the (—1)-multiple of row j to
row i; add row i to row j. Therefore,

Pij = G;j(1)(Gi; (=) G;(HM;(—1).

(One may verify this also by carrying out the matrix multiplications.) Using (1)
and (2) we obtain

det(P;; A) = det (G;;(D(G;(—1) G;;(1)M; (=) A)
= det(G;;(1)) det((G;;(—=1))7) det(G;;(1)) det(M;(—1)) det(A)
= (—1) det(A). o

Since det(A) = det(AT) (cp. (5) in Lemma 7.10), the results in Lemma7.13 for
the rows of A can be formulated analogously for the columns of A.

Example 7.14 Consider the matrices

130 310
A=|120|, B=|210| e Z*°.
124 214
A simple calculation shows that det(A) = —4. Since B is obtained from A by
exchanging the first two columns we have det(B) = —det(A) = 4.

The determinant map can be interpreted as a map of (R™')" to R, i.e., as a map of
the n columns of the matrix A € R"" to thering R.If a;, a; € R™! are two columns
of A,

then
det(A) = —det([...qa;...a;...])

by (3) in Lemma7.13. Due to this property the determinant map is called an alter-
nating map of the columns of A. Analogously, the determinant map is an alternating
map of the rows of A.

If the kth row of A has the form Aa'" + pa® for some \, 4 € R and a') =

[alg), R a,ﬁf;)] € Rl*”,j =1, 2, then
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. n
1 2
det(A) = det | | XaD +ua® | | = 3 sani0) (Aaglyy + naoqy) TT o
: €S, i=I
ik
n T ) T
=\ D sn(o) aIE,?T(k) [T aow + 1 2 sen(@) “15,()7(10 [T a0ty
ogeS, l;}{ ogeS, 1;11{

= Adet | | aD + pdet| | a®

This property is called the linearity of the determinant map with respect to the rows
of A. Analogously we have the linearity with respect to the columns of A. Linear
maps will be studied in detail in later chapters.

The next result is called the multiplication theorem for determinants.

Theorem 7.15 If K is a field and A, B € K™", then det(AB) = det(A) det(B).
Moreover, if A is invertible, then det(A™") = (det(A))~".

Proof By Theorem5.2 we know that for A € K"" there exist invertible elementary
matrices Si, ..., Sy suchthat A = S, ... S| A is in echelon form. By Lemma7.13 we
have

det(A) = det(S;") - - det(S;!) det(A),

as well as

det(AB) = det (S, --- S, 'AB)
= det(S;!) - - det(S; ") det(AB).

There are two cases: If A 1~s not invertible, then A and thus also AB have a zero
row. Then det(A) = det(AB) = 0, which implies that det(A) = 0, and hence
det(AB) = 0 = det(A) det(B). On the other hand, if A is invertible, then A = I,,,
since A is in echelon form. Now det(7,) = 1 again gives det(AB) = det(A) det(B).

Finally, if A is invertible, then 1 = det(/,) = det(AA™") = det(A)det(A™ ),
and hence det(A~") = (det(A))~!. O

Since our proof relies on Theorem 5.2, which is valid for matrices over a field
K, we have formulated Theorem7.15 for A, B € K™". However, the multiplication
theorem for determinants also holds for matrices over a commutative ring R with unit.
A direct proof based on the signature formula of Leibniz can be found, for example,
in the book “Advanced Linear Algebra” by Loehr [Loel4, Sect.5.13]. That book
also contains a proof of the Cauchy-Binet formula for det(AB) with A € R™™ and
B € R™" for n < m. Below we will sometimes use that det(AB) = det(A) det(B)
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holds for all A, B € R™", although we have shown the result in Theorem 7.15 only
for A, B € K™".

The proof of Theorem7.15 suggests that det(A) can be easily computed while
transforming A € K" into its echelon form using elementary row operations.

C0r01~lary 716 For A € K"" let Sy,...,S, € K™" b~e elementary matrices, such
that A = S; .. .S1A is in echelon form. Then either A has a zero row and hence
det(A) =0, or A = I,, and hence det(A) = (det(S;))~! --- (det(S,))~".

As shown in Theorem 5.4, every matrix A € K™" can be factorizedas A = PLU,
and hence det(A) = det(P)det(L)det(U). The determinants of the matrices on
the right hand side are easily computed, since these are permutation and triangular
matrices. An LU-decomposition of a matrix A therefore yields an efficient way to
compute det(A).

MATLAB-Minute.

Look at the matrices wilkinson(n) forn=2,3,...,10in MATLAB. Can you
find a general formula for their entries? For n=2,3,...,10 compute
A=wilkinson(n)

[L,U,P1=1u(A) (LU-decomposition; cp. the MATLAB-Minute above Defi-
nition 5.6)

det (L), det(U), det(P), det(P)xdet (L)xdet(U), det(A)

Which permutation is associated with the computed matrix P? Why is det (A)
an integer for odd n?

7.3 Minors and the Laplace Expansion

We now show that the determinant can be used for deriving formulas for the inverse
of an invertible matrix and for the solution of linear systems of equations. These
formulas are, however, more of theoretical than practical relevance.

Definition 7.17 Let R be a commutative ring with unit and let A € R*", n > 2.
Then the matrix A(j, i) € R"~'"~! that is obtained by deleting the jth row and ith
column of A is called a minor? of A. The matrix

adj(A) = [b;j] € R™" with b;; := (—=1)""/ det(A(j, 1)),

is called the adjunct of A.

The adjunct is also called adjungate or classical adjoint of A.

3This term was introduced in 1850 by James Joseph Sylvester (1814—1897).
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Theorem 7.18 For A € R™", n > 2, we have
Aadj(A) = adj(A) A = det(A)1,.

In particular A is invertible if and only if det(A) € R is invertible. In this case
(det(A)~! = det(A™") and A~! = (det(A))'adj(A).

Proof Let B = [b;;] have the entries b;; = (—1)"*/ det(A(j, i)). Then C = [¢;;] =
adj(A) A satisfies

cij= D bia; = D (=) det(Ak, i))ay;.
k=1 k=1

Let a; be the £th column of A and let
Ak, i) :=[ay, ..., i1, €, Gip1s .. an] € R™,

where ¢y is the kth column of the identity matrix 7,,. Then there exist permutation
matrices P and Q that perform k — 1 row and i — 1 column exchanges, respectively,
such that

PAK, i)Q = [éA(]: l.)]

Using (1) in Lemma7.10 we obtain

. I = ~ .
det(A(k,i)) = det ([O Ak i)}) =det(PAk,i)Q)

= det(P) det(A(k, i) det(Q)
= (=D det(AGk, 1))
= (=) det(A(k, i)).

The linearity of the determinant with respect to the columns now gives

cij = D (=D (=D!ay; det(A(k, i))

k=1
=det([ay,...,ai—1,aj,aiy1, ..., a,])
_[a i
det(A), i=j
= 6;; det(A),

and thus adj(A) A = det(A)I,. Analogously we can show that A adj(A) = det(A)I,.
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If det(A) € R is invertible, then
I, = (det(A))'adj(A)A = A(det(A)) 'adj(A),

i.e., A is invertible with A~! = (det(A))~'adj(A). If, on the other hand, A is invert-
ible, then

1 = det(l,) = det(AA™") = det(A) det(A™") = det(A™") det(A),

where we have used the multiplication theorem for determinants over R (cp. our
comment following the proof of Theorem7.15). Thus, det(A) is invertible with
(det(A))~! = det(A™"), and again A~! = (det(A)) 'adj(A). ]

Example 7.19
(1) For

|41 22
A_[ZJEZ

we have det(A) = 2 and thus A is not invertible. But A is invertible when
considered as an element of Q*?, since in this case det(A~") = (det(A))~' = 1.
(2) For

Cfr—11-2 22
A_|:t t—1:|€(Z[t])

we have det(A) = 1. The matrix A is invertible, since 1 € Z[¢] is invertible.

Note that if A € R™" is invertible, then Theorem7.18 shows that A~! can be
obtained by inverting only one ring element, det(A).

We now use Theorem7.18 and the multiplication theorem for matrices over a
commutative ring with unit to prove a result already announced in Sect. 4.2: In order
to show that A e RM" is the (unique) inverse of A € R™", only one of the two
equations AA = I, or AA = I, needs to be checked.

Corollary 7.20 Let A € R™". Ifa matrix A € R™" existswith AA = I, or AA = I,
then A is invertible and A = A",

Proof 1f AA = I,, then the multiplication theorem for determinants yields
1 = det(,) = det(AA) = det(A) det(A) = det(A) det(A),

i.e., det(A) € R is invertible with (det(A))~! = det(g). Thus also A is invertible
and has a unique inverse A~'. For n = 1 this is obvious and for n > 2 it was shown
in Theorem 7.18. If we multiply the equation AA = I, from the right with A=! we
get A=A"1

The proof starting from AA =1, is analogous. O
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Let us summarize the invertibility criteria for a square matrix over a field that we
have shown so far:

AeGL,(K) Theorem >2 The echelon form of A is the identity matrix I,

Definjtion 5.10
<" "rank(A) =n

clear

&S rank(A) = rank([A, b]) =n forallb € K™!

Me 60 (A, b =1 forall b € K™
Theorem 7.18 de t(A) 7& 0. (73)
Alternatively we obtain:
A¢ GL,(K) Theorem >2 The echelon form of A has at least one zero row
Definition 5.10 rank(A) -n
% rank([A, 0]) < n
Algor1Lhm66 Z(A 0) ;é {0}
Theorem 7.18 de t(A) —0. (74)

In the fields Q, R and C we have the (usual) absolute value | - | of numbers and
can formulate the following useful invertibility criterion for matrices.

Theorem 7.21 If A € K™" with K € {Q, R, C} is diagonally dominant, i.e., if

n
la;;| > Z laj;| forall i=1,...,n

j=1
J#

then det(A) # 0.

Proof We prove the assertion by contraposition, i.e., by showing that det(A) = 0
implies that A is not diagonally dominant.
If det(A) = 0, then £ (A,0) # {0}, i.e., the homogeneous linear system of

equations Ax = 0 has at least one solution X = [X},...,%,]” # 0. Let X,, be an
entry of X with maximal absolute value, i.e., [X,| > [x;| forall j = 1,...,n.In

particular, we then have |X,,| > 0. The mth row of Ax = 0 is given by

n
amlfl + amZ}\Z +...+ amnfn =0 < amm-,x\m = - Zam‘j}\j'
o
We now take absolute values on both sides and use the triangle inequality, which
yields
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n n n
(| [Tl < D lamj| [F5] < D lam;|[Zul, hence |amm| < D lam;l,

j=1 j=1 j=1
J#m J#m J#m

so that A not diagonally dominant. O

The converse of this theorem does not hold: For example, the matrix
|12 2.2

has det(A) = —2 # 0, but A is not diagonally dominant.
From Theorem 7.18 we obtain the Laplace expansion* of the determinant, which
is particularly useful when A contains many zero entries (cp. Example 7.24 below).

Corollary 7.22 For A € R™", n > 2, the following assertions hold:

(1) Foreachi =1,2,...,n we have

det(A) = D (=1)"a;; det(A(i. ))).

j=1

(Laplace expansion of det(A) with respect to the ith row A.)
(2) Foreach j=1,2,...,nwe have

det(A) = D (=1)"a;; det(A(i. ))).

i=I

(Laplace expansion of det(A) with respect to the jth column of A.)

Proof The two expansions for det(A) follow immediately by comparison of the
diagonal entries in the matrix equations det(A) I, = Aadj(A) and det(A) I, =
adj(A) A. O

The Laplace expansions allows a recursive definition of the determinant: For A €
R™"withn > 2,letdet(A) be defined asin (1) or (2) in Corollary 7.22. We can choose
an arbitrary row or column of A. The formula for det(A) then contains only matrices
of size (n—1) x (n—1). For each of these we can use the Laplace expansion again, now
expressing each determinant in terms of determinants of (n — 2) x (n — 2) matrices.
We can do this recursively until only 1 x 1 matrices remain. For A = [a},] € RU!
we define det(A) := ay;.

Finally we state Cramer’s rule,> which gives an explicit formula for the solution of
alinear system in form of determinants. This rule is only of theoretical value, because
in order to compute the n components of the solution it requires the evaluation of
n + 1 determinants of n X n matrices.

“Pierre-Simon Laplace (1749—1827) published this expansion in 1772.
5Gabriel Cramer (1704-1752).
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Corollary 7.23 Let K be a field A € GL,(K) and b € K™'. Then the unique
solution of the linear system of equations Ax = b is given by

X=[x1,.... 50" = A7'b = (det(A)) " adj(A)b,

with

o~ det[alv"'aai—lvbvai-kla""al’l]
X =
det(A)

Example 7.24 Consider

1300 |

l1200 |2 i

A=11210|€Q" b=||cQ".
1231 0

The Laplace expansion with respect to the last column yields

130 13
det(A) =1 - det 120 =1-1-det =1-1-(-1)=—-1
121 12

Thus, A is invertible and Ax = b has a unique solution X = A~'» € Q*!, which by
Cramer’s rule has the following entries:

[1300]

~ 2200

X1 = det 1210 /det(A) = —4/(—1) :4’
10231 ]
[1100]

~ 1200

X, = det 1110 /det(A) =1/(—1) = —1,
11031]
[1310]

—~ 1220

x3 = det 1210 /det(A) =1/(—1) = —1,
11201
(13017

~ 1202

x4 = det 1211 /det(A) = —1/(—1) = 1.
[ 1230 ]
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Exercises
7.1 A permutation o € S, is called an r-cycle if there exists a subset {iy, ..., i} C
{1,2,...,n} withr > 1 elements and
o(ip) = igp1 fork=1,2,....r =1, o(iy) =iy, o()=i fori¢/{i,....is}.
We write an r-cycle as o = (iy, ia, . . ., i,). In particular, a transposition 7 € S,
is a 2-cycle.

7.2
1.3

7.4

(a) Letn = 4 and the 2-cycles 712 = (1,2), 3 = (2,3) and 134 = (3, 4) be
given. Compute 712 0 723, T2 0 723 © Tf’zl, and Ty 0 T3 0 T3 4.
(b) Letn > 4and o = (1, 2,3, 4). Determine o/ for j =2, 3,4,5.

(c) Show that the inverse of the cycle (i, ..., i) is given by (i, ..., i}).
(d) Show thattwo cycles with disjointelements,i.e. (i1, ..., i) and (ji, ..., js)
with {iy, ..., i} N {ji,..., J;} =D, commute.

(e) Show that every permutation o € S, can be written as product of disjoint
cycles that are, except for the order, uniquely determined by o.

Prove Lemma7.10 (1) using (7.1).
Show that the group homomorphism sgn : (S,, o) — ({1, —1}, -) satisfies the
following assertions:

(a) Theset A, = {o € S, | sgn(o) = 1} is a subgroup of S, (cp. Exercise 3.8).
(b) Foralloc € A,and 7w € S, wehave roog o~ ! € A,,.

Compute the determinants of the following matrices:

(a) A=le,, €n—1, ..., €1] € Z™", where ¢; is the ith column of the identity
matrix.
(b) B = [b,-j] € Z"" with

2  for |i —j| =0,
b,'j: —1 for |l—]|=1,
0 for |i —j|>2.

(© - _
10 1 0O 0 0 O
e 0 e 4 1 Jr
218 6T VBI
C=|0 —e © e 0 = |eR".
¢ 010001 0 7! 0 é€3x
0 V2 0 0 0 -1
|00 1 0 0 0 0 |
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(d) The 4 x 4 Wilkinson matrix® (cp. the MATLAB-Minute at the end of
Sect.7.2).

7.5 Construct matrices A, B € R™" for some n > 2 and with det(A 4+ B) #
det(A) + det(B).

7.6 Let R be a commutative ring with unit, » > 2 and A € R™". Show that the
following assertions hold:

(a) adj(1,) = I,.

(b) adj(AB) = adj(B)adj(A), if A and B € R™" are invertible.
(c) adj(AA) = X" !adj(A) forall A € R.

(d) adj(A") = adj(A)".

(e) det(adj(A)) = (det(A))"~!, if A is invertible.

() adj(adj(A)) = det(A)"2A.

(g) adj(A~") = adj(A)~', if A is invertible.

Can one drop the requirement of invertibility in (b) or (e)?

777 Letn > 2 and A = [qg;;] € R"" with q;; = # for some xq, ..., x,,
< Ty
Y1, ..., yn € R.Hence, in particular, x; +y; # O forall 7, j. (Such a matrix A

is called a Cauchy matrix.”)

(a) Show that
Hl§i<j§n (xj - xi)(yj - i)

17 = i+ )

det(A) =

(b) Use (a) to derive a formula for the determinant of the n x n Hilbert matrix
(cp. the MATLAB-Minute above Definition 5.6).

7.8 Let R be a commutative ring with unit. If a4, ..., ,, € R, n > 2, then
1 ap o a'il_i
. Lop -~
v, =[a{_l]= . . | eRrR™
1o, 042_1

is called a Vandermonde matrix.3

(a) Show that
det(v,) = [] (o —an.

I<i<j<n

James Hardy Wilkinson (1919-1986).
7 Augustin Louis Cauchy (1789-1857).
8Alexandre—Théophilc Vandermonde (1735-1796).
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(b) Let K be a field and let K[#]<,—_; be the set of polynomials in the variable
t of degree at most n — 1. Show that two polynomials p, g € K[t]<,— are
equal if there exist pairwise distinct 3y, ..., 3, € K with p(3;) = q(3;).

7.9 Show the following assertions:

(a) Let K beafieldwith1+1 £ 0andlet A € K™" with AT = —A. If n is
odd, then det(A) = 0.
(b) If A € GL,(R) with AT = A~!, then det(A) € {1, —1}.

7.10 Let K be a field and

7.11

An An
A=
[AZI A221|
for some Ay € K™™', A, € K", Ay € K™™M | Ay, € K", Show the
following assertions:
(a) If Ay € GL,,1 (K), then det(A) = det(A;) det (A22 — A21A1711A12).
(b) If A22 € GLnZ(K), then det(A) = det(Azz) det (All — A12A2_21A21).
(c) If Ay; =0, then det(A) = det(A;;) det(Az).
Can you show this also when the matrices are defined over a commutative ring

with unit?
Construct matrices Ay, A2, Az1, Ay € R*" for n > 2 with

det An A = det(Aq1) det(Ay) — det(Aq;) det(Asy).
Asy Ay

712 Let A = [a;;] € GL,(R) with a;; € Z fori, j = 1,...,n. Show that the

following assertions hold:

(@ A7l e Qnn.

(b) A=! € Z"" if and only if det(A) € {—1, 1}.

(c) The linear system of equations Ax = b has a unique solution ¥ € Z"! for
every b € Z™! if and only if det(A) € {—1, 1}.

7.13 Show that G = {A € Z™" | det(A) € {—1, 1} }is a subgroup of GL,(Q).
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