
Chapter 8
The Characteristic Polynomial
and Eigenvalues of Matrices

Wehave already characterizedmatrices using their rank and their determinant. In this
chapter we use the determinant map in order to assign to every squarematrix a unique
polynomial that is called the characteristic polynomial of thematrix. This polynomial
contains important information about the matrix. For example, one can read off the
determinant and thus see whether the matrix is invertible. Even more important are
the roots of the characteristic polynomial, which are called the eigenvalues of the
matrix.

8.1 The Characteristic Polynomial
and the Cayley-Hamilton Theorem

Let R be a commutative ring with unit and let R[t] be the corresponding ring of
polynomials (cp. Example3.17). For A = [ai j ] ∈ Rn,n we set

t In − A :=

⎡
⎢⎢⎢⎢⎣

t − a11 −a12 · · · −a1n

−a21 t − a22
. . .

...
...

. . .
. . . −an−1,n

−an1 · · · −an,n−1 t − ann

⎤
⎥⎥⎥⎥⎦

∈ (R[t])n,n.

The entries of the matrix t In − A are elements of the commutative ring with unit
R[t], where the diagonal entries are polynomials of degree 1, and the other entries
are constant polynomials. Using Definition7.4 we can form the determinant of the
matrix t In − A, which is an element of R[t].
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102 8 The Characteristic Polynomial and Eigenvalues of Matrices

Definition 8.1 Let R be a commutative ring with unit and A ∈ Rn,n . Then

PA := det(t In − A) ∈ R[t]

is called the characteristic polynomial of A.

Example 8.2 If n = 1 and A = [a11], then

PA = det(t I1 − A) = det([t − a11]) = t − a11.

For n = 2 and

A =
[

a11 a12

a21 a22

]

we obtain

PA = det

([
t − a11 −a12

−a21 t − a22

])
= t2 − (a11 + a22)t + (a11a22 − a12a21).

Using Definition7.4 we see that the general form of PA for a matrix A ∈ Rn,n is
given by

PA =
∑
σ∈Sn

sgn(σ)
n∏

i=1

(
δi,σ(i)t − ai,σ(i)

)
. (8.1)

The following lemma presents basic properties of the characteristic polynomial.

Lemma 8.3 For A ∈ Rn,n we have PA = PAT and

PA = tn − αn−1tn−1 + . . . + (−1)n−1α1t + (−1)nα0

with αn−1 = ∑n
i=1 aii and α0 = det(A).

Proof Using (5) in Lemma7.10 we obtain

PA = det(t In − A) = det((t In − A)T ) = det(t In − AT ) = PAT .

Using PA as in (8.1) we see that

PA =
n∏

i=1

(t − aii ) +
∑
σ∈Sn

σ �=[1 ··· n]

sgn(σ)
n∏

i=1

(
δi,σ(i)t − ai,σ(i)

)
.
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The first term on the right hand side is of the form

tn −
(

n∑
i=1

aii

)
tn−1 + (polynomial of degree ≤ n − 2),

and the second term is a polynomial of degree ≤ n − 2. Thus, αn−1 = ∑n
i=1 aii as

claimed. Moreover, Definition8.1 yields

PA(0) = det(−A) = (−1)n det(A),

so that α0 = det(A). ��
This lemma shows that the characteristic polynomial of A ∈ Rn,n always is of

degree n. The coefficient of tn is 1 ∈ R. Such a polynomial is called monic. The
coefficient of tn−1 is given by the sum of the diagonal entries of A. This quantity is
called the trace of A, i.e.,

trace(A) :=
n∑

i=1

aii .

The following lemma shows that for every monic polynomial p ∈ R[t] of degree
n ≥ 1 there exists a matrix A ∈ Rn,n with PA = p.

Lemma 8.4 If n ∈ N and p = tn + βn−1tn−1 + . . . + β0 ∈ R[t], then p is the
characteristic polynomial of the matrix

A =

⎡
⎢⎢⎢⎢⎣

0 −β0

1
. . .

...

. . . 0 −βn−2

1 −βn−1

⎤
⎥⎥⎥⎥⎦

∈ Rn,n.

(For n = 1 we have A = [−β0].) The matrix A is called the companion matrix of p.

Proof We prove the assertion by induction on n.
For n = 1 we have p = t + β0, A = [−β0] and PA = det([t + β0]) = p.
Let the assertion hold for some n ≥ 1. We consider p = tn+1 + βntn + . . . + β0

and

A =

⎡
⎢⎢⎢⎢⎣

0 −β0

1
. . .

...

. . . 0 −βn−1

1 −βn

⎤
⎥⎥⎥⎥⎦

∈ Rn+1,n+1.
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Using the Laplace expansion with respect to the first row (cp. Corollary7.22) and
the induction hypothesis we get

PA = det(t In+1 − A)

= det

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣

t β0

−1
. . .

...

. . . t βn−1

−1 t + βn

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

= t · det

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣

t β1

−1
. . .

...

. . . t βn−1

−1 t + βn

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

+ (−1)n+2 · β0 · det

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣

−1 t
. . .

. . .

. . . t
−1

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

= t · (tn + βntn−1 + . . . + β1) + (−1)2n+2β0

= tn+1 + βntn + . . . + β1t + β0

= p. ��
Example 8.5 The polynomial p = (t − 1)3 = t3 − 3t2 + 3t − 1 ∈ Z[t] has the
companion matrix

A =
⎡
⎣
0 0 1
1 0 −3
0 1 3

⎤
⎦ ∈ Z

3,3.

The identity matrix I3 has the characteristic polynomial

PI3 = det(t I3 − I3) = (t − 1)3 = PA.

Thus, different matrices may have the same characteristic polynomial.

In Example3.17 we have seen how to evaluate a polynomial p ∈ R[t] at a scalar
λ ∈ R. Analogously, we can evaluate p at a matrix M ∈ Rm,m (cp. Exercise4.8).
For

p = βntn + βn−1tn−1 + . . . + β0 ∈ R[t]

we define

p(M) := βn Mn + βn−1Mn−1 + . . . + β0 Im ∈ Rm,m,

where the multiplication on the right hand side is the scalar multiplication of β j ∈ R
and M j ∈ Rm,m , j = 0, 1, . . . , n. (Recall that M0 = Im .) Evaluating a given
polynomial at matrices M ∈ Rm,m therefore defines a map from Rm,m to Rm,m .

http://dx.doi.org/10.1007/978-3-319-24346-7_7
http://dx.doi.org/10.1007/978-3-319-24346-7_3
http://dx.doi.org/10.1007/978-3-319-24346-7_4
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In particular, using (8.1), the characteristic polynomial PA of A ∈ Rn,n satisfies

PA(M) =
∑
σ∈Sn

sgn(σ)
n∏

i=1

(
δi,σ(i)M − ai,σ(i) Im

)
for all M ∈ Rm,m .

Note that for M ∈ Rn,n and PA = det(t In − A) the “obvious” equation PA(M) =
det(M − A) is wrong. By definition, PA(M) ∈ Rn,n and det(M − A) ∈ R, so that
the two expressions cannot be the same, even for n = 1.

The following result is called the Cayley-Hamilton theorem.1

Theorem 8.6 For every matrix A ∈ Rn,n and its characteristic polynomial PA ∈
R[t] we have PA(A) = 0 ∈ Rn,n.

Proof For n = 1 we have A = [a11] and PA = t − a11, so that PA(A) = [a11] −
[a11] = [0].

Let now n ≥ 2 and let ei be the i th column of the identity matrix In ∈ Rn,n . Then

Aei = a1i e1 + a2i e2 + . . . + ani en, i = 1, . . . , n,

which is equivalent to

(A − aii In)ei +
n∑

j=1
j �=i

(−a ji In)e j = 0, i = 1, . . . , n.

The last n equations can be written as

⎡
⎢⎢⎢⎣

A − a11 In −a21 In · · · −an1 In

−a12 In A − a22 In · · · −an2 In
...

...
...

−a1n In −a2n In · · · A − ann In

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

e1
e2
...

en

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

0
0
...

0

⎤
⎥⎥⎥⎦ , or Bε = 0̂.

Hence B ∈ (R[A])n,n with R[A] := {p(A) | p ∈ R[t]} ⊂ Rn,n . The set R[A] forms
a commutative ring with unit given by the identity matrix In (cp. Exercise4.8). Using
Theorem7.18 we obtain

adj(B)B = det(B) În,

1Arthur Cayley (1821–1895) showed this theorem in 1858 for n = 2 and claimed that he had verified
it for n = 3. He did not feel it necessary to give a proof for general n. Sir William Rowan Hamilton
(1805–1865) proved the theorem for the case n = 4 in 1853 in the context of his investigations of
quaternions. One of the first proofs for general n was given by Ferdinand Georg Frobenius (1849–
1917) in 1878. James Joseph Sylvester (1814–1897) coined the name of the theorem in 1884 by
calling it the “no-little-marvelous Hamilton-Cayley theorem”.

http://dx.doi.org/10.1007/978-3-319-24346-7_4
http://dx.doi.org/10.1007/978-3-319-24346-7_7
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where det(B) ∈ R[A] and În is the identity matrix in (R[A])n,n . (This matrix has n
times the identity matrix In on its diagonal.) Multiplying this equation from the right
by ε yields

adj(B)Bε = det(B) Înε,

which implies that det(B) = 0 ∈ Rn,n . Finally, using Lemma8.3 gives

0 = det(B) =
∑
σ∈Sn

sgn(σ)
n∏

i=1

(δi,σ(i)A − aσ(i),i In)

=
∑
σ∈Sn

sgn(σ)
n∏

i=1

(δσ(i),i A − aσ(i),i In)

= PAT (A)

= PA(A),

which completes the proof. ��

8.2 Eigenvalues and Eigenvectors

In this section we present an introduction to the topic of eigenvalues and eigenvectors
of square matrices over a field K . These concepts will be studied in more detail in
later chapters.

Definition 8.7 Let A ∈ K n,n . If λ ∈ K and v ∈ K n,1 \ {0} satisfy Av = λv, then λ
is called an eigenvalue of A and v is called an eigenvector of A corresponding to λ.

While by definition v = 0 can never be an eigenvector of a matrix, λ = 0 may be
an eigenvalue. For example,

[
1 −1

−1 1

] [
1
1

]
= 0

[
1
1

]
.

If v is an eigenvector corresponding to the eigenvalue λ of A and α ∈ K \ {0}, then
αv �= 0 and

A (αv) = α (Av) = α (λv) = λ (αv).

Thus, also αv is an eigenvector of A corresponding to λ.
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Theorem 8.8 For A ∈ K n,n the following assertions hold:

(1) λ is an eigenvalue of A if and only if λ is a root of the characteristic polynomial
of A, i.e., PA(λ) = 0 ∈ K .

(2) λ = 0 is an eigenvalue of A if and only if det(A) = 0.
(3) λ is an eigenvalue of A if and only if λ is an eigenvalue of AT .

Proof

(1) The equation PA(λ) = det(λIn − A) = 0 holds if and only if the matrix λIn − A
is not invertible (cp. (7.4)), and this is equivalent to L (λIn − A, 0) �= {0}.
This, however, means that there exists a vector x̂ �= 0 with (λIn − A)̂x = 0, or
Ax̂ = λx̂ .

(2) By (1), λ = 0 is an eigenvalue of A if and only if PA(0) = 0. The assertion now
follows from PA(0) = (−1)n det(A) (cp. Lemma8.3).

(3) This follows from (1) and PA = PAT (cp. Lemma8.3). ��
Whether a matrix A ∈ K n,n has eigenvalues or not may depend on the field K

over which A is considered.

Example 8.9 The matrix

A =
[

0 1
−1 0

]
∈ R

2,2

has the characteristic polynomial PA = t2 + 1 ∈ R[t]. This polynomial does not
have roots, since the equation t2 + 1 = 0 has no (real) solutions. If we consider A as
an element of C2,2, then PA ∈ C[t] has the roots i and −i. Then these two complex
numbers are the eigenvalues of A.

Item (3) in Theorem8.8 shows that A and AT have the same eigenvalues. An
eigenvector of A, however, may not be an eigenvector of AT .

Example 8.10 The matrix

A =
[
3 3
1 1

]
∈ R

2,2

has the characteristic polynomial PA = t2−4t = t ·(t −4), and hence its eigenvalues
are 0 and 4. We have

A

[
1

−1

]
= 0

[
1

−1

]
and AT

[
1

−1

]
=

[
2
2

]
�= λ

[
1

−1

]

http://dx.doi.org/10.1007/978-3-319-24346-7_7


108 8 The Characteristic Polynomial and Eigenvalues of Matrices

for all λ ∈ R. Thus, [1, −1]T is an eigenvector of A corresponding to the eigen-
value 0, but it is not an eigenvector of AT . On the other hand,

AT

[
1

−3

]
= 0

[
1

−3

]
and A

[
1

−3

]
=

[−6
−2

]
�= λ

[
1

−3

]

for all λ ∈ R. Thus, [1, −3]T is an eigenvector of AT corresponding to the eigen-
value 0, but it is not an eigenvector of A.

Theorem8.8 implies further criteria for the invertibility of A ∈ K n,n (cp. (7.3)):

A ∈ GLn(K ) ⇔ 0 is not an eigenvalue of A

⇔ 0 is not a root of PA.

Definition 8.11 Twomatrices A, B ∈ K n,n are called similar, if there exists amatrix
Z ∈ GLn(K ) with A = Z B Z−1.

One can easily show that this defines an equivalence relation on the set K n,n (cp.
the proof following Definition5.13).

Theorem 8.12 If two matrices A, B ∈ K n,n are similar, then PA = PB.

Proof If A = Z B Z−1, then the multiplication theorem for determinants yields

PA = det(t In − A) = det(t In − Z B Z−1) = det(Z(t In − B)Z−1)

= det(Z) det(t In − B) det(Z−1) = det(t In − B) det(Z Z−1)

= PB

(cp. the remarks below Theorem7.15). ��
Theorem8.12 and (1) inTheorem8.8 show that two similarmatrices have the same

eigenvalues. The condition that A and B are similar is sufficient, but not necessary
for PA = PB .

Example 8.13 Let

A =
[
1 1
0 1

]
, B =

[
1 0
0 1

]
= I2.

Then PA = (t − 1)2 = PB , but for every matrix Z ∈ GLn(K ) we have Z B Z−1 =
I2 �= A. Thus, we have PA = PB although A and B are not similar (cp. also
Example8.5).

http://dx.doi.org/10.1007/978-3-319-24346-7_7
http://dx.doi.org/10.1007/978-3-319-24346-7_5
http://dx.doi.org/10.1007/978-3-319-24346-7_7
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MATLAB-Minute.
The roots of a polynomial p = αntn + αn−1tn−1 + . . . + α0 can be computed
(or approximated) in MATLAB using the command roots(p), where p is a
1×(n+1)matrix with the entries p(i)= αn+1−i for i = 1, . . . , n+1. Compute
roots(p) for the monic polynomial p = t3 − 3t2 + 3t − 1 ∈ R[t] and display
the output using format long. What are the exact roots of p and how large
is the numerical error in the computation of the roots using roots(p)?
Form the matrix A=compan(p) and compare its structure with the one of the
companion matrix from Lemma8.4. Can you transfer the proof of Lemma8.4
to the structure of the matrix A?
Compute the eigenvalues of A with the command eig(A) and compare the
output with the one of roots(p). What do you observe?

8.3 Eigenvectors of Stochastic Matrices

We now consider the eigenvalue problem presented in Sect. 1.1 in the context of
the PageRank algorithm. The mathematical modeling leads to the equations (1.1),
which can be written in the form Ax = x . Here A = [ai j ] ∈ R

n,n (n is the number
of documents) satisfies

ai j ≥ 0 and
n∑

i=1

ai j = 1 for j = 1, . . . , n.

Such a matrix A is called column-stochastic. Note that A is column-stochastic if
and only if AT is row-stochastic. Such matrices also occurred in the car insurance
application considered in Sect. 1.2 and Example4.7. We want to determine x =
[x1, . . . , xn]T ∈ R

n,1 \{0}with Ax = x , where the entry xi describes the importance
of document i . The importance values should be nonnegative, i.e., xi ≥ 0 for i =
1, . . . , n. Thus, we want to determine an entrywise nonnegative eigenvector of A
corresponding to the eigenvalue λ = 1.

We first check whether this problem has a solution, and then study whether the
solution is unique. Our presentation is based on the article [BryL06].

Lemma 8.14 A column-stochastic matrix A ∈ R
n,n has an eigenvector correspond-

ing to the eigenvalue 1.

Proof Since A is column-stochastic, we have AT [1, . . . , 1]T = [1, . . . , 1]T , so that 1
is an eigenvalue of AT . Now (3) in Theorem8.8 shows that also A has the eigenvalue
1, and hence there exists a corresponding eigenvector. ��

http://dx.doi.org/10.1007/978-3-319-24346-7_1
http://dx.doi.org/10.1007/978-3-319-24346-7_1
http://dx.doi.org/10.1007/978-3-319-24346-7_1
http://dx.doi.org/10.1007/978-3-319-24346-7_4
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A matrix with real entries is called positive, if all its entries are positive.

Lemma 8.15 If A ∈ R
n,n is positive and column-stochastic and if x ∈ R

n,1 is an
eigenvector of A corresponding to the eigenvalue 1, then either x or −x is positive.

Proof If x = [x1, . . . , xn]T is an eigenvector of A = [ai j ] corresponding to the
eigenvalue 1, then

xi =
n∑

j=1

ai j x j , i = 1, . . . , n.

Suppose that not all entries of x are positive or not all entries of x are negative. Then
there exists at least one index k with

|xk |=
∣∣

n∑
j=1

ak j x j

∣∣ <
n∑

j=1

ak j |x j |,

which implies

n∑
i=1

|xi | <
n∑

i=1

n∑
j=1

ai j |x j | =
n∑

j=1

n∑
i=1

ai j |x j | =
n∑

j=1

(
|x j | ·

n∑
i=1

ai j

︸ ︷︷ ︸
=1

)
=

n∑
j=1

|x j |.

This is impossible, so that indeed x or −x must be positive. ��
We can now prove the following uniqueness result.

Theorem 8.16 If A ∈ R
n,n is positive and column-stochastic, then there exists a

unique positive x = [x1, . . . , xn]T ∈ R
n,1 with

∑n
i=1 xi = 1 and Ax = x.

Proof By Lemma8.15, A has a least one positive eigenvector corresponding to the
eigenvalue 1. Suppose that x (1) = [

x (1)
1 , . . . , x (1)

n

]T
and x (2) = [

x (2)
1 , . . . , x (2)

n

]T

are two such eigenvectors. Suppose that these are normalized by
∑n

i=1 x ( j)
i = 1,

j = 1, 2. This assumption can be made without loss of generality, since every
nonzero multiple of an eigenvector is still an eigenvector.

We will show that x (1) = x (2). For α ∈ R we define x(α) := x (1) + αx (2) ∈ R
n,1,

then

Ax(α) = Ax (1) + αAx (2) = x (1) + αx (2) = x(α).

If α̃ := −x (1)
1 /x (2)

1 , then the first entry of x(α̃) is equal to zero and thus, by
Lemma8.15, x(α̃) cannot be an eigenvector of A corresponding to the eigenvalue 1.
Now Ax(α̃) = x(α̃) implies that x(α̃) = 0, and hence

x (1)
i + α̃x (2)

i = 0, i = 1, . . . , n. (8.2)
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Summing up these n equations yields

n∑
i=1

x (1)
i

︸ ︷︷ ︸
=1

+ α̃

n∑
i=1

x (2)
i

︸ ︷︷ ︸
=1

= 0,

so that α̃ = −1. From (8.2) we get x (1)
i = x (2)

i for i = 1, . . . , n, and therefore
x (1) = x (2). ��

The unique positive eigenvector x in Theorem8.16 is called the Perron eigenvec-
tor2 of the positive matrix A. The theory of eigenvalues and eigenvectors of positive
(or more general nonnegative) matrices is an important area of Matrix Theory, since
these matrices arise in many applications.

By construction, the matrix A ∈ R
n,n in the PageRank algorithm is column-

stochastic but not positive, since there are (usually many) entries ai j = 0. In order
to obtain a uniquely solvable problem one can use the following trick:

Let S = [si j ] ∈ R
n,n with si j = 1/n. Obviously, S is positive and column-

stochastic. For a real number α ∈ (0, 1] we define the matrix

Â(α) := (1 − α)A + αS.

This matrix is positive and column-stochastic, and hence it has a unique positive
eigenvector û corresponding to the eigenvalue 1. We thus have

û = Â(α)̂u = (1 − α)Aû + αSû = (1 − α)Aû + α

n
[1, . . . , 1]T.

For a very large number of documents (e.g. the entire internet) the number α/n is
very small, so that (1 − α)Aû ≈ û. Therefore a solution of the eigenvalue problem
Â(α)̂u = û for small α potentially gives a good approximation of a u ∈ R

n,1 that
satisfies Au = u. The practical solution of the eigenvalue problem with the matrix
Â(α) is a topic of the field of Numerical Linear Algebra.

The matrix S represents a link structure where all document are mutually linked
and thus all documents are equally important. The matrix Â(α) = (1 − α)A + αS
thereforemodels the following internet “surfing behavior”:A user follows a proposed
linkwith the probability 1−α and an arbitrary link with the probabilityα. Originally,
Google Inc. used the value α = 0.15.

2Oskar Perron (1880–1975).
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Exercises

(In the following exercises K is an arbitrary field.)

8.1 Determine the characteristic polynomials of the following matrices over Q:

A =
[
2 0
0 2

]
, B =

[
4 4

−1 0

]
, C =

[
2 1
0 2

]
, D =

⎡
⎣

2 0 −1
0 2 0

−4 0 2

⎤
⎦ .

Verify the Cayley-Hamilton theorem in each case by direct computation. Are
two of the matrices A, B,C similar?

8.2 Let R be a commutative ring with unit and n ≥ 2.

(a) Show that for every A ∈ GLn(R) there exists a polynomial p ∈ R[t] of
degree at most n − 1 with adj(A) = p(A). Conclude that A−1 = q(A)
holds for a polynomial q ∈ R[t] of degree at most n − 1.

(b) Let A ∈ Rn,n . Apply Theorem7.18 to the matrix t In − A ∈ (R[t])n,n

and derive an alternative proof of the Cayley-Hamilton theorem from the
formula det(t In − A) In = (t In − A) adj(t In − A).

8.3 Let A ∈ K n,n be a matrix with Ak = 0 for some k ∈ N. (Such a matrix is
called nilpotent.)

(a) Show that λ = 0 is the only eigenvalue of A.
(b) Determine PA and show that An = 0.

(Hint:Youmay assume that PA has the form
n∏

i=1
(t−λi ) for someλ1, . . . ,λn

∈ K .)
(c) Show that μIn − A is invertible if and only if μ ∈ K \ {0}.
(d) Show that (In − A)−1 = In + A + A2 + . . . + An−1.

8.4 Determine the eigenvalues and corresponding eigenvectors of the following
matrices over R:

A =
⎡
⎣
1 1 1
0 1 1
0 0 1

⎤
⎦ , B =

⎡
⎣
3 8 16
0 7 8
0 −4 −5

⎤
⎦ , C =

⎡
⎢⎢⎣
0 −1 0 0
1 0 0 0
0 0 −2 1
0 0 0 −2

⎤
⎥⎥⎦ .

Is there any difference when you consider A, B,C as matrices over C?
8.5 Let n ≥ 3 and ε ∈ R. Consider the matrix

A(ε) =

⎡
⎢⎢⎢⎢⎣

1 1
. . .

. . .

. . . 1
ε 1

⎤
⎥⎥⎥⎥⎦
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as an element of Cn,n and determine all eigenvalues in dependence of ε. How
many pairwise distinct eigenvalues does A(ε) have?

8.6 Determine the eigenvalues and corresponding eigenvectors of

A =
⎡
⎣
2 2 − a 2 − a
0 4 − a 2 − a
0 −4 + 2a −2 + 2a

⎤
⎦ ∈ R

3,3, B =
⎡
⎣
1 1 0
1 0 1
0 1 1

⎤
⎦ ∈ (Z/2Z)3,3.

(For simplicity, the elements of Z/2Z are here denoted by k instead of [k].)
8.7 Let A ∈ K n,n , B ∈ K m,m , n ≥ m, and C ∈ K n,m with rank(C) = m and

AC = C B. Show that then every eigenvalue of B is an eigenvalue of A.
8.8 Show the following assertions:

(a) trace(λA + μB) = λ trace(A) + μ trace(B) holds for all λ,μ ∈ K and
A, B ∈ K n,n .

(b) trace(AB) = trace(B A) holds for all A, B ∈ K n,n .
(c) If A, B ∈ K n,n are similar, then trace(A) = trace(B).

8.9 Prove or disprove the following statements:

(a) There exist matrices A, B ∈ K n,n with trace(AB) �= trace(A) trace(B).
(b) There exist matrices A, B ∈ K n,n with AB − B A = In .

8.10 Suppose that the matrix A = [ai j ] ∈ C
n,n has only real entries ai j . Show

that if λ ∈ C\R is an eigenvalue of A with corresponding eigenvector v =
[ν1, . . . , νn]T ∈ C

n,1, then also λ is an eigenvalue of A with corresponding
eigenvector v := [ν1, . . . , νn]T .
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