Chapter 20
The Kronecker Product and Linear Matrix
Equations

Many applications, in particular the stability analysis of differential equations, lead
to linear matrix equations, such as AX + XB = C. Here the matrices A, B, C are
given and the goal is to determine a matrix X that solves the equation (we will give
a formal definition below). In the description of the solutions of such equations,
the Kronecker product,! another product of matrices, is useful. In this chapter we
develop the most important properties of this products and we study its application in
the context of linear matrix equations. Many more results on this topic can be found
in the books [HorJ91, LanT85].

Definition 20.1 If K is a field, A = [a;;] € K™ and B € K™", then

Ll]]B almB
A® B :=a;jB] = s

amlB e ammB

is called the Kronecker product of A and B.

The Kronecker product is sometimes called the tensor product of matrices. This
product defines a map from K™ x K™" to K"™*™". The definition can be extended
to non-square matrices, but for simplicity we consider here only the case of square
matrices. The following lemma presents the basic computational rules of the Kro-
necker product.

Lemma 20.2 For all square matrices A, B, C over K, the following computational
rules hold:

(1) A (BQC)=(A®B)QC.

"Leopold Kronecker (1832-1891) is said to have used this product in his lectures in Berlin in the
1880s. It was defined formally for the first time in 1858 by Johann Georg Zehfuss (1832-1901).
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(2) (WA)®B=AQ® (uB) =pu(AQ® B) forall u € K.

(3) (A+B)®C=(AQC)+ (B®C), whenever A + B is defined.

(4) AQ(B+C)=(A® B)+ (A® C), whenever B + C is defined.

(5) (A® B)T = AT ® BT, and therefore the Kronecker product of two symmetric
matrices is symmetric.

Proof Exercise. O

In particular, in contrast to the standard matrix multiplication, the order of the
factors in the Kronecker product does not change under transposition. The following
result describes the matrix multiplication of two Kronecker products.

Lemma 20.3 For A,C € K™ and B, D € K™" we have
(A® B)(C ® D) = (AC) ® (BD).

Hence, in particular,

(2) (A® B)™' = A~' ® B~ if A and B are invertible.

Proof Since A ® B = [g;jB] and C ® D = [c;; D], the block F;; € K™" in the
block matrix [F;;] = (A ® B)(C ® D) is given by

m

m m
Fi;j = Z(aikB)(ijD) = Zaikckj BD = (Zaikckj)BD-
k=1 k=1

k=1

For the block matrix [G;;] = (AC) ® (BD) with G;; € K"" we obtain

m
Gij =gijBD, where g = E Qi Ckj,
k=1

which shows (A® B)(C ® D) = (AC) ® (BD).Now (1) and (2) easily follow from
this equation. O

In general the Kronecker product is non-commutative (cp. Exercise 20.2), but we
have the following relationship between A ® B and B ® A.

Lemma 204 For A € K™" and B € K™" there exists a permutation matrix
P 6 Kﬂln,l‘ﬂﬂ Wl’th
PT(A® B)P = B® A.

Proof Exercise. O

For the computation of the determinant, trace and rank of a Kronecker product
there exist simple formulas.
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Theorem 20.5 For A € K™ and B € K™" the following rules hold:

(1) det(A ® B) = (det A)" (det B)" = det(B ® A).
(2) trace(A ® B) = trace(A) trace(B) = trace(B ® A).
(3) rank(A ® B) = rank(A) rank(B) = rank(B ® A).

Proof (1) From (1) in Lemma 20.3 and the multiplication theorem for determinants
(cp. Theorem 7.15) we get

det(A® B) =det (A® I,) (In ® B)) = det(A ® I,) det(],, ® B).

By Lemma 20.4 there exists a permutation matrix P with A® I, = P(I, @A) PT.
This implies that

det(A ® 1,) = det (P(I, ® A)P") = det(I, ® A) = (det A)".

Since det(/,, ® B) = (det B)", it then follows that det(A ® B) = (det A)"
(det B)™, and therefore also det(A ® B) = det(B ® A).
(2) From (A ® B) = [a;; B] we obtain

m

trace(A ® B) = i Zn:aiibjj = (Zai,-)(zn:bjj) = trace(A) trace(B)
j=1

i=1 j=I i=1
= trace(B) trace(A) = trace(B ® A).

(3) Exercise. |
For a matrix A = [aj, ..., a,] € K™" with columns a; € K™, j =1,...,n,
we define
ag
a
vec(A):=| . | € K™,
ay

The application of vec turns the matrix A into a “column vector” and thus “vectorizes”
A.

Lemma 20.6 The map vec : K™" — K™! is an isomorphism. In particular,
A, ..., A € K™" are linearly independent if and only if vec(Ay), ..., vec(Ay) €
K™ are linearly independent.

Proof Exercise. O

We now consider the relationship between the Kronecker product and the vec
map.
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Theorem 20.7 For A € K™, B € K™" and C € K™" we have
vec(ACB) = (BT @ A)vec(C).

Hence, in particular,

(1) vec(AC) = (I, ® A)vec(C) and vec(CB) = (BT ® I,,)vec(C),
(2) vec(AC +CB) = ((In A+ (BT® Im)) vec(C).

Proof For j =1,...,n,the jth column of ACB is given by

(ACB)ej = (AC)(Bej) = D bij(AC)er = D (b A)(Cey)
k=1 k=1

= [b1jA, byjA, ..., byjAlvec(C),

which implies that vec(ACB) = (BT ® A)vec(C). With B = I,, resp. A = I,, we
obtain (1), while (1) and the linearity of vec yield (2). m|

In order to study the relationship between the eigenvalues of the matrices A, B and
those of the Kronecker product AQ B, we use bivariate polynomials, i.e., polynomials
in two variables (cp. Exercise 9.10). If

l

p(t, 1) = Z aiitity € K[t 1]
ij=0

is such a polynomial, then for A € K™ and B € K™" we define the matrix

1
p(A, B) == z aij AT ® B (20.1)
i,j=0

Here we have to be careful with the order of the factors, since in general A’ ® B/ #
B/ ® A’ (cp. Exercise 20.2).

Example 20.8 For A € R™" B € R""and p(t,, ) = 2t;+3t115 = 2t]19+3t}13 €
R[¢1, t,] we get the matrix p(A, B) =2A ® I, +3A ® B>.

The following result is known as Stephanos’ theorem.?

2Named after Cyparissos Stephanos (1857-1917) who in 1900 showed besides this result also the
assertion of Lemma 20.3.
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Theorem 20.9 Let A € K™"™ and B € K™" be two matrices that have Jordan nor-

mal forms and the eigenvalues \y, ..., N\, € K and 1, ..., u, € K, respectively.
If p(A, B) is defined as in (20.1), then the following assertions hold:

(1) The eigenvalues of p(A, B) are p(Mi, o) fork =1,... . mand=1,...,n.
(2) The eigenvalues of AQ B are N\ - g fork=1,... mand =1,...,n.
(3) Theeigenvaluesof AQIL,+1,,®Bare \y+pofork =1,... ., mandl =1, ..., n.

Proof LetS € GL,,(K)and T € GL,(K)besuchthat ST'AS = J,andT~'BT =
Jp are in Jordan canonical form. The matrices J, and Jp are upper triangular. Thus,
foralli, j € Ny the matrices J',, J 5 and JQ@J  are upper triangular. The eigenvalues
of Ji and Jj are A\, ..., N\ and puf,..., un, respectively. Thus, p(\i, pe), k =
I,...,m, £ = 1,...,n, are the diagonal entries of the matrix p(J4, Jg). Using
Lemma 20.3 we obtain

[ l
P(AB) = D ay(SIxS™ @ (TIsT™) = D ay(SI4S™H @ (TZT™
i.j=0 i.j=0

l
= > ((SJ;;) ® (TJ,;)) o1

i,j=0

!
- Z Qi (STYJL @IS ®T)™!
i,j=0

I
=©T) | > (i) |1
i,j=0
=(®T)p(Ja, IS T) ",
which implies (1).

The assertions (2) and (3) follow from (1) with p(t;, ) = t11, and p(t;, ) =
t| + tp, respectively. O

The following result on the matrix exponential function of a Kronecker product
is helpful in applications that involve systems of linear differential equations.

Lemma 20.10 For Ae C"", Be C"" and C .= (A® I,) + (I, ® B) we have
exp(C) = exp(A) ® exp(B).

Proof From Lemma 20.3 we know that the matrices A ® I, and [, ® B commute.
Using Lemma 17.6 we obtain
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exp(C) = eXP(A &L +1,8B)= CXP(A ® 1) eXp(Im ® B)

>, %(A ® 1)’ (Z l.l—!(lm ® B)")

=0 i=0

o

1
Z S(A® 1) (In® B

Il
IMe
~| =

1
—'(AJ(X)B)

it
| —
Mg I

j!

i

~
Il
=}
~.
Il
=}

— exp(A) ® exp(B),
where we have used the properties of the matrix exponential series
(cp. Sect. 17.1). O

For given matrices A; € K™™, B; € K™, j =1,...,q,and C € K™" an
equation of the form

A1XBi + A2XBy + ...+ AjXB, =C (20.2)

is called a linear matrix equation for the unknown matrix X € K™".

Theorem 20.11 A matrix X € K™" solves (20.2) if and only if x = VGC(S(\) €
K™Y solves the linear system of equations

q
Gx = vec(C), where G := ZB} ®A;.
j=1
Proof Exercise. O
We now consider two special cases of (20.2).

Theorem 20.12 For A € C™™, B € C*" and C € C™" the Sylvester equation®
AX+XB=C (20.3)

has a unique solution if and only if A and —B have no common eigenvalue. If all
eigenvalues of A and B have negative real parts, then the unique solution of (20.3)
is given by

o0

o~

X = —/exp(tA)C exp(tB)dt.
0

(As in Sect. 17.2 the integral is defined entrywise.)

3James Joseph Sylvester (1814—1897).
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Proof Analogous to the representation in Theorem 20.11, we can write the Sylvester
equation (20.3) as
(I, ® A+ B" ® I,)x = vec(C).

If A and B have the eigenvalues Ay, ..., A\, and p, ..., u,, respectively, then G =
I, ® A+ BT ®I,, by (3) in Theorem 20.9 has the eigenvalues \; + e, k =1, ..., m,
£ =1,...,n. Thus, G is invertible, and the Sylvester equation is uniquely solvable,
ifandonly if \y + ¢ ZOforallk=1,...,mand € =1,...,n.

Let A and B be matrices with eigenvalues that have negative real parts. Then A and
— B have no common eigenvalues and (20.3) has a unique solution. Let J, = S~!'AS
and Jg = T~'BT be Jordan canonical forms of A and B. We consider the linear

differential equation d

o = AZ+ZB, Z(0)=C, (20.4)

that is solved by the function
Z : [0,00) > C™", Z(t) :=exp(tA)C exp(tB)
(cp. Exercise 20.10). This function satisfies

lim Z(t) = tlim exp(tA)C exp(tB)
—00

=00

: ~1 -1 _
tlirgo Sexp(tJa) ST CT exp(tJp) T~ =0.

constant

—0 —0

Integration of equation (20.4) from r = 0 to t = oo yields

(o] o0

—C=-2(0) = lim (Z(1) - Z(0)) = A/Z(t)dt + /Z(t)dt B.
0 0

(Here we use without proof the existence of the infinite integrals.) This implies that

X = —/ Z@t)dt = — / exp(tA)C exp(t B)dt
0 0
is the unique solution of (20.3). |

Theorem 20.12 also gives the solution of another important matrix equation.

Corollary 20.13 For A, C € C*" the Lyapunov equation*

AX+ XA = —C (20.5)

4 Alexandr Mikhailovich Lyapunov (also Ljapunov or Liapunov; 1857-1918).
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has a unique solution X € C"" if the eigenvalues of A have negative real parts.
If, furthermore, C is Hermitian positive definite, then also X is Hermitian positive
definite.

Proof Since by assumption A and —A* have no common eigenvalues, the unique
solvability of (20.5) follows from Theorem 20.12, and the solution is given by the
matrix

X = — / exp(tA)(—C) exp (;AH)dt = /exp(tA)C exp (tAH) dt.
0 0

If C is Hermitian positive definite, then X is Hermitian and for x € C™! \ {0} we
have

o0 o0
M Xx =M /exp(tA)Cexp (tA™)ar | x =/xH exp(tA)Cexp (tA")x dt > 0.
0 0 >0

The last inequality follows from the monotonicity of the integral and the fact that for
x # 0also exp(tA¥)x # 0, since exp (tA¥) is invertible for every real 7. i

Exercises

20.1 Prove Lemma 20.2.

20.2 Construct two square matrices A, B with A ® B # B ® A.

20.3 Prove Lemma 20.4.

20.4 Prove Theorem 20.5 (3).

20.5 Prove Lemma 20.6.

20.6 Show that A ® B is normal if A € C™"™ and B € C™" are normal. Is it true
that if A ® B is unitary, then A and B are unitary?

20.7 Use the singular value decompositions of A = VX4 Wj’ e C™™ and B =
VpEZgWE € C"" to derive the singular value decomposition of A ® B.

20.8 Show that for A € C"™™ and B € C"”" and the matrix 2-norm, the equation
A ® Bll2 = [|All2]|Bll2 holds.

20.9 Prove Theorem 20.11.

20.10 Let A € C™™, B € C"" and C € C™". Show that Z(¢) = exp(tA)C exp(tB)

is the solution of the matrix differential equation “ = AZ + ZB with the
initial condition Z(0) = C.
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