Chapter 15
Polynomials and the Fundamental Theorem
of Algebra

In this chapter we discuss polynomials in more detail. We consider the division
of polynomials and derive classical results from polynomial algebra, including the
factorization into irreducible factors. We also prove the Fundamental Theorem of
Algebra, which states that every non-constant polynomial over the complex num-
bers has a least one complex root. This implies that every complex matrix and every
endomorphism on a (finite dimensional) complex vector space has at least one eigen-
value.

15.1 Polynomials

Let us recall some of the most important terms in the context of polynomials. If K
is a field, then

p=ay+ait+...+a," with n e Ny and ap, ay,...a, € K

is apolynomial over K in the variable ¢. The set K [¢] of all these polynomials forms a
commutative ring with unit (cp. Example 3.17). If ay, 7 0, then deg(p) = n is called
the degree of p. If o, = 1, then p is called monic. If p = 0, then deg(p) := —o0,
and if deg(p) < 1, then p is called constant.

Lemma 15.1 For two polynomials p, q € K|[t] the following assertions hold:

(1) deg(p + q) < max{deg(p), deg(q)}.
(2) deg(p - q) = deg(p) + deg(q).

Proof Exercise. O

We now introduce some concepts associated with the division of polynomials.
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Definition 15.2 Let K be a field.

(1) If for two polynomials p,s € K[t] there exists a polynomial g € K[t] with
p = s -q,then s is called a divisor of p and we write s|p (read this as “s divides
P’

(2) Two polynomials p,s € K][t] are called coprime, if gq|p and g|s for some
q € K[t] always imply that ¢ is constant.

(3) A non-constant polynomial p € K|[t]is called irreducible (over K),if p =5 -¢q
for two polynomials s, ¢ € K[¢] implies that s or ¢ are constant. If there exist
two non-constant polynomials s, g € K|[¢] with p = s - ¢, then p is called
reducible (over K).

Note that the property of irreducibility is only defined for polynomials of degree
at least 1. A polynomial of degree 1 is always irreducible. Whether a polynomial of
degree at least 2 is irreducible may depend on the underlying field.

Example 15.3 The polynomial 2 — > € Q[¢] is irreducible, but the factorization
2-12=(V2—1)- (V2+1)

shows that 2 — 2 € R[¢] is reducible. The polynomial 1 + t? € R[t] is irreducible,
but using the imaginary unit i we have

1+ =(—i+0) @1+,
so that 1 + 72 € C[r] is reducible.

The next result concerns the division with remainder of polynomials.

Theorem 15.4 If p € K[t] and s € K|[t]\ {0}, then there exist uniquely defined
polynomials q,r € K|[t] with

p=s-q-+r and deg(r) < deg(s). (15.1)

Proof We show first the existence of polynomials ¢, r € K[t] such that (15.1) holds.

If deg(s) = 0, then s = sy foran sy € K \ {0} and (15.1) follows with g := so_l -p
and r := 0, where deg(r) < deg(s).

We now assume that deg(s) > 1. If deg(p) < deg(s), then we set g := 0 and
r:= p. Then p = s - g + r with deg(r) < deg(s).

Let n := deg(p) > m := deg(s) > 1. We prove (15.1) by induction on n. If
n =1,thenm = 1. Hence p = p; -t + po with p; % Oand s = s; - t + sp with
s1 # 0. Therefore,

p=s-q+r for q:=pis;'. r:=po—pis;'so.

where deg(r) < deg(s).
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Suppose that the assertion holds for an n > 1. Let two polynomials p and s with
n+ 1 = deg(p) > deg(s) = m be given, and let p,+(# 0) and s,,(# 0) be the
highest coefficients of p and s. If

hi=p—pups,'s- "7 e K1),
then deg(h) < deg(p) = n + 1. By the induction hypothesis there exist polynomials
q,r € K[t] with

h=s-qg+r and deg(r) < deg(s).

It then follows that

p=s-q+r with q: =g+ p,s, ' ",

where deg(r) < deg(s).

It remains to show the uniqueness. Suppose that (15.1) holds and that there exist
polynomials ¢, 7 € K[t] with p = s - ¢ +7 and deg(7) < deg(s). Then

r—=r=s5-G—-q.
If7—r # 0, then g — g # 0 and thus
deg(r —7) = deg(s - (7 — 9)) = deg(s) + deg(q — q) > deg(s).
On the other hand, we also have
deg(r —7) < max{deg(r), deg(r)} < deg(s).

This is a contradiction, which shows that indeed r =7 and ¢ = q. O

This theorem has some important consequences for the roots of polynomials. The
first of these is known as the Theorem of Ruffini.'

Corollary 15.5 If A\ € K is a root of p € K[t], i.e., p(\) = 0, then there exists a
uniquely determined polynomial g € K[t]with p = (t — )) - q.

Proof When we apply Theorem 15.4 to the polynomials p and s =t — A # 0, then
we get uniquely determined polynomials ¢ and » with deg(r) < deg(s) = 1 and

p=@Gt—=XN-qg+r.
The polynomial r is constant and evaluating it at A gives

0=pN)=A=X-qN)+r(N) =r),

I'Paolo Ruffini (1765-1822).
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which yields r =0and p = (t — \) - gq. O

If a polynomial p € K[¢] has at least degree 2 and a root A € K, then the linear
factor ¢+ — A is a divisor of p and, in particular, p is reducible. The converse of this
statement does not hold. For instance the polynomial 4 —41>+t* = (2—1?)-(2—1?) €
Q[¢] is reducible, but it does not have a root in Q.

Corollary 15.5 motivates the following definition.

Definition 15.6 If A € K is aroot of p € K|[¢] \ {0}, then its multiplicity is the
uniquely determined nonnegative integer m, such that p = (+ — \)" - ¢ for a poly-
nomial g € K[t] with g(\) # 0.

Recursive application of Corollary 15.5 to a given polynomial p € K[¢] leads to
the following result.

Corollary 15.7 If A\ ..., M\ € K are pairwise distinct roots of p € K[t]\ {0} with
the corresponding multiplicities my, . .., my, then there exists a unique polynomial
q € K|[t] with

p=@—=A)" (=)™ ¢

and q(\j) # 0 for j =1, ..., k. In particular, the sum of the multiplicities of all
pairwise distinct roots of p is at most deg(p).

The next result is known as the Lemma of Bézout.>

Lemma 15.8 If p,s € K[t]\ {0} are coprime, then there exist polynomials q1, q» €
K [t] with
P-qi+s-q=1

Proof We may assume without loss of generality that deg(p) > deg(s) (= 0), and
we proceed by induction on deg(s).
If deg(s) = 0, then s = sp for an 59 € K \ {0}, and thus

p-qi+s-g=1 with g :=0, q2:=s0_1.

Suppose that the assertion holds for all polynomials p,s € K[¢] \ {0} with
deg(s) = nforann > 0. Let p,s € K[¢]\ {0} with deg(p) > deg(s) =n + 1 be
given. By Theorem 15.4 there exist polynomials ¢ and r with

p=s-q+r and deg(r) < deg(s).

Here we have r # 0, since by assumption p and s are coprime.

Suppose that there exists a non-constant polynomial & € K[¢] that divides both
s and r. Then & also divides p, in contradiction to the assumption that p and s are
coprime. Thus, the polynomials s and r are coprime. Since deg(r) < deg(s), we can

2Etienne Bézout (1730-1783).
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apply the induction hypothesis to the polynomials s, € K|[¢]\ {0}. Hence there
exist polynomials g1, g, € K[t] with

s-qitr-q=1
Fromr = p — s - ¢ we then get
l=s-qi+(p—s5-9) - @2=p-@+5-(G1—q-q),
which completes the proof. O

Using the Lemma of Bézout we can easily prove the following result.

Lemma 15.9 If p € K|[t] is irreducible and a divisor of the product s - h of two
polynomials s, h € K[t], then p divides at least one of the factors, i.e., p|s or p|h.

Proof If s = 0, then p|s, because every polynomial is a divisor of the zero polyno-
mial.

If s # 0 and p is not a divisor of s, then p and s are coprime, since p is irreducible.
By Lemma 15.8 there exist polynomials g;, g» € K[t]with p-q; +5 -9 = 1, and
hence

h=h-1=(q-h)-p+qz-(s-h).

The polynomial p divides both terms on the right hand side, and thus also p|h. O

By recursive application of Lemma 15.9 we obtain the Euclidean theorem, which
describes a prime factor decomposition in the ring of polynomials.

Theorem 15.10 Every polynomial p = oy + oyt + ... + a,t" € K[t]\ {0} has a
unique (up to the ordering of the factors) decomposition

pP=K-P1---." Pk

with p € K and monic irreducible polynomials py, ..., px € K[t].

Proof If deg(p) = 0, and thus p = o, then the assertion holds with k = 0 and
n = Q.

Let deg(p) > 1.If p is irreducible, then the assertion holds with p; = p~'p
and p = . If p is reducible, then p = p; - p, for two non-constant polynomials
p1 and p,. These are either irreducible, or we can decompose them further. Every
multiplicative decomposition of p thatis obtained in this way has at mostdeg(p) = n
non-constant factors. Suppose that

P=p-pre o pk=0-q ... q (15.2)

for some k, ¢, where 1 < £ < k < n, u,3 € K, as well as monic irreducible
polynomials p1, ..., px,qi1,...,q¢ € K[t]. Then p;|p and hence p;|q; for some j.
Since the polynomials p; and ¢g; are irreducible, we must have p; = g;.
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We may assume without loss of generality that j = 1 and cancel the polynomial
p1 = qi in the identity (15.2), which gives

Bep2eo pe=0B-q2 ... qe.
Proceeding analogously for the polynomials p,, ..., px, we finally obtain k = £,
p=pand p; =g;forj=1,... k. m]

15.2 The Fundamental Theorem of Algebra

We have seen above that the existence of roots of a polynomial depends on the
field over which it is considered. The field C is special in this sense, since here the
Fundamental Theorem of Algebra® guarantees that every non-constant polynomial
has a root. In order to use this theorem in our context, we first present an equivalent
formulation in the language of Linear Algebra.

Theorem 15.11 The following statements are equivalent:

(1) Every non-constant polynomial p € C[t] has a root in C.
(2) If V # {0} is a finite dimensional C-vector space, then every endomorphism
f € LWV,V) has an eigenvector.

Proof

(1) = (2): If V # {0} and f € L(V, V), then the characteristic polynomial Py €
Cl¢] is non-constant, since deg(P;) = dim(V) > 0. Thus, P, has a root in C,
which is an eigenvalue of f, so that f indeed has an eigenvector.

(2) = (I): Let p = g + aqt + ... + a,,t" € C[¢] be a non-constant polynomial
with a,, # 0. The roots of p are equal to the roots of the monic polynomial
P :=a,'p.Let A € C"" be the companion matrix of p, then Py = p (cp.
Lemma 8.4).

If V is an n-dimensional C-vector space and B is an arbitrary basis of V), then
there exists a uniquely determined f € £(V, V) with [f1z 5 = A (cp. Theo-
rem 10.16). By assumption, f has an eigenvector and hence also an eigenvalue,
so that p = P, has a root. O

The Fundamental Theorem of Algebra cannot be proven without tools from Analy-
sis. In particular, one needs that polynomials are continuous. We will use the follow-
ing standard result, which is based on the continuity of polynomials.

Lemma 15.12 Every polynomial p € R[t] with odd degree has a (real) root.

3Numerous proofs of this important result exist. Carl Friedrich Gauf (1777-1855) alone gave four
different proofs, starting with the one in his dissertation from 1799, which contained however a
gap. The history of this result is described in detail in the book [Ebb91].
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Proof Let the highest coefficient of p be positive. Then

lim p(t) = +o0, lim p(t) = —o0.

1—00 t——00

Since the real function p(¢) is continuous, the Intermediate Value Theorem from
Analysis implies the existence of a root of p. The argument in the case of a negative
leading coefficient is analogous. O

Our proof of the Fundamental Theorem of Algebra below follows the presentation
in the article [Der03]. The proof is by induction on the dimension of ). However,
we do not use the usual consecutive order, i.e., dim()) = 1,2, 3, ..., but an order
that is based on the sets

M;={2"-£]0<m<j—1, £ odd} CN, j=1,2,3,....
For instance,
M, ={]¢ odd} ={1,3,5,7,...}, M,=M;U{2,6,10,14,...}.

Lemma 15.13

(1) IfV is an R-vector space and if dim(V) is odd, i.e., dim(V) € M, then every
f € LV, V) has an eigenvector.

(2) Let K be a field and j € N. If for every K-vector space V with dim(V) € M;
every f € L(V,V) has an eigenvector, then two commuting fi, f» € LV, V)
have a common eigenvector. That is, if fio f» = fao fi, then there exists a vector
v € V\ {0} and two scalars \i, \, € K with fi(v) = \jvand f>(v) = \v.

(3) If V is an R-vector space and if dim(V) is odd, then two commuting fi, f>» €
LV, V) have a common eigenvector.

Proof

(1) For every f € L(V,V) the degree of P; € R[¢] is odd. Hence Lemma 15.12
implies that P, has a root, and therefore f has an eigenvector.

(2) We proceed by induction on dim(}), where dim()) runs through the elements of
M in increasing order. The set M is a proper subset of N consisting of natural
numbers that are not divisible by 2/ and, in particular, 1 is the smallest element
of M je
If dim(V) = 1 € M;, then by assumption two arbitrary fi, f>» € L(V, V) each
have an eigenvector, i.e.,

fiv) = Avr, fa(v2) = M.

Since dim()) = 1, we have v; = av, foran o € K \ {0}. Thus,

L) = falavy) = afr(vr) = Aa(avy) = My,
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3)

i.e., v; is a common eigenvector of fi and f>.

Let now dim()) € M}, and let the assertion be proven for all K-vector spaces
whose dimensions is an element of M that is smaller than dim(V). Let fi, f> €
LV, V) with fj o fo = f, o fi. By assumption, f} has an eigenvector v; with
corresponding eigenvalue A;. Let

U .= im(/\1IdV - f]), W .= Vfl ()\]) = ker()\lldv — f])

The subspaces U and W of V are fi-invariant, i.e., f;(U) € U and fi;(WV) C W.
For the space VV we have shown this in Lemma 14.4 and for the space / this can
be easily shown as well (cp. Exercise 14.1). The subspaces I/ and WV are also
f>-invariant:

Ifu e, then u = (\Idy — f1)(v) forav € V. Since f; and f, commute, we
have

L) = (f20(Mldy — f1)() = (MIdy — f1) o fH)(v)
= (MIdy — (L) e U.

If w € W, then

(Aildy — (W) = (MIdy — fi) o fo)(w) = (f2 0 (MIdy — f1))(w)
= fo((MIdy — fH)(w)) = £2(0) =0,

hence f,(w) € W.

We have dim(V) = dim({/) + dim (V) and since dim()) is not divisible by 2/,
either dim(lf) or dim(WV) is not divisible by 2/. Hence either dim(l{) € M jor
dim(W) € M;.

If the corresponding subspace is a proper subspace of V), then its dimension is
an element of M that is smaller than dim())). By the induction hypothesis then
/1 and f, have a common eigenvector in this subspace. Thus, f; and f, have a
common eigenvector in V.

If the corresponding subspace is equal to V, then this must be the subspace W,
since dim(W) > 1. Butif V = W, then every vector in V' \ {0} is an eigenvector
of fi. By assumption also f> has an eigenvector, so that there exists at least one
common eigenvector of f; and f5.

By (1) it follows that the assumption of (2) holds for K = R and j = 1, which
means that (3) holds as well. m|

We will now prove the Fundamental Theorem of Algebra in the formulation (2)

of Theorem 15.11.

Theorem 15.14 IfV # {0} is a finite dimensional C-vector space, then every f €
LV, V) has an eigenvector.
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Proof We prove the assertion by inductionon j = 1,2,3,... and dim(}) € M;.
We start with j = 1 and thus by showing the assertion for all C-vector spaces of
odd dimension. Let V be an arbitrary C-vector space with n := dim()) € M;. Let
f € L(V,V) and consider an arbitrary scalar product on V (such a scalar product
always exists; cp. Exercise 12.1), as well as the set of self-adjoint maps with respect
to this scalar product,
Hi={g e LV, V)| g =g"}.

By Lemma 13.15 the set H forms an R-vector space of dimension n>. If we define
hl, /’l2 S E(H, H) by

1 ad 1 ad
hl(g):=5(fog+g0f ), hz(g):=5(fog—g0f )

for all g € H, then iy o h, = hy o hy (cp. Exercise 15.8). Since n is odd, also n? is
odd. By (3) in Lemma 15.13, &, and &, have a common eigenvector. Hence, there
exists a g € H \ {0} with

hi(g) = Mg, ha(g) = Mg forsome Aj, \» € R.
We have (h; +ih,)(g) = f o g for all g € H and therefore, in particular,
fog=(hi+ih)(g) = (A +il)g.
Since g # 0, there exists a v € V with g(v) # 0. Then

F@W) = (A1 +iX2) (€(v)),

which shows that g(v) € V is an eigenvector of f, so that the proof for j = 1 is
complete.

Assume now that for some j > 1 and every C-vector space V with dim()) € M,
every f € L(V, V) has an eigenvector. Then (2) in Lemma 15.13 implies that every
two commuting fi, f>» € L(V, V) have a common eigenvector.

We have to show that for every C-vector space V with dim(V) € M, every
f € L(V, V) has an eigenvector. Since

M1 =M; U{2/q|q odd},

we only have to prove this for C-vector spaces V with n := dim(V) = 2/¢g for odd g.
Let V be such a vector space and let f € L(V, V) be given. We choose an arbitrary
basis of 1V and denote the matrix representation of f with respect to this basis by
A e C"". Let
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S:={BeC"|B=B")
be the set of complex symmetric n x n matrices. If we define hy, h, € L(S, S) by
hi(B) := AB + BAT, h,(B):= ABAT

forall B € S, then iy o hy = hy o hy (cp. Exercise 15.9). By Lemma 13.16 the set
S forms a C-vector space of dimension n(n + 1)/2. We have n = 2/q for an odd
natural number g. Thus,

nn+1)  2gQ2qg+1)

=271 2/g+1) e M;.
7 > q-2'q+1) €M,

By the induction hypothesis, the commuting endomorphisms /2 and /1, have a com-
mon eigenvector. Hence there exists a B € S \ {0} with

hl(E) =MB, hy(B)=X\B forsome A\ e C.

In particular, we have A, B = AB + BA”. Multiplying this equation from the left
with A yields

MAB = A’B + ABA”T = A’B + hy(B) = A>B + \,B,

so that B
(A> = XNA+X1,)B=0.

We now factorize 1> — A\t + Ay = (t — a)(t — 3) with

_A1+,/>\§—4/\2 A — /AT —4)

s e

where we have used that every complex number has a square root. Then
(A —al,)(A—BI,)B =0.

Since B # 0, there exists a v € C™! with Bv #0.If (A — ﬂln)gv = 0, then Bv is
an eigenvector of A corresponding to the eigenvalue . If (A — B1,)Bv # 0, then
(A — B31I,)Bvis an eigenvector of A corresponding to the eigenvalue «. Since A has
an eigenvector, also f has an eigenvector. O
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MATLAB-Minute.
Compute the eigenvalues of the matrix

12345
12435
A=[23415]| eR>
51423
42315

using the command eig(A).

By definition a real matrix A can only have real eigenvalues. The reason for the
occurrence of complex eigenvalues is that MATLAB interprets every matrix
as a complex matrix. This means that within MATLAB every matrix can be
unitarily triangulated, since every complex polynomial (of degree at least 1)
decomposes into linear factors.

As a direct corollary of the Fundamental Theorem of Algebra and (2) in
Lemma 15.13 we have the following result.

Corollary 15.15 IfV # {0} is a finite dimensional C-vector space, then two com-
muting f1, f» € LV, V) have a common eigenvector.

Example 15.16 The two complex 2 x 2 matrices

il 2i 1
A:[IJ MdB:[lﬁ}

commute. The eigenvalues of A are 1 + i and those of B are £2 + i. Hence A
and B do not have a common eigenvalue, while [1, 1]7 and [—1, 1]7 are common
eigenvectors of A and B.

Using Corollary 15.15, Schur’s theorem (Corollary 14.20) can be generalized as
follows.

Theorem 15.17 IfV # {0} is a finite dimensional unitary vector space and fi, f, €
LV, V) commute, then f| and f> can be simultaneously unitarily triangulated, i.e.,
there exists an orthonormal basis B of V, such that [ filp.p and [ f21p.p are both
upper triangular.

Proof Exercise. O
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Exercises

(In the following exercises K is an arbitrary field.)

15.1.
15.2.

15.3.

15.4.

15.5.

15.6.

15.7.

15.8.

Prove Lemma 15.1.
Show the following assertions for py, p», p3 € K[t]:

(@) pil(p1p2)-

(b) p1lp2 and ps|ps imply that py|ps.

(¢) p1lp2 and p|p; imply that pi|(p2 + p3).

(d) If p1|p> and p>|pi, then there exists a c € K \ {0} with p; = cp».

Examine whether the following polynomials are irreducible:

p=t—12+1t—1eQl, pa=1 —t*+1t—1eR[1],
pp=t—12+1t—1eC[t], ps =43 — 42 — 1 +1 € Q[1],
p3 =4 — 42 — 1 + 1 e R[1], pe=1 —4t> —1+1¢eClr].

Determine the decompositions into irreducible factors.

Decompose the polynomials p; = t> —2, py = t> +2, p3 = t* — 1 and
ps = t2 + ¢ + 1 into irreducible factors over the fields K = Q, K = R and
K =C.

Show the following assertions for p € K[t]:

(a) If deg(p) = 1, then p is irreducible.

(b) If deg(p) > 2 and p has a root, then p is not irreducible.

(c) If deg(p) € {2, 3}, then p is irreducible if and only if p does not have a
root.

Let A € GL,(C),n > 2, and let adj(A) € C™" be the adjunct of A. Show
that there exist n — 1 matrices A; € C"" with det(—A;) = det(A), j =
1,...,n—1,and

n—1
adj(A) =[] 4;.
j=1

(Hint: Use P4 to construct a polynomial p € C[t]<,_; with adj(A) = p(A)
and express p as product of linear factors.)

Show that two polynomials p, g € C[¢]\ {0} have a common root if and only
if there exist polynomials ry, r, € C[¢] with 0 < deg(r;) < deg(p) such that
0 < deg(ry) <deg(g)and p-rp, +¢q -r; =0.

Let V be a finite dimensional unitary vector space, f € L(V, V), H = {g €
LV, V)| g = g} and let

1
Byt H— LOV,V), g+ 5(fog+gof“d>,
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15.9.

15.10.

15.11.

15.12.
15.13.

15.14.

15.15.

15.16.

15.17.

|
hy : H— LOV,V), gHE(fog—gof“d)-

Show that iy, hy, € L(H,H) and hj o hy = hy o hy.
Let AeC"",S={BeC"|B=BT}andlet

hy : S—>C"", B+> AB+ BAT,
hy : S— C"", B> ABAT.

Show that iy, h, € L(S,S) and hy o hy = hy o hy.

Let ¥ be a C-vector space, f € L£(V,V) and let i/ # {0} be a finite di-
mensional f-invariant subspace of V. Show that / contains at least one
eigenvector of f.

Let V # {0} be a K -vector space and let f € £(), V). Show the following
statements:

(a) If K = C, then there exists an f-invariant subspace I/ of )V with
dim@U) = 1.

(b) If K = R, thenthere exists an f-invariant subspace/ of V with dim({/) €
{1,2}.

Prove Theorem 15.17.

Construct an example showing that the condition f o ¢ = g o f in Theo-
rem 15.17 is sufficient but not necessary for the simultaneous unitary trian-
gulation of f and g.

Let A € K™" be a diagonal matrix with pairwise distinct diagonal entries
and B € K™" with AB = BA. Show that in this case B is a diagonal matrix.
What can you say about B, when the diagonal entries of A are not all pairwise
distinct?

Show that the matrices

-1 1 01
R
commute and determine a unitary matrix Q such that Q7 AQ and Q" BQ

are upper triangular.
Show the following statements for p € K|[¢]:

(a) Forall A e K™" and S € GL,(K) we have p(SAS™!) = Sp(A)S~.

(b) Forall A, B, C € K™" with AB = CA we have Ap(B) = p(C)A.

(¢) If K = Cand A € C*", then there exists a unitary matrix Q, such that
0" AQ and Q" p(A)Q are upper triangular.

Let V be a finite dimensional unitary vector space. Let f € L(V,V) be
normal, i.e., f satisfies f o f94 = f o f.
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(a) Show that if A € C is an eigenvalue of f, then Vf(/\)L is an f-invariant
subspace.

(b) Show (using (a)) that f is diagonalizable. (Hint: Show by induction on
dim(V), that V is the direct sum of the eigenspaces of f.)

(c) Show (using(a) or (b)), that f is even unitarily diagonalizable, i.e., there
exists an orthonormal basis B of V' such that [ f]p p is a diagonal matrix.

(d) Let g € L(V, V) be unitarily diagonalizable. Show that g is normal.
(This shows that an endomorphism on a finite dimensional unitary vector
space is normal if and only if it is unitarily diagonalizable. We will give
a different proof of this result in Theorem 18.2.)

Let V be a finite dimensional K -vector space, f € L(V, V)and V = U, ®U,,
where Uy, U, are f-invariant subspaces of V. Let, furthermore, f; := fly, €
LU;, Uy, j=1,2.

(a) Foreveryv € Vthereexistuniqueu; € Uj andu, € U, withv = u;+u,.
Show that then also f(v) = f(u1) + f(u2) = fi(ur) + f2(u2).
(We write this as f = f; @ f> and call f the direct sum of f; and f>
with respect to the decomposition V = U; & U,.)

(b) Show that rank(f) = rank(f1) + rank(f>) and Py = Py, - Py,.

(c) Show thata(\, f) = a(), f1) +a(A, f>) forall A € K.
(Here we set a(, h) = 0, if X is not an eigenvalue of h € L(V, V).)

(d) Show that g(\, f) = g(\, f1) + g(\, fr) forall A € K.
(Here we set g(\, h) = dim(ker(Aldy, —h)) even if A is not an eigenvalue
ofhe LV, V).)

(e) Show that p(f) = p(f1) @ p(f2) forall p € K[z].
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