Chapter 9
Vector Spaces

In the previous chapters we have focussed on matrices and their properties. We have
defined algebraic operations with matrices and derived important concepts associ-
ated with them, including their rank, determinant, characteristic polynomial, and
eigenvalues. In this chapter we place these concepts in a more abstract framework
by introducing the idea of a vector space. Matrices form one of the most important
examples of vector spaces, and properties of certain (namely, finite dimensional)
vector spaces can be studied in a transparent way using matrices. In the next chapter
we will study (linear) maps between vector spaces, and there the connection with
matrices will play a central role as well.

9.1 Basic Definitions and Properties of Vector Spaces

We begin with the definition of a vector space over a field K.

Definition 9.1 Let K be a field. A vector space over K, or shortly K -vector space,
is a set V with two operations,

+ VYV xV >V, (v, w) — v+ w, (addition)

K xV >V, ANv)B> A, (scalar multiplication)

that satisfy the following:

(1) (V,+) is a commutative group.
(2) Forallv,w € Vand A, 1 € K the following assertions hold:

@ A-(u-v) = O -v.
®) 1-v=nu.
© A-(v+w)=A-v+ X w.
d A+pw)-v=A-v+p-v.
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An element v € V is called a vector,' an element A € K is called a scalar.

Again, we usually omit the sign of the scalar multiplication, i.e., we usually write
Av instead of A - v. If it is clear from the context (or not important) which field we
are using, we often omit the explicit reference to K and simply write vector space
instead of K-vector space.

Example 9.2

(1) The set K™™ with the matrix addition and the scalar multiplication forms a
K -vector space. For obvious reasons, the elements of K mland K™ are some-
times called column and row vectors, respectively.

(2) The set K[t] forms a K-vector space, if the addition is defined as in Exam-
ple3.17 (usual addition of polynomials) and the scalar multiplication for
p=oap+ait+...+ a,t" € K[t] is defined by

Aepi=Qag)+ Aapt+...4+ Aay)t".

(3) The continuous and real valued functions defined on a real interval [«, 5] with
the pointwise addition and scalar multiplication, i.e.,

(f+8)x):=f(x)+gx) and (- /Hx) = Af(x),

form an R-vector space. This can be shown by using that the addition of two
continuous functions as well as the multiplication of a continuous function by
a real number yield again a continuous function.

Since, by definition, (V, 4) is acommutative group, we already know some vector
space properties from the theory of groups (cp. Chap. 3). In particular, every vector
space contains a unique neutral element (with respect to addition) 0y,, which is called
the null vector. Every vector v € V has a unique (additive) inverse —v € V with
v+ (—v) = v — v = 0. As usual, we will write v — w instead of v + (—w).

Lemma 9.3 LetV be a K -vector space. If O and 0y, are the neutral (null) elements
of K and V, respectively, then the following assertions hold:

(1) Ox -v =0y forallv e V.

(2) A0y =0y forall \ € K.
(3) —A-v)y=(=XN)-v=A-(—v)forallveVand X € K.

I This term was introduced in 1845 by Sir William Rowan Hamilton (1805—1865) in the context of
his quaternions. It is motivated by the Latin verb “vehi” (‘“vehor”, “vectus sum”) which means to
ride or drive. Also the term “scalar” was introduced by Hamilton; see the footnote on the scalar

multiplication (4.2).


http://dx.doi.org/10.1007/978-3-319-24346-7_3
http://dx.doi.org/10.1007/978-3-319-24346-7_3
http://dx.doi.org/10.1007/978-3-319-24346-7_4

9.1 Basic Definitions and Properties of Vector Spaces 117

Proof

(1) Forallv € Vwehave Ok -v = (0x +0g) -v = 0g - v+ 0k - v. Adding — (O - v)
on both sides of this identity gives 0y = Og - v.

(2) Forall A € K wehave A-0y = A (0y+0y) = A-0p+ A-0y. Adding —(\-0y)
on both sides of this identity gives 0y = A - Oy,.

(3) Forall \€e Kandv e Vwehave A\-v+ (=) -v=A—=X)-v=0g-v =0y,
aswellas A\ - v+ A-(—v) =A-(v—v) =A-0y =0y. O

In the following we will write 0 instead of Ox and 0y, when it is clear which null
element is meant.

As in groups, rings and fields we can identify substructures in vector spaces that
are again vector spaces.

Definition 9.4 Let (V, +, ) be a K-vector space and let &/ € V. If U, +,-)isa
K -vector space, then it is called a subspace of (V, +, -).

A substructure must be closed with respect to the given operations, which here
are addition and scalar multiplication.

Lemma 9.5 (U, +, -) is a subspace of the K-vector space (V, +, -) if and only if
@ # U C V and the following assertions hold:

(1) v+welforallv,w elU,

(2) Awelforall\ € K andv € U.

Proof Exercise. O

Example 9.6

(1) Every vector space V has the trivial subspaces i/ =V and U = {0}.
(2) Let A € K" and U = L(A,0) € K™! ie. U is the solution set of the
homogeneous linear system Ax = 0. We have 0 € U/, so U/ is not empty. If
v, w € U, then
Av+w) =Av+Aw =04+0=0,

i.e., v + w € U. Furthermore, for all A € K,
AAv) = (Av) = A0 =0,

i.e., A\v € U. Hence, U is a subspace of K™l
(3) Forevery n € Ny the set K[t]<, := {p € K|[¢] | deg(p) < n} is a subspace of
K|t].

Definition 9.7 Let )V be a K-vector space, n € N, and vy, ..., v, € V. A vector of
the form

AV + .o+ A, =Z)\iv,~ eV
i=1



118 9 Vector Spaces

is called a linear combination of vy, ..., v, with the coefficients Ay, ..., \, € K.
The (linear) span of vy, ..., v, is the set

n
span{vy, ..., v,} 1= {Z)‘ivi [ A1, ...\ € K}
i=1

Let M be a set and suppose that for every m € M we have a vector v,, € V. Let
the set of all these vectors, called the system of these vectors, be denoted by {v,, }nem-
Then the (linear) span of the system {v,, },nepm, denoted by span {v,, },nenm, is defined
as the set of all vectors v € V that are linear combinations of finitely many vectors
of the system.

This definition can be consistently extended to the case n = 0. In this case
V1, ..., Y, is a list of length zero, or an empty list. If we define the empty sum of
vectors as 0 € V, then we obtain span{vy, ..., v,} = span @ = {0}.

If in the following we consider a list of vectors vy, ..., v, or a set of vectors
{vi, ..., v,}, we usually mean that n > 1. The case of empty list and the associated
zero vector space V = {0} will sometimes be discussed separately.

Example 9.8 The vector space K> = {[a, ay, @3] | a1, aa, a3 € K} is spanned
by the vectors [1, 0, 0], [0, 1, 0], [0, O, 1]. The set {[a, a2, 0] | a1, oy € K} forms
a subspace of K3 that is spanned by the vectors [1, 0, 0], [0, 1, O].

Lemma 9.9 IfV is a vector space and vy, ..., v, € V, then span{vy, ..., v,}isa
subspace of V.

Proof 1t is clear that @ # span{vy, ..., v,} € V. Furthermore, span{vy, ..., v,} is
by definition closed with respect to addition and scalar multiplication, so that (1) and
(2) in Lemma9.5 are satisfied. O

9.2 Bases and Dimension of Vector Spaces

We will now discuss the central theory of bases and dimension of vector spaces, and
start with the concept of linear independence.

Definition 9.10 Let V be a K -vector space.

(1) The vectors vy, ..., v, € V are called linearly independent if the equation

Z)\,-U,-ZO with Aj,....\, € K

i=1

always implies that \; = --- = )\, = 0. Otherwise, i.e., when 27:1 Aiv; =0
holds for some scalars A\, ..., \, € K that are not all equal to zero, then the
vectors vy, ..., v, are called linearly dependent.
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(2) The empty list is linear independent.

(3) If M is a set and for every m € M we have a vector v,, € V, the corresponding
system {v, }men 1S called linearly independent when finitely many vectors of
the system are always linearly independent in the sense of (1). Otherwise the
system is called linearly dependent.

The vectors vy, .. ., v, are linearly independent if and only if the zero vector can
be linearly combined only in the trivial way 0 = 0 - vy + ... 4 0 - v,,. Consequently,
if one of these vectors is the zero vector, then vy, ..., v, are linearly dependent. A
single vector v is linearly independent if and only if v #~ 0.

The following result gives a useful characterization of the linear independence of
finitely many (but at least two) given vectors.

Lemma 9.11 The vectors vy, ..., v, n > 2, are linearly independent if and only if
no vector v;, i = 1, ..., n, can be written as a linear combination of the others.

Proof We prove the assertion by contraposition. The vectors vy, .. ., v, are linearly
dependent if and only if
n
Z )\,‘ v, = 0
i=1

with at least one scalar \; # 0. Equivalently,

n

vj=— Z(A_,Tl)\i) v;,

i=1

i#i
so that v; is a linear combination of the other vectors. O

Using the concept of linear independence we can now define the concept of the
basis of a vector space.

Definition 9.12 Let V be a vector space.

(1) A set {vy,...,v,} € Vis called a basis of V, when vy, ..., v, are linearly
independent and span{vy, ..., v,} = V.

(2) The set @ is the basis of the zero vector space V = {0}.

(3) Let M be a set and suppose that for every m € M we have a vector v,, € V. The
set {v,, |m € M} is called a basis of V if the corresponding system {v,, },nen 18
linearly independent and span {v,, };yeps = V.

In short, a basis is a linearly independent spanning set of a vector space.
Example 9.13

(1) LetE;; € K™" be the matrix with entry 1 in position (i, j) and all other entries 0
(cp. Sect.5.1). Then the set
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{(Eij|1<i<nand 1<j<m} 9.1)

is a basis of the vector space K™ (cp. (1) in Example9.2): The matrices E;; €
K"™" 1 <i<nand1 < j < m,are linearly independent, since

0= Zz)\ijEij = [Ayj]

i=1 j=1

implies that \;; =0fori =1,...,nand j = 1,...,m. Forany A = [a;;] €
K™™ we have

n m
A=2.2 ajEy.
i=1 j=I
and hence
spa{E;; |1 <i<m and 1 <j<m} = K"".

The basis (9.1) is called the canonical or standard basis of the vector space
K™™ For m = 1 we denote the canonical basis vectors of K™! by

1 0 0

1 :

el = 0 ’ 62 = 0 ’ ’ en = (_:)
: : 0

0 0 1

These vectors are also called unit vectors; they are the n columns of the identity
matrix 1,,.

(2) A basis of the vector space K[f] (cp. (2) in Example9.2) is given by the set
{t" | m € Ny}, since the corresponding system {t™ },, en, is linearly independent,
and every polynomial p € K[¢] is a linear combination of finitely many vectors
of the system.

The next result is called the basis extension theorem.

Theorem 9.14 Let V be a vector space and let vy, ..., v,, Wy, ..., wp € V, where
r, £ € No. If vy, ..., v, arelinearly independent and span{vy, ..., v,, Wy, ..., we} =
V, then the set {vy, ..., v,} can be extended to a basis of V using vectors from the
set {wy, ..., we}.
Proof Note that forr = Othelistvy, ..., v, is empty and hence linearly independent
due to (2) in Definition9.10.

We prove the assertion by induction on €. If ¢ = 0, then spanf{vy, ..., v,} =V,

and the linear independence of {vy, ..., v,} shows that this set is a basis of V.
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Let the assertion hold for some £ > 0. Suppose that vy, ..., v, Wi, ..., Wit € V
are given, where vy, ..., v, are linearly independent and span{vy, ..., v,, wy, ...,
wer}) = V. If {vy, ..., v} already is a basis of V), then we are done. Suppose,
therefore, that span{vy, ..., v,} C V. Then there exists atleastone j, 1 < j < {41,
such that w; ¢ span{vy, ..., v,.}. In particular, we have w; # 0. Then

)\U)j-f-zr:)\[vi =0

i=1

implies that A = 0 (otherwise we would have w; € span{vy,...,v,}) and,
therefore, Ay = --- = A\, = 0 due to the linear independence of vy, ..., v,.
Thus, vy, ..., v, w; are linearly independent. By the induction hypothesis we
can extend the set {vi,...,v,, w;} to a basis of V using vectors from the set
{wr, ..., wer1} \ {w;}, which contains £ elements. m]

Example 9.15 Consider the vector space V = K[t]<3 (cp. (3) in Example 9.6) and

the vectors v; = f, v; = t%, v3 = 1. These vectors are linearly independent,
but {v;, vy, v3} is not a basis of V, since span{v, v, v3} # V. For example, the
vectors w; = 12 + 1 and wy, = 3 — > — 1 are elements of V, but w;, w ¢

span{v, vy, v3}. We have span{vy, v,, v3, wy, wy} = V. If we extend {v;, vs, v3} by
wy, then we get the linearly independent vectors vy, v,, v3, w; which indeed span V.
Thus, {vy, vy, v3, w} is a basis of V.

By the basis extension theorem every vector space that is spanned by finitely many
vectors has a basis consisting of finitely many elements. A central result of the theory
of vector spaces is that every such basis has the same number of elements. In order
to show this result we first prove the following exchange lemma.

Lemma 9.16 LetV be a vector space, let vy, ..., v, €V and let w = Z:.":l AV €
V with \; # 0. Then span{w, vy, ..., v,} = span{vy, vz, ..., Up}.

Proof By assumption we have
m

v = Al_lw — Z ()\1_1)\,-) v

i=2
If y € span{vy, ..., vy}, say y = Z:'n=1 7;v;, then

y—%( i )+va,

=

2
= (A w+ Z — AN v € span{w, va, ..., Ul
=2

If, on the other hand, y = ayw + Zl'."zz a;v; € span{w, v, ..., Uy}, then
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m m
Y=o Z)\ivi + Zaivi
i=2

i=1

m
= \v; + Z(qu\i + a;)v; € span{vy, ..., Uy},

i=2

and thus span{w, v, ..., vy} = span{vy, va, ..., Un}. o
Using this lemma we now prove the exchange theorem.?

Theorem 9.17 Let W = {wy, ..., w,} and U = {uy, ..., u,} be finite subsets of a
vector space, and let wy, . . ., w, be linearly independent. I[f W C span{uy, ..., Uy},
thenn < m, andn elements of U, if numbered appropriately the elementsuy, . . ., uy,

can be exchanged against n elements of W in such a way that

Span{wy, ..., Wy, Upyglys--vs Uy} = Spanfuy, ..., Uy, Upsly -y Up )
Proof By assumption we have w; = Z;":l Aiu; for some scalars A\, ..., \, that
are not all zero (otherwise w; = 0, which contradicts the linear independence of
wi, ..., w,). After an appropriate renumbering we have A\; # 0, and Lemma9.16
yields

span{wy, up, ..., Uy} = spanfuy, uz, ..., Uy}.
Suppose that for some r, 1 < r < n—1, we have exchanged the vectors u, ..., u,

against wy, ..., w, so that

Span{wy, ..., Wy, Upily«oos Uyt = SPaAn{Uy, ..., Up, Upily ooy Up)-

It is then clear that » < m.

By assumption we have w, | € span{u;, ..., u,,}, and thus
r m
Wryl = Z Aiw; + Z Ailtj
i=1 i=r+1
for some scalars Ay, ..., A,. One of the scalars A1, ..., A\, must be nonzero (oth-
erwise w,4; € span{wy, ..., w,}, which contradicts the linear independence of
wi, ..., Wy,). After an appropriate renumbering we have A, ;| # 0, and Lemma9.16
yields
SPan{wWy, ..., Wy, Upsdy ooy Uy} = SPAN{W], ooy Wy Upily v vy Up )

If we continue this construction until » = n — 1, then we obtain

2In the literature, his theorem is sometimes called the Steinitz exchange theorem after Ernst Steinitz
(1871-1928). The result was first proved in 1862 by Hermann Giinther Gramann (1809-1877).



9.2 Bases and Dimension of Vector Spaces 123

span{wy, ..., Wy, Upyily -« U} = Span{uy, ..., Up, Upil, .. Uy},
where in particular n < m. O

Using this fundamental theorem, the following result about the unique number of
basis elements is a simple corollary.

Corollary 9.18 If a vector space V is spanned by finitely many vectors, then V has
a basis consisting of finitely many elements, and any two bases of ¥V have the same
number of elements.

Proof The assertion is clear for YV = {0} (cp. (2) in Definition9.12). Let V =

span{vy, ..., v,} with v; # 0. By Theorem9.14, we can extend span{v;} using
elements of {v, ..., v,} to a basis of V. Thus, V has a basis with finitely many
elements. Let U := {uy,...,u;} and W := {wy, ..., wi} be two such bases. Then

Theorem 9.18
—

W CV =span{uy, ..., us} k<¢,

Theorem 9.18
— l < k’

U CV =span{wy, ..., w}
and thus £ = k. m]

We can now define the dimension of a vector space.

Definition 9.19 If there exists a basis of a K -vector space V that consists of finitely
many elements, then V is called finite dimensional, and the unique number of basis
elements is called the dimension of V. We denote the dimension by dimg (V) or
dim(V), if it is clear which field is meant.

If V is not spanned by finitely many vectors, then V is called infinite dimensional,
and we write dimg ())) = oo.

Note that the zero vector space }V = {0} has the basis @ and thus it has dimension
zero (cp. (2) in Definition 9.12).

If V is a finite dimensional vector space and if vy, ..., v, € V withm > dim(V),
then the vectors vy, . . ., v, mustbe linearly dependent. (If these vectors were linearly
independent, then we could extend them via Theorem 9.14 to a basis of V that would
contain more than dim())) elements.)

Example 9.20 The setin (9.1) forms a basis of the vector space K™™. This basis has
n - m elements, and hence dim(K"™"™) = n - m. On the other hand, the vector space
K[t] is not spanned by finitely many vectors (cp. (2) in Example9.13) and hence it
is infinite dimensional.

Example 9.21 LetV be the vector space of continuous and real valued functions on
the real interval [0, 1] (cp. (3) in Example9.2). Define forn = 1, 2, . .. the function
fn€eVby
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fh(x) =

1
n+1

Sl=
[

k
Every linear combination ) A; f; is a continuous function that has the value \;
j=1

k
at 5 (l. + #) Thus, the equation > A; f; = 0 € V implies that all \; must be
=i

J Jj+1
zero, so that fi, ..., fr € V are linéarly independent for all k¥ € N. Consequently,
dim(V) = oc.

9.3 Coordinates and Changes of the Basis

We will now study the linear combinations of basis vectors of a finite dimensional
vector space. In particular, we will study what happens with a linear combination if
we change to another basis of the vector space.

Lemma 9.22 [f{v, ..., v,} is a basis of a K-vector space V, then for every v € V
there exist uniquely determined scalars A, ..., A\, € K withv = \jv;+...4+ A\, v,
These scalars are called the coordinates of v with respect to the basis {vy, ..., v,}.

Proof Letv = >"_ | \v; = >/, puv; for some scalars \;, j; € K, i =1,...,n,
then

O=v—v=2()\i — i)V

i=1
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The linear independence of vy, ..., v, implies that \; = y; fori =1, ..., n. O

By definition, the coordinates of a vector depend on the given basis. In particular,
they depend on the ordering (or numbering) of the basis vectors. Because of this,
some authors distinguish between the basis as “set”, i.e., a collection of elements
without a particular ordering, and an “ordered basis”. In this book we will keep the

set notation for a basis {vy, ..., v,}, where the indices indicate the ordering of the
basis vectors.

Let )V be a K -vector space, vy, ..., v, € V (they need not be linearly independent)
and

V=AU + ...+ A\,

for some coefficients Ay, ..., A\, € K. Let us write
Al
Wi, v) | F =AM + A 9.2)
>\il
Here (vy, ..., v,) is an n-tuple over V, i.e.,
(W, ...,v) € V'=Vx...xV.
—_—
n times

For n = 1 we have V! = V. We then skip the parentheses and write v instead of
(v) for a 1-tuple. The notation (9.2) formally defines a “multiplication” as map from
YV x K to V.

For all @ € K we have

Ot)\]
a-v=(a- A1+ ...+ (@ - A)v, = (vy, ..., V)
a\,
If i, ..., up € K and
H1
U= pvr+ ...+ vy = @1, ..., 0) [ |,
Hn
then
AL+
vA+u = +pupvr+.o+ O+ ), = (1,0, V)

An + pn
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This shows that if vectors are given by linear combinations, then the operations
scalar multiplication and addition correspond to operations with the coefficients of
the vectors with respect to the linear combinations.

We can further extend this notation. Let A = [a;;] € K™™ and let

ai;j
up=y,....,v) | - |, j=1....,m
Apj
Then we write the m linear combinations for uy, ..., u,, as the system
Uy, ... upy) =: (U1, ..., 0,)A. (9.3)
On both sides of this equation we have elements of V. The right-multiplication of
an arbitrary n-tuple (vy,...,v,) € V" with a matrix A € K™ thus corresponds
to forming m linear combinations of the vectors vy, ..., v,, with the corresponding

coefficients given by the entries of A. Formally, this defines a “multiplication” as a
map from V" x K™ to V".

Lemma 9.23 LetV be a K -vector space, let vy, . .., v, € V be linearly independent,
let A € K™, and let (uy,...,u,) = (vi,...,v,)A. Then the vectors uy, ..., U,
are linearly independent if and only if rank (A) = m.

Proof Exercise. O

Now consider also a matrix B = [b;;] € K me, Using (9.3) we obtain
(uy,...,uy)B=((vy,...,v,)A)B.
Lemma 9.24 [n the previous notation,
((v1y .-, V)A)B = (v, ..., v,)(AB).

Proof Exercise. O

Let {vy, ..., v,} and {wy, ..., w,} be bases of V and let v € V. By Lemma9.22
there exist (unique) coordinates Ay, ..., A, and py, ..., u,, respectively, with

Al H1
V=g, .. 0) | F | =W, wy)
A\n M
We will now describe a method for transforming the coordinates Ay, ..., A, with

respect to the basis {vy, ..., v,} into the coordinates y, ..., 1, with respect to the
basis {wq, ..., w,}, and vice versa.
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For every basis vector v;, j = 1,...,n, there exist (unique) coordinates p;;,
i =1,...,n,such that
Dij
vi=w,...,wy) | |, j=1,...,n
pnj
Defining P = [p;;] € K™" we can write these n equations for the vectors v,

analogous to (9.3) as

(v, ..., v) = (wy,...,w,) P. 9.4)
In the same way, for every basis vector w;, j = 1,...,n, there exist (unique)
coordinates ¢;;, i =1, ..., n, such that
q1j
wj:(vlv-~~vvn) ) ]:l,,}’l
an

If we set Q = [¢;;] € K™", then analogously to (9.4) we get
(wr, ..., wy) =g, ...,0,)0.
Thus,
(Wi, wy) = 1, 0) @ = (W, -, wy) PO = (Wi, wy) (P Q),
which implies that
(Wi, ..., wy)l, — PQO)=(0,...,0).

This means that the n linear combinations of the basis vectors wy, ..., w,, with
their corresponding coordinates given by the entries of the n columns of I, — P Q,
are all equal to the zero vector. Since the basis vectors are linearly independent, all
coordinates must be zero, and hence [, —PQ =0 € K™",or PQ = I,. Analogously
we obtain the equation Q P = I,,. Therefore the matrix P € K™" is invertible with
P~! = Q. Furthermore, we have

Al Al Al
v=(1 .., 0) | | =(w, ., w)P) | = (w, e we) | P

A A An

=
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Due to the uniqueness of the coordinates of v with respect to the basis {wy, ..., w,}
we obtain
M1 Al Al M1
Pl=Pl ] or =P
Nn )\n )\n ,Ufn

Hence a multiplication with the matrix P transforms the coordinates of v with respect
to the basis {vy, ..., v,} into those with respect to the basis {wy, ..., w,}; a multipli-
cation with P~! yields the inverse transformation. Therefore, P and P~' are called
coordinate transformation matrices.

We can summarize the results obtained above as follows.

Theorem 9.25 Let {vy, ..., v,} and {wy, ..., w,} be bases of a K -vector space V.
Then the uniquely determined matrix P € K™" is (9.4) is invertible and yields the
coordinate transformation from {vy, ..., v,} to {wy, ..., w,}: If
Al 1
V=1, 0) | [ =) | ]
A Hn
then
1 A1
=P
Fon An

Example 9.26 Consider the vector space V = R? = {(ay, az) | oy, ap € R} with
the entrywise addition and scalar multiplication. A basis of V is given by the set
{e; = (1,0), e; = (0, 1)}, and we have (a1, ap) = e +ape; forall (ay, ap) € V.
Another basisof Vistheset{v; = (1, 1), v, = (1, 2)}. The corresponding coordinate
transformation matrices can be obtained from the defining equations (v, vp) =
(e1,e2) P and (eq, e2) = (v1, 12) Q as

1 . 21
Pz[lz]’ szlz[—1 1}'

9.4 Relations Between Vector Spaces and Their Dimensions

Our first result describes the relation between a vector space and a subspace.

Lemma 9.27 IfV is a finite dimensional vector space and U C V is a subspace,
then dim(U) < dim()V) with equality if and only if U = V.
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Proof LetUd C V and let {uy, ..., u,} be a basis of U, where {uy,...,u,} = @
for U = {0}. Using Theorem9.14 we can extend this set to a basis of V. If U is
a proper subset of V, then at least one basis vector needs to be added and hence
dim@l/) < dim(V). If i/ = V), then every basis of V is also a basis of ¢/, and thus
dim(@l/) = dim(}V). O

If U, and U, are subspaces of a vector space V), then their intersection is given by
UNh=ueV|uel Nueclh}
(cp. Definition2.6). The sum of the two subspaces is defined as
Ui+U ={ur+ueViiu el N up €lh}.

Lemma 9.28 If U, and U, are subspaces of a vector space V, then the following
assertions hold:

(1) Uy NUy and U, + U, are subspaces of V.

(2) Uy +U; =U,.

(3) Uy + {0} =U,.

(4) Uy C U + U, with equality if and only if U, C U,.

Proof Exercise. O
An important result is the following dimension formula for subspaces.

Theorem 9.29 If U, and U, are finite dimensional subspaces of a vector space V,

then

dim@U; NUy) + dimU; + Up) = dim(U,) + dim ().
Proof Let {v,...,v,} be a basis of U; N U,. We extend this set to a basis
{vi, ..., v, wy, ..., w} of U and to a basis {vy, ..., v, x1, ..., x¢} of U>, where

we assume that 7, £, k > 1. (If one of the lists is empty, then the following argument
is easily modified.)

If suffices to show that {vy, ..., v,, wy, ..., Wy, X1, ..., X} is a basis of U +U.
Obviously,
span{vy, ..., Uy, Wi, ..., W, X1, ..., Xk} = Ul + U,
and hence it suffices to show that vy, ..., v,, wy, ..., wy, X1, ..., x; are linearly

independent. Let

r 4 k
z)\ivi + Z,ini + Z’Yixi =0,
i—1 i—1 izl
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then

k r 4
Z’Yixi = —(Z Aivi + Zﬂiwi)-
i=1 i=1 i=1

On the left hand side of this equation we have, by definition, a vector in Uf;; on the
right hand side a vector in Uf;. Therefore, Zle vix; € Uy NU,. By construction,
however, {vy, ..., v} is abasis of U; NU, and the vectors vy, ..., v,, wy, ..., Wy are
linearly independent. Therefore, Zle piw; = 0 implies that yu; = -+ = g = 0.
But then also

r k
Z)\ivi + Z’Yixi =0,
i=1 i=1
and hence \| = --- = )\, =y, = -+ = % = 0 due to the linear independence of

Ulyeoey Upy X1y oo vy Xk O

If at least one of the subspaces in Theorem9.29 is infinite dimensional, then
the assertion is still formally correct, since in this case dim(l/; + U>) = oo and
dim(U;) + dim(Uy) = oo.

Example 9.30 For the subspaces
U = {[a1, 02,0 | ar, 0 € K}, U ={[0, 2, 03] | an, 3 € K} C K"?
we have dim(U/) = dim(U») = 2,

U N =1{[0, a2, 0] | o € K}, dimU; Nh) =1,

U +U = K", dimU; + ) = 3.
The above definition of the sum can be extended to an arbitrary (but finite) number
of subspaces: If U, ..., U, k > 2, are subspaces of the vector space V), then we
define

k k
Un U = DUy o= Dy luj ey, j=1,. k)
1 j=1

j:
This sum is called direct, if

k
Ui mZu,:{O} fori=1,...,k,

j=1

and in this case we write the (direct) sum as
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U d...olU = @u

In particular, a sum U +U, of two subspaces U}, U, C Visdirectif iy NU, = {0}.
The following theorem presents two equivalent characterizations of the direct sum
of subspaces.

Theorem 9.31 IfU = U, + ...+ Uy is a sum of k > 2 subspaces of a vector space
V, then the following assertions are equivalent:

(1) The sum U is direct, i.e., U; N Zﬁél U =1{0} fori =1, , k.

(2) Everyvectoru € U has a representation of the formu = ZI;ZI uj with uniquely
determinedu; € U for j =1, ... k.

(3) Z_];:l”j = 0withu; € Uj for j = 1,...,k implies that u; = 0 for j =
...,k

Proof
(1) = (2): Letu = Zl;zl u; = 21;21 u; withuj;,u; €U, j =1,...,k. For
everyi = 1,..., k we then have
I/t,'—ﬁi = —Z(Mj—ﬁj) (S L{,HZUJ
J# J#

Nowlui N %‘j# U; = {0} implies that u; — u; = 0, and hence u; = u; for

i=1,...,

(2) = (3): This is obvious.

(3) = (1): Fora given i, letu € U N 3, U;. Then u = >, u; for some
uj € U;, j #i,and hence —u + Zﬁﬁi u; = 0. In particular, this implies that
u:O,andthusZ/{iﬂZJ#U = {0}. O

Exercises
(In the following exercises K is an arbitrary field.)

9.1. Which of the following sets (with the usual addition and scalar multiplication)
are R-vector spaces?

{[al,azl eRM?|a; = az}, {[al,azl € Rl’zla% +a§ = l},

{[al,az] € R1’2|a1 > az}, {[al,az] € R1’2|a1 —ap =0 and 2a1 + =O}.

Determine, if possible, a basis and the dimension.

9.2. Determine a basis of the R-vector space C and dimg (C). Determine a basis of
the C-vector space C and dim¢(C).

9.3. Showthatay, ..., a, € K™'are linearly independent if and only if det([a, ..
ap]) # 0.

.9
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9.4.

9.5.
9.6.

9.7.

9.8.

9.9.

9.10.

9.11.
9.12.

9.13.

9.14.

9.15.

9 Vector Spaces

Let V be a K -vector space, €2 a nonempty set and Map(£2, V) the set of maps
from €2 to V. Show that Map(€2, V) with the operations

+ :Map(L2, V) x Map(£2, V) — Map(R2,V), (f,e)+— f+g,
with (f + g)(x) := f(x) + g(x) forall x € Q,

-1 K x Map(2,V) - Map(2,V), (A, f)— A-f,
with(\ - f)(x) := Af(x) forall x € Q,

is a K-vector space.

Show that the functions sin and cos in Map(R, R) are linearly independent.
Let V be a vector space with n = dim()) € N and let vy, ..., v, € V. Show
that the following statements are equivalent:

(1) vy, ..., v, are linearly independent.
(2) span{vy,...,v,} = V.
3) {vy,...,v,]}is abasis of V.

Show that (K™, +, -) is a K-vector space (cp. (1) in Example9.2). Find a
subspace of this K -vector space.

Show that (K[t], +, -) is a K-vector space (cp. (2) in Example9.2). Show
further that K [t]<,, is a subspace of K [¢] (cp. (3) in Example 9.6) and determine
dlm(K [t]§n)~

Show that the polynomials p; = > + % p, = 2 =713, p3 = 7 — 1,
ps = t° + 3t are linearly independent in Q[#]<s and extend {p1, pa, p3, pa}
to a basis of Q[#]<s.

Letn € N and

n
K[, 1] := [ Z a,-jti'tzj } Qjj € K]
i,j=0

An element of K [t1, 1;] is called bivariate polynomial over K in the unknowns
t; and f,. Define a scalar multiplication and an addition so that K[t, #;]
becomes a vector space. Determine a basis of K [tq, t,].

Show Lemma9.5.

Let A € K™ andb € K™'.Is the solution set Z(A, b) of Ax = ba subspace
of K™1?

Let A € K™" and let A € K be an eigenvalue of A. Show that the set {v €
K™!'| Av = \v} is a subspace of K™!.

Let A € K™" and let A\; # )\, be two eigenvalues of A. Show that any two
associated eigenvectors v; and v, are linearly independent.

Show that B = {By, B,, B3, B4} and C = {Cy, C,, Cz, C4} with

11 10 10 11
w=loo) 2= oo =[] 2=
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9.16.

9.17.

9.18.
9.19.
9.20.
9.21.
9.22.

9.23.

9.24.

and

10 10 10 01
o=lot] =[a] = [oo] = [is)

are bases of the vector space K>2, and determine corresponding coordinate
transformation matrices.

Examine the elements of the following sets for linear independence in the
vector space K|[t]<3:

Uy ={t,>+2t, > +3t+ 1,83}, Uy ={l,1,1 411>+,
Us={1,t> —t,1> 4+ 1,1).

Determine the dimensions of the subspaces spanned by the elements of U,
U,, Us. Is one of these sets a basis of K[f]<3?

Show that the set of sequences {(ay, as, a3, ...) | a; € Q, i € N} with entry-
wise addition and scalar multiplication forms an infinite dimensional vector
space, and determine a basis system.

Prove Lemma9.23.

Prove Lemma9.24.

Prove Lemma9.28.

Let U,, U, be finite dimensional subspaces of a vector space V. Show that the
sum U; + U, is direct if dim (U, + Up) = dim(U) + dim ().

Let Uy, ..., U, k > 3, be finite dimensional subspaces of a vector space V.
Suppose that U; NU; = {0} for all i # j. Is the sum U + ... + U direct?
Let U be a subspace of a finite dimensional vector space V. Show that there
exists another subspace U with &/ & U = V. (The subspace U is called a
complement of U.)

Determine three subspaces U, Uy, Us of V = R¥! with Uy # Uz and V =
Uy & Uy, = U, @ U;. Ts there a subspace U of V with a uniquely determined
complement?
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