Chapter 10
Linear Maps

In this chapter we study maps between vector spaces that are compatible with the two
vector space operations, addition and scalar multiplication. These maps are called
linear maps or homomorphisms. We first investigate their most important properties
and then show that in the case of finite dimensional vector spaces every linear map
can be represented by a matrix, when bases in the respective spaces have been chosen.
If the bases are chosen in a clever way, then we can read off important properties of
a linear map from its matrix representation. This central idea will arise frequently in
later chapters.

10.1 Basic Definitions and Properties of Linear Maps

We start our investigations with the definition of linear maps between vector spaces.

Definition 10.1 Let )V and WV be K-vector spaces. A map f : V — W is called
linear, when

(1) f(Av) = A\f(v), and
2) flo+w)=f)+ f(w),

hold for all v, w € V and A € K. The set of all these maps is denoted by L(V, W).

A linear map f : V — W is also called a linear transformation or (vector space)
homomorphism. A bijective linear map is called an isomorphism. If there exists an
isomorphism between V' and W, then the spaces V and WV are called isomorphic,
which we denote by

y=w.

A map f € L(V,V) is called an endomorphism, and a bijective endomorphism is
called an automorphism.
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136 10 Linear Maps

It is an easy exercise to show that the conditions (1) and (2) in Definition 10.1
hold if and only if
FQ+ pw) =Af ) + pf(w)
holds for all \, u € K and v, w € V.
Example 10.2

(1) Every matrix A € K™™ defines a map
A K™ > K™ x> Ax.
This map is linear, since

A(\x) = Mx forallx € K™'and ) € K,
A(x +y) = Ax + Ay forallx,y € K™!

(cp. Lemmas 4.3 and 4.4).

(2) The map trace : K" — K, A = [a;;] > trace(A) := z:':l aj;, is linear (cp.
Exercise 8.8).

(3) The map

[ 1 Qltl<s — Qlt]<a, a3t3 + a2t2 + ot + oy 2a2t2 + 3ot + 4o,
is linear. (Show this as an exercise). The map
9:Qltls = Qltl<a, a3’ + oof” +ont +ag = aaf® + ant + ag,
is not linear. For example, if p;y =t + 2 and p, = ¢ + 1, then g(p; + p2) =
2t+9#2t+5=g(p) + 9(p2).
The set of linear maps between vector spaces forms a vector space itself.

Lemma 10.3 Let V and W be K -vector spaces. For f,g € LV, W) and A € K
define f +gand \ - f by

(f +90) = @) +g(v).
A ) = Af (),
forallv e V. Then (L(V, W), +, ) is a K -vector space.
Proof Cp. Exercise 9.4. O
The next result deals with the existence and uniqueness of linear maps.

Theorem 10.4 Let V and VY be K -vector spaces, let {v1, ..., v,} be a basis of V,
and let wy, ..., w, € W. Then there exists a unique linear map f € L(V, W) with
f) =w;fori=1,...,m.
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Proof For every v € V there exist (unique) coordinates A\, ..., AW with v =
> /\5”) v; (cp. Lemma 9.22). We define the map f : V — W by

m
f@) => N"w; forallveV.

i=l1

By definition, f(v;) = w; fori =1,...,m.
We next show that f is linear. For every A € K we have Av = > (A )\EU))U,',
and hence

FOW) =D AN =AD" A wi = Af (v).

i—1 i—1
Ifu=3", )\f")vi eV, thenv+u = Z:"zl()\;v) + )\f"))vi, and hence
fw+u) = Z(Af”) + A Nw; = Zkf”)wi + Z A% = f(v) + fu).
i—1 i—1 i—1

Thus, f € LV, W).
Suppose that g € L(V, W) also satisfies g(v;) = w; fori = 1, ..., m. Then for

every v = > A" v; we have

F@ = F( A 0) = 2N rw) = > A = DA g = g( 3N w) = g,
i=1 i=1 i=1 i=1 i=1

and hence f = g, so that f is indeed uniquely determined. O

Theorem 10.4 shows that the map f € L(V, W) is uniquely determined by the
images of f at the given basis vectors of V. Note that the image vectors wy, ..., w,, €
YV may be linearly dependent, and that V¥ may be infinite dimensional.

In Definition 2.12 we have introduced the image and pre-image of a map. We next
recall these definitions for completeness and introduce the kernel of a linear map.

Definition 10.5 If )V and W are K-vector spaces and f € L()V, W), then the kernel
and the image of f are defined by

ker(f):={veV| f(v)=0}, im(f):={f) |veV]
For w € W the pre-image of w in the space V is defined by
[Ty = lwh =pe V] f) =wh

The kernel of a linear map is sometimes called the null space (or nullspace) of
the map, and some authors use the notation null( f) instead of ker( f).
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Note that the pre-image f~'(w) is a set, and that f~! here does not mean the
inverse map of f (cp. Definition 2.12). In particular, we have f~!(0) = ker(f), and
if w ¢ im(f), then f~'(w) = @,

Example 10.6 For A € K™™ and the corresponding map A € L(K™!, K™!) from
(1) in Example 10.2 we have

ker(A) = {x € K™'|Ax =0} and im(A) = {Ax|x € K™!}.

Note that ker(4) = £ (A, 0) (cp. Definition 6.1). Let a; € K™ denote the jth
columnof A, j=1,...,m.Forx =[x,...,x.]" € K™ we then can write

m
Ax = E x;a;.
j=1

Clearly, 0 € ker(A). Moreover, we see from the representation of Ax that ker(A) =
{0} if and only if the columns of A are linearly independent. The set im(A) is given
by the linear combinations of the columns of A, i.e., im(A) = span{ay, ..., a,}.

Lemma 10.7 IfV and W are K -vector spaces, then for every f € LV, W) the
following assertions hold:

(1) f(0)=0and f(—v) =—f()forallvel.

(2) If f is an isomorphism, then f~' € LOV, V).

(3) ker(f) is a subspace of V and im(f) is a subspace of WW.

(4) f is surjective if and only if im(f) = W.

(5) f isinjective if and only if ker(f) = {0}.

(6) If f isinjective and if vy, ..., v, € V are linearly independent, then f(vi), ...,
f(vm) € W are linearly independent.

(7) Ifvy, ..., v, €V are linearly dependent, then f(v1),..., f(v,) € W are lin-
early dependent, or, equivalently, if f(vy),..., f(v,) € W are linearly inde-
pendent, then vy, ..., v, €V are linearly independent.

(8) Ifw € im(f) and ifu € f~'(w) is arbitrary, then

Flw) =u+ker(f) :={u+v|veker(f)}.

Proof

(1) We have f(0y) = f(Ok - 0y) = Ok - f(Op) =0y aswellas f(v) + f(—v) =
fw+ (—v))= f(O)=0forallv e V.

(2) The existence of the inverse map f~!' : W — Vis guaranteed by Theorem 2.20,
so we just have to show that f —1 is linear. If wy, wy € W, then there exist
uniquely determined vy, v, € V with w; = f(v;) and w, = f(v,). Hence,

F wi+w) = fFH () + f) = (f i +v) =v + v
= w) + T (wo).
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Moreover, for every A € K we have

T Ow) = I OFD) = FHF Q) = dvp = A fF T (w).

(3) and (4) are obvious from the corresponding definitions.

(5) Let f be injective and v € ker(f), i.e., f(v) = 0. From (1) we know that
f(0) = 0. Since f(v) = f(0), the injectivity of f yields v = 0. Suppose now
that ker(f) = {0} and letu, v € V with f(u) = f(v). Then f(u —v) =0, i.e.,
u — v € ker(f), which impliesu —v =0, i.e., u = v.

(6) Let > | \; f (v;) = 0. The linearity of f yields

f(i/\ivi) 0, ie, i/\ivi € ker(f).
i=1 i=1

Since f is injective, we have > /-, \;v; = 0 by (5), and hence \; = --- =
Am = 0 due to the linear independence of vy, ..., v,. Thus, f(v}), ..., f(vy)

are linearly independent.
(7) Ifvy, ..., vy, arelinearly dependent, then > /- | \;v; = Oforsome A, ..., A, €

K that are not all equal to zero. Applying f on both sides and using the linearity
yields D770, A f(v;) = 0, hence f(vi), ..., f(vy,) are linearly dependent.

(8) Letw € im(f) and u € f~'(w).
Ifve f~'(w), then f(v) = f(u),and thus f(v—u) =0,i.e.,v—u € ker(f)
or v € u + ker(f). This shows that f~'(w) € u + ker(f).
If, on the other hand, v € u+ker(f), then f(v) = f(u) = w,ie,v € f~ (w).
This shows that u + ker(f) € f’l(w). O

Example 10.8 Consider a matrix A € K™ and the corresponding map A €
L(K™', K™") from (1) in Example 10.2. For a given b € K™! we have A~ (b) =
ZL(A,b).Ifb ¢ im(A), then £ (A, b) = @ (case (1) in Corollary 6.6). Now suppose
that b € im(A) and let X € .Z(A, b) be arbitrary. Then (8) in Lemma 10.7 yields

ZL(A,b) =% +ker(A),
which is the assertion of Lemma 6.2. If ker(A) = {0}, i.e., the columns of A are
linearly independent, then | .Z (A, b)| = 1 (case (2)in Corollary 6.6). Ifker(A) # {0},

i.e., the columns of A are linearly dependent, then |.Z (A, b)| > 1 (case (3) in
Corollary 6.6). If {wy, ..., w¢} is a basis of ker(A), then

l
LA, b) = {55+Z)\,-w,» (A he K}.
i=1

Thus, the solutions of Ax = b depend of ¢ < m parameters.
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The following result, which gives an important dimension formula for linear maps,
is also known as the rank-nullity theorem: The dimension of the image of f is equal to
the rank of a matrix associated with f (cp. Theorem 10.22 below), and the dimension
of the kernel (or null space) of f is sometimes called the nullity' of f.

Theorem 10.9 Let V and W be K -vector spaces and let V be finite dimensional.
Then for every f € LV, W) we have the dimension formula

dim(V) = dim(im(f)) 4 dim(ker(f)).

Proof Let vy,...,v, € V. If f(v)),..., f(v,) € W are linearly independent,
then by (7) in Lemma 10.7 also vy, ..., v, are linearly independent, and thus
dim(im(f)) < dim(}). Since ker(f) < V, we have dim(ker(f)) < dim(}), so
that im( f) and ker( f) are both finite dimensional.

Let{wi,...,w,}and{vy, ..., vt} bebasesof im(f) and ker( f), respectively, and
letu; € f~'(wy),...,u, € f~'(w,). We will show that {uy, ..., u,,vi,..., v} is
a basis of V, which then implies the assertion.

If v € V, then by Lemma 9.22 there exist (unique) coordinates ji, ..., ft, €

K with f(v) = >0, wiw;. Let v := >7_, yyu;, then f(¥) = f(v), and hence
v — v € ker(f), which gives v — v = Zle Aiv; for some (unique) coordinates
A, ..., M\ € K. Therefore,

k r k
U=5+2/\,‘U,’=Z}Aiui+z)\iviv
i=1 i=1 i=1

and thus v € span{uy, ..., u,,vy,..., v} Since {uy, ..., uy, vy, ..., %} CV, we
have

V = span{uy, ..., u;, v1, ..., Ui},
and it remains to show that u, ..., u,, vy, ..., v; are linearly independent. If

r k
D i + D B =0,
i=1 i=1

then
r k r r
0= ) - f(z o + zﬁiv[) S ) = e
i=1 i=1 i=1 i=1
and thus a; = - - - = «, = 0, because wy, ..., w, are linearly independent. Finally,
the linear independence of vy, ..., vy implies that 5, = --- = 5 = 0. O

I'This term was introduced in 1884 by James Joseph Sylvester (1814—1897).
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Example 10.10

(1) For the linear map

(&% «
f . Q3’1 N Q2’1 O[; s |:1 0 l] a; . I:Oll +Ol3i|
' ’ 101 - ’

a; + a3
[0%] a3
we have
« 1
im(f)={[a] QEQ}, ker(f) = ay | |a, a0 €Q
—ay

Hence dim(im(f)) = 1 and dim(ker(f)) = 2, so that indeed dim(im(f)) +
dim(ker(f)) = dim(Q>").
(2) IfAe K™ and A € L(K™', K™') are as in (1) in Example 10.2, then

m = dim(K™") = dim(ker(A)) + dim(im(A)).

Thus, dim(im(A)) = m if and only if dim(ker(A)) = 0. This holds if and only if
ker(A) = {0}, i.e., if and only if the columns of A are linearly independent (cp.
Example 10.6). If, on the other hand, dim(im(A)) < m, then dim(ker(A)) =
m — dim(im(A)) > 0, and thus ker(A) # {0}. In this case the columns of A
are linearly dependent, since there exists an x € K™\ {0} with Ax = 0.

Corollary 10.11 IfV and VW are K-vector spaces with dim(V) = dim()V) € N
and if f € LV, W), then the following statements are equivalent:

(1) f isinjective.
(2) f is surjective.
(3) f is bijective.

Proof 1f (3) holds, then (1) and (2) hold by definition. We now show that (3) is
implied by (1) as well as by (2).

If f is injective, then ker(f) = {0} (cp. (5) in Lemma 10.7) and the dimension
formula of Theorem 10.9 yields dim(WV) = dim(V) = dim(im(f)). Thus, im(f) =
W (cp. Lemma 9.27), so that f is also surjective.

If f is surjective, i.e., im(f) = W, then the dimension formula and dim(W) =
dim (V) yield

dim(ker(f)) = dim(V) — dim(im(f)) = dim(W) — dim(im(f)) = 0.
Thus, ker(f) = {0}, so that f is also injective. O

Using Theorem 10.9 we can also characterize when two finite dimensional vector
spaces are isomorphic.
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Corollary 10.12 Tiwo finite dimensional K -vector spaces V and WV are isomorphic
if and only if dim(V) = dim(WV).

Proof If V = W, then there exists a bijective map f € L(V, W). By (4) and (5) in
Lemma 10.7 we have im(f) = W and ker(f) = {0}, and the dimension formula of
Theorem 10.9 yields

dim(V) = dim(@im(f)) + dim(ker(f)) = dim(W) + dim({0}) = dim(W).

Let now dim()) = dim()V). We need to show that there exists a bijective f €
LV, W).Let{vy,...,v,}and {wy, ..., w,} bebases of Vand WW. By Theorem 10.4
there exists a unique f € L(V, W) with f(v;)) = w;,i = 1,...,n. Ifv = A\jv; +
..+ A\, € ker(f), then

0=f@ = fv+...+v) = A fw)+...+ A f(vn)
=\w; +...+\w,.

Since wy, ..., w, are linearly independent, wehave \; = - = A, = 0,hencev =0
and ker(f) = {0}. Thus, f is injective. Moreover, the dimension formula yields
dim(V) = dim(im(f)) = dim(W) and, therefore, im(f) = W (cp. Lemma 9.27),
so that f is also surjective. O

Example 10.13

(1) The vector spaces K" and K" " both have the dimension n-m and are therefore
isomorphic. An isomorphism is given by the linear map A > AT

(2) The R-vector spaces R1? and C = {x +1iy | x, y € R} both have the dimen-
sion 2 and are therefore isomorphic. An isomorphism is given by the linear map
[x, y] — x +1iy.

(3) The vector spaces Q[¢]<> and Q"* both have dimension 3 and are therefore
isomorphic. An isomorphism is given by the linear map at> + oyt + o
[az, ap, ap].

Although Mathematics is a formal and exact science, where smallest details mat-
ter, one sometimes uses an “abuse of notation” in order to simplify the presentation.
We have used this for example in the inductive existence proof of the echelon form
in Theorem 5.2. There we kept, for simplicity, the indices of the larger matrix AV in

the smaller matrix A® = [ai(jz) ]. The matrix A® had, of course, an entry in position

(1, 1), but this entry was denoted by ag) rather than aﬁ). Keeping the indices in the
induction made the argument much less technical, while the proof itself remained
formally correct.

An abuse of notation should always be justified and should not be confused with
a “misuse” of notation. In the field of Linear Algebra a justification is often given
by an isomorphism that identifies vector spaces with each other. For example, the
constant polynomials over a field K, i.e., polynomials of the form ar® with o € K,
are often written simply as «, i.e., as elements of the field itself. This is justified since


http://dx.doi.org/10.1007/978-3-319-24346-7_9
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K[t]<o and K are isomorphic K-vector spaces (of dimension 1). We already used
this identification above. Similarly, we have identified the vector space V) with V! and
written just v instead of (v) in Sect. 9.3. Another common example in the literature
is the notation K" that in our text denotes the set of n-tuples with elements from
K, but which is often used for the (matrix) sets of the “column vectors” K™! or the
“row vectors” K. The actual meaning then should be clear from the context. An
attentive reader can significantly benefit from the simplifications due to such abuses
of notation.

10.2 Linear Maps and Matrices

Let V and W be finite dimensional K -vector spaces with bases {vy, ..., v,} and
{wr, ..., wy},respectively, andlet f € £(V, W).ByLemma9.22, forevery f(v;) €
W, j =1,...,m,there exist (unique) coordinates ¢;; € K,i =1, ...,n, with

f(Uj) =ajjwi =+ ... —{—a,ljwn.

We define A := [a;;] € K™ and write, similarly to (9.3), the m equations for the
vectors f(v;) as

(fD, .oy fom) = (i, ..., wp)A. (10.1)

The matrix A is determined uniquely by f and the given bases of )V and W.
Ifv=MANvi+...+\,v, €V, then

f) = fqvi 4o+ X0 = M f@) 4o+ N f (o)

Al

=(f (1), ..., f(vm))
Am

Al

= ((wi,...,wy) A) | :
Am

Al

=(wy,...,wy) |A] :
Am

The coordinates of f(v) with respect to the given basis of WV are therefore given by

Al
Al
Am


http://dx.doi.org/10.1007/978-3-319-24346-7_9
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Thus, we can compute the coordinates of f (v) simply by multiplying the coordinates
of v with A. This motivates the following definition.

Definition 10.14 The uniquely determined matrix in (10.1) is called the matrix rep-
resentation of f € L(V, V) with respect to the bases By = {vy, ..., v,} of V and
By = {w, ..., w,} of W. We denote this matrix by [ 15, 5,-

The construction of the matrix representation and Definition 10.14 can be consis-
tently extended to the case that (at least) one of the K-vector spaces has dimension
zero. If, for instance, m = dim(V) € N and W = {0}, then f(v;) = O for every
basis vector v; of V. Thus, every vector f(v;) is an empty linear combination of
vector of the basis @ of Y. The matrix representation of f then is an empty matrix
of size 0 x m. If also V = {0}, then the matrix representation of f is an empty matrix
of size 0 x 0.

There are many different notations for the matrix representation of linear maps in
the literature. The notation should reflect that the matrix depends on the linear map
f and the given bases B; and B,. Examples of alternative notations are [ f ]g; and
M(f)B,.B, (Where “M” means “matrix”).

An important special case is obtained for VV = VW, hence in particular m = n, and
f = 1dy, the identity on V. We then obtain

(U],...,Un) = (w15"'7wl‘l)[IdV]B],Bg5 (10'2)

so that [Idy]p, B, is exactly the matrix P in (9.4), i.e., the coordinate transformation
matrix in Theorem 9.25. On the other hand,

(wl’ M) wl‘l) = (Ul’ M) Un) [Idv]Bz,Bl7

and thus

(1dy1s, 5) " = [1dyls, 5

Example 10.15

(1) Consider the vector space Q[#]<; with the bases B; = {1,t} and B, = {t +
1,t — 1}. Then the linear map

f:Qltl<r — Qltl<t,  art +ap = 201t + ay,
has the matrix representations
1 31
10 7 1 53
arw? =[O 2], (18,8, = [_j 1}, (18,8, = [j ;]
2 22

(2) For the vector space K [t]<, with the basis B = {2, ¢', ..., ¢"} and the linear
map
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i Ktl<n = K[t]<n,

A" a1 "N dattag > ot ot H L F it 4 ay,
we have f(+/) ="/ for j =0,1,...,n, so that

1
[flgs = e Kttt
1

Thus, [ f]p,p is a permutation matrix.

Theorem 10.16 Let V and VW be finite dimensional K -vector spaces with bases
By ={vy,...,v,}and By = {wy, ..., w,}, respectively. Then the map

‘C(Vv W) - Kn,ms f = [f]Bl,st

is an isomorphism. Hence L(V, W) = K™ and dim(L(V, W)) = dim(K"") =

n-nm.

Proof In this proof we denote the map f +— [f]p, B, by mat, i.e., mat(f) =
[ f18,.8,- We first show that this map is linear. Let f, g € LV, W), mat(f) = [ fi;]
and mat(g) = [g;;]. For j =1, ..., m we have

(f+ @) = F@)+90) =D fywi + D gwi = D (fyj + gi)wi,
i=1 i=1 i=1

and thus mat(f + g) = [fi; + gij] = [fij] + lgij] = mat(f) + mat(g). For A € K
and j =1, ..., m we have

AN =) =D fiywi = > (A fipwi,
i=1

i=1

and thus mat(A f) = [Afi;] = A[fi;] = Amat(f).

It remains to show that mat is bijective. If f € ker(mat),i.e., mat(f) =0 € K™"™,
then f(v;) =O0for j =1,...,m. Thus, f(v) = Oforallv € V, so that f =0
(the zero map) and mat is injective (cp. (5) in Lemma 10.7). If, on the other hand,
A = [a;;] € K™ is arbitrary, we define the linear map f : V — W via f(v;) :=
>_jaijwi, j =1,...,m (cp. the proof of Theorem 10.4). Then mat(f) = A and
hence mat is also surjective (cp. (4) in Lemma 10.7).

Corollary 10.12 now shows that dim(L(V, W)) = dim(K"™"™) = n - m (cp. also
Example 9.20). O
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Theorem 10.16 shows, in particular, that f, g € L(V, W) satisfy f = g if and
only if [ f1g, B, = [¢ls,.5, holds for given bases B; of V and B, of V. Thus, we can
prove the equality of linear maps via the equality of their matrix representations.

We now consider the map from the elements of a finite dimensional vector space
to their coordinates with respect to a given basis.

Lemma 10.17 If B = {vy, ..., v,} is a basis of a K-vector space V, then the map

Al
G Vo> K", v=MNvit.. o )= |,
An

is an isomorphism, called the coordinate map of V with respect to the basis B.

Proof The linearity of @5 is clear. Moreover, we obviously have ®5(V) = K nl

i.e., ®p is surjective. If v € ker(®p),ie., \y =--- = A\, =0, then v = 0, so that
ker(®p) = {0} and Py is also injective (cp. (5) in Lemma 10.7). m|
Example 10.18 In the vector space K [t]<, with the basis B = {0, ¢!, ..., ") we
have

Qg

«
q)B(Oéntn+Oén_1tn71+...+041t+010): .1 GKnJrl.

Qy
On the other hand, the basis B = {¢", """, ..., 1%} yields
Qy
n n—1 Op—1 n+1
Ppant" +ap "'+t + o) = c K",
)

If By and B, are bases of the finite dimensional vector spaces V and W, respec-
tively, then we can illustrate the meaning and the construction of the matrix repre-
sentation [ f]p, 5, of f € L(V, W) in the following commutative diagram:

f

chll

o5
Km’l[f]Bl,Bz

_ Kn,l

We see that different compositions of maps yield the same result. In particular, we
have
f = @5 olf1s.60 s, (10.3)
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where the matrix [ f]5, 5, € K™ is interpreted as a linear map from K m1to K™,
and we use that the coordinate map @ p, is bijective and hence invertible. In the same
way we obtain

q)Bz o f = [f]B],Bz o CDBI,

ie.,
g, (f(v) =[f1p,.8,Pp (v) forallve V. (10.4)

In words, the coordinates of f(v) with respect to the basis B, of W are given by the
product of [ f], s, and the coordinates of v with respect to the basis B; of V.

We next show that the consecutive application of linear maps corresponds to the
multiplication of their matrix representations.

Theorem 10.19 Let V, W and X be K -vector spaces. If f € LV, W) and g €
LV, X), then go [ € LV, X). Moreover, if V, W and X are finite dimensional
with respective bases By, B, and Bs, then

[go f]Bl,33 = [9]32,33 [f]Blsz'

Proof Leth := go f. We show first that h € L(V, X). Foru,v € Vand \, u € K
we have

h(u + pv) = g(f Au + pv)) = g\ f ) + pf (v))
= Ag(f () + pg(f () = M(u) + ph(v).

Now let By = {vi,...,vy}, Bo = {w,...,w,} and By = {x,...,x}. If
[f1B,.8, = [fij] and [g]p, B, = [gi], thenfor j =1, ..., m we have

h(v;) = g(f () = g(z fkjwk) = Z Srjglwy) = Z Jij Zgikxi
k=1 k=1 k=1 i=1

s n s n
= Z(Z fkjgik) X = Z( gikfkj) Xi.
i=1 \k=1 i=1 \k=1
= h,’j

Thus, [h]p, B, = [hij] = [gi;;11fij] = [9]B,.B, [f]1B,.B,- ]

Using this theorem we can study how a change of the bases affects the matrix
representation of a linear map.



148 10 Linear Maps

Corollary 10.20 Let V and W be finite dimensional K-vector spaces with bases
By, By of Vand By, By of W. If f € L(V, W), then

[f1,.8, = Udwlg, 5,[f15, 5 Idv]p, 5, - (10.5)
In particular, the matrices [ f1p, s, and [ 15, 5, are equivalent.

Proof Applying Theorem 10.19 twice to the identity f = Idyy o f o Idy yields

[f1B,.8, = [Idw o f) o Idy]3, 3,
= [Idw o flg, 5, Hdvlg, 5
= [ldwlg, 5, [f15, 5 Udvlg, 5 -

The matrices [ f]s,,5, and [ f]5, 7, are equivalent, since both [Idyy 5, g, and [Idy]g, 7,
are invertible. O

IfV =W, B; = By, and B = B,, then (10.5) becomes
[f1p,.5, = Hdv1z, 5 [f15, 5 1dV]15 5 = [(1dvlg 5) " [f15,5 1dv]s, 5,-
Thus, the matrix representations [ f]g, 5, and [f]z, 5, of the endomorphism f €

LV, V) are similar (cp. Definition 8.11).
The following commutative diagram illustrates Corollary 10.20:

[f]Bl,Bz

m,1 Kn,l (10.6)
‘\"Bl q>3/4
s, 5y | v—Low o |1WIE
/15, 5
Km,l f Bi.By Kn,l

Analogously to (10.3) we have
f =5 olfls.p o Pp = q>§2‘ o [f15.5 o @5,

Example 10.21 For the following bases of the vector space Q*2,

w={[oa][oo)- o) [o2]]
= ([0 Lov)-Lool- o))
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we have the coordinate transformation matrices

0 00 1
1-10-1
[Idy]p,.8, = 0 10 0
0 01 O
and
1110
_ 0010
[dvls,.s = [Mdvls.s)" = | 5001
1000
The coordinate maps are
ang an
ay a ay —ap —a
®y ([an (1]2]) _ |2 . D, ([ 11 12]) _ | au 12 2|
azy az azg ar) ax apz
ay as)

and one can easily verify that

ap ap _ apy apr
Dp, (|:a21 azz]) = ([Idy]s, 8, o Pp,) (|:a21 azz]) .

Theorem 10.22 LetV and W be K -vector spaces withdim(V) = m and dim(W) =
n, respectively. Then there exist bases By of V and B, of W such that

[rO n,m
[f1B.8, = |:001|6K ,

where 0 < r = dim(im(f)) < min{n, m}. Furthermore, r = rank(F), where F is
the matrix representation of f with respect to arbitrary bases of V and W, and we
define rank (f) := rank(F) = dim(@im( f)).

Proof Let B, = {?),...,0,}and B, = {W,, ..., ,} be two arbitrary bases of V
and W, respectively. Let r := rank([f]z, 5,). Then by Theorem 5.11 there exist
invertible matrices Q € K™" and Z € K™ with

1.0
Olfl5Z= [0 0] , (10.7)
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where r = rank([f]5 5,) < min{n, m}. Let us introduce two new bases By =
{vi,...,vy}and B, = {wy, ..., w,}of Vand W via

(Ula e Um) = (Elv 76111)2’

(Wi, .., wy) = (wls cees wn)Q_l’ hence (wlv ce W) = (wr, ..., w,) 0.
Then, by construction,
Z =[ldylg, 5. Q=I[dwlg,s,-

From (10.7) and Corollary 10.20 we obtain

I:Io' 8] = [IdW]Ez,Bz [f]glgz [Idv]qugl = [f]B],Bz-

We thus have found bases B, and B, that yield the desired matrix representation
of f.Every other choice of bases leads, by Corollary 10.20, to an equivalent matrix
which therefore also has rank 7. It remains to show that r = dim(@im( f)).

The structure of the matrix [ f]p, 5, shows that

w;, 1<j=<r,
V)=
Fp) [0, r+l<j<m.
Therefore, v,1, ..., v, € ker(f), which implies that dim(ker(f)) > m —r. On the

other hand, wy, ..., w; € im(f) and thus dim(im(f)) > r. Theorem 10.9 yields
dim(V) = m = dim(im(f)) + dim(ker(f)),

and hence dim(ker(f)) = m — r and dim(im( f)) =r. O

Example 10.23 For A € K™ and the corresponding map A € £(K™!, K™!) from
(1) in Examples 10.2 and 10.6, we have im(A) = span{ay, ..., a,}. Thus, rank(A)
is equal to the number of linearly independent columns of A. Since rank(A) =
rank(AT) (cp. (4) in Theorem 5.11), this number is equal to the number of linearly
independent rows of A.

Theorem 10.22 is a first example of a general strategy that we will use several
times in the following chapters:

By choosing appropriate bases, the matrix representation should reveal a desired
information about a linear map in an efficient way.

In Theorem 10.22 this information is the rank of the linear map f, i.e., the dimen-
sion of its image.

The dimension formula for linear maps can be generalized to the composition of
maps as follows.
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Theorem 10.24 If V, W and X are finite dimensional K-vector spaces,
fe LW ,Wyandg e LOW, X), then

dim(im(g o f)) = dim(im(f)) — dim(im(f) N ker(g)).
Proof Let g := glim(y) be the restriction of g to the image of f, i.e., the map
g € L>Gm(f), X), v g(v).
Applying Theorem 10.9 to g yields

dim(@im(f)) = dim(im(g)) + dim(ker(3)).

Now
im(g) = {g(v) € X'|v € im(f)} =im(go [)
and
ker(g) = {v € im(f) [ g(v) = 0} = im(f) Nker(g),
imply the assertion. o

Note that Theorem 10.22 with V = W, f = Idy, and g € LV, X) gives
dim(im(g)) = dim(}) — dim(ker(g), which is equivalent to Theorem 10.9.

If we interpret matrices A € K™ and B € K*" as linear maps, then Theo-
rem 10.24 implies the equation

rank(BA) = rank(A) — dim(im(A) N ker(B)).
For the special case K = R and B = AT we have the following result.
Corollary 10.25 If A € R™™, then rank(AT A) = rank(A).
Proof Let w = [wi,...,w,]" € im(A) Nker(AT). Then w = Ay for a vector

y € R™! Multiplying this equation from the left by A7, and using that w € ker(AT),
we obtain 0 = ATw = AT Ay, which implies

n
0=yTATAy =wTw = Zw?
j=1

Since this holds only for w = 0, we have im(A) Nker(A”T) = {0}. O
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Exercises

(In the following exercises K is an arbitrary field.)

201
10.1 Consider the linear map on R*! given by the matrix A = |2 10| € R*3.
411
Determine ker(A), dim(ker(A)) and dim(im(A)).
10.2 Construct a map f € L(V, W) such that for linearly independent vectors

vy, ...,V € Vtheimages f(vy),..., f(v,) € W are linearly dependent.
10.3 The map

f : R[I]gn - R[Z]gn—ls

ant" + an_ 1" "+t ot +ap = napt™ '+ (= Doy "2

+...+2a2t+a1,

is called the derivative of the polynomial p € R[¢], with respect to the
variable ¢. Show that f is linear and determine ker( f) and im(f).

1 0 0 1 0
10.4 For the bases B; = ol,[{11],]0 of R*>! and B, = ,
0 0 1 0 !

of R>!, let f € L@R>! R%>!) have the matrix representation [ f1p, 5, =
0 23
1-20)

(a) Determine [f]z, 5, for the bases §1 = 1{,{0], 2 of

o= ([, 2] o

(b) Determine the coordinates of f([4, 1, 3]7) with respect to the basis B>.
10.5 Construct amap f € L(K[t], K[t]) with the following properties:

(D fpg) = (f(p)g + p(f(g)) forall p,q € K[t].
2 f@) =1

Is this map uniquely determined by these properties or are there further maps
with the same properties?
10.6 Let« € K and A € K™". Show that the maps

K[t] - K, pr p(a), and K[t]— K™", pr p(A),
are linear and justify the name evaluation homomorphism for this map.

10.7 Let S € GL,(K). Show that the map f : K" — K™ A+ S™'ASisan
isomorphism.
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10.8

10.9

10.10

10.11

10.12

Let K be a field with 1 + 1 # 0 and let A € K™". Consider the map
f: K" - K, x— x"Ax.

Is f alinear map? Show that f = 0 if and only if A + AT = 0.
Let V be a Q-vector space with the basis By = {vy,...,v,} and let f €
LV, V) be defined by

f(v‘)_[vj+vj+1, j=1,...,n—1,
)=

v+ v, Jj=n.

(a) Determine [ f]p, p,-

(b) Let B, = {wy, ..., w,} with w; = jv,,+1_j, j =1,...,n. Show that
B, is a basis of V. Determine the coordinate transformation matrices
[Idy]s, .8, and [Idy]s, p,, as well as the matrix representations [ f]g, s,

and [f]quBz-

Can you extend Theorem 10.19 consistently to the case YW = {0}? What are
the properties of the matrices [¢g o f1p,.5,, [9]B,.5, and [ f15,.8,?
Consider the map

f : R[I]fn - ]R[t]flﬁ-la

t”+1

ant" + otV ot +ap > ay,

n+1

1 n 1 2
+ —au_t" + ...+ —aqt” + apt.
n 2

(a) Show that f is linear. Determine ker( f) and im(f).
(b) Choose bases Bj, B, in the two vector spaces and verify that for your
choice rank ([ f1g,.5,) = dim(im( f)) holds.

Letay, ..., a, € R,n > 2,be pairwise distinct numbers and let n polynomials
in R[7] be defined by

n

p =11

k=1
ki

(t—Oék)), j=1,...,n.

Ak

(a) Show that the set B ={py, ..., p,} is a basis of R[t]<,_;. (This basis is
called the Lagrange basis® of R[t]<,_1.)
(b) Show that the corresponding coordinate map is given by

2Joseph-Louis de Lagrange (1736-1813).
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plar)
®p : R[t]<py — R™, prs

play)
(Hint: You can use Exercise 7.8 (b).)

10.13 Verify different paths in the commutative diagram (10.6) for the vector spaces
and bases of Example 10.21 and linear map f : Q*? — Q>2, A > FA with

[ 1]
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