Chapter 14
Eigenvalues of Endomorphisms

In previous chapters we have already studied eigenvalues and eigenvectors of matri-
ces. In this chapter we generalize these concepts to endomorphisms, and we inves-
tigate when endomorphisms on finite dimensional vector spaces can be represented
by diagonal matrices or (upper) triangular matrices. From such representations we
easily can read off important information about the endomorphism, in particular its
eigenvalues.

14.1 Basic Definitions and Properties
We first consider an arbitrary vector space and then concentrate on the finite dimen-

sional case.

Definition 14.1 Let )V be a K-vector space and f € LV, V). If A € K and v €
V\ {0} satisty
f@) = Av,

then A is called an eigenvalue of f, and v is called an eigenvector of f corresponding
to .

By definition, v = 0 cannot be an eigenvector, but an eigenvalue A = 0 may occur

(cp. the example following Definition 8.7).
The equation f(v) = Av can be written as

0=2Xv— f(v) = (Aldy — /)(v).
Hence, A € K is an eigenvalue of f if and only if

ker(A\Idy, — f) # {0}.
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We already know that the kernel of an endomorphism on V forms a subspace of
(cp. Lemma 10.7). This holds, in particular, for ker(Aldy, — f).

Definition 14.2 If Visa K-vector spaceand )\ € K isaneigenvalueof f € L(V, V),
then the subspace
V(A :=ker(Aldy — f)

is called the eigenspace of f corresponding to A and
g, f) :==dim(Vy(N))

is called the geometric multiplicity of the eigenvalue .

By definition, the eigenspace V()) is spanned by all eigenvectors of f cor-
responding to the eigenvalue . If V,()) is finite dimensional, then g(\, f) =
dim(Vf())) is equal to the maximal number of linearly independent eigenvectors
of f corresponding to \.

Definition 14.3 Let )V be a K-vector space, let i/ C )V be a subspace, and let
fe LWV, V).If fU) CU,ie.,if f(u) € U holds for all u € U, then U is called an
f-invariant subspace of V.

An important example of f-invariant subspaces are the eigenspaces of f.

Lemma 14.4 [fV is a K -vector space and \ € K is an eigenvalue of f € LV, V),
then V() is an f-invariant subspace of V.

Proof For every v € V¢(\) we have f(v) = Av € V¢(M). O

We now consider finite dimensional vector spaces and discuss the relationship
between the eigenvalues of f and the eigenvalues of a matrix representation of f
with respect to a given basis.

Lemma 14.5 If'V is a finite dimensional K -vector space and f € L(V,V), then
the following statements are equivalent:

(1) X € K is an eigenvalue of f.
(2) X € K is an eigenvalue of the matrix [ f g, p for every basis B of V.

Proof Let A € K be an eigenvalue of f and let B = {vy, ..., v,} be an arbitrary
basis of V. If v € V is an eigenvector of f corresponding to the eigenvalue )\, then
f () = v and there exist (unique) coordinates p1, ..., i, € K, not all equal to

zero, with v = >, p1jv;. Using (10.4) we obtain

M1 M1
[fles| @ | =Ps(f(v) = Pp(Av) =APp() =A| ¢ |,
Hn Hn
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and thus ) is an eigenvalue of [ f]5 5.

If, on the other hand, [f1z.glft1, .- .» ]t = A1y ...y al? with [, ...,
1u,]T # 0 for a given (arbitrary) basis B = {v,...,v,} of V, then we set
vi=2"_, ptjv;. Then v # 0 and

. M M1
FO =D 1w f@) =@ f@D) | | = (@1 v fs.5)
Jj=1 L Hn
1
=, ...,0) | A| = \v,
Hn
i.e., A is an eigenvalue of f. O

Lemma 14.5 implies that the eigenvalues of f are the roots of the characteristic
polynomial of the matrix [f]g s (cp. Theorem 8.8). This, however, does not hold
in general for a matrix representation of the form [f]p 5, where B and B are two
different bases of V. In general, the two matrices

[flgg =Udylg 5 [fles and [fls s

do not have the same eigenvalues.

Example 14.6 Consider the vector space R>! with the bases

o BRHIR S TH

Then the endomorphism

f:R* > R>' v Fv, where F=|:(1)(1)j|

has the matrix representations

01 Il -11
[f]B,B:[10]1 [f]B,EZE[ 11]'

We have det(t1, — [ f1g.B) = t2 — 1, and thus f has the eigenvalues —1 and 1. On
the other hand, the characteristic polynomial of [ f]p 7 is 12— %, so that this matrix

has the eigenvalues —1/4/2 and 1//2.

For two different bases B and B of V the matrices [f1B,p and [ f]5 5 are similar
(cp. the discussion following Corollary 10.20). In Theorem 8.12 we have shown that
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similar matrices have the same characteristic polynomial. This justifies the following
definition.

Definition 14.7 If n € N, V is an n-dimensional K-vector space with the basis B,
and f € L(V, V), then

Py := det(tl, — [flgp) € Klt]

is called the characteristic polynomial of f.

The characteristic polynomial Py is always a monic polynomial with
deg(Py) =n =dim(V).

As we have discussed before, P is independent of the choice of the basis of V. A
scalar A € K is an eigenvalue of f if and only if A is a root of Py, i.e., Pr(\) = 0.
As shown in Example 8.9, in real vector spaces with dimensions at least two, there
exist endomorphisms that do not have eigenvalues.

If X is a root of Py, then Py = (t — \) - ¢ for a monic polynomial ¢ € K[t],
i.e., the linear factor t — X divides the polynomial P; we will show this formally in
Corollary 15.5 below. If also g(A) = 0, then ¢ = (t — ) - ¢ for a monic polynomial
g € K[t], and thus Py = (t — \)? - g. We can continue until P; = (r — \)? - g fora
g € K[t] with g(\) # 0. This leads to the following definition.

Definition 14.8 Let ) be a finite dimensional K -vector space, and let f € L(V, V)
have the eigenvalue A € K. If the characteristic polynomial of f has the form

Pr=@-Ng

for some g € K[t] with g()\) # 0, then d is called the algebraic multiplicity of the
eigenvalue \ of f. It is denoted by a (A, f).
If Ay, ..., A\ are the pairwise distinct eigenvalues of f with corresponding alge-
braic multiplicities a(\, f), ..., a(X\, f), and if dim(V) = n, then
aQA,, f)+...+al, f) <n,

since deg(Py) = dim(V) = n.
Example 14.9 The endomorphism f : R*! — R*!, v > Fv with

12 34

o1 23 »

F=100 o01] €&
00—10

has the characteristic polynomial P; = (t —1)?(t>+ 1). The only real root of Py is 1,
and a(\;, f) =2 < 4 = dim(R*").
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Lemma 14.10 If'V is a finite dimensional K -vector space and f € L(V, V), then

g\ f) = a(X f)

for every eigenvalue \ of f.

Proof Let A € K be an eigenvalue of f with geometric multiplicity m = g(A, f).
Then there exist m linear independent eigenvectors vy, ..., v, € V of f corre-
sponding to the eigenvalue \. If m = dim(V), then these m eigenvectors form a
basis B of V. If m < dim(}) = n, then we can extend the m eigenvectors to a basis
B={vi,..., V0, Unst,..., g} of V.

We have f(v;) = Av; for j =1, ..., m and, therefore,

[flgg = |:)\(I)m g;]

for two matrices Z; € K™" ™ and Z, € K"~™"~™. Using (1) in Lemma 7.10 we
obtain
Pf = det(tln - [f]B,B) = (t - )\)m . det(tln—m - ZZ)a

which implies a(\, f) > m = g(\, f). m]

In the following we will try to find a basis of V), so that the eigenvalues of a
given endomorphism f can be read off easily from its matrix representation. The
easiest forms of matrices in this sense are diagonal and triangular matrices, since
their eigenvalues are just their diagonal entries.

14.2 Diagonalizability

In this section we will analyze when for a given endomorphism has a diagonal matrix
representation. We formally define this property as follows.

Definition 14.11 Let ) be a finite dimensional K -vector space. An endomorphism
f e LV, V) is called diagonalizable, if there exists a basis B of V, such that [ f]5
is a diagonal matrix.

Accordingly, a matrix A € K™" is diagonalizable when there exists a matrix
S € GL,(K) with A = SDS~! for a diagonal matrix D € K"".

In order to analyze the diagonalizablility, we begin with a sufficient condition for
the linear independence of eigenvectors. This condition also holds when V is infinite
dimensional.

Lemma 14.12 Let V be a K-vector space and f € LV, V). If A\, ..., \ € K,
k > 2, are pairwise distinct eigenvalues of f with corresponding eigenvectors
Vi, ...,V €V, then vy, ..., v are linearly independent.
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Proof We prove the assertion by induction on k. Let k = 2 and let vy, v, be eigen-
vectors of f corresponding to the eigenvalues A\; # X,. Let p, o € K with
wivy + povy = 0. Applying f on both sides of this equation as well as multiplying
the equation with )\, yields the two equations

1A VL + paAovy = 0,
H1A2v1 + pi2Aavy = 0.
Subtracting the second equation from the first, we get p1(A; — A2)v; = 0. Since
Al # X\ and vy # 0, we have 1y = 0. Then from p;v; + ppv, = 0 we also obtain
o = 0, since v, # 0. Thus, v, and v, are linearly independent.
The proof of the inductive step is analogous. We assume that the assertion holds

for some k > 2. Let A, ..., A\ be pairwise distinct eigenvalues of f with corre-
sponding eigenvectors vy, . .., Ux+1, and let pp, ..., ury1 € K satisfy

v+ v+ vk = 0.
Applying f to this equation yields
HiATUL F o AU ki A1 Vg1 = 0,
while a multiplication with A\, gives
i A41V1 + o e A1 Uk g At vk = 0.
Subtracting this equation from the previous one we get

1AL = N Dvr + oA (e — A Do = 0.

Since Ay, ..., Ay are pairwise distinct and vy, ..., v are linearly independent by
the induction hypothesis, we obtain p; = --- = & = 0. But then zy v = 0
implies that also p4+; = 0, so that vy, ..., vg4 are linearly independent. O

Using this result we next show that the sum of eigenspaces corresponding to
pairwise distinct eigenvalues is direct (cp. Theorem 9.31).

Lemma 14.13 Let V be a K -vector space and f € LO, V). If A1, ..., A € K,
k > 2, are pairwise distinct eigenvalues of f, then the corresponding eigenspaces

satisfy
k
Vi) N D V() = {0}

j=1

J#

foralli=1,..., k.
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Proof Let i be fixed and let

k
v e Vi) N D V).
y
In particular, we have v = >, v; for some v; € V¢(\), j # i. Then —v +
Z.,' 4 vj = 0, and the linear independence of eigenvectors corresponding to pairwise
distinct eigenvalues (cp. Lemma 14.12) implies v = 0. O

The following theorem gives necessary and sufficient conditions for the diago-
nalizability of an endomorphism on a finite dimensional vector space.

Theorem 14.14 [fV is a finite dimensional K -vector space and f € L(V, V), then
the following statements are equivalent:

(1) f isdiagonalizable.
(2) There exists a basis of V consisting of eigenvectors of f.
(3) The characteristic polynomial Py decomposes into n = dim(V) linear factors

over K, i.e.,
Pr=(@—=A)-...-(t=X\)
with the eigenvalues My, ..., A\, € K of f, and for every eigenvalue \; we have
g\, f) =a\;, f).
Proof
(1) & 2):If f € L(V,V) is diagonalizable, then there exists a basis B =
{vi,...,v,} of Vand scalars A\, ..., \, € K with
Al
[flzB = , (14.1)
An
and hence f(v;) = Ajv;, j = 1,...,n. The scalars A, ..., A, are thus eigen-
values of f, and the corresponding eigenvectors are vy, ..., V.
If, on the other hand, there exists a basis B = {vy, ..., v,} of V consisting of
eigenvectors of f,then f(v;) = A\jv;,j=1,...,n,forscalars A, ..., A\, € K
(the corresponding eigenvalues), and hence [ f]z p has the form (14.1).
(2) = (3): Let B = {vy, ..., v,} be a basis of V consisting of eigenvectors of f,
and let A1, ..., A\, € K be the corresponding eigenvalues. Then [ f]5 p has the

form (14.1) and hence
sz(l—Al)-...-(l—)\,,),

so that Py decomposes into linear factors over K.
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We still have to show that g(\;, ) = a(};, f) for every eigenvalue A;. The
eigenvalue \; has the algebraic multiplicity m; := a();, f) if and only if A;
occurs m; times on the diagonal of the (diagonal) matrix [ ]z p. This holds if
and only if exactly m ; vectors of the basis B are eigenvectors of f corresponding
to the eigenvalue ;. Each of these m ; linearly independent vectors is a element
of the eigenspace V;();) and, hence,

dim(V¢(A)) = g(A;, f) = mj =a(A;, ).

From Lemma 14.10 we know that g(A;, f) < a(A;, f), and thus g(\;, f) =
a(Aj, ). _ -

(3) = (2):Let Ay, ..., A be the pairwise distinct eigenvalues of f with correspond-
ing geometric and algebraic multiplicities g(\;, f) anda(};, f),j =1,...,k,
respectively. Since Py decomposes into linear factors, we have

k
> a\;. f) =n=dim®V).
j=1

Now g(\j, f) =a(\,, f), j =1,..., k, implies that

k
> 8. f) =n=dim(V).

j=1
By Lemma 14.13 we obtain (cp. also Theorem 9.31)
VIO @ ... @&V ) = V.
If we select bases of the respective eigenspaces V¢ (X i), J =1,...,k, then we

get a basis of V that consists of eigenvectors of f.

O

Theorem 14.14 and Lemma 14.12 imply an important sufficient condition for
diagonalizability.

Corollary 14.15 IfV is an n-dimensional K -vector space and f € L(V, V) has n
pairwise distinct eigenvalues, then f is diagonalizable.

The condition of having n = dim (V) pairwise distinct eigenvalues is, however, not
necessary for the diagonalizability of an endomorphism. A simple counterexample
is the identity Idy,, which has the n-fold eigenvalue 1, while [Idy]g g = I, holds
for every basis B of V. On the other hand, there exist endomorphisms with multiple
eigenvalues that are not diagonalizable.
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Example 14.16 The endomorphism

f:R* 5 R* v Fv with F= [(1) }]
has the characteristic polynomial (¢ — 1) and thus only has the eigenvalue 1. We
have ker(V,(1)) = span({[1, 017} and thus g(1, f) = 1 < a(l, f) = 2. By Theo-
rem 14.14, f is not diagonalizable.

14.3 Triangulation and Schur’s Theorem

If the property g(A;, f) = a(};, f) does not hold for every eigenvalue A; of f,
then f is not diagonalizable. However, as long as the characteristic polynomial Py
decomposes into linear factors, we can find a special basis B such that [ f]z p is a
triangular matrix.

Theorem 14.17 IfV is a finite dimensional K -vector space and f € L(V, V), then
the following statements are equivalent:

(1) The characteristic polynomial Py decomposes into linear factors over K.
(2) There exists a basis B of V such that [ f1p p is upper triangular, i.e., f can be
triangulated.

Proof

(2) = (1):If n = dim(V) and [f]p,p = [rij] € K™" is upper triangular, then
Pf ={—=ri) ...t —ry).
(1) = (2): We show the assertion by induction on n = dim()). The case n = 1 is
trivial, since then [ f1g 5 € K.
Suppose that the assertion holds for an » > 1, and let dim(V) = n + 1. By
assumption,
Pr=(@—=XA) ..ot = My1),

where A1, ..., \,4+1 € K are the eigenvalues of f. Let v; € V be an eigen-
vector corresponding to the eigenvalue )\;. We extend this vector to a basis
B = {vi, wy, ..., wyr1}of V.With By := {wy, ..., w1} and W := span Byy
we have V = span{v,;} & WV and

/\1| a2 -0 A+l
azx ... 4ap+41

[flgB =

O Ap+1,2 *°° Ap41,n+1
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We define h € LW, span{v,}) and g € LONV, W) by

n+1

h(w;) :==aj;v; and g(w;) :=Zakjwk, j=2,...,n+1.
k=2

Then f(w) = h(w) + g(w) for all w € W, and

_ | A [R]Byy o
[flss = [ 0 lelmmy |
Consequently,
E=ADPg=Pr=(t—=Ap)-...-(t = Xar1),

and hence P, = (t — A2) - ... - (t — Apy1). Now dim(W) = n and the char-
acteristic polynomial of g € L(W, W) decomposes into linear factors. By the
induction hypothesis there exists a basis Byy = {W>, ..., W,41} of W such that
[¢]3,, B, upper triangular. Thus, for the basis By := {vj, W, ..., Way1} the
matrix [ f]p, p, 1S upper triangular. O

A “matrix version” of this theorem reads as follows: The characteristic polynomial
P4 of A € K™" decomposes into linear factors over K if and only if A can be
triangulated, i.e., there exists a matrix § € GL,(K) with A = SRS~! for an upper
triangular matrix R € K™".

Corollary 14.18 Let V be a finite dimensional Euclidian or unitary vector space
and f € LV, V). If Py decomposes over R (in the Euclidian case case) or C (in
the unitary case) into linear factors, then there exists an orthonormal basis B of V,
such that | f1p, p is upper triangular.

Proof If Py decomposes into linear factors, then by Theorem 14.17 there exists a
basis By of V, such that [ f]p, p, is upper triangular. Applying the Gram-Schmidt
method to the basis B}, we obtain an orthonormal basis B, of V), such that [Idy ]z, 5,
is upper triangular (cp. Theorem 12.11). Then

f18,.8, = Udy]p, 5,0 f15,.8,[1dv]5,.5 = Idy1g 5 [f15,.51dV]s, 5,

The invertible upper triangular matrices form a group with respect to the matrix
multiplication (cp. Theorem 4.13). Thus, all matrices in the product on the right
hand side are upper triangular, and hence [ f]5, 5, is upper triangular. O

Example 14.19 Consider the Euclidian vector space R[#]<; with the scalar product
(p.q) = Jy p(1)q(1)dt, and the endomorphism
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fiR[t]l<r — Rlt]l<, gt +ap = 2aqt + ao.

We have f(1) = 1 and f(¢) = 2t, i.e., the polynomials 1 and ¢ are eigenvectors of
f corresponding to the (distinct) eigenvalues 1 and 2. Thus, B = {1, t} is a basis
of R[#]<1, and [ 15 3 is a diagonal matrix. Note that B is not an orthonormal basis,
since in particular (1, #) #~ O.

Since Py decomposes into linear factors, Corollary 14.18 guarantees the existence
of an orthonormal basis B for which [ f]z p is upper triangular. In the proof of the
implication (1) = (2) of Theorem 14.17 one chooses any eigenvector of f, and
then proceeds inductively in order to obtain the triangulation of f. In this example,
let us use g; = 1 as the first vector. This vector is an eigenvector of f with norm
1 corresponding to the eigenvalue 1. If ¢» € R[f]<; is a vector with norm 1 and
(q1, q2) = 0, then B = {q;, g2} is an orthonormal basis for which [ f]z p is an upper
triangular matrix. We construct the vector g, by orthogonalizing ¢ against ¢; using
the Gram-Schmidt method:

_ 1

@ =1t—(t,q)q =l—§,
1@l = 2= Ly
q :< - =, —_ —> = —,

? 2’2 J12

¢ = 1307 ¢ = V12t — /3.
This leads to the triangulation

[flzs = |:(1) \é§j| e R*2.

We could also choose ¢; = ~/3t, which is an eigenvector of f with norm 1
corresponding to the eigenvalue 2. Orthogonalizing the vector 1 against g; leads to
the second basis vector g, = —3¢ + 2. With the corresponding basis B; we obtain

the triangulation
2 -3
[flB,.B, = |:0 I/_] € R>2,

This example shows that in the triangulation of f the elements above the diagonal can
be different for different orthonormal bases. Only the diagonal elements are (except
for their order) uniquely determined, since they are the eigenvalues of f. A more
detailed statement about the uniqueness is given in Lemma 14.22.

In the next chapter we will prove the Fundamental Theorem of Algebra, which
states that every non-constant polynomial over C decomposes into linear factors.
This result has the following corollary, which is known as Schur’s theorem.'

Tssai Schur (1875-1941).
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Corollary 14.20 [fV is a finite dimensional unitary vector space, then every endo-
morphism on V can be unitarily triangulated, i.e., for each f € L(V, V) there exists
an orthonormal basis B of V, such that [ f 1 p is upper triangular. The matrix [ f1p.p
is called a Schur form of f.

If V is the unitary vector space C™! with the standard scalar product, then we
obtain the following “matrix version” of Corollary 14.20.

Corollary 14.21 If A € C*", then there exists a unitary matrix Q € C"™" with
A = QRQ" for an upper triangular matrix R € C"". The matrix R is called a
Schur form of A.

The following result shows that a Schur form of a matrix A € C*" with n pairwise
distinct eigenvalues is “almost unique”.

Lemma 14.22 Let A € C™" have n pairwise distinct eigenvalues, and let Ry, R, €
C™" be two Schur forms of A. If the diagonals of R, and R, are equal then R; =
UR,U" for a unitary diagonal matrix U.

Proof Exercise. O

A survey of the results on unitary similarity of matrices can be found in the
article [Sha9l].

MATLAB-Minute.
Consider for n > 2 the matrix

2 3 ... n
3 4 .- n+1

A= 1 4 5 l’l+2 Ecn,n'

ln+1n+2...2n—1

Compute a Schur form of A using the command [U,R] = schur (A) forn =
2,3,4,...10. What are the eigenvalues of A? Formulate a conjecture about the rank
of A for general n. Can you prove your conjecture?

Exercises

(In the following exercises K is an arbitrary field.)

14.1. Let V be a vector space and let f € £(V, V) have the eigenvalue A. Show
that im(AIdy — f) is an f-invariant subspace.

14.2. Let V be a finite dimensional vector space and let f € £(V, V) be bijective.
Show that f and f~! have the same invariant subspaces.
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14.3. Let V be an n-dimensional K -vector space, let f € L(V, V), and let I/ be an
m-dimensional f-invariant subspace of 1. Show that a basis B of V exists
such that

| A1 Ay
[fls.B = [0 As]

for some matrices A; € K™"™, A, € K™" ™ and A3 € K"™"™"7"",
144. LetK € {R,C}and f : K*! - K*! v > Fuv with

12 34
01 23
F=100 11
00—10

Compute P, and determine for K = R and K = C the eigenvalues of f
with their algebraic and geometric multiplicities, as well as the associated
eigenspaces.

14.5. Consider the vector space R[¢]<, with the standard basis {1, ¢, ..., ¢"} and
the endomorphism

2

n ) n ) d
fiRI = Ritly, D opt’ > D i — Dyt ™ = —p.

2
i=0 i=2 dt

Compute Py, the eigenvalues of f with their algebraic and geometric mul-
tiplicities, and examine whether f is diagonalizable or not. What changes if
one considers as map the kth derivative (for k = 3,4, ..., n)?

14.6. Examine whether the following matrices

310-2
100
T o1 2 .| 55 . |o20 0 »
A—[—lo}eQ » B= _H? €U C=15004|€0
000 2

are diagonalizable.
14.7. Is the set of all diagonalizable and invertible matrices a subgroup of GL, (K)?
14.8. Let n € Ny. Consider the R-vector space R[¢], and the map

[ iRt]<n = Rltl<n, p@) = pa+1) = p@).

Show that f is linear. For which n is f diagonalizable?
14.9. Let V be an R-vector space with the basis {vy, ..., v,}. Examine whether the
following endomorphisms are diagonalizable or not:

@ f)=vj+vjs,j=1,...,n—1,and f(v,) = v,
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14.10.

14.11.

14.12.

14.13.

14.14.

14.15.

14.16.

14.17.
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(b) f(v)) =jvj+vjt1,j=1,....,n—1,and f(v,) = nv,.

Let V be a finite dimensional Euclidian vector space and let f € L(V, V)
with f + f%* =0 e L(V,V). Show that f # 0 if and only if f is not
diagonalizable.

Let V be a C-vector space and let f € L(V, V) with f? = —Idy,. Determine
all possible eigenvalues of f.

Let V be a finite dimensional vector space and f € L£(), V). Show that
Pi(f)=0e LWV, V).

Let V be a finite dimensional K-vector space, let f € £(), V) and

pz(t_/-j/l)'~'~'(t_um)€K[t]§m~

Show that p(f) is bijective if and only if p1, ..., u, are not eigenvalues of

f.

Determine conditions for the entries of the matrices
o
A= |: b } e R
v 0

such that A is diagonalizable or can be triangulated.

Determine an endomorphism on R[#]<3 that is not diagonalizable and that
cannot be triangulated.

Let V be a vector space with dim()) = n. Show that f € L£(V, V) can be
triangulated if and only if there exist subspaces Vy, Vi, ..., V, of V with

(a) VjCVj.H forj=0,1,...,n—1,
(b) dim(V;) = jfor j=0,1,...,n,and
(¢) Vjis f-invariant for j = 0,1, ..., n.

Prove Lemma 14.22.



	14 Eigenvalues of Endomorphisms
	14.1 Basic Definitions and Properties
	14.2 Diagonalizability
	14.3 Triangulation and Schur's Theorem


