Chapter 8
The Characteristic Polynomial
and Eigenvalues of Matrices

We have already characterized matrices using their rank and their determinant. In this
chapter we use the determinant map in order to assign to every square matrix a unique
polynomial that is called the characteristic polynomial of the matrix. This polynomial
contains important information about the matrix. For example, one can read off the
determinant and thus see whether the matrix is invertible. Even more important are
the roots of the characteristic polynomial, which are called the eigenvalues of the
matrix.

8.1 The Characteristic Polynomial
and the Cayley-Hamilton Theorem

Let R be a commutative ring with unit and let R[¢] be the corresponding ring of
polynomials (cp. Example3.17). For A = [g;;] € R™" we set

t—ay —ap e —aip
—da r—a
tl, — A = 2 2 € (R[tH™".
_an—l,n
—dp] e —Adpn—1 r— App

The entries of the matrix 7/, — A are elements of the commutative ring with unit
R[t], where the diagonal entries are polynomials of degree 1, and the other entries
are constant polynomials. Using Definition7.4 we can form the determinant of the
matrix ¢/, — A, which is an element of R[?].
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Definition 8.1 Let R be a commutative ring with unit and A € R™". Then
Py :=det(tl, — A) € R[]
is called the characteristic polynomial of A.
Example 8.2 1f n =1 and A = [a;1], then
Py =det(tl; — A) =det([t —ay1]) =t —ay.
Forn = 2 and
A [an alz]
as axn
we obtain

t—ap —an
Py = det =12 — (a5 + an)t + (a11an — apas).
—ap I —axn

Using Definition 7.4 we see that the general form of P4 for a matrix A € R™" is

given by

n

PA = Z sgn(a) H (6i,(r(i)t — ai,(,(,‘)). (81)

og€eS, i=1
The following lemma presents basic properties of the characteristic polynomial.

Lemma 8.3 For A € R™" we have Py = P,r and
Py=1"—a, " .+ (D"t + (=D
with o,—y = Y _; a;; and o = det(A).
Proof Using (5) in Lemma7.10 we obtain
Py = det(t1, — A) = det((t1, — A)T) = det(t1, — AT) = Pyr.

Using P4 as in (8.1) we see that

n

Py = H(t —ai) + Z sgn(o) H(&-,amt — i o))

i=1 €Sy i=1
o#[1-n]
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The first term on the right hand side is of the form

t" — (Z aii) "' + (polynomial of degree < n — 2),
i=1

and the second term is a polynomial of degree < n — 2. Thus, a;,—; = Z:Z: | Gij as
claimed. Moreover, Definition 8.1 yields

P4(0) = det(—A) = (—1)" det(A),

so that ag = det(A). O

This lemma shows that the characteristic polynomial of A € R™" always is of
degree n. The coefficient of " is 1 € R. Such a polynomial is called monic. The
coefficient of #"~! is given by the sum of the diagonal entries of A. This quantity is
called the trace of A, i.e.,

trace(A) := Z a;;.

i=1

The following lemma shows that for every monic polynomial p € R[t] of degree
n > 1 there exists a matrix A € R™" with P4 = p.

Lemma84 Ifn € Nand p = t" + B,_1t""' + ... + By € R[t], then p is the
characteristic polynomial of the matrix

0 —Bo
A= b : € R"".
0 _61172
1 _ﬁnfl

(Forn = 1 we have A = [—[].) The matrix A is called the companion matrix of p.

Proof We prove the assertion by induction on 7.

Forn =1 wehave p =t + 3y, A = [-5] and P4 = det([t + 5o]) = p.

Let the assertion hold for some n > 1. We consider p = t"*! + B,t" + ...+ 3
and

0 —Bo

A= e Rn+1,n+1-
0 _611—1
1 _ﬁn
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Using the Laplace expansion with respect to the first row (cp. Corollary 7.22) and
the induction hypothesis we get

Py =det(tl, 1 — A)

t Bo
= det N
t anl
—1t+0,
t Bi -1t
=t -det -t : —l—(—l)”“.go.det
’ t ﬂn—l t
—1t+ 05, -1

=t "+ But" .+ B+ (=D
= thrl + ﬂntn + ... +61t +/60

Example 8.5 The polynomial p = (t — 1)3 = 3 — 31> + 3t — 1 € Z[t] has the
companion matrix

00 1
A=|10-3| e 7.
01 3

The identity matrix I3 has the characteristic polynomial
P, =det(tl; — ;) = (t — 1)> = P,.

Thus, different matrices may have the same characteristic polynomial.

In Example 3.17 we have seen how to evaluate a polynomial p € R[] at a scalar
A € R. Analogously, we can evaluate p at a matrix M € R™"™ (cp. Exercise4.8).
For

p=0But"+Buat" " +...+ B € RIt]
we define
p(M) == B,M" + B, M" " + ...+ oL, € R™™,
where the multiplication on the right hand side is the scalar multiplication of 3; € R

and M/ € R™™, j = 0,1,...,n. (Recall that M° = I,,.) Evaluating a given
polynomial at matrices M € R™™ therefore defines a map from R™"™ to R™"™.
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In particular, using (8.1), the characteristic polynomial P4 of A € R™" satisfies

Py(M) = Z sgn(o) H (6,4,0(,-)M — ai_g(i)lm) for all M € R™™,

og€eS, i=1

Note that for M € R™" and P4 = det(tl, — A) the “obvious” equation P, (M) =
det(M — A) is wrong. By definition, P4(M) € R™" and det(M — A) € R, so that
the two expressions cannot be the same, even forn = 1.

The following result is called the Cayley-Hamilton theorem.!

Theorem 8.6 For every matrix A € R™" and its characteristic polynomial P4 €
R[t] we have P,(A) =0 € R™".

Proof Forn = 1 we have A = [a;1] and P4 = t — ayy, so that P4(A) = [a11] —

[ai1] = [0].
Letnow n > 2 and let ¢; be the ith column of the identity matrix , € R™". Then

Ae; = ayje1 + ajer + ... +aye,, i=1,...,n,

which is equivalent to

n

(A—aile; + Y (=ajil)e; =0, i=1,....n.
Jj=1
J#i

The last n equations can be written as

A—ayl, —anl, --- —aul, el 0
—apl, A—axnl, --- —apl, e 0 .
=|.|, or Be=0.

_alnln _a2n1n s A— annln €n 0

Hence B € (R[A])*" with R[A] := {p(A) | p € R[t]} C R™". The set R[A] forms
a commutative ring with unit given by the identity matrix 7, (cp. Exercise4.8). Using
Theorem 7.18 we obtain

adj(B)B = det(B)1,,

! Arthur Cayley (1821-1895) showed this theorem in 1858 for n = 2 and claimed that he had verified
it for n = 3. He did not feel it necessary to give a proof for general n. Sir William Rowan Hamilton
(1805-1865) proved the theorem for the case n = 4 in 1853 in the context of his investigations of
quaternions. One of the first proofs for general n was given by Ferdinand Georg Frobenius (1849—
1917) in 1878. James Joseph Sylvester (1814—1897) coined the name of the theorem in 1884 by
calling it the “no-little-marvelous Hamilton-Cayley theorem”.
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where det(B) € R[A] and IAn is the identity matrix in (R[A])*". (This matrix has n
times the identity matrix [, on its diagonal.) Multiplying this equation from the right
by ¢ yields

adj(B)Be = det(B)1,¢,

which implies that det(B) = 0 € R™". Finally, using Lemma 8.3 gives

0=det(B) = >_sgn(o) [ [ GromA — aoi.iln)

og€eSs, i=1
= > sgn(©@) [ [ GowiA = aoiy.il)
o€eSs, i=1
= Pyr(A)
= Pa(A),
which completes the proof. O

8.2 Eigenvalues and Eigenvectors

In this section we present an introduction to the topic of eigenvalues and eigenvectors
of square matrices over a field K. These concepts will be studied in more detail in
later chapters.

Definition 8.7 Let A € K"". If A\ € K and v € K™ \ {0} satisfy Av = Av, then A
is called an eigenvalue of A and v is called an eigenvector of A corresponding to .

While by definition v = 0 can never be an eigenvector of a matrix, A = 0 may be

an eigenvalue. For example,
I—-1] (1] _ 1
-1 1|[1] ™ 1|

If v is an eigenvector corresponding to the eigenvalue A of A and o € K \ {0}, then
av # 0 and

A (av) = a (Av) = a (\v) = A (av).

Thus, also awv is an eigenvector of A corresponding to A.
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Theorem 8.8 For A € K™" the following assertions hold:

(1) M\isan eigenvalue of A if and only if X is a root of the characteristic polynomial
of A, ie., PA(\) =0€K.

(2) A =0is an eigenvalue of A if and only if det(A) = 0.

(3) \isan eigenvalue of A if and only if ) is an eigenvalue of AT .

Proof

(1) The equation P4(A\) = det(Al, — A) = 0 holds if and only if the matrix A7, — A
is not invertible (cp. (7.4)), and this is equivalent to Z(\I, — A,0) # {0}.
This, however, means that there exists a vector X # 0 with (A\l,, — A)x = 0, or
AX = )\x.

(2) By (1), A = Ois an eigenvalue of A if and only if P4(0) = 0. The assertion now
follows from P4(0) = (—1)" det(A) (cp. Lemma38.3).

(3) This follows from (1) and P4 = P4r (cp. Lemma8.3). m|

Whether a matrix A € K™" has eigenvalues or not may depend on the field K
over which A is considered.

Example 8.9 The matrix

_ 01 2,2
A_[_lo]eR

has the characteristic polynomial P4 = t2 + 1 € R[r]. This polynomial does not
have roots, since the equation 2 4+ 1 = 0 has no (real) solutions. If we consider A as
an element of C>2, then P, € C[¢] has the roots i and —i. Then these two complex
numbers are the eigenvalues of A.

Item (3) in Theorem 8.8 shows that A and A” have the same eigenvalues. An
eigenvector of A, however, may not be an eigenvector of A .

Example 8.10 The matrix

_ 33 2.2
A_[l ]]GR

has the characteristic polynomial P, = > —4t = t-(¢t —4), and hence its eigenvalues
are 0 and 4. We have

slal=ola] me [ L]= (][]
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for all A\ € R. Thus, [1, —1]7 is an eigenvector of A corresponding to the eigen-
value 0, but it is not an eigenvector of AT . On the other hand,

r{ 1] _ 1 1| | -6 1
A [_3 =0 3 and A 3= #A _3
for all A € R. Thus, [1, —3]7 is an eigenvector of AT corresponding to the eigen-

value 0, but it is not an eigenvector of A.

Theorem 8.8 implies further criteria for the invertibility of A € K™" (cp. (7.3)):

A € GL,(K) < 0is not an eigenvalue of A

< 0is not aroot of Py.

Definition 8.11 Two matrices A, B € K™" are called similar, if there exists a matrix
ZeGL,(K)withA=2ZBZ .

One can easily show that this defines an equivalence relation on the set K" (cp.
the proof following Definition 5.13).

Theorem 8.12 [f two matrices A, B € K™" are similar, then Py = Pg.
Proof If A = ZBZ™', then the multiplication theorem for determinants yields
Py =det(tl, — A) = det(tl, — ZBZ™ ') = det(Z(t1, — B)Z™")
= det(Z) det(t], — B)det(Z™") = det(t], — B) det(ZZ™")
= P
(cp. the remarks below Theorem7.15). O

Theorem 8.12 and (1) in Theorem 8.8 show that two similar matrices have the same
eigenvalues. The condition that A and B are similar is sufficient, but not necessary
for P, A= P B-

Example 8.13 Let

11 10
a=lo1] B=[o%]-"

Then P, = (t — 1)> = Pj, but for every matrix Z € GL,(K) we have ZBZ~! =
I, # A. Thus, we have P4 = Py although A and B are not similar (cp. also
Example 8.5).
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MATLAB-Minute.

The roots of a polynomial p = a1 + a— 1"~ + ... + ag can be computed
(or approximated) in MATLAB using the command roots (p), where p is a
1 x (n+ 1) matrix with the entries p (i) = a,+1—; fori = 1,...,n+1. Compute
roots(p) for the monic polynomial p = 13 — 3¢2 + 3t — 1 € R[¢] and display
the output using format long. What are the exact roots of p and how large
is the numerical error in the computation of the roots using roots (p) ?

Form the matrix A=compan (p) and compare its structure with the one of the
companion matrix from Lemma 8.4. Can you transfer the proof of Lemma 8.4
to the structure of the matrix A?

Compute the eigenvalues of A with the command eig(A) and compare the
output with the one of roots (p). What do you observe?

8.3 Eigenvectors of Stochastic Matrices

We now consider the eigenvalue problem presented in Sect. 1.1 in the context of
the PageRank algorithm. The mathematical modeling leads to the equations (1.1),
which can be written in the form Ax = x. Here A = [q;;] € R™" (n is the number
of documents) satisfies

aij20 and Za,-jzl for ]:1,,n

i=l1

Such a matrix A is called column-stochastic. Note that A is column-stochastic if
and only if A7 is row-stochastic. Such matrices also occurred in the car insurance
application considered in Sect. 1.2 and Example4.7. We want to determine x =

[x1, ..., x,]7 € R\ {0} with Ax = x, where the entry x; describes the importance
of document i. The importance values should be nonnegative, i.e., x; > 0 fori =
1,...,n. Thus, we want to determine an entrywise nonnegative eigenvector of A

corresponding to the eigenvalue A = 1.
We first check whether this problem has a solution, and then study whether the
solution is unique. Our presentation is based on the article [BryL06].

Lemma 8.14 A column-stochastic matrix A € R™" has an eigenvector correspond-
ing to the eigenvalue 1.

Proof Since A is column-stochastic, we have AT[1, ..., 117 =[1,...,1]7,sothat 1
is an eigenvalue of A”. Now (3) in Theorem 8.8 shows that also A has the eigenvalue
1, and hence there exists a corresponding eigenvector. O
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A matrix with real entries is called positive, if all its entries are positive.

Lemma 8.15 If A € R™" is positive and column-stochastic and if x € R™' is an
eigenvector of A corresponding to the eigenvalue 1, then either x or —x is positive.

Proof If x = [x1,...,x,]" is an eigenvector of A = [a; ;] corresponding to the
eigenvalue 1, then
n
X; =Za,-jxj, i=1,...,n.
j=1

Suppose that not all entries of x are positive or not all entries of x are negative. Then
there exists at least one index k with

n n
=D an x| < D a1,

j=1 j=l1
which implies

n
UEDD WICTED 2 IAVES (1 3 B 2
i=1 i=1 j=I j=1i=l j=1 i=

=1
This is impossible, so that indeed x or —x must be positive. O
We can now prove the following uniqueness result.

Theorem 8.16 If A € R™" is positive and column-stochastic, then there exists a
unique positive x =[xy, ..., x,]T € R"! with ZZ'=1 x; = land Ax = x.

Proof By Lemmag8.15, A has a least one positive eigenvector corresponding to the

. T T
eigenvalue 1. Suppose that xV = [x(l) S xP] and x@ = [x(z) L xP
are two such eigenvectors. Suppose that these are normalized by >/, x(’ b =1,
Jj = 1,2. This assumption can be made without loss of generality, since every
nonzero multiple of an eigenvector is still an eigenvector.

We will show that x(V' = x®_ For @ € R we define x(a) := x + ax® e R*!,
then

Ax(a) = AxD + aAx® =xD 4 ax®@ = x(a).
If a := 1) /x(z) then the first entry of x(a) is equal to zero and thus, by
Lemma 8.15, x () cannot be an eigenvector of A corresponding to the eigenvalue 1.

Now Ax(a) = x(a) implies that x (&) = 0, and hence

M rax® =0, i=1,...,n (8.2)
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Summing up these n equations yields

n n
IURE) WO
i=1 i=1

~——— ———
=1 =1

so that @ = —1. From (8.2) we get xi(l) = xi(z) fori = 1,...,n, and therefore
¥ =@, O

The unique positive eigenvector x in Theorem 8.16 is called the Perron eigenvec-
tor? of the positive matrix A. The theory of eigenvalues and eigenvectors of positive
(or more general nonnegative) matrices is an important area of Matrix Theory, since
these matrices arise in many applications.

By construction, the matrix A € R"” in the PageRank algorithm is column-
stochastic but not positive, since there are (usually many) entries a;; = 0. In order
to obtain a uniquely solvable problem one can use the following trick:

Let § = [s;;] € R™" with 5;; = 1/n. Obviously, S is positive and column-
stochastic. For a real number « € (0, 1] we define the matrix

Al@) := (1 — a)A + aS.

This matrix is positive and column-stochastic, and hence it has a unique positive
eigenvector u corresponding to the eigenvalue 1. We thus have

= AT =(—a)AT+aST=(1—a)AT+ 2[1,....1]".
n

For a very large number of documents (e.g. the entire internet) the number a/n is
very small, so that (1 — o)) Au ~ u. Therefore a solution of the eigenvalue problem
A (o) = u for small « potentially gives a good approximation of a u € R™! that
satisfies Au = u. The practical solution of the eigenvalue problem with the matrix
A (@) is a topic of the field of Numerical Linear Algebra.

The matrix S represents a link structure where all document are mutually linked
and thus all documents are equally important. The matrix A () =(1—-a)A+aS
therefore models the following internet “surfing behavior”: A user follows a proposed
link with the probability 1 —« and an arbitrary link with the probability «v. Originally,
Google Inc. used the value o = 0.15.

2Oskar Perron (1880-1975).
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Exercises
(In the following exercises K is an arbitrary field.)

8.1 Determine the characteristic polynomials of the following matrices over Q:

20 -1
A=Y s=] 4] el b=] 020
40 2

Verify the Cayley-Hamilton theorem in each case by direct computation. Are
two of the matrices A, B, C similar?
8.2 Let R be a commutative ring with unit and n > 2.

(a) Show that for every A € GL,(R) there exists a polynomial p € R[¢] of
degree at most n — 1 with adj(A) = p(A). Conclude that A~! = g(A)
holds for a polynomial ¢ € R[¢] of degree at most n — 1.

(b) Let A € R™". Apply Theorem7.18 to the matrix ¢, — A € (R[t])"™"
and derive an alternative proof of the Cayley-Hamilton theorem from the
formula det(¢1, — A) I, = (t1, — A) adj(tI, — A).

8.3 Let A € K™" be a matrix with A* = 0 for some k € N. (Such a matrix is
called nilpotent.)

(a) Show that A = 0 is the only eigenvalue of A.
(b) Determine P, and show that A" = 0.

n
(Hint: You may assume that P4 has the form [] (r—\;) forsome Ay, ..., A,

i=1
ekK.
(c) Show that pf, — A is invertible if and only if 1 € K \ {0}.
(d) Show that (I, — A)™' =1, + A+ A>+ ...+ A"

8.4 Determine the eigenvalues and corresponding eigenvectors of the following
matrices over R:

0 0
0 0
-2 1
0-2

Is there any difference when you consider A, B, C as matrices over C?
8.5 Letn > 3 and € € R. Consider the matrix

11

A(e) =


http://dx.doi.org/10.1007/978-3-319-24346-7_7

8.3 Eigenvectors of Stochastic Matrices 113

8.6

8.7

8.8

8.9

8.10

as an element of C"" and determine all eigenvalues in dependence of €. How
many pairwise distinct eigenvalues does A(e) have?
Determine the eigenvalues and corresponding eigenvectors of

2 2—a 2-ua 110
A=|0 4—a 2—a |eR*® B=|101]|¢e®/272)*.
0—4+2a —-2+2a 011

(For simplicity, the elements of Z /27 are here denoted by k instead of [k].)
Let A e K", B e K™, n>m,and C € K™ with rank(C) = m and
AC = CB. Show that then every eigenvalue of B is an eigenvalue of A.
Show the following assertions:

(a) trace(AA + uB) = A trace(A) + p trace(B) holds for all A, p € K and
A,B e K™".

(b) trace(AB) = trace(BA) holds forall A, B € K™".

(c) If A, B € K™" are similar, then trace(A) = trace(B).

Prove or disprove the following statements:

(a) There exist matrices A, B € K™" with trace(AB) # trace(A) trace(B).
(b) There exist matrices A, B € K" with AB — BA = I,.

Suppose that the matrix A = [g;;] € C"" has only real entries a;;. Show
that if A € C\R is an eigenvalue of A with corresponding eigenvector v =
[vi, ..., )T € C"!, then also A is an eigenvalue of A with corresponding
eigenvector v := [Vy, ..., U,]".
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