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Numerical Computation of Solutions

Up to this point we have examined PDEs from an analytical viewpoint, often
seeking a formula for the solution. Now we devote a brief chapter to solving
PDEs numerically. It is a fact that in industry and applied science PDEs are
almost always solved numerically on a computer; most real-world problems are
too complicated to solve analytically. And, even if a problem can be solved
analytically, usually the solution is in the form of a difficult integral or an
infinite series, requiring a numerical calculation anyway. This chapter presents
a brief introduction to one method, the finite difference method. There are
many other methods, for example, the finite element method, to mention only
one. Numerical methods for PDEs have been and continue to be one of the most
active research areas in applied mathematics, computer science, and the applied
sciences as investigators seek faster and more accurate algorithms. Another
feature is that numerical methods give tremendous insight into the basic nature
and theory of PDEs. The reader will find a large amount of literature on the
subject; it is a field within itself. Brief introductions to finite difference methods
can be found in Smith (1978), Logan (1987), and Holmes (2007).

In the finite difference method the idea is to replace the continuous PDE
by a discrete algebraic problem that can be solved on a computer in finitely
many steps. The result is a discrete solution which is known approximately
at only finitely many points of the domain. Simply, partial derivatives in the
equation are replaced by their difference-quotient approximations; this leads
to a difference equation relating the discrete approximations of the solution.
We then develop a computer code to solve for the discrete approximations.
Although the procedure is straightforward, it does not come without risks.
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258 6. Numerical Computation of Solutions

If care is not taken, the procedure can lead to disastrous results even when
it appears that the discrete approximation to the continuous problem is very
sensible.

6.1 Finite Difference Approximations

Discrete approximations for derivatives can be obtained by Taylor’s theo-
rem, one of the most important results in calculus. It gives both the form and
the accuracy of the approximation. If we assume a function f is sufficiently
differentiable, say, having n + 1 continuous derivatives in a neighborhood of a
point z, then Taylor’s theorem states that for h sufficiently small, f(x) can be
expanded in as

1 1 1
P+ h) = f@)+ f @h+ 50" @h* + 8" @h® + -+ — O (@)h"
1
(n+1) T hn+1
+ (n+ 1)! / @) ’
where T is some point between x and x 4 h. The last term in this expansion is
the error term, and we say it is order n + 1; we write it as O(h"t1), a general
expression meaning that it is some constant times the factor h?*+1.
The reader should be familiar with this approximation strategy for ini-
tial value problems for ordinary differential equations. We review the simplest
method.

Example 6.1

(Euler’s Method) The problem is to numerically solve the initial value prob-
lem (IVP)
y' = ft,y), to <t<T; ylto) = vo,

where f and f, are continuous in both arguments in an open neighborhood
containing the initial point (¢g,yo). These conditions guarantee a unique solu-
tion to the IVP on an interval containing to. The first step in computing a
numerical approximation is to discretize the interval ¢ty < ¢ < T by defining a
finite number of points ¢, = to+nh,n =0, 1, ..., N, where h is the step size
defined by h = (T — tg)/N. Thus, t,+1 = t, + h. At each discrete point ¢,, of
the domain we determine an approximation Y, to the exact value y(t,) of the
solution at that point. From Taylor’s theorem we know that

Y(tns1) = y(tn) + 0y (tn) + O(h?) = y(tn) + hf (tn, y(tn)) + O(R?).
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If we replace y(t,) by its approximation Y, and drop the O(h?) term, the
so-called truncation error, we get

Yn+1:Yn+hf(tn,Yn), n=0,1,....N, Yy =1o.

This is the Fuler method, and we can easily compute the approximations
Y1, Ya,..., recursively from n = 0 to n = N — 1. The Euler method is a
marching scheme where the values are computed successively, forward in time.
It is only one of many, many schemes designed for numerical computation of
IVPs. A MATLARB script named EulerMethod at the end of the chapter carries
out this iteration process for the initial value problem

14t
y =—0.1 (y — 15 — 12cos (%)) , y(0) =68

over the interval 0 < ¢ < 72 using 1000 time steps. O

Solving PDEs numerically requires finite difference approximations for var-
ious partial derivatives. If u = wu(z,t) is a sufficiently smooth function, then
Taylor’s theorem implies

1 1
u(z+h,t) =u(z,t) +ug(z, t)h + §um(x, t)h? + gumm(z, t)h3 +0O(h?), (6.1)

where h is an increment of x. Therefore, taking only three terms on the right,
we obtain the forward difference approximation

oz, t) = u(x+h7tf)L—u(:v,t) + o),

In a similar way, if £ is an increment of ¢,
u(z,t + k) —u(z, t)
k

To obtain an approximation for u.,, we can write (6.1) for h replaced by —h
to obtain

+0(n).

ug(x,t) =

u(x — h,t) = u(x,t) — uy(z,t)h + %um(x, t)h? — %umm(x, t)h® + O(nh).

Adding this expression to (6.1) and solving for u., gives the centered difference
approximation

vy = u(x — h,t) — 2u§l:v2, t) + u(x + h,t) n O(h2),

which is an approximation for the second derivative. Similarly,

u(x,t — k) — 2u(z,t) + u(z, t + k)

12 + O(k?).

Utt =
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6.2 Explicit Scheme for the Heat Equation

The idea of marching forward in time, as in Euler’s method, goes over to evolu-
tion problems in PDEs. It this section we illustrate and explicit finite difference
method for an initial boundary value problem associated with the diffusion
equation:

U = Duge, 0<ax <1, t>0, (6.2)
w(0,t) =wu(l,t) =0, t >0, (6.3)
u(z,0) = f(z), 0<z <L (6.4)

The first step to discretize the region of space—time where we want to obtain
a solution. In this case the regionis 0 <z < 1,0 <t <T. We put a bound
on time because in practice we only solve a problem up until a finite time.
Discretizing means defining a two-dimensional lattice of points in this space—
time region by

zj =jgh, t,=nk, j=0,1,...,J; n=0,1,...,N,

where the fixed numbers h and k are the spatial and temporal step sizes, respec-
tively, given by h = 1/J and k = 1/N. The integer J is the number of subin-
tervals in 0 <z < 1, and N is the number of time steps to be taken. Figure 6.1
shows the lattice of points; this lattice is also called a grid, and the points are
called nodes. At each lattice point (z;, t,,) we seek an approximation, which we
call UF, to the exact value u(z;,t,) of the solution. Note that the superscript n
on U} is an index referring to time, not an exponent; and the index subscript j
refers to space. We can regard the grid function U' as a two-dimensional array,
or matrix, where n is a column index and j is a row index. To obtain equations
for the approximations U, we replace the partial derivatives in the PDE by
their difference approximations obtained in Section 6.1. So the continuous PDE
(6.2) at the point (z;,%,) is replaced by the difference equation

J

n+1 n n n n
Ut Uy U - 2Up 4 U

k h? ’
where we have dropped the error terms. Solving for U;-“rl gives
n+1 n n n n
Urtt =07 +r (U — 207 +U}y,), (6.5)
where
kD
T = ﬁ

Observe that the difference equation (6.5) relates the approximate values of the
solution at the four points (z;—1,tn), (¥;,tn), (Zj—1,tn), (€}, tnt1). These four
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0 x X X X

Figure 6.1 The discrete lattice, or grid, and the computational atom of the
explicit scheme for diffusion equation. The atom permits calculation of U ;”1
at the (n + 1)st time level in terms of the three values UT" ;, U}, UT,; at the
previous time level n. So we can fill up an entire grid row by knowing the grid
values at the preceding row

points form the computational atom for the difference scheme (see Figure
6.1).

The difference equation (6.5) gives the approximate solution at the node
(xj,tn+1) in terms of approximations at three earlier nodes. Now we see how
to fill up the lattice with approximate values. We know the values at t = 0
from the initial condition (6.4). That is, we know

U} = f(z;), j=0,1,...,J

From the boundary conditions (6.3) we also know
Uy=0, U7=0, n=1,2,...,N.

The difference formula (6.5) can now be applied at all the interior lattice points,
beginning with the values at the t = 0 level, to compute the values at the ¢t = t;
level, then using those to compute the values at the ¢ = ¢5 level, and so on.
Therefore, using the difference equation, we can march forward in time, contin-
ually updating the previous temperature profile. Think of filling out the array
U}', row by row, ie., time after time, in a marching type scheme. In physical
terms, the numerical solution carries the initial temperature distribution for-
ward in time; along each horizontal time line n, we can think of the j values,
Up,j=0,1,2,...,J, as an approximate time profile.
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A finite difference scheme, or algorithm, like (6.5) is called an explicit
scheme because it permits the explicit calculation of an approximation at the
next time step in terms of values at a previous time step. Because of the error
(called the truncation error) that is present in (6.5) due to replacing derivatives
by differences, the scheme is not always accurate. As it turns out, if the time
step k is too large, then highly inaccurate results will be obtained. It can be
shown that we must have the stability condition

kD 1
= <=

h? — 2
for the scheme to converge. This condition constrains the time step according
to k < 0.5h2/D. Experiments that illustrate this behavior are suggested in the
exercises.

It is straightforward to code the explicit algorithm (6.5) described above
to calculate approximate temperatures in a rod. A simple MATLAB program
listing entitled EzplicitHeat is given at the end of the chapter. The solution
surface is plotted in Figure 6.2.

r
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Figure 6.2 Numerical solution to the problem (6.2), (6.3), (6.4) with initial
temperature f(z) = 2%(1 — x), diffusivity D =0.02,on 0 <2 <1,0<t <2
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von Neumann Stability Analysis

There are three sources of errors in applying finite difference schemes to
differential equations: (1) truncation errors, which measure the errors in replac-
ing the differential equation by a difference equation; (2) errors propagated in a
computation using the difference scheme itself; (3) roundoff errors accumulated
from the computation because of the finite-digit arithmetic, or representation
of real data.

We have seen that truncation errors are proportional to the step sizes taken
to approximate derivative, e.g., O(h?), etc. The origin of roundoff error is a topic
we leave to other sources, for example, computer science. We focus here on (2),
that is, how does a difference equation itself propagate incorrect information?
Even if the difference approximation has a very high accuracy measured by the
truncation error, we show that the difference scheme can still lead to horrendous
results. The analysis, which is one of several, is called von Neumann stability
analysis. It deals with the issue of stability, which was discussed earlier in the
text; namely, if an initial error is small, does the error at later times remain
small when propagated by the difference scheme?

Consider the problem

Ut —Upe =0, x €R, t >0, wu(x,0)=cosazr, xR,

where a > 0 can regarded as a wave number, or the number of oscillations per
27. This problem can be solved exactly, and the solution is

u(z,t) = e~ cos auz.

Clearly u remains bounded as t — oo. Next, let us set up this problem numer-
ically using the explicit scheme. For the infinite domain ¢ > 0 take z; = £jh,
i =012,...,t, = nk,n =0,1,2,.... The PDE is approximated by the
difference equation (6.5),

n+1l __ n n n n
Ut =07 +r (U =207 +U}y,) -
The initial condition gives
U =cosax;, j=0,+1,42,....

Think of the initial condition as defining a distribution of errors at time ¢ = 0.
We look for a complex solution of the discrete problem in the form

Ul = Mnetess,
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where the amplitude factor M is to be determined. (Note: we can recover the
real solution by taking the real part of the complex solution.) Substituting this
into the difference equation gives

M =r—1+2rcosah

h
=1 — 4rsin? 04_.

Therefore, the real solution is

h n
U} = <1 — 4rsin? %) COS ;.

It is clear that U will be bounded whenever

|1—4rsin2a—h <1 or r< %

2 2sin” G
Ifr < % this is guaranteed. If on the other hand r > %, then there is always a
value of « for which | M |> 1. It follows that the explicit scheme with r > % is
not stable because bounded initial conditions are propagated by the scheme so
that they become unbounded. For r < % we say the scheme is von Neumann
stable.

Example 6.2

The following diagram shows the result of applying the explicit scheme (6.5)
in the simple case » = 1, which is an unstable case. In this case, the difference

equation becomes
Ut = -Ur+UP + U}

At time ¢ty = 0 we assume there is an initial error € at g = 0. Using the
scheme, the values of U}, j = 0,%1,£2,£3,... were computed (by hand) for
subsequent time lines 1, to, t3, etc. One can observe that the error propagates,
spreading and growing in time. It would make a numerical approximation com-
pletely invalid. [

t3 €

to 0 € —2e 3€ —2€ € 0
t1 0 € —€ € 0 0
to 0 0 0 € 0 0 0
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Example 6.3

(Explicit Scheme for the Wave Equation) This same type of explicit
marching procedure that worked for the heat equation works for initial value
problems associated with the wave equation. Consider the problem

U = gy, 0<z<1,t>0, (6.6)
u(0,t) =u(l,t) =0, t >0,
u(z,0) = f(x), w(x,0)=g(x), 0<x <1

First we discretize the space-time domain as before and form a lattice x; =
jh, t,=nk, 7=0,1,...,J, n=0,1,..., N. We can approximate the PDE
by

ur 200+ UL

n—1 _ n n+1 _
vt -2y Ut LU "
- )

k? h?

which leads to
n+l _ 2 n 2 n n—1
Uj =2(1-s )Uj +s (Uj—l + Uj+1) - Uj )
where
%
W

The computational atom for this explicit scheme is shown in Figure 6.3. To

S =

X. A
N1 g

Figure 6.3 Computational atom for the wave equation. The values at the
(n 4 1)st time level depend on the two previous times, n and n — 1

compute the value at the (n + 1)st time step we now need values from the
previous two time steps. Therefore, to start the marching scheme we require
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values from the first two (typ = 0 and ¢; = k) time rows. The ¢ = 0 row is given
by the initial condition u(z,0) = f(z); so we have

U) = f(z;), j=0,1,....J.

The t = t; time row can be computed using the initial velocity condition
ut(z,0) = g(z), which we approximate by a forward difference formula,

1 0
Ul - US
3

Thus, the values Uj1 at the second row are

=g(z;), j=1,2,...,J—1

Uj = U + kg(xy).

Now we have the ingredients to start the scheme and march forward in time
to fill up the entire grid with values, marching forward from time row to time
row. Again there is a stability condition, namely, s < 1, or

c <

> >

This is the CFL condition, or the Courant-Friedrichs-Lax condition. Physi-
cally, it states that the speed h/k at which lattice points are being calculated
must exceed the speed ¢ that waves are propagated in the system. Thus the
calculated values at the lattice points at a given time level will contain all of
the information about the wave at the previous time level. We ask the reader
to write a code for the explicit scheme to solve the wave equation. [J

Example 6.4

(Other boundary conditions) In the explicit marching scheme for the heat
equation we considered fixed, Dirichlet boundary conditions. For example, this
forces the values UJ' along the grid points (0,n) to be fixed along the left
boundary. If, however, the left boundary has a Neuman condition, then we
do not know Ug a priori, and the values must be calculated. For illustration,
assume a boundary condition of the form

ua(0,8) = b(t), t > 0.

Using the spatial grid x; = jh, 7 = 0,1,2,..., as before, we discretize this

condition by ( ) ( )
u(zxy,t,) — u(0,t,

=b(t,) + O(h),

- (ta) + O(h)

for each n. In terms of the grid function U, this is

Ui — Uy
h

=b(t,), or Uy =Uy* — hb(t,), n=1,2,3,....
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Therefore, given the values along the nth row, the calculation of the values
along the (n + 1)st row is

for j=1to J—1; U;”l =Uj" +rUj, —2U} + Ujy,); end
Ut = U7~ ()

Similar conditions can be derived for radiation boundary conditions. The wave
equation can be handled in a similar way. [

EXERCISES

1. Use Euler’s method with step size h = 0.1 to numerically solve the initial
value problem y' = —2ty + 4%, y(0) = 1 on the interval 0 < ¢t < 2.
Compare your approximations with the exact solution.

2. Use the notation in this section, derive the centered difference approxima-
tion to the first derivative,

ooy w@+h) —ulz—h) >
u'(z) = ST + O(h?).

3. Develop an explicit scheme to solve the heat conduction problem
Ut = Upe, 0<x <1, t>0,
u(0,t) =1, wu,(1,t) = —(u(l,t) —g(t)), ¢t >0,
u(z,0) =0, 0 <z <1
Hint: Approximate the radiation condition wu,(1,t) = —(u(1,t) — g(t)) by

u(zy,tn) —hu(zJ—l’t") = —(u(xg,tn) — g(tn)).

Pick ¢(t) = 1 and compute an approximate solution surface. Finally,
describe the physical context of this problem.

4. Write a program in some programming language or in a computer algebra
package to solve the hyperbolic problem (6.6)—(6.8) when f(x) = 0 and
g(x) = (1 — ) with ¢ = 0.25. Take h = 0.125 and experiment with
various time step sizes k and illustrate the validity of the CFL condition.
Compare with the exact solution.

5. Consider the explicit method for the wave equation wave equation in z €
R, ¢ > 0 with CFL parameter s = 2. Take the initial condition f(x) at
the discrete grid points x; to be ...,0,0,0,1,2,1,0,0,0,... and assume
u¢(z,0) = 0 for all z. By hand, compute the values of U} for the four time
levels n = 1,2, 3,4. Next make the same calculation with s = 1. Discuss
your observations.
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6. Consider the Cauchy problem for the advection equation, u; + cu, = 0,
where ¢ > 0.

a)

b)

Expand u(z,t + k) in a Taylor series up to O(k%) terms. Then use the
advection equation to obtain

27.2
u(z,t + k) = u(z,t) — ckue,t) + ium(gc,t) +O(k?).

2

Replace u, and u,x by centered difference approximations to obtain
the explicit scheme

1

. L1 . n ck
Uj+1:(1_82)Uj +§(1+S)UJ_1—§(1—S) j+1 § = —

W
This is the Lax—Wendroff method. It is von Neumann stable for
0 < s <1 and it is widely used to solve both linear and nonlinear
first-order hyperbolic systems.

Use the Lax—Wendroff method to numerically solve u; + 3u, = 0 in the
upper half-plane where u(z,0) = 2z(2—2) if 0 < z < 2 and u(z,0) =0
otherwise. Take h = 0.2, £ = 0.05. Compare your answer to the exact
solution.

6.3 Laplace’s Equation

Next we solve a Dirichlet problem for Laplace’s equation in the unit square with
prescribed values on the boundary of the square. This Dirichlet problem is a
pure boundary value problem, and we should not expect an explicit marching-
type scheme to work; there is no guarantee that when we march from one
boundary in the problem to another we will reach the already specified values
at that boundary. This means that we must solve for the approximate values
at all of the interior lattice points simultaneously. To illustrate the procedure
we consider the Dirichlet problem

Ugzr +Uyy =0, 0<2<1,0<y <1, (6.9)
u(0,y) =u(l,y) =0, 0<y<1, (6.10)
u(z,0) = f(z), w(z,1)=0, 0<x<1. (6.11)

We discretize the unit square by defining lattice points

z; =ih, y; =gk, i=0,1,....0; j=01,...,J
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where h = 1/I and k = 1/J are the fixed step sizes in the z and y directions,
respectively. We let U; ;, with two lower subscripts, denote the approximate
value of u(z;,y;). Then Laplace’s equation can be approximated at the lattice
point (z;,y;) by the difference equation

Uiz1,j = 2Uij + i1y | Uija = 2Uij 4 Uijin
h? k2
The reader may wish to review Section 1.8, where a similar approximation is
made when h = k. The difference equation can be rewritten as

2 B2
Ui Uiy ) 4+ —
orz oz Uimti HUii) + oo

=0.

U; ;= (Ui,j—l + Ui7j+1). (6.12)
The computational atom is shown in Figure 6.4. The difference equation relates
the node at the center of the atom to four adjacent nodes. As we observed in
Section 1.8, if h = k, then this difference equation states that the value at the
center node is approximately the average of the values at the four adjacent
nodes; if h # k, the approximate value at the center is a weighted average of
the four surrounding values.

y
YA
)j' P
Yo
A
oéﬁ*
0 X X. X, X

Figure 6.4 Computational atom for Laplace’s equation

The strategy is this. The values of U;; are known at the nodes on the
boundary of the square. We want to find the values at the (I — 1) x (J — 1)
interior lattice points. Therefore, we apply the difference equation (6.12) to
each interior lattice point, ie., for¢ = 1,..., I —1; 7 = 1,...,J — 1. The
result is a linear-algebraic system consisting of (I — 1) x (J — 1) equations in
the (I —1) x (J — 1) unknowns U; ;. Therefore, we have reduced the Dirichlet
problem to the linear algebra problem of solving for grid function U; ; at the
interior nodes.
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(1,2) 2,2) (3,2)

(1,1) 2,1) (3, 1)

Figure 6.5 Discrete lattice

Example 6.5

In (6.11) take f(z) = 23(1 — ). To illustrate the procedure take I = 4 and
J =3; thus j = 1/4 and k = 1/3. See Figure 6.5. Then
h? k2

—— =018, ——— =0.32.

2k2 + 2h2 T 2k2 4 2h?
There are six interior lattice points where the solution is to be found. By
the boundary conditions, the values along the top and two sides are zero,
and the values along the lower boundary are Upg = 0,U1,0 = 0.0117,Us 9 =
0.0625,Us o = 0.1054, U0 = 0. Now we apply the difference equation (6.12)
successively at the six points (¢,7) = (1,1),(1,2),(2,1),(2,2),(3,1),(3,2) to
obtain the six coupled algebraic equations

Ui =0.32(0 + Uz,1) + 0.18(0.0117 + Uy 2),
Ui2 =0.32(04 Uz 2) + 0.18(Uy 1 + 0),

Usp = 0.32(Uy 1 + Us 1) + 0.18(0.0625 + Us »),
Uso = 0.32(Ur 2 + Us2) + 0.18(Usq +0),

Us1 = 0.32(Usq + 0) + 0.18(0.1054 + Us 5),
Us o = 0.32(Us +0) + 0.18(Us 1 + 0).

We can solve these six linear equations to obtain the approximate solution at
the six interior nodal points:

Uyq = 0.007, Uy = 0.003, Usy = 0.015,
Uz = 0.006, Us1 = 0.024, Us 5 = 0.006. O
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In the previous example we solved the linear system easily on a calculator.
But if the lattice has a large number of nodes, which is the usual case, then
direct solution is inefficient, even though the coefficient matrix for the system
is tridiagonal (nonzero only on the sub-, super- and main diagonals). Another
way to solve a linear system is by an iterative process known as the Gauss—
Seidel method. In this method we fix the values of the array U; ; at the known
boundary points and then initialize the array at the interior lattice points by
setting them to zero, or setting them to values that might approximate the
solution. Then we systematically cycle through all the interior lattice points,
replacing the old estimates with new ones calculated by the difference equation
(6.12). We can cycle along rows or columns, but it is common to cycle row by
row, from bottom to top. After a number of cycles, the estimates will converge
to the solution of the linear system. One can terminate the iteration process
when the change from one complete iteration to the next is small, measured in
some manner. This process is extremely simple to program, and the cycling is
accomplished in a few lines of code. Actually, there are several ways the iteration
procedure can be accelerated, and we refer the reader to the references and the
key words successive overrelazation (SOR).

0.255
0.2
0.15

0.1+

0.05

Figure 6.6 Solution to the BVP (6.9), (6.10), (6.11) for Laplace’s equation
when f(z) = z(1 — x)

Here is a basic outline of the Gauss—Seidel method. After putting in the pre-
scribed values on the boundary and initializing the the array U; ; (to zero, say)
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at the interior grid points, we perform the following row-by-row iteration using
three nested loops:

for n from 1 to number of iterations;

for i from 1 to I-1;

for j from 1 to J-1;

Uli, j] =kA2/(2*¥kA2+2*hA2)*(U[i-1,j]+U[i+1,j])
+hA2/(2%kA2+42%hA2)*(U[1,j-1]4+U[i,j+1]);

end; end; end;

The MATLAB code Laplace is at the end of the chapter. We take I = 20
and J = 10, giving 19 x 9 = 171 interior lattice points. Figure 6.6 shows the
solution surface after 20 iterations through the grid.

Neumann and radiation boundary conditions can be handled similarly as
in the heat and wave equations. See the Exercises.

EXERCISES

1. In Example 6.5 write the linear system for the six unknowns Uj; ; in stan-
dard matrix form, Ax = b, where x is the column vector of unknowns, and
A is the coefficient matrix. Note that A is a tridiagonal matrix.

2. Write a finite difference code to solve the following steady-state problems:

a)
Uy T Uyy =0, 0<2 <2, 0<y<l,
u(0,y) =2sinwy, w(2,y)=0, 0 <y <1,
u(z,0) =z(2—-2x), u(z,1)=0, 0<z<2.
b)

uz(0,y) =0, u(2,y)=0, 0<y<1,
u(z,0) =2(2 —2)%, w(r,1)=0, 0<x<2.

To handle the insulated boundary condition at = = 0 in (b), use a forward
difference approximation; note that you must calculate the solution along
that boundary.

3. Consider Laplace’s equation on the triangle with vertices (0, 0), (1,0), (0, 1).

Use a lattice with spacing h = k = %. If the oblique edge is insulated, find

a difference approximation at a point (z;, yx) on that boundary. If the left
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edge is held at 1 and the lower edge is held at 0, find the matrix equation
for the unknown grid points. (Recall, the oblique boundary points must be
calculated.)

6.4 Implicit Scheme for the Heat Equation

In an explicit difference scheme we compute a new time values of the grid
function U]’-”rl explicitly only in terms of the previous time values U". As we
found in the explicit method for the heat equation, we were forced to take
very small time to insure stability. There are other difference schemes that
are tmplicit in nature. In these we are not able to solve for a new time value
explicitly, but rather we obtain a system of algebraic equations at the new
time for all the values simultaneously. These methods typically have a strong
advantage: they are stable without putting a constraint on the size of time step.
A disadvantage is that coding such schemes is a little more difficult.

In this section we set up such a scheme for the heat equation. Consider the
initial BVP problem for the heat, or diffusion, equation presented in Section 6.2:

U = Dug,, O<z<1, 0<t<T, (6.13)
w(0,t) = u(1,t) =0, t>0, (6.14)
u(z,0) = f(z), 0<z<l1. (6.15)

The first step to discretize, as before, the region of space-time where we want
to obtain a solution. In this case the region is 0 < x <1, 0 < ¢ < T'. Therefore
we define a lattice of points in this space-time region by

z; =jh, t,=nk, j=0,1,...,J; n=0,1,...,N,

where the fixed numbers h and k are the spatial and temporal step sizes given
by h = 1/J and k = 1/N. For an implicit scheme we approximate the time
derivative as before by a forward difference

u(zj, tny1 — ulzj, ty,)
k

But for the second spatial derivative wuy, at (z;,t,), rather than a centered

difference at time t,, we take a weighted average of two centered difference

+O(k).

Ut (xj ) tn) =

approximations, one at ¢, and one at ¢,,,1. Therefore,

1t —92 it .
um(xj,tn):(l—e)U(arg 1 bnt1) u(acjh2 1) Fu(@jpn, tarr)

u(xj_l,tn) — 2’11,({Ej, tn) + U(Ij+1, tn)
h2

+0 +0(h?),
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where 0 < 6 < 1. Therefore, the computational molecule is shown in Figure
6.7. Substituting these approximations into the PDE (6.13) using Ul as the

tn+1T

*
I

I

t b {
x

i+ 1

~

Figure 6.7 A six-node computational molecule for the implicit difference
scheme

approximation for u(z;,t,), we obtain the finite difference equation

urtt —ur urtt — 2ot + Ut ur, —20r+ U
J J _ Jj—1 J J+1 Jj—1 J J+1
— =D s +D(1-90) 5 :

We have dropped the truncation error terms. We rearrange the terms in this
equation to obtain

—HTU;—Tll—i—(l + 27“9)Uf+1 - QTU;:—_T

= (1= )rUly +[1—2(1— 00Ul + (1 - O)rULy,  (6.16)

where
kD

h2’
Notice that when # = 0 this scheme reduces to the classical explicit scheme;
when 6 = %, the scheme is called the Crank—Nicolson scheme. We have
written the three unknown values U;L_’Lll, U]’-“rl, U;fll at the (n + 1)st time
level in terms of the three known values at the nth time level. For each fixed n,
we have to solve this equation for j = 1,2,...,J — 1. Therefore equation (6.16)
represents a system of .J—1 equations for the .J—1 values U] U ... U}lfll
Each equation has three unknowns. In matrix form (6.16) can be written as a

tridiagonal system

r

1+2r0 —r0 uptt Fr
—rf  14+2r —r6 Uyt 3y
—rf  1+4+2r0 —r6 uptt | F}

e =l Uity F7_,

—r0 1+ 2r0 untt Fry

where the right side involves the terms on the right of (6.16) and the bound-
ary conditions. This system must be solved at each time step, but there are
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no constraints on the time step as in explicit methods. This scheme is stable
unconditionally. As it turns out, there are simple direct algorithms to solve
tridiagonal systems (see the references, MATLAB manuals, or other computer
algebra systems). In addition, there are iterative methods similar to the Gauss—
Seidel method that can be applied at each time step to solve the system.

EXERCISES

1. Use the Crank—Nicolson scheme with § = 0.5, D =1, h = 0.2, k = 0.08
and write out the scheme (6.16) for n = 0 when the initial condition (6.15)
is given by f(z) = z(1 — ). Write the tridiagonal system explicitly (there
are four unknowns) and solve it to find the solution at the time line n = 1.

2. Use the Crank—Nicolson scheme to numerically solve the problem
Up = Uz +u, 0< <1, >0,
u(0,t) =u(l,t) =0, t >0,
u(z,0)=1, 0 <z < 1.
Take h =k =0.2.
3. Consider the BVP for the advection equation
u+cuy, =0, z€R, (c>0),
with u(z,0) = f(x), >0, u(0,t) =g(t), t > 0.
a) Using the three-point molecule (z;, ), (€j—1,tn+1), (¥, tnt1), derive

the implicit difference equation approximation

1+ s) Ut —sUM =UP, s=—.

b) Show that the scheme is von Neumann stable.

¢) Develop an algorithm to compute U ; at lattice points in the first quad-
rant. Explain carefully your procedure.

MATLAB Program Listings

Programming note: MATLAB, like other computer algebra systems, does
not recognize an index with value 0. Many of the formulas in the text require, for
example, ranges such as j = 0,1,2,...,J. For MATLAB expressions we must
shift the indices and use 5 = 1,2,...,J 4 1. This is an unfortunate nuisance in
writing programs.
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function EulerMethod

£=@(t,Y) -0.1*%(Y-(15+12%cos(3.14%t/12)))

t0=0; Y0=68; T=72; N=1000; h=(T-t0)/N; Y=zeros(N+1); Y(1)=YO;

for n=1:N

t(n) = a+(n-1)*h;

Y(n+l) = Y(n)+h*f(t(n),Y(n));

end

t=t0:h:T; plot(t,Y), xlabel(’time in hours’),
ylabel(’temperature Y in deg F’),

ylim([0 70]), title(’Newton Law of Cooling’)

function ExplicitHeat
xmax=1; J=20; h=xmax/J; tmax=2; N=50; k=tmax/N;
D=0.02; r=D*k/(h*h)
U=zeros (J+1,N+1);
f=0(x) x.A3. x*x(1-x);
for j=1:J+1; U(j,1)=£((j-1)*h); end
for n=1:N+1; U(1,n)=0; U(J+1,n)=0; end
for n=1:N
for j=2:J
U(j,n+1)=U(j,n)+r*(U(j-1,n)-2*%U(j,n)+U(j+1,n));
end
end
[T,X]=meshgrid(0:h:xmax,0:k:tmax) ;
mesh(X’,T’,U, ’EdgeColor’, ’black’)
xlabel(’t’,’FontSize’,14),ylabel(’x’,’FontSize’,14)
title(’Explicit Scheme for Heat Equation’)
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function Laplace

% Gauss--Seidel method

xmax=1; ymax=1;

I=20; J=10; h=1/I; k=1/J; Numit=20;
r=0.5%kNA2/ (kA2+hA2); s=0.5%hA2/(kA2+hA2);
U=zeros(I+1,J+1);

f=0(x) x. * (1-x);

for i=1:I+1; U(i,1)=f((i-1)*h); end
for i=1:I+1; U(i,J+1)=0; end

for j=2:J; U(1,j)=0; end

for j=2:J; U(I+1,j)=0; end

for n=1:Numit

for i=2:1

for j=2:7J
U(1,j)=r*(U(i-1,j)+U(i+1,3) ) +s*x(U(L,j-1)+U(i,j+1));
end

end

end

[X,Y]=meshgrid(0:h:xmax,0:k:ymax) ;
mesh(X’,Y’,U, ’EdgeColor’, ’black’)
xlabel(’x’,’FontSize’,14) ,ylabel(’y’, ’FontSize’,14)
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