Chapter 18
Special Classes of Endomorphisms

In this chapter we discuss some classes of endomorphisms (or square matrices)
whose eigenvalues and eigenvectors have special properties. Such properties only
exist under further assumptions, and in this chapter our assumptions concern the
relationship between the given endomorphism and its adjoint endomorphism. Thus,
we focus on Euclidean or unitary vector spaces. This leads to the classes of nor-
mal, orthogonal, unitary and selfadjoint endomorphisms. Each of these classes has
a natural counterpart in the set of square (real or complex) matrices.

18.1 Normal Endomorphisms

We start with the definition of a normal' endomorphism or matrix.

Definition 18.1 Let ) be a finite dimensional Euclidean or unitary vector space. An
endomorphism f € L(V, V) iscalled normalif fo f¢ = f%o f. Amatrix A € R""
or A € C"" is called normal if ATA = AAT or A A = AA", respectively.

For all z € C we have 7z = |z|> = zZ. The property of normality can therefore
be interpreted as a generalization of this property of complex numbers.

We will first study the properties of normal endomorphisms on a finite dimensional
unitary vector space V. Recall the following results:

(1) If B is an orthonormal basis of V and if f € L(V, V), then ([f15.8)" = [f*“15.5
(cp. Theorem 13.12).

(2) Every f € L(V, V) can be unitarily triangulated (cp. Corollary 14.20, Schur’s
theorem). This does not hold in general in the Euclidean case, since not every
real polynomial decomposes into linear factors over R.

I'This term was introduced by Otto Toeplitz (1881-1940) in 1918 in the context of bilinear forms.
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Using these results we obtain the following characterization of normal endomor-
phisms on a unitary vector space.

Theorem 18.2 [fV is a finite dimensional unitary vector space, then f € L(V, V)
is normal if and only if there exists an orthonormal basis B of V such that | f]p p is
a diagonal matrix, i.e., f is unitarily diagonalizable.

Proof Let f € L£(V,V) be normal and let B be an orthonormal basis of V' such
that R := [ f]p p is an upper triangular matrix. Then RA = [f“d]B,B, and from
fo fi = fudo fwe obtain

RR" =[fo f“Ipp=1f" flp.p = R"R.

We now show by induction on n = dim()) that R is diagonal. This is obvious for
n=1.
Let the assertion hold forann > 1, and let R € C"*!""*! be upper triangular with
RR" = RY R. We write R as
| R
w=[o0)

where R; € C™" is upper triangular, r; € C™!, and a; € C. Then

RlRfI—i—r]rlH a]rl H H RFR] R1Hr|
= RR" =R"R = .
|: ar{! o 2 ri Ry rffry + oy |?

From |o|> = rf'r) + |y |* we obtain {r; = 0, hence r; = 0 and R{R{! = RI'R,.
By the induction hypothesis, R; € C*" is diagonal, and therefore

_|Ri O
w50
is diagonal as well.

Conversely, suppose that there exists orthonormal basis B of V such that [ ]z 5
is diagonal. Then [ f ad) s = ([fls. g)" is diagonal and, since diagonal matrices
commute, we have

Lf o f*““Mp.s = 1880/ 18,8 = [f“I8.81f18.8 = [F* © flB.5.
which implies f o f% = f% o f, and hence f is normal. O

The application of this theorem to the unitary vector space V = C™! with the
standard scalar product and a matrix A € C"" viewed as element of L(V, V) yields
the following “matrix version”.

Corollary 18.3 A matrix A € C™" is normal if and only if there exists an orthonor-
mal basis of C™! consisting of eigenvectors of A, i.e., A is unitarily diagonalizable.
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The following theorem presents another characterization of normal endomor-
phisms on a unitary vector space.

Theorem 18.4 [fV is a finite dimensional unitary vector space, then f € L(V, V)
is normal if and only if there exists a polynomial p € C[t] with p(f) = f.

Proof If p(f) = £ for a polynomial p € C[t], then

fof=fop(f)=p(fof=ff,

and hence f is normal.
Conversely, if f is normal, then there exists an orthonormal basis B of V, such
that [ f]p g = diag(Ay, ..., A,). Furthermore,

[F“p.5 = ([f1p.p)" = diag(A1, ..., \y).

Let p € C[t] be a polynomial with p(\;) = Xj for j = 1,...,n. Such a polyno-
mial can be explicitly constructed using the Lagrange basis of C[t]<,_; (cp. Exer-
cise 10.12). Then

5.5 = diag(Xi, ..., \,) = diag(p(\1), ..., pO\)) = p(diag(\i, ..., \)
= p([f1s.8)=[p(Ns.5.

and hence also ¢ = p(f). o

Several other characterizations of normal endomorphisms on a finite dimensional
unitary vector space and of normal matrices A € C"" can be found in the arti-
cle [HorJ12] (see also Exercise 18.8).

We now consider the Euclidean case, where we focus on real square matrices.
All the results can be formulated analogously for normal endomorphisms on a finite
dimensional Euclidean vector space.

Let A € R™" be normal, i.e., ATA = AAT. Then A also satisfies ATA = AAY
and when A is considered as an element of C™”, it is unitarily diagonalizable, i.e.,
A = SDS holds for a unitary matrix § € C™" and a diagonal matrix D € C"".
Despite the fact that A has real entries, neither S nor D will be real in general, since
A as an element of R™" may not be diagonalizable. For instance,

_ ]2 2,2
A_[_ZI}GR

is a normal matrix that is not diagonalizable (over R). Considered as element of C>2,
it has the eigenvalues 1 4 2i and 1 — 2i and it is unitarily diagonalizable.

To discuss the case of real normal matrices in more detail, we first prove a “real
version” of Schur’s theorem.
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Theorem 18.5 For every matrix A € R™" there exists an orthogonal matrix

U e R™" with
R11 . le
UTAU =R = oot | e R
Rmm
where for every j =1, ..., m either R;; € R or

Iy Ty

Inthe second case R j; has, considered as complex matrix, a pair of complex conjugate
eigenvalues of the form o; £1i3; with aj € R and 3; € R\ {0}. The matrix R is
called a real Schur form of A.

Proof We proceed via induction on n. For n = 1 we have A = [a;;] = R and
U=[1].

Suppose that the assertion holds for some n > 1 and let A € R**!1"+! be given.
We consider A as an element of C"+!"*! Then A has an eigenvalue A = a+i3 € C,
a, B € R, corresponding to the eigenvector v = x + iy € C'"tl! x,y e R1+L1,
and we have Av = Av. Dividing this equation into its real and imaginary parts, we
obtain the two real equations

Ax =ax — By and Ay = Bx + ay. (18.1)

We have two cases:

Case I: f = 0. Then the two equations in (18.1) are Ax = ax and Ay =
ay. Thus at least one of the real vectors x or y is an eigenvector corresponding
to the real eigenvalue o of A. Without loss of generality we assume that this is

the vector x and that ||x||, = 1. We extend x by the vectors w,, ..., w,4+ to an
orthonormal basis of R"*!:! with respect to the standard scalar product. The matrix
Uy =[x, wy, ..., wyy1] € R™ 1+ then is orthogonal and satisfies

o *
=[]

for amatrix A; € R™". By the induction hypothesis there exists an orthogonal matrix
U, € R"" such that R; := UZT AU, has the desired form. The matrix

10
UZ:UI |:0U2]

is orthogonal and satisfies
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T - 10 T 10 - o * .
UAU_[OUZT}UIAUI[OUZ =5t | =R

where R has the desired form.

Case 2: 3 # 0. We first show that x, y are linearly independent. If x = 0, then
using 3 # 0 in the first equation in (18.1) implies that also y = 0. This is not possible,
since the eigenvector v = x + iy must be nonzero. Thus, x # 0, and using 3 # 0 in
the second equation in (18.1) implies that also y # 0.If x, y € R™!\ {0} are linearly
dependent, then there exists a u € R\ {0} with x = py. The two equations in (18.1)
then can be written as

Ax = (o — fu)x and Ax = l(ﬁ + ap)x,
1

which implies that B(1 + u?) = 0. Since 1 + p? # 0 for all 4 € R, this implies
(8 = 0, which contradicts the assumption that 5 # 0. Consequently, x, y are linearly
independent.

‘We can combine the two equations in (18.1) to the system

a1 =t 57,

where rank([x, y]) = 2. Applying the Gram-Schmidt method with respect to the
standard scalar product of R to the matrix [x, y] € R*+12 yields

_ ripriz | .
[x, y] =[q1, q2] [ 0 m] =: ORy,
with QT Q = I, and R| € GL»(R). It then follows that

AQ = Alx, yIR;" =[x, y] [_g 5} R = QR [_g 5} Ry

«

The real matrix

R2 = R1 I:_g (ﬁx] R;I
has, considered as element of C2-2, the pair of complex conjugate eigenvalues o +i03
with 3 # 0. In particular, the (2, 1)-entry of R; is nonzero, since otherwise R, would
have two real eigenvalues.
We again extend g, g, by vectors ws, . .., w,4| to an orthonormal basis of Rr+L1
with respect to the standard scalar product. (Forn = 1thelistws, ..., w,4 isempty.)
Then U; :=[Q, w3, ..., w,41] € R"T" 1 is orthogonal and we have

Ry| x
Ul AUy = U[ [AQ, Alws, ..., wyi11] = U [QRa, Alws, ... wyp1]] = [72'71]
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for a matrix A; € R"“!"~! Analogously to the first case, an application of the
induction hypothesis to this matrix yields the desired matrices R and U. O

Theorem 18.5 implies the following result for real normal matrices.

Corollary 18.6 A matrix A € R™" is normal if and only if there exists an orthogonal
matrix U € R™" with
UTAU = diag(Ry, ..., R,),

where, for every j = 1,...,m either R; € R or

| oai B 22 4
R]_|:—ﬁj Oéj:|eR with 3; # 0.

Inthe second case the matrix R j has, considered as complex matrix, a pair of complex
conjugate eigenvalues of the form o; £if3;.

Proof Exercise. O

Example 18.7 The matrix
0v2—

A=3 V2 1

V2 o1

e R3,3

\)
Y

has, considered as a complex matrix, the eigenvalues 1, i, —i. It is therefore neither
diagonalizable nor can it be triangulated over R. For the orthogonal matrix

! 02 0
U=z —V2042 | eR??
V2042

the transformed matrix
010

UTAU=| =100
001

is in real Schur form.

18.2 Orthogonal and Unitary Endomorphisms

In this section we extend the concept of orthogonal and unitary matrices to endo-
morphisms.
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Definition 18.8 Let V be a finite dimensional Euclidean or unitary vector space.
An endomorphism f € LV, V) is called orthogonal or unitary, respectively, if

fo f =1dy.

If f* o f = Idy, then f% o f is bijective and hence f is injective (cp. Exer-
cise 2.7). Corollary 10.11 implies that f is bijective. Hence f% is the unique inverse
of f, and we also have f o f% =1dy (cp. our remarks following Definition 2.21).

Note that an orthogonal or unitary endomorphism f is normal, and therefore all
results from the previous section also apply to f.

Lemma 18.9 LetV be a finite dimensional Euclidean or unitary vector space and
let f € LV, V) be orthogonal or unitary, respectively. If B is an orthonormal basis
of V, then [ f1p. g is an orthogonal or unitary matrix, respectively.

Proof Let dim(V) = n. For every orthonormal basis B of )V we have

L =[dylg s = [f““o flg.s = [f“Vs.slfls.s = ([ f18.8) " [ 155,

and thus [f]g p is orthogonal or unitary, respectively. (In the Euclidean case

(f1e.p)" = Af188)") O

In the following theorem we show that an orthogonal or unitary endomorphism
is characterized by the fact that it does not change the scalar product of arbitrary
vectors.

Lemma 18.10 Let V be a finite dimensional Euclidean or unitary vector space with
the scalar product (-, -). Then f € L(V, V) is orthogonal or unitary, respectively, if
and only if (f (v), f(w)) = (v, w) forall v, w € V.

Proof If f is orthogonal or unitary and if v, w € V, then
(v, w) = (Idy(), w) = ((f* 0 /)W), w) = (f (V). f(w)).
On the other hand, suppose that (v, w) = (f(v), f(w)) for all v, w € V. Then

0= (v, w) — (f), fW)) = (v, w) — (v, (f* o fH(w))
= (v, Ady — f*““ o fH(w)).

Since the scalar product is non-degenerate and v can be chosen arbitrarily, we have
(Idy — f% o f)(w) =0 forall w € V, and hence Idy, = f* o f. O

We have the following corollary (cp. Lemma 12.13).

Corollary 18.11 IfV is a finite dimensional Euclidean or unitary vector space with
the scalar product (-, -), f € LV, V) is orthogonal or unitary, respectively, and
-1l =, )" ?is the norm induced by the scalar product, then || f(v)| = |v]| for
allv e V.
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For the vector space V = C"! with the standard scalar product and induced norm
[lv]l2 = (v7v)!/? as well as a unitary matrix A € C™", we have ||Av||, = ||v|» for
all v € C"!. Thus,
lAvl,

Al =
vecnivioy IVl

(cp. (6) in Example 12.4). This holds analogously for orthogonal matrices A € R™".
We now study the eigenvalues and eigenvectors of orthogonal and unitary endo-
morphisms.

Lemma 18.12 Let V be a finite dimensional Euclidean or unitary vector space and
let f € LV, V) be orthogonal or unitary, respectively. If X is an eigenvalue of f,
then |\| = 1.

Proof Let (-, -) be the scalar product on V. If f(v) = \v with v # 0, then
(v, v) = (Idy (), v) = ((f*“ o W), V) = (fV), ) = (Av, Av) = [A (v, ),
and (v, v) # 0 implies that |A\| = 1. O

The statement of Lemma 18.12 holds, in particular, for unitary and orthogonal
matrices. However, one should keep in mind that an orthogonal matrix (or an orthogo-
nal endomorphism) may not have an eigenvalue. For example, the orthogonal matrix

_10-1 22
A_|:1 O]GR

has the characteristic polynomial P, = ¢> + 1, which has no real roots. If considered
as an element of C%2, the matrix A has the eigenvalues i and —i.

Theorem 18.13

(1) If A € C*" is unitary, then there exists a unitary matrix U € C"" with
UM AU = diag(\, ..., \y)

and [\j| =1forj=1,...,n
(2) If A € R™" is orthogonal, then there exists an orthogonal matrix U € R™" with

UTAU = dlag(Rl’ MR ] RW!)?

where for every j =1, ..., m either R; = [)\;] € RU with Aj==lor

Rj=|:_§f: 2’:j|e]R2’2 with s; #0 and c?—i—s]z:l.
i €i
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Proof

(1) A unitary matrix A € C"" is normal and hence unitarily diagonalizable (cp.
Corollary 18.3). By Lemma 18.12, all eigenvalues of A have absolute value 1.

(2) An orthogonal matrix A is normal and hence by Corollary 18.6 there exists an
orthogonal matrix U € R™" with UTAU = diag(R,, ..., R,), where either
R; e R or

with 3; # 0. In the first case then R; = [A;] with |[A\;| = 1 by Lemma 18.12.
Since A and U are orthogonal, also UT AU is orthogonal, and hence every
diagonal block R; is orthogonal as well. From RT R; = I, we obtain o/ +37 = 1,
so that R; has the desired form. O

We now study two important classes of orthogonal matrices.

Example 18.14 Leti, j,n €e Nwith1 <i < j <n and let « € R. We define

-1 _
. 1
cos(q) —sin(a) <~
1
R,’j(Oé) = .
1
sin(a) cos() <~ J
1
L . 1
T t

~.

J

The matrix R;;(o) = [r;;] € R™" is equal to the identity matrix /, except for its
entries

rij = cos(a), ri; = —sin(o), rj; =sin(a), rj; = cos(w).
For n = 2 we have the matrix

Rix(a) = [cos(a) - sin(a)i| ’

sin(a) cos(q)
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which satisfies

T
Riz(@)" Riz(a) = —sin(a) cos(e) | | sin(e) cos(w)

cos(a) sin(a) ] |:cos(o¢) — sin(a) ]

cos?(a) + sin®(c)

|:cosz(a) + sin®(«) 0 i|
I

Ria(a)Ria(a)”.

One easily sees that each of the matrices R;;(«) € R™" is orthogonal. The multipli-
cation of a vector v € R™! with the matrix R; () results in a (counterclockwise)
rotation of v by the angle « in the (i, j)-coordinate plane. In Numerical Mathe-
matics, the matrices R;;(«) are called Givens rotations.> This is illustrated in the
figure below for the vector v = [1.0, 0.75]7 € R?! and the matrices R, (r/2) and
ng(%”), which represent rotations by 90 and 120 degrees, respectively.

Ria(5)v

Rlz(%ﬂ)v

Example 18.15 For u € R™'\ {0} we define the Householder matrix

2
H@u):=1, — muuT e R™", (18.2)

and for u = 0 we set H(0) := I,. For every u € R™! then H(u) is an orthogonal
matrix (cp. Exercise 12.17). The multiplication of a vector v € R™! with the matrix
H (u) describes a reflection of v at the hyperplane

(span{u})™ = {y e R"'[u”y =0},
i.e., the hyperplane of vectors that are orthogonal to u with respect to the standard

scalar product. This is illustrated in the figure below for the vector v = [1.75, 0.51"
R2! and the Householder matrix
01
H(u) = [1 0} :

which corresponds to u = [—1, 177 € R>!.

ZWallace Givens (1910-1993), pioneer of Numerical Linear Algebra.
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H(u)v o (spanf{u})*

MATLAB-Minute.

Let u = [5,3, 1]7 € R*'. Apply the command norm(u) to compute
the Euclidean norm of u and form the Householder matrix H=eye(3)-
(2/ (u’#u))x(usu’). Check the orthogonality of H via the computation of
norm(H’xH-eye(3)). Form the vector v=Hxu and compare the Euclidean
norms of u and v.

18.3 Selfadjoint Endomorphisms

We have already studied selfadjoint endomorphisms f on a finite dimensional Euclid-
ean or unitary vector space. The defining property for this class of endomorphisms
is f = £ (cp. Definition 13.13).

Obviously, selfadjoint endomorphisms are normal and hence the results of
Sect. 18.1 hold. We now strengthen some of these results.

Lemma 18.16 For a finite dimensional Euclidean or unitary vector space V and
f e LV,V), the following statements are equivalent:

(1) f is selfadjoint.
(2) For every orthonormal basis B of V we have [ f1p p = ([f]B,B)H.
(3) There exists an orthonormal basis B of V with [ f1p.s = ([f1s.8)".

(In the Euclidean case ([ f1p.8)" = ([f1s.8)".)

Proof In Corollary 13.14 we have already shown that (1) implies (2), and obvi-
ously (2) implies (3). If (3) holds, then [ f]p 5 = ([f]B,B)H = [f“d]B,B (cp. Theo-
rem 13.12), and hence f = £, so that (1) holds. ]

We have the following strong result on the diagonalizability of selfadjoint endo-
morphisms in both the Euclidean and the unitary case.

Theorem 18.17 IfV is a finite dimensional Euclidean or unitary vector space and
f € LOV,V) is selfadjoint, then there exists an orthonormal basis B of V such that
[ f1B.B is a real diagonal matrix.


http://dx.doi.org/10.1007/978-3-319-24346-7_13
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Proof Consider first the unitary case. If f is selfadjoint, then f is normal and hence
unitarily diagonalizable (cp. Theorem 18.2). Let B be an orthonormal basis of V so
that [ f]p,p is a diagonal matrix. Then [ f]z 5 = [f“d]B,B = ([f]B,B)H implies that
the diagonal entries of [ f]p p, which are the eigenvalues of ~f , are real.

Let V be an n-dimensional Euclidean vector space. If B = {vy, ..., v,} is an
orthonormal basis of V, then [ f |5 5 is symmetric and in particular normal. By Corol-
lary 18.6, there exists an orthogohal matrix U = [u;;] € R"" with

U'[f153U = diag(Ri, ..., Ry).

where for j =1, ..., m either R; € R"! or

| o B 22 ,
RJ_[—ﬁjaj]ER with 3; #0.

Since UT[ f1g zU is symmetric, a 2 x 2 block R; with Bj # 0 cannot occur. Thus,
UT[f15 U is areal diagonal matrix.
We define the basis B = {wy, ..., w,} of V by

(wy, ..., wp) = (1, ..., v)U.

Then, by construction, U = [Idy] 3 and hence U” = U~! = [Idy ] 5. Therefore,
UT[f]g,gU = [flg,p. If (-,-) is the scalar product on V, then (v;, vj) = &;j,
i,j=1,...,n.WithUTU = I, we get

n n n n n
(w;, w;) =< E Uk Uk, E szve> = E E Ugittgj{Vk, Vg) = E Ugiltgj = 0jj.
=1 =1 =1

k=1 ¢=1
Hence B is an orthonormal basis of V. O
This theorem has the following “matrix version”.

Corollary 18.18

(1) If A € R™" is symmetric, then there exist an orthogonal matrix U € R™" and a
diagonal matrix D € R™" with A= UDUT.

(2) If A € C"" is Hermitian, then there exist a unitary matrix U € C"" and a
diagonal matrix D € R™" with A = UDU?".

The statement (1) in this corollary is known as the principal axes transformation.
We will briefly discuss the background of this name from the theory of bilinear forms
and their applications in geometry. A symmetric matrix A = [a;;] € R™" defines a
symmetric bilinear form on R™! via
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Bat R xR SR () ey A= DD axy;.

i=1 j=1

The map
ga : R S R, x> Balx,x) =x" Ax,

is called the quadratic form associated with this symmetric bilinear form.

Since A is symmetric, there exists an orthogonal matrix U = [u;, ..., u,] such
that UT AU = Dis arealdiagonal matrix. If By = {ey, ..., e,},then[B4lp x5, = A.
The set B, = {uy, ..., u,} forms an orthonormal basis of R™! with respect to the
standard scalar product, and [uy, ..., u,] = [e], ..., e,]JU, hence U = [Idgn.]p, 5.
For the change of bases from of B; to B, we obtain

[BalB,xB, = ([Idle]Bz_Bl)T (8418, x5, [1dgei1g, 5, = UTAU = D

(cp. Theorem 11.14). Thus, the real diagonal matrix D represents the bilinear form
(4 defined by A with respect to the basis B;.

The quadratic form g4 associated with (34 is also transformed to a simpler form
by this change of bases, since analogously

0 1
ga@) =x"Ax =xTUDUTx =y"Dy=D"Ny? =qp(»). y=|:|=U"x.
i=l Yn
Thus, the quadratic form g 4 is turned into a “sum of squares”, defined by the quadratic
form ¢gp.

The principal axes transformation is given by the change of bases from the canon-
ical basis of R™! to the basis given by the pairwise orthonormal eigenvectors of A in
R™! The n pairwise orthogonal subspaces span{u;}, j = 1, ..., n, form the n prin-
cipal axes. The geometric interpretation of this term is illustrated in the following
example.

Example 18.19 For the symmetric matrix

IER! 22
A_[12:|6R

we have

=D,

UTAU — [3 +oﬁ . _oﬁ}
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with the orthogonal matrix U = [u;, u,] € R>? and

U = [§:|, U, = [_i], where

1 2 1
V2 =0.9239, s = ————= =0.3827.

o tVE
VI +v2)2+1 (1+v272+1

(The numbers here are rounded to the fourth significant digit.) With the associated
quadratic form g4 (x) = 4)612 + 2x1x0 + 2x§, we define the set

Epa={x eR* |ga(x) —1=0}.

As described above, the principal axes transformation consists in the transformation
from the canonical coordinate system to a coordinate system given by an orthonormal
basis of eigenvectors of A. If we carry out this transformation and replace g4 by the
quadratic form gp, we get the set

2 2
ED={yelR2'1|qD(y)—1=0}=I[yl,yz]TeRz’1 %+%—1=o],
1 2

1 1
where = = 0.4760, = =0.7941.
2 V3+42 =iz a

This set forms the ellipse centered at the origin of the two dimensional cartesian
coordinate system (spanned by the canonical basis vectors e, e;) with axes of lengths
(1 and (3, which is illustrated on the left part of the following figure:

€2

/52
\ b1 1

The elements x € E4 are given by x = Uy for y € Ep. The orthogonal matrix

0[]
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is a Givens rotation that rotates the ellipse Ep counterclockwise by the angle
cos~!(c) = 0.3926 (approximately 22.5 degrees). Hence E, is just a “rotated ver-
sion” of Ep. The right part of the figure above shows the ellipse E 4 in the cartesian
coordinate system. The dashed lines indicate the respective spans of the vectors u
and u,, which are the eigenvectors of A and the principal axes of the ellipse E4.

Let A € R™" be symmetric. For a given vector v € R™! and a scalar a € R,
0x)=xTAx+v'x+a, xeR™!

is a quadratic function in n variables (the entries of the vector x). The set of zeros of
this function, i.e., the set {x € R™' | Q(x) = 0}, is called a hypersurface of degree
2 or a quadric. In Example 18.19 we have already seen quadrics in the case n = 2
and with v = 0. We next give some further examples.

Example 18.20
(1) Letn =3,A=1L,v=1[0,0,0]" and @ = —1. The corresponding quadric

{[x1, x2, 531" € R*! | x] +x3 + x5 — 1 = 0}

is the surface of the ball with radius 1 around the origin:

10

) Letnzz,Az[OO

], v=[0,2]" and o = 0. The corresponding quadric

{[XI»XZ]T eR* | x}42x = O}

is a parabola:

T2
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100
(B) Letn =3,A= (000 |,v=1[0,2,0]" and o = 0. The corresponding quadric
000
{[Xuxz,Xs]T eRM | X7 42x) = O}

is a parabolic cylinder:

Corollary 18.18 motivates the following definition.

Definition 18.21 If A € R™" is symmetric or A € C"" is Hermitian with n
positive, n_ negative and ny zero eigenvalues (counted with their corresponding
multiplicities), then the triple (n4, n_, ng) is called the inertia of A.

Let us first consider, for simplicity, only the case of real symmetric matrices.

Lemma 18.22 [f A € R™" symmetric has the inertia (ny,n_, ng), then A and
Sy = diag(l,,, —1, ,0,,) are congruent.

Proof Let A € R™" be symmetric and let A = UAUT with an orthogonal matrix
U € R" and A = diag(\q, ..., \,) € R™".If A has the inertia (ny, n_, ngp), then
we can assume without loss of generality that

An+
A= An = diag(AnJrv An, s Ong)a

0y,

where the diagonal matrices A,, and A, contain the positive and negative eigen-
values of A, respectively, and 0,, € R"". We have A = AS,A, where

Sy = diag(]m, —1, ,0,) € R™",
A = diag((An)"? (=Ax )2, 1) € GL,(R).
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Here (diag(u,, . .., tm))"/? = diag(\ /111, - . ., \/Ttm) and thus

A=UAUT = UAS,AUT = (UAN)S,(UA)T. o

This result will be used in the proof of Sylvester’s law of inertia.?

Theorem 18.23 The inertia of a symmetric matrix A € R™" is invariant under
congruence, i.e., for every matrix G € GL, (R) the matrices A and GT AG have the
same inertia.

Proof The assertion is trivial for A = 0. Let A # 0 have the inertia (n4, n_, ngp),
then not both n,. and n_ can be equal to zero. We assume without loss of generality
that ny > 0. (If ny. = 0, then the following argument can be applied for n_ > 0.)

By Lemma 18.22 there exist G; € GL,(R) and S, = diag(/,,, —1,_, 0,,) with
A= GITSAGl. Let G, € GL,(R) be arbitrary and set B := GZTAGZ. Then B
is symmetric and has an inertia (1, 7n_, ng). Therefore, B = G3T SpGs for Sp =
diag(f5,, —I;_, O7,) and a matrix G3 € GL,(R). If we show that n, = 7, and
no = no, thenalson_ =n_.

We have

_I\T _ _I\T —_ _
A=(Gy") BGy' =(Gy') GiSpG3G,' =G SpGs, Gy :=G3G;',

and G4 € GL,(R) implies that rank(A) = rank(Sg) = rank(B), hence noy = ny.
We set

—1
Gy =1lu, ..., Uy, Vi, .., Uy, Wi, ..., W,] and
—1 ~ ~ o~ ~ ~ ~
Gy =[up,...,uz, ,V1,..., V7, Wi, ..., Wyl
LetV) := span{ui, ..., u,, }and V, := span{vy, ..., Vz_, Wi, ..., Wy, }. Sincen; >

0, we have dim(V;) > 1. If x € V; \ {0}, then

for some a4, ..., a,, € R that are not all zero. This implies

ny
xTAx = E a? > 0.
j=1

3James Joseph Sylvester (1814—1897) proved this result for quadratic forms in 1852. He also
coined the name law of inertia which according to him is “expressing the fact of the existence of
an invariable number inseparably attached to such [bilinear] forms”.
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If, on the other hand, x € )V, then an analogous argument shows that xTAx < 0.
Hence V) NV, = {0}, and the dimension formula for subspaces (cp. Theorem 9.29)
yields

dim(V)) +dim(V,) —dim(V; N Vy) = dim(V; + V) < dim(R™') = n,
—_——— —— —,—,————

=n, =n—ny =0

and thus n, < . If we repeat the same construction by interchanging the roles of
ny and ny, then . < ny. Thus, ny = 1, and the proof is complete. O

In the following result we transfer Lemma 18.22 and Theorem 18.23 to complex
Hermitian matrices.

Theorem 18.24 Let A € C"" be Hermitian with the inertia (ny,n_, ny). Then
there exists a matrix G € GL,(C) with

A = G" diag(1,,, I, ,0,,)G.

Moreover, for every matrix G € GL,(C) the matrices A and G AG have the same
inertia.

Proof Exercise. O
Finally, we discuss a special class of symmetric and Hermitian matrices.

Definition 18.25 A real symmetric or complex Hermitian n x n matrix A is called

(1) positive semidefinite, if v Av > 0 for all v € R™! resp. v € C"!,
(2) positive definite, if v Av > 0 for all v € R™! \ {0} resp. v € C™! \ {0}.

Ifin (1) or (2) the reverse inequality holds, then the corresponding matrices are called
negative semidefinite or negative definite, respectively.

For selfadjoint endomorphisms we define analogously: If V is a finite dimensional
Euclidean or unitary vector space with the scalar product (-, -) and if f € L(V, V) is
selfadjoint, then f is called positive semidefinite or positive definite, if ( f (v), v) > 0
forall v € Vresp. (f(v),v) > Oforallv e V\ {0}.

The following theorem characterizes symmetric positive definite matrices; see
Exercise 18.19 and Exercise 18.20 for the transfer of the results to positive semidef-
inite matrices resp. positive definite endomorphisms.

Theorem 18.26 If A € R™" is symmetric, then the following statements are equiv-
alent:

(1) A is positive definite.

(2) All eigenvalues of A are real and positive.
(3) There exists a lower triangular matrix L € GL,(R) with A = LLT.


http://dx.doi.org/10.1007/978-3-319-24346-7_9
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Proof

(1) = (2): The symmetric matrix A is diagonalizable with real eigenvalues (cp.
(1) in Corollary 18.18). If \ is an eigenvalue with associated eigenvector v, i.e.,
Av = \v, then \v"v = v" Av > 0 and v" v > 0 implies that A > 0.

(2) = (1):Let A = UT diag(\y, ..., A\,) U be a diagonalization A with an orthog-
onal matrix U € R™" (cp. (1) in Corollary 18.18) and \; > 0, j = 1,...,n.
Let v € R™!\ {0} be arbitrary and let w := Uv. Thenw # O and v = UT w, so
that

v Av = (UTw)T UT diag(\, ..., M) UWUTw) = w’ diag(\p, ..., \) w
= Z)\jwf > 0.
j=1

(3) = (1):If A= LL” with L € GL,(R), then for every v € C™! \ {0} we have
v Av =o"LLTv = |L"v|3 > 0,

since LT is invertible. (Note that here we do not need that L is lower triangular.)

(1) = (3): Let A = UT diag()\;, ..., \,) U be a diagonalization of A with an
orthogonal matrix U € R™" (cp. (1) in Corollary 18.18). Since A is positive
definite, we know from (2) that A; > 0, j =1, ..., n. We set

A2 = diag(\/)\», ...,@),

and then have A = (UAY*)(AY?UT) =: BTB. Let B = QR be a OR-
decomposition of the invertible matrix B (cp. Corollary 12.12), where Q € R™*"
is orthogonal and R € R™" is an invertible upper triangular matrix. Then A =
BB = (QR)"(QR) = LL”, where L := R”. O

One easily sees that an analogous result holds for complex Hermitian matrices
A € C™". In this case in assertion (3) the lower triangular matrix is L € GL,(C)
with A = LL".

The factorization A = LL” in (3) is called a Cholesky factorization* of A. It
is special case of the LU-decomposition in Theorem 5.4. In fact, Theorem 18.26
shows that an LU -decomposition of a (real) symmetric positive definite matrix can
be computed without row permutations.

In order to compute the Cholesky factorization of the symmetric positive definite
matrix A = [g;;] € R™", we consider the equation

4 André-Louis Cholesky (1875-1918).


http://dx.doi.org/10.1007/978-3-319-24346-7_12
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I Lig -+ I
A=LLT = :
lnl e lrm lnn
For the first row of A we obtain
ayn = l%l —— 111 = \/a_ll, (183)
ap; .
ay =l = = li j=2,....n. (18.4)
11
Analogously, for the rows i = 2, ..., n of A we obtain

i -1y
aj; = Zlijlij = li= (aii - Zl,zj) ; (18.5)
=1 =1
n i i—1
aij = Zlikljk = Zlikljk = Zlikljk + il ji
k=1 k=1 k=1
1 i—1
= ;= E(a,»j —;likzjk), for j > i. (18.6)

The symmetric or Hermitian positive definite matrices are closely related to the
positive definite bilinear forms on Euclidian or unitary vector spaces.

Theorem 18.27 IfV is a finite dimensional Euclidian or unitary vector space and
if B is a symmetric or Hermitian bilinear form on V), respectively, then the following
statements are equivalent:

(1) B is positive definite, i.e., 3(v, v) > O forallv € V \ {0}.

(2) For every basis B of V the matrix representation [3]px g is (symmetric or Her-
mitian) positive definite.

(3) There exists a basis B of V such that the matrix representation [3)gxp is (sym-
metric or Hermitian) positive definite.

Proof Exercise. O
Exercises

18.1 Let A € R™" be normal. Show that a'A for every a € R, A for every k € Ny,
and p(A) for every p € R[] are normal.

18.2 Let A, B € R™" be normal. Are A + B and A B then normal as well?

18.3 Let A € R*? be normal but not symmetric. Show that then

a=[50]
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for some o € Rand g € R\ {0}.

18.4 Prove Corollary 18.6 using Theorem 18.5.

18.5 Show that real skew-symmetric matrices (i. e., matrices with A = —AT €
R™") and complex skew-Hermitian matrices (i. ., matrices with A = — A ¢
C™™) are normal.

18.6 Let V be a finite dimensional unitary vector space and let f € L(V, V) be
normal. Show the following assertions:

(a) If f = f2, then f is selfadjoint.
(b) If f2 = f3, then f = f2.
(c) If f is nilpotent, then f = 0.

18.7 LetV be a finite dimensional real or complex vector space and let f € L(V, V)
be diagonalizable. Show that there exists a scalar product on V such that f is
normal with respect to this scalar products.

18.8 Let A € C"". Show the following assertions:

(a) A is normal if and only if there exists a normal matrix B with n distinct
eigenvalues that commutes with A.

(b) A isnormal if and only if A 4 a/ is normal for every a € C.

(c) Let H(A) := (A + A") be the Hermitian and S(A) := 3(A — A”) the
skew-Hermitian part of A. Show that A = H(A)+S(A), H(A)? = H(A)
and S(A)" = —S(A). Show, furthermore, that A is normal if and only if
H(A) and S(A) commute.

18.9 Show that if A € C"” is normal and if f(z) = ZZIZ with ad — bc # 0 is

defined on the spectrum of A, then f(A) = (aA + bI)(cA +dI)~".
(The map f(z) is called a Mobius transformation.® Such transformations play
an important role in Function Theory and in many other areas of Mathematics.)

18.10 Let V be a finite dimensional Euclidian or unitary vector space and let f €
L(V, V) be orthogonal or unitary, respectively. Show that f~! exists and is
again orthogonal or unitary, respectively.

18.11 Let u € R™! and let the Householder matrix H (1) be defined as in (18.2).
Show the following assertions:

(a) For u # O the matrices H(u) and [—ey, 3, ..., e,] are orthogonally
similar, i.e., there exists an orthogonal matrix Q € R™" with

Q"THw)Q =[—e, e, ..., el

(This implies that H(u#) only has the eigenvalues 1 and —1 with the
algebraic multiplicities n — 1 and 1, respectively.)

(b) Every orthogonal matrix A € R™" can be written as product of n House-
holder matrices, i.e., there exist u,, ..., u, € R*! with A = H(u,)...
Hu,).

3 August Ferdinand Mabius (1790-1868).
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Let v € R™! satisfy v"v = 1. Show that there exists an orthogonal matrix
U € R" with Uv = ¢;.

Transfer the proofs of Lemma 18.22 and Theorem 18.23 to complex Hermitian
matrices and thus show Theorem 18.24.

Determine for the symmetric matrix

_J10 6 -
A_|:6 10}61R

an orthogonal matrix U € R*? such that UT AU is diagonal. Is A positive
(semi-)definite?

Let K € {R, C} and let {vy, ..., v,} be a basis of K™!. Prove or disprove: A
matrix A = A" € K™" is positive definite if and only if v/’ Av; > 0 for all
j=1,...,n.

Use Definition 18.25 to test whether the symmetric matrices

11 12 21 -
[1 1]’ [21] [12] € R

are positive (semi-)definite. Determine in all cases the inertia.

Let
Ay A
A= e R™"
|:A1T2 A22i|

with Ay = AT, € GL,,(R), Ajp € R™"™™ and Ay = AL, € R"=""~" The
matrix S := Ay — AL A A;p € R™™ is called the Schur complement® of
Aj; in A. Show that A is positive definite if Aj; and S are positive definite.
(For the Schur complement, see also Exercise 4.17.)

Show that A € C™" is Hermitian positive definite if and only if (x, y) = y# Ax
defines a scalar product on C"!.

Prove the following version of Theorem 18.26 for positive semidefinite matri-
ces.

If A € R™" is symmetric, then the following statements are equivalent:

(1) A is positive semidefinite.
(2) All eigenvalues of A are real and nonnegative.
(3) There exists an upper triangular matrix L € R™" with A = LL" .

Let V be a finite dimensional Euclidian or unitary vector space and let f €
LV, V) be selfadjoint. Show that f is positive definite if and only if all
eigenvalues of f are real and positive.

Let A € R™". A matrix X € R™" with X?> = A is called a square root of A
(cp. Sect. 17.1).

SIssai Schur (1875-1941).
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(a) Show that a symmetric positive definite matrix A € R™” has a symmetric
positive definite square root.
(b) Show that the matrix

33 6 6
A=| 6 24-12
6—12 24

is symmetric positive definite and compute a symmetric positive definite
square root of A.
(c) Show that the matrix A = J,,(0), n > 2, does not have a square root.

18.22 Show that the matrix
210

A=1]121]eR»
012

is positive definite and compute a Cholesky factorization of A using (18.3)—
(18.6).
18.23 Let A, B € C™" be Hermitian and let B be furthermore positive definite.
Show that the polynomial det(s B — A) € C[t]<, has exactly n real roots.
18.24 Prove Theorem 18.27.
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