Chapter 11
Linear Forms and Bilinear Forms

In this chapter we study different classes of maps between one or two K -vector spaces
and the one dimensional K -vector space defined by the field K itself. These maps
play an important role in many areas of Mathematics, including Analysis, Functional
Analysis and the solution of differential equations. They will also be essential for
the further developments in this book: Using bilinear and sesquilinear forms, which
are introduced in this chapter, we will define and study Euclidean and unitary vector
spaces in Chap. 12. Linear forms and dual spaces will be used in the existence proof
of the Jordan canonical form in Chap. 16.

11.1 Linear Forms and Dual Spaces

We start with the set of linear maps from a K -vector space to the vector space K.

Definition 11.1 If V is a K-vector space, then f € L(V, K) is called a linear form
on V. The K -vector space V* := L(V, K) is called the dual space of V.

A linear form is sometimes called a linear functional or a one-form, which stresses
that it (linearly) maps into a one dimensional vector space.

Example 11.2 If V is the R-vector space of the continuous and real valued functions
on the real interval [, 5] and if v € [«, 3], then the two maps

fi: V=R, g g,

5]
fr:V—>R, gl—>/ g(x)dx,

are linear forms on V.
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If dim(V) = n, then dim(V*) = n by Theorem 10.16. Let B; = {vy, ..., v,} be
a basis of 1V and let B, = {1} be a basis of the K-vector space K. If f € V*, then
f() =aq; forsomea; € K,i =1,...,n,and

[flg.5, = [, ..., ] € K",

n
For an element v = > \;v; € V we have
i=1

n n n )\1

S =7f Aivi ) = Aif() = Aicg = log, ..., o
—_——
EK”'I

=[f1s,,5 Ps (v),

where we have identified the isomorphic vector spaces K and K ! with each other.
For a given basis of a finite dimensional vector space }V we will now construct a
special, uniquely determined basis of the dual space V*.

Theorem 11.3 IV is K-vector space with the basis B = {vy, ..., v,}, then there
exists a unique basis B* = {v]k, R U::} of V* such that

which is called the dual basis of B.

Proof By Theorem 10.4, a unique linear map from V) to K can be constructed by

prescribing its images at the given basis B. Thus, for eachi =1, ..., n, there exists
aunique map v € L(V, K) with v/ (v;) = d;5, j = 1,...,n.
It remains to show that B* := {v{,...,v}}isabasisof V*.If \j,..., N\, € K

are such that

Zn:)\ivi* = Ov* € V*,

i=1

then
0=0p() =D Nvfw)=2x;, j=1....n
i=1
Thus, v{, ..., v are linearly independent, and dim(V*) = n implies that B* is a
basis of V* (cp. Exercise 9.6). O

Example 11.4 Consider V = K™! with the canonical basis B = {e, ..., e,}. If
{ef..... e} is the dual basis of B, then e} (e;) = d;;, which shows that [e;"]B W=
eiT eK'i=1,...,n.
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Definition 11.5 Let V and W be K -vector spaces with their respective dual spaces
V* and W*, and let f € L(V, W). Then

ST W SV he ff(h) :=ho f,
is called the dual map of f.

We next derive some properties of the dual map.

Lemma 11.6 If V, W and X are K-vector spaces, then the following assertions
hold:

(1) If f € LV, W), then the dual map f* is linear, hence f* € LOV*, V*).

(2) If fe LO,W)andg e LOV, X), then (go f)* € LIX*,V*)and (go f)* =
frog"

(3) If f € LV, W) is bijective, then f* € LONV*, V*) is bijective and (f*)~! =
(fhHx.

Proof (1) If hy, hp € W*, A1, Ay € K, then

FEOh 4+ Aho) = M+ Xoho) o f = (Mh) o f 4+ (Aahy) o f

=Ahio )+ X(hao f) = i f (h) + X f*(h).
o

(2) and (3) are exercises.

As the following theorem shows, the concepts of the dual map and the transposed
matrix are closely related.

Theorem 11.7 Let V and VW be finite dimensional K -vector spaces with bases
B\ and B,, respectively. Let Bf and Bj be the corresponding dual bases. If
fe Ly, W), then

[f*1s.8: = (fl.8)"-

Proof Let By = {v,..., v}, By = {wy, ..., w,}, and let By = {vi‘v,’;},

By ={wi, ..., wi}. Let [f1p, 5 = [a;;] € K", ie.,

n
f)) = Zaijwi, j=1,...,m,
i=1

and [ f*]p; By = [bij] € K™", i.e,,

m

fr (w}“) = Zbi_,-vf, j=1,...,n
i=1
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For every pair (k, £) with 1 <k <mand 1 <€ < m we then have
aw = Y aqwi(w;) = w;:(zaifwi) = wi(f () = f* (wy) (vo)
i=1 i=1

= (Zbikv;‘)(w) = Zbikvgk(vl)
i=1 i=1

= by,

where we have used the definition of the dual map as well as w;(w;) = Jy and
v (ve) = die. a

Because of the close relationship between the transposed matrix and the dual map,
some authors call the dual map f* the transpose of the linear map f.

Applied to matrices, Lemma 11.6 and Theorem 11.7 yield the following rules
known from Chap. 4:

(AB)T = BT AT for A e K" and B € K™, and
(A HT = A" forA e GL,(K).

Example 11.8 For the two bases of R>!,

O AR A S

the elements of the corresponding dual bases are given by

1
vy e R>! - R, Rl N a; +0, vy R>! - R, Rl N 0+ —an,
an Qp 2

(o] Qg
wi : R*! - R, [Q]Hal—az, w} : R - R, [a:||—>0+a2.
2 2

The matrix representations of these maps are
[UT]BI,{I} = [1 0]’ [U;]B],{u = [0 1] ,
[wT]Bzﬁ{l} = [1 0]’ [w;]BZ,{l} = [0 1]‘

For the linear map

I R2! _s R2! [061:| . |:a1 +a2]

(6%) 3&2
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[f1B,.8, = |:(1) _2]1 [f*1B;.8; = |:_41; (6)]

we have

11.2 Bilinear Forms

‘We now consider special maps from a pair of K -vector spaces to the K -vector space
K.

Definition 11.9 Let ) and W be K -vector spaces. Amap 3 : V x W — K is called
a bilinear form on'V x VW, when

(1) B+ vz, w) = Bur, w) + Svz, w),
(2) B, wi +wy) = B, wy) + B, wy),
(3) B, w) = F(v, Aw) = AB(v, w),

hold for all v, vi, v, € V, w, w;, wo, € W,and X\ € K.

A bilinear form f3 is called non-degenerate in the first variable, if 3(v, w) = 0 for
all w € WWimplies that v = 0. Analogously, it is called non-degenerate in the second
variable, if (v, w) = 0 for all v € V implies that w = 0. If § is non-degenerate
in both variables, then [ is called non-degenerate and the spaces V, WV are called a
dual pair with respect to 3.

If V = W, then (3 is called a bilinear form on V. If additionally B(v, w) =
B(w, v) holds for all v, w € V, then  is called symmetric. Otherwise, (3 is called
nonsymmetric.

Example 11.10
(1) If A € K™, then

g K™ x K™ > K, (v,w) > w' Av,

is a bilinear form on K"! x K™! that is non-degenerate if and only if n = m
and A € GL,(K), (cp. Exercise 11.10).
(2) The bilinear form

G - R>! x R>! - R, (x,y) — yT |} i]x,

is degenerate in both variables: For ¥ = [1, —1]7, we have A(X, y) = 0 for all
y € R>!; for y = [1, —1]7 we have 3(x,y) = 0 for all x € R>!. The set of
all x = [x1, %] € R>! with B(x,x) = 1is equal to the solution set of the
quadratic equation in two variables x7 + 2x;x; +x3 = 1, or (x; +x2)? = 1, for
x1, x € R. Geometrically, this set is given by the two straight lines x; +x; = 1
and x; + x, = —1 in the cartesian coordinate system of R?.
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(3) If Vis a K-vector space, then
B:VXV' =K, (v ) f),
is a bilinear form on V x V*, since

B+ v, f) = fwr +v) = f(v) + f(v) =B, f)+ B, ),
B, fi+ L) =i+ )W) = filv) + L) =B, fi) + B, f),
B, f) = fA) = Af(v) = A8, ) = A)) =B, Af),

hold for all v, v, v, € V, f, fi, f € V* and A € K. This bilinear form is

non-degenerate and thus V), V* are a dual pair with respect to 3 (cp. Exercise
11.11 for the case dim(}V) € N).

Definition 11.11 Let V and W be K-vector spaces with bases B; = {vy, ..., Uy}
and B, = {wy, ..., wy}, respectively. If 3 is a bilinear form on V x W, then

(Bl xB, = [bij] € K™™, bjj = B(v;, w;),

is called the matrix representation of 3 with respect to the bases B; and B,.

Ifo=>" Av;eVandw = _, p;w; €W, then

j=1
m n n m T
B, w)y =D D N Bvj, wi) = D i D bijAj = (P, w))" (81, x5, P, ),
j=li=1 i=1  j=1
where we have used the coordinate map from Lemma 10.17.

Example 11.12 If B; = {eim), ol e,(n’”)} and B, = {eE"), o e,(l”)} are the canon-
ical bases of K™ and K™!, respectively, and if 3 is the bilinear form from (1) in
Example 11.10 with A = [a;;] € K™, then [3] g x5, = [bi;], where

(e

m n n)\1 m
bij = ﬁ(é‘; ) 6( )) = (ef )) Aeﬁ ) = 4aij,
and hence [/G]BIXBZ —_— IL

The following result shows that symmetric bilinear forms have symmetric matrix
representations.

Lemma 11.13 For a bilinear form [3 on a finite dimensional vector space V the
following statements are equivalent:

(1) [ is symmetric.
(2) For every basis B of V the matrix [B]pxp is symmetric.
(3) There exists a basis B of V such that [3]pxp is symmetric.
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Proof Exercise. O

We will now analyze the effect of a basis change on the matrix representation of
a bilinear form.

Theorem 11.14 Let V and W be finite dimensional K -vector spaces with bases
By, By of V and B,, By of W. If 3 is a bilinear form on YV x W, then

(8188, = (1wl 5)" 16155 [1dv]p, 5,-

Proof Let By = {vy,...,v,}, By = {D1,....0n), Bo = {wy,...,w,}, B =
{wy, ..., w,}, and

Wi, .. V) = V1, ..., 0,) P, where P =|[p;;]=[ldv]p 5

(Wi, ..., w,) = Wy, ..., w,)Q, where Q =[g;;]=I[ldwlp, 5,

With [B]3, .5, = [Ej], where E, = B(v;, w;), we then have

m

B, w;) = 5(2[7@@, ZCM@) = Z%’ Zﬂ(’vvk, Wy) Pij
=1 =1 =1 k=l
= Z%’ ngkpkj
=1

(=1
T
qii Pij
=| | Blgxz | @ |-
6]m‘ ij

which implies that [3]p, x5, = o751 B, x5, P> and hence the assertion follows. O

If V = W and By, B, are two bases of V), then we obtain the following special
case of Theorem 11.14:

[B15x5 = (1415 5)" [Blsyxm1dv]s, 5 -

The two matrix representations [ 3]s, x 5, and [3],x 5, of 3 in this case are congruent,
which we formally define as follows.

Definition 11.15 If for two matrices A, B € K™" there existsamatrix Z € GL,(K)
with B = ZT AZ, then A and B are called congruent.

Lemma 11.16 Congruence is an equivalence relation on the set K™".

Proof Exercise. O
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11.3 Sesquilinear Forms

For complex vector spaces we introduce another special class of forms.

Definition 11.17 Let ) and WV be C-vector spaces. Amaps : V x W — Cis called
a sesquilinear form on 'V x VW, when

(1) s(vy + v, w) = s(vy, w) + s(va, w),
2) s(Av, w) = As(v, w),
(3) s, w1 +wz) = s(v, wy) + s(v, wa),
@) s(v, \w) = As(v, w),

hold for all v, vi, v € V, w, wy, w, € Wand X € C.

If V = W, then s is called a sesquilinear form on V. If additionally s(v, w) =
s(w, v) holds for all v, w € V, then s is called Hermitian.!

The prefix sesqui is Latin and means “one and a half”. Note that a sesquilinear
form is linear in the first variable and semilinear (“half linear’’) in the second variable.
The following result characterizes Hermitian sesquilinear forms.

Lemma 11.18 A sesquilinear form on the C-vector space V is Hermitian if and only
ifs(v,v) e RforallveV.

Proof 1f s is Hermitian then, in particular, s(v, v) = s(v, v) for all v € V, and thus
s(v,v) e R.
If, on the other hand, v, w € V), then by definition

s+ w,v+w) =5, v)+s@, w) +sw,v) +sw,w), (11.1)

s(v +iw, v +iw) =5, v) +is(w, v) —is(v, w) +s(w, w). (11.2)

The first equation implies that s(v, w) + s(w,v) € R, since s(v + w,v +
w), s(v, v), s(w, w) € R by assumption. The second equation implies analogously

that is(w, v) —is(v, w) € R. Therefore,

s(v,w) +s(w,v) =s, w) + s(w, v),

—is(v, w) +is(w, v) = is(v, w) —is(w, v).

Multiplying the second equation with i and adding the resulting equation to the first
we obtain s (v, w) = s(w, v) O

Corollary 11.19 For a sesquilinear form s on the C-vector space V we have
2s(v,w)y=s(w+w,v+w)+is(v+iw,v+iw) — G+ 1) (s(v, v) + s(w, w)).

forallv,w e V.

ICharles Hermite (1822-1901).
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Proof The result follows from multiplication of (11.2) with i and adding the result
to (11.1). O

Corollary 11.19 shows that a sesquilinear form on a C-vector space V is uniquely
determined by the values of s(v, v) forall v € V.

Definition 11.20 The Hermitian transpose of A = [a;;] € C™" is the matrix
A = [@;]" e C™.
If A= A¥, then A is called Hermitian.

If a matrix A has real entries, then obviously A" = AT Thus, a real symmetric
matrix is also Hermitian. If A = [a;;] € C™" is Hermitian, then in particular a;; = a;;
fori =1,...,n,i.e., Hermitian matrices have real diagonal entries.

The Hermitian transposition satisfies similar rules as the (usual) transposition
(cp. Lemma 4.6).

Lemma 11.21 For A, A € C"™ B € C™! and \ € C the following assertions
hold:

(1) (A =

(2) (A+ A)” . AH 4 AH.
(3) MNAHT = XA,

(4) (AB)H = BH A",

Proof Exercise. O

Example 11.22 For A € C™" the map
s Cm xC > C, (v, w) > w Av,

is a sesquilinear form.

The matrix representation of a sesquilinear form is defined analogously to the
matrix representation of bilinear forms (cp. Definition 11.11).

Definition 11.23 Let V and W be C-vector spaces with bases By = {vy, ..., Up}
and B, = {wy, ..., w,}, respectively. If s is a sesquilinear form on ¥V x W, then

[s1g,x8, = [bij1 € C*™, b;j == s(v;, w;),

is called the matrix representation of s with respect to the bases B; and B;.

Example 11.24 If B, = {ei’"), ~.,emYand B, = {e(") ..., e} are the canonical
bases of C"! and C™!, respectively, and s is the sesquilinear form of Example 11.22
with A = [Cl,‘j] € (Cn,m’ then [S]leBz = [b,‘j] with
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by = (e, ") = () 4l = () Ae = a

and, hence, [s]p, x5, = A.
Exercises
(In the following exercises K is an arbitrary field.)

11.1. LetV be a finite dimensional K -vector space and v € V. Show that f(v) =0
forall f € V*if and only if v = 0.

11.2. Consider the basis B = {10, t — 1, t> — t} of the 3-dimensional vector space
R[#]<>. Compute the dual basis B* to B.

11.3. Let V be an n-dimensional K-vector space and let {v’lk e, v:} be a basis
of V*. Prove or disprove: There exists a unique basis {vy, ..., v,} of VV with
U;-k(Uj) = 6ij'

11.4. Let V be a finite dimensional K -vector space and let f, g € V* with f # 0.
Show that g = A\ f fora A € K \ {0} holds if and only if ker(f) = ker(g). Is
it possible to omit the assumption f 7# 0?

11.5. Let V be a K-vector space and let I/ be a subspace of V. The set

U= {f eV*| fu) =0 forall u € U}

is called the annihilator of U. Show the following assertions:
(a) U is a subspace of V*.
(b) For subspaces U, U, of V we have
U +U)° =UPNUL, U NU)° =UP + U2,
and if Uy C Uy, then U C UY.
(c) If Wis a K-vector space and f € L£(V, W), then ker(f*) = (im(f))°.

11.6. Prove Lemma 11.6 (2) and (3).
11.7. Let V and W be K -vector spaces. Show that the set of all bilinear forms on
V x W with the operations

+ B+ B, w) = Bi(v, w) + (v, w),
C (AP, w) =X B, w),

is a K-vector space.

11.8. Let V and W be K -vector spaces with bases {vy, ..., v,} and {wy, ..., w,}
and corresponding dual bases {v}, ..., v} and {w], ..., w}}, respectively.
Fori=1,...,mand j =1,...,nlet

Bij : VxW— K, (v,w)v/0w;(w).

(a) Show that (3;; is a bilinear form on V x W.
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11.9.

11.10.

11.11.

11.12.

11.13.

11.14.
11.15.
11.16.

11.17.

s(v,w) =

11.18.

(b) Show that the set {3;; |i = 1,...,m, j = 1,...,n}is a basis of the
K -vector space of bilinear forms on V x W (cp. Exercise 11.7) and
determine the dimension of this space.

Let V be the R-vector space of the continuous and real valued functions on

the real interval [«, 3]. Show that

B
B:VXVSR (fig) / FEg)dx,

is a symmetric bilinear form on V. Is § degenerate?

Show that the map 3 from (1) in Example 11.10 is a bilinear form, and show
that it is non-degenerate if and only if » = m and A € GL,(K).

Let V be a finite dimensional K -vector space. Show that V, V* is a dual pair
with respect to the bilinear form § from (3) in Example 11.10, i.e., that the
bilinear form 3 is non-degenerate.

Let V be a finite dimensional K-vector space and let/ € V and W C V*
be subspaces with dim(&/) = dim(J/) > 1. Prove or disprove: The spaces
U, W form a dual pair with respect to the bilinear form 5 : U x W — K,
(v, h) = h(v).

Let V and WV be finite dimensional K -vector spaces with the bases B; and
B, respectively, and let 3 be a bilinear form on V x W.

(a) Show that the following statements are equivalent:

(1) [BlB, xB, is not invertible.

(2) [ is degenerate in the second variable.

(3) [ is degenerate in the first variable.
(b) Conclude from (a): 3 is non-degenerate if and only if [3]g x5, 1S

invertible.

Prove Lemma 11.16.
Prove Lemma 11.13.
For a bilinear form 3 on a K-vector space V, the map ¢3 : V — K,
v > (v, v), is called the quadratic form induced by 3. Show the following
assertion:
If1+1 # 0in K and § is symmetric, then 5(v, w) = %(qﬁ(v—i—w) —qp(v)—
qp(w)) holds for all v, w € V.
Show that a sesquilinear form s on a C-vector space V satisfies the polariza-
tion identity

(s(v+w, v+w)—s(v—w, v—w)+is(v+iw, v+iw) —is(v —iw, v—iw))

-

forall v, w € V.
Consider the following maps from C>! x C*! to C:

(@) Bi(x,y) =3x1X1 + 301y, + X293 — X375,
(b) Ba(x, y) = X1y, + x2¥3 + X34,
(©) B3(x,y) = x1y2 + x2y3 + X3)1,
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11.19.
11.20.

11.21.

11.22.
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(d) Balx,y) =3x1y, + X1V, + X251 + 2ixpy3 — 2ix3y, + x33.

Which of these are bilinear forms or sesquilinear forms on C>!? Test whether
the bilinear form is symmetric or the sesquilinear form is Hermitian, and
derive the corresponding matrix representations with respect to the canonical
basis B; = {ey, e;, e3} and the basis B, = {e1, e; + ies, e; + ie3}.

Prove Lemma 11.21.

Let A € C"" be Hermitian. Show that

s ool x ot (v, w) —> w Av,

is a Hermitian sesquilinear form on C"!.

Let V be a finite dimensional C-vector space with the basis B, and let s be
a sesquilinear form on V. Show that s is Hermitian if and only if [s]zxp is
Hermitian.

Show the following assertions for A, B € C*":

(a) If A” = —A, then the eigenvalues of A are purely imaginary.
(b) If A" = —A, then trace(A?) < 0 and (trace(A4))> < 0.
(c) If A" = A and B" = B, then trace((AB)?) < trace(A?B?).
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