16

Multivariate ARCH and GARCH Models

16.1 Background

In the previous chapters, we have discussed modelling the conditional mean
of the data generation process of a multiple time series, conditional on the
past at each particular time point. In that context, the variance or covariance
matrix of the conditional distribution was assumed to be time invariant. In
fact, in much of the discussion, the residuals or forecast errors were assumed
to be independent white noise. Such a simplification is useful and justified in
many applications.

There are also situations, however, when such an assumption is problem-
atic, for instance, when financial time series are being analyzed. To see this,
consider the monthly returns of the DAX (German stock index) for the pe-
riod 1965-1995 depicted in Figure 16.1. The autocorrelations are all within the
+2/ VT band and, hence, in accordance with the results discussed in Chap-
ter 4, Section 4.4, one may conclude that the returns are not autocorrelated.
If they were not only uncorrelated but also independent, then their squares
were independent too. That this is not the case is clearly seen in the third
panel of Figure 16.1, where also the autocorrelations of the squared returns
are given. Consequently, in this case, assuming independent observations or,
equivalently, independent residuals in the AR(0) model y; = v + w; is clearly
problematic. Because we have used the independence assumption in deriving
the :5:2/\/T confidence bounds in Chapter 4, Section 4.4, the conclusion of
uncorrelated returns may also be questioned in this case.

The correlations in the squares of the DAX returns shown in Figure 16.1
indicate that there is conditional heteroskedasticity. With a little imagina-
tion, it can also be seen in the figure that the volatility in the DAX returns
changes over time. It is lower in the first half of the sample period than in
the second half. Similar characteristics in many time series, in particular in
financial market series, have motivated the development of specific models for
conditionally heteroskedastic data.

H. Liitkepohl, New Introduction to Multiple Time Series Analysis
© Springer-Verlag Berlin Heidelberg 2005
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Fig. 16.1. Monthly DAX returns for the years 1965-1995 with autocorrelations and
autocorrelations of squared returns.
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It may be tempting to argue that the conditional mean is the optimal fore-
cast and, hence, changes in volatility are of less importance from a forecasting
point of view. This position ignores, however, that the forecast error variances,
that is, the variances of the conditional distributions are needed for setting
up forecast intervals. Taking into account conditional heteroskedasticity is
therefore important also when forecasts of the variables under investigation
are desired. Moreover, for example in financial analysis, forecasts of the fu-
ture volatility of a series under consideration are often of interest to assess
the risk associated with certain assets. In that case, variance forecasts are of
direct interest, of course. Furthermore, the volatility in a market and, hence,
the risk associated with investments in a particular market may have a direct
effect on the expectations of the market participants. Hence, there may be a
feedback from the second to the first moments. Therefore, the emphasis on a
more detailed modelling of the volatility of time series was a natural develop-
ment which was boosted by Engle’s (1982) invention of ARCH (autoregressive
conditional heteroskedasticity) models. By now the acronym ARCH stands for
a wide range of models for changing conditional volatility. Moreover, there is
also some literature on multivariate extensions which are the central topic of
this chapter.

Because many series have a close relationship, it is obvious to conjecture
that an increase, say, in the volatility of one series may have an impact on the
volatility of another series as well. For example, this may occur in exchange
rates of different currencies, in interest rates for bonds of different times to
maturity, or in returns on stocks in a specific segment of the market. Therefore,
multivariate models for conditional heteroskedasticity are of interest.

In the following, a brief review of some facts on univariate ARCH and
generalized ARCH (GARCH) models is given and then multivariate extensions
will be discussed. Part of this chapter reports results from an article by Engle
& Kroner (1995). There are also a number of review articles which cover
multivariate ARCH and GARCH models among other things. Examples are
Bollerslev, Engle & Nelson (1994), Bera & Higgins (1993), Bauwens, Laurent
& Rombouts (2004), Bollerslev, Chou & Kroner (1992), and Pagan (1996).
The latter two articles also survey some of the applied literature.

16.2 Univariate GARCH Models

16.2.1 Definitions

Consider the univariate serially uncorrelated, zero mean process u;. For in-
stance, u; may represent the residuals of an autoregressive process. The
u; are said to follow an autoregressive conditionally heteroskedastic process
of order ¢ (ARCH(q)) if the conditional distribution of w;, given its past
241 :={ug_1,us_oa, ...}, has zero mean and the conditional variance is

opy 1 o= Var(u 2 1) = B(u7|92,1) = Yo+71u; 1+ +7u7 g, (16.2.1)
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that is, w¢|$2;—1 ~ (0, O’f‘til). Another, sometimes quite useful way to define
an ARCH process is to specify

Uy = Ut\tflgta Et ~ 11d(0, 1) (1622)

Here the i.i.d. assumption for &; is slightly more restrictive than the previous
definition which makes statements about the first two moments of the condi-
tional distribution only. In the following, the definition (16.2.2) will be used.
The u;’s, generated in this way, will be serially uncorrelated with mean zero.

Originally, Engle (1982), in his seminal paper on ARCH models, assumed
the conditional distribution to be normal so that

e ~iLd. N(0,1) and w21 ~N(0,07, ). (16.2.3)

Although different distributions were considered later as well, even with this
special distributional assumption the model is capable of generating series
with characteristics similar to those of many observed time series. In par-
ticular, it is capable to generate series with volatility clustering and outliers
similar to the DAX series in Figure 16.1. Even if the conditional distribution
underlying an ARCH(q) model is normal, the unconditional distribution will
generally be nonnormal. In particular, it is leptokurtic, that is, it has more
mass around zero and in the tails than the normal distribution and, hence, it
can produce occasional outliers.

It turns out, however, that, for many series, ARCH processes with fairly
large orders are necessary to capture the dynamics in the conditional vari-
ances. Therefore, Bollerslev (1986) and Taylor (1986) proposed to gain greater
parsimony by extending the model in a similar manner as the AR model
when moving to mixed ARMA models. They suggested the generalized ARCH
(GARCH) model with conditional variances given by

T =0+ MUy + -+ Yqui_g + 107 1o+ A B0t e
(16.2.4)

These models are briefly denoted by GARCH(g,m). They generate processes
with existing unconditional variance if and only if the coefficient sum

"Yl+"'+7q+ﬂl+"'+ﬂm<l' (16.2.5)

If this condition is satisfied, u; has a constant unconditional variance given
by

2 Y0
o, = . 16.2.6
1 —_ ’)/1 —_ . e e — ’yq _ 61 —_ e e — ﬂm ( )

The similarity of GARCH models and ARMA models for the conditional
mean can be seen by defining v; := uj — o7, _,, substituting uj — v, for o7, ,

in (16.2.4) and rearranging terms. Thereby we get



16.2 Univariate GARCH Models 561

u; =50+ (Br+y)ui 4+ (B +79)ur,
+ v — ﬂlvt—l - ﬁm,vt—m (1627)

which is formally an ARMA (g, m) model for u?. Here it is assumed without
loss of generality that ¢ > m and 3; := 0 for j > m.

16.2.2 Forecasting

Although the conditional expectation of the process u; given £2;_j, is zero and,
hence, the optimal h-step forecasts are all zero for h = 1,2,..., there is an
important difference to the situation where the u; are an independent white
noise process. If the u; are Gaussian N'(0,02), a 1-step ahead (1 — «)100%
forecast interval has the form

ut(l) + Cl—a/20u,

where u;(1) denotes the forecast, as usual, and ¢;_, /2 is the relevant 1 — /2
percentage point of the normal distribution (see Section 2.2.3). Thus, the
forecast intervals are of constant width, regardless of the forecast origin t. In
contrast, if u; is a GARCH(q, m) process, the correct 1-step ahead (1—a)100%
forecast interval is

ur(1) & c1-a/20041)1 (16.2.8)

where the length depends on the history of the process because the conditional
standard deviation, oy}, varies over time.

To illustrate this phenomenon, suppose the mean-adjusted DAX returns
were generated by a GARCH(1, 1) model with conditionally normal compo-
nents and conditional variances

071 = 0.0003 + 0.120u7_; +0.77107 ;.

This model was actually fitted to the monthly DAX returns by Liitkepohl
(1997) for the period 1960-1991. The 1-step ahead 95% forecast intervals are
shown in Figure 16.2. The unconditional variance is in this case

) Yo 0.0003
g,

- - =275 x 1075.
“ T =B 1-0120—0.771 x

Assuming mistakenly that the data is i.i.d. normal and using the foregoing
white noise variance, results in the constant forecast intervals also shown in
Figure 16.2. It is important to note the implications of these results. The
constant intervals completely ignore the variations in volatility, whereas the
GARCH intervals clearly reflect the greater forecast uncertainty in times of
high volatility and are narrower in times where the stock market is less volatile.

As mentioned earlier, if the residuals follow a normal GARCH process, the
unconditional distribution of the observations will generally be nonnormal.
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Fig. 16.2. 95% 1-step ahead forecast intervals for the DAX returns obtained under
GARCH (- - -) and constant (— —) variance assumptions.

Hence, the constant forecast intervals which have been computed under nor-
mality assumptions may not have the desired 95% probability content because
of the false distributional assumption. The nonnormal unconditional distribu-
tion of GARCH processes also complicates multi-step interval forecasting.
Formulas and properties of multi-step forecasts were discussed by Baillie &
Bollerslev (1992). Without going into details, it may be worth noting that for
a stationary process, when the forecast horizon increases, the optimal forecast
will always approach the process mean with the unconditional variance being
the forecast error variance and the forecast error distribution approaching the
unconditional process distribution, which will generally be nonnormal if the
conditional distribution is normal.

We will now discuss how to extend these concepts to the case of vector
processes. In that context, we will also address the issue of estimating the
parameters of a GARCH model.

16.3 Multivariate GARCH Models

Multivariate extensions of ARCH and GARCH models may be defined in
principle similarly to VAR and VARMA models. Early articles on multivariate
ARCH and GARCH models are Engle, Granger & Kraft (1986), Diebold &
Nerlove (1989), Bollerslev, Engle & Wooldridge (1988). There are a number of
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complications in analyzing and estimating such models which will be discussed
now. The simpler multivariate ARCH models will be considered first.

16.3.1 Multivariate ARCH

Suppose that u; = (u1y, ..., uxt)" is a K-dimensional zero mean, serially un-
correlated process which may be the residual process of some dynamic model
and which can be represented as

1/2
Uy = Et\tflet’ (1631)
where ¢; is K-dimensional i.i.d. white noise, e; ~ i.i.d. (0, 1k ), and Yy, is
o . . . 1/2
the conditional covariance matrix of u;, given us_1, us—_2, - ... As usual, Zt‘Ll

is the symmetric positive definite square root of Xy,_; (see Appendix A.9.2
for details on the square root of a positive definite matrix). Obviously, the u;’s
have a conditional distribution, given 2,1 := {u;_1,u;_2,...}, of the form

w21 ~ (0, Zyjp1). (16.3.2)
They represent a multivariate ARCH(q) process if
vech(Xy;,—1) =0 + I'vech(u;1uy o) + -+ Tyvech(u,—qu;_,), (16.3.3)

where vech again denotes the half-vectorization operator which stacks the
columns of a square matrix from the diagonal downwards in a vector, 7, is a
%K(K + 1)-dimensional vector of constants and the I}’s are (3K (K + 1) x
5K (K +1)) coefficient matrices. Different conditional distributions have been
assumed and analyzed. For example, a multivariate normal conditional distri-
bution may be considered, i.e., e, ~ N(0, I'c), so that w21 ~ N (0, Zyjp—1).
Although this distribution is perhaps not the most suitable one for many fi-
nancial time series, it will play a role when parameter estimation is discussed
in Section 16.4. Conditional distributions of processes representing financial
time series are often better represented by more heavy-tailed distributions
such as t-distributions with a small degrees of freedom parameter.

As an example, consider a bivariate (K = 2) ARCH(1) process,

O11,t|t—1
o 1 0 _ ’
vech 11,¢)t—1 12,t)t—1 _ T12,4t—1
O12,t)t—1 022,t|t—1 Ta2tlt1
k) T

[ Y10 -| [ Y11 Y12 713 -‘ [ u%,tfl -‘

= Y0 | T | Y21 Y22 723 Ut 1U2,6—1 | -
[730J [731 V32 733J [ U%,tq J

Obviously, even this simple model for a bivariate series has a fair number of
parameters which makes it difficult to handle. In particular, the implications
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of a general model of this type for the relationships between the variables
and their higher order moment properties are not obvious. Therefore, more
restricted models have been proposed. For instance, Bollerslev et al. (1988)
considered diagonal ARCH processes where the I'; matrices are all diagonal.
In the first order case, the model has the form

2

O11,tft—1 Y10 71 0 0 UT 41

Trogt—1 | = | Y20 |+ | 0 722 0 Ut 1U2,t-1
2

0922 tt—1 Y30 0 0 73 U1

Even simple processes of this type can generate rich volatility dynamics.
Still, despite their simpler structure, processes of this type involve nontrivial
technical problems. One of them is that the parameters have to be such that
the conditional covariance matrices Xy, ; are all positive definite. To guar-
antee this property, Baba, Engle, Kraft & Kroner (1990) and Engle & Kroner
(1995) investigated the following variant of a multivariate ARCH model,

Sy =T + DY w gy IF o+ T gl T (16.3.4)

where the I'/’s are each (K x K) matrices. This particular multivariate model
has been christened BEKK model. Here the Y, _; are positive definite if I
has this property which may be enforced by writing it in a product form,
Iy = C;'Cy with triangular C} matrix. Another advantage of this model is
that it is relatively parsimonious. For instance, for a bivariate process with
K =2 and g =1, there are only 7 parameters, whereas the full model has 12
coefficients. Moreover, in contrast to the diagonal model, it can produce quite
rich interactions between the conditional second order moments.

16.3.2 MGARCH

In principle, multivariate ARCH models may be generalized in the same way
as in the univariate case. In the multivariate GARCH (MGARCH) model for
ug, the conditional covariance matrices have the form

q m
vech(Zy;—1) =0 + Z Iyvech(u;—jug ;) + Z Givech(Xy_jj—j—1),
j=1 j=1

(16.3.5)

where the G;’s are also fixed (3K (K + 1) x 2 K(K +1)) coefficient matrices.
For example, for a bivariate GARCH(1, 1) model,

O11,t)t—1
012,t|t—1
022 t[t—1

O11,t[t—1 O12,t[t—1
O12t[t—1 022.t[t—1

vech
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2
Y10 Y11 Y12 713 UL -1
= Y20 | + | Y21 Y22 723 UL t—1U2,t—1
2
Y30 Y31 Y32 33 U t—1

g11 912 g13 O11,t—1|t—2
+ | 921 g22 g23 012,t—1|t—2
931 932 gs33 022,t—1|t—2

A VARMA representation of an MGARCH process may be obtained anal-
ogously to the univariate case (see (16.2.7)) by defining x; := vech(u,u;) and
vy := Xy — vech(Xy;_1). Using these specifications and substituting x; — v;
for vech(X;;—1), (16.3.5) can be rewritten as

max(q,m)

0+ Z +G th+1)t ZG’U,: '

=1

where I; = 0 for j > ¢ and G; = 0 for j > m. This representation is
occasionally useful in deriving properties of MGARCH processes (e.g., Section
16.6.1).

Engle & Kroner (1995) showed that the MGARCH process u; with condi-
tional covariances as given in (16.3.5) is stationary if and only if all eigenvalues
of the matrix

q m
Yo+ G, (16.3.6)
j=1 j=1

have modulus less than one.

The parameter space of an MGARCH model has a large dimension in gen-
eral and needs to be restricted to guarantee uniqueness of the representation
and to obtain suitable properties of the conditional covariances. To reduce the
parameter space, Bollerslev et al. (1988) discussed diagonal MGARCH mod-
els, where the I';’s and G;’s in (16.3.5) are diagonal matrices. Alternatively,
a BEKK GARCH model of the following form may be useful:

m
Et|t71 = C CO =+ E E jn“f J“f —j jn + § : E :G]nzt Jlt—j— 1GJ”7
n=1j=1 n=1j=1

(16.3.7)

where again Cf is a triangular (K x K) matrix and the coefficient matrices I}, ,
G7, are also (K x K). Given the similarity of MGARCH and VARMA models,
it is clear from Chapter 12, Section 12.1, that restrictions have to be imposed
on the coefficient matrices to ensure uniqueness of the parameterization. Engle
& Kroner (1995) gave the following properties of BEKK GARCH models

which also address the uniqueness problem:
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(1) From the stationarity condition (16.3.6), the BEKK model is seen to be
stationary if all eigenvalues of the matrix

N q N m
NS rern+> Y GLed, (16.3.8)

n=1j =1 n=1j=1

have modulus less than one.

(2) The BEKK model nests all positive definite diagonal GARCH models,
that is, every diagonal GARCH model with positive definite conditional
covariance matrices has a BEKK representation.

(3) The BEKK model (16.3.7) generates positive definite covariance matrices
Dy i Xoj—1, X qj—25 s E,m+1| m are positive definite and if at least

one of the matrices Cg, G7,, j = 1,...,m, n =1,..., N, is nonsingular
(see Engle & Kroner (1995, Prop051t10n 2.5)).

(4) Inthe class of BEKK GARCH(1, 1) models with N = 1, the representation

x/ vk */ / * */ *
i1 =Cy' Cy + Ijug—ruy_ Iy + G112 1t 2GYy

is unique if all diagonal elements of Cj are positive and vy 1, 9711 > 0.
Here 71, ; and g7, ; represent the upper left-hand elements of I'f; and
G%,, respectively.

(5) For a more general BEKK GARCH(1, 1) model with

N N
Y1 =Cq Co + § Iinue v I, + E Gin2t-1)t—2G1ns

n=1

uniqueness is achieved by the following restrictions:

(a) All diagonal elements of C{ are positive.

(b) I}, =G5, =0 forn> K2

(c) In the matrices I, withn; = K(j—1)+1,...,Kj,andj =1,... K,
the first j — 1 columns and the first n; — K(j — 1) — 1 rows are zero.
Moreover, the lower right hand element of I n;: VK K, > 0.

(d) Restrictions analogous to those for the I}, also hold for the G7,,.

(Engle & Kroner (1995, Proposition 2.3)).

For illustrative purposes, suppose K = 3 so that N = K? = 9 and n; =
1,2,3; ng = 4,5,6; ng = 7,8,9. Hence, a unique representation is obtained if
the zero restrictions shown in the following matrices are imposed:

I 7?1,1 71‘2,1 7?3,1 [0 0 0
Iy = ’751,1 ’752,1 753,1 ) Iy = 751,2 752,2 ’753,2
L ’Y§1,1 'Y§2,1 75371 i L ’Y§1,2 7§2,2 7§3,2
[0 0 0 ] [0 7?2,4 ’Yik3,4
I3 = 0 0 0 ) Ity=10 ’752,4 ’753,4 )
L 7§k1,3 7§2,3 'ﬁk%z ] | 0 ’Y§2,4 7§3,4
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[0 0 0 0 0 0
INs =10 %25 Y335 | I's=10 0 0 ,
L0 Y325 Viss 0 Y326 V33,6
[0 0 4y ] 00 0
I';=100 753,7 ) I's=100 753,8 )
L 00 ’Y§3,7 i 00 753,8
f0 0 0 ]
F1*9 =100 0
| 00 7359 |

The same zero restrictions are also imposed on the G7,,. Of course, in a specific
case, there may be further zero restrictions on the coefficient matrices. In
particular, N may be less than K 2. An example of this type is given in Section
16.4.2.

Given the correspondence between GARCH and VARMA models, it should
be clear from the discussion of uniqueness of VARMA representations in Chap-
ter 12 that a unique parameterization of a multivariate GARCH representa-
tion is not a trivial matter. Whether the constraints given here are the most
operational ones in practice remains to be seen. If a unique representation is
set up, estimation becomes possible. This issue will be discussed in Section
16.4.

16.3.3 Other Multivariate ARCH and GARCH Models

Although the BEKK model with low orders may be a relatively parsimonious
representation of the conditional covariance structure of a process, the number
of parameters still grows quickly with the dimension of the underlying system.
Therefore, in practice, it is only feasible if systems with just a few variables
are under consideration and further simplifications were proposed to alleviate
modelling of higher dimensional processes. Some of them can be viewed as
special BEKK models. For example, Lin (1992) specified a factor GARCH
model, where the I'};’s and G7,’s in a BEKK GARCH(1, 1) model are of the

form
Y, =y, and G, = gamné,, n=1,...,N. (16.3.9)

Here v, and g, are scalars and 7, and &, are (K x 1) vectors satisfying
&én=1n¢é =1forn=1,...,N and n,& = 0 for n # k. Thus, the I'},’s
and G7,,’s have all rank 1.

In some proposals, the conditional covariance matrix has the form

D1 = QHyp1Q', (16.3.10)

where @ is (K x K) and does not depend on ¢, whereas Hy;_; is a positive
definite (K x K) matrix which may depend on t. For example, Vrontos, Del-
laportas & Politis (2003) proposed to use a triangular matrix () and specified
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Hy, oy = diag(otyy 15+ Okcrp 1) (16.3.11)

to be a diagonal matrix with univariate GARCH conditional variances Uﬁt‘ 1
on the diagonal. A closely related model, the so-called generalized orthogonal
GARCH model, was proposed by van der Weide (2002).

Clearly, restricting the second moment dynamics to a transformation of
univariate GARCH models as in (16.3.11) is restrictive and, in particular, it
limits the covariance dynamics in a potentially undesired way. Therefore, the
alternative specification

2ijt—1 = DeRy Dy (16.3.12)

was proposed, where restrictions of different forms are specified for the (K x K)
matrices D; and R;. For example, if R; = R is a time invariant correlation
matrix and D; = diag(oy4¢—1,...,0k¢¢—1) is a diagonal matrix with time
varying conditional standard deviations on the diagonal, Bollerslev’s (1990)
constant conditional correlation (CCC) MGARCH model is obtained. Clearly,
in this model, the time invariant R is the correlation matrix corresponding
to the covariance matrix Xy ,_; for all t. Engle (2002) extended the model by
allowing for richer dynamics and proposed the so-called dynamic conditional
correlation (DCC) model. A related model was also proposed by Tse & Tsui
(2002).

In financial markets, it has been observed frequently that positive and
negative shocks or news have quite different effects (Black (1976)). This so-
called leverage effect can be introduced in different ways in MGARCH models.
For example, Hafner & Herwartz (1998b) and Herwartz & Liitkepohl (2000)
generalized a univariate proposal by Glosten, Jagannathan & Runkle (1993)
and replaced

K
Iiug quy (I3, by Tfue quy (I + Ty quy, (T (Z Ut < O)
k=1
(16.3.13)

in a BEKK model with N = 1. Here I(-) denotes an indicator function which
takes the value 1 if the argument is valid and 0 otherwise and I'™* is an addi-
tional (K x K) coefficient matrix. Another approach to allow for asymmetry
is to use the so-called exponential GARCH (EGARCH) model proposed by
Nelson (1991). A multivariate version was considered by Braun, Nelson &
Sunier (1995).

A range of other models was also proposed and the literature on MGARCH
models has grown rapidly over the last years. A recent survey was provided by
Bauwens et al. (2004), where more information on the aforementioned models,
further proposals and references can be found.
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16.4 Estimation

16.4.1 Theory

Using Bayes’ theorem, the joint density function of uy,...,ur is f(u,...,ur)
= f(ur)f(ualur) -« fup|ur—1,...,ur). Thus, ifin (16.3.1) &; ~1i.i.d. N(0, k)
so that the conditional distribution of u; given (2;_; is Gaussian and if the
u,; are observed quantities, the log-likelihood function of the general GARCH
model described by (16.3.5), for a sample uq, ..., ur, is given by

T
In(8) =) " Inly(d), (16.4.1)
t=1
where 6 = vec(yo, I, ..., Iy, Gi,...,Gy) is the vector of unknown parameters
and

Ini; () = —% In27 — éln | Xeje—1] — %UQEJ;,]Utv t=1,...,7, (16.4.2)
where the required initial values for specifying X, are assumed to be avail-
able. Similarly, the log-likelihood may be set up for special cases such as
diagonal or BEKK models.

The likelihood function may be maximized with respect to the parameters
0 by using numerical methods. A closed form solution does not exist because of
the nonlinearity of the function. For uniqueness of the maximum and, hence,
the existence of a unique ML estimator, it is important that an identified,
unique parameterization is used, e.g., the BEKK form of the model with the
restrictions discussed in Section 16.3.2. Of course, if the log-likelihood function
(16.4.1)/(16.4.2) is used although the true distribution of the €; is nonnormal,
the resulting estimators will just be quasi ML estimators. Comte & Lieberman
(2003) showed that quasi ML estimators have the following properties.

Proposition 16.1 (Properties of Quasi ML Estimators of GARCH Models)
Let uy be a BEKK GARCH process satisfying the following conditions:

(a) The parameter space is compact and identification restrictions are im-
posed.

(b) The eigenvalues of the matrix (16.3.6) have modulus less than one.

(c) et = (e14y...,6xt) ~ 11d.(0,Ix) with e;4,e; independent for i # j
(i,j = 1,...,K) and such that u; admits moments of at least order 8.
Moreover, the e; are continuous random variables with a density which is
positive in a neighborhood of the origin.

(d) The initial values u;,t < 0, are such that the process u; is strictly station-
ary.

Then the quasi ML estimator 5 of § obtained by maximizing the Gaussian
likelihood function exists and is strongly consistent,
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542 6.

Moreover, 5 has an asymptotic normal distribution,

VT(S —8) % N(0,C7 Cocr ), (16.4.3)
where
82 In lt(é) Oln lt(é) Oln lt(é)
- —_E = . 4.
[ ]

A number of comments are worth making regarding this proposition.

Remark 1 It can be shown that Cy = C if ¢; is normally distributed. Hence,
in this case, the asymptotic distribution in (16.4.3) becomes N'(0,C; '), that
is, the covariance matrix is the inverse asymptotic information matrix. |

Remark 2 The condition of a compact parameter space is typical for nonlin-
ear estimation problems. Although not totally satisfactory, it is not regarded
as very problematic because the compact subset of the Euclidean space to
which it refers may be so large that the condition is not really restrictive. The
assumption regarding the initial values is also not restrictive if the stationar-
ity of the process is accepted. It can be replaced by the assumption that the
initial values are fixed, nonstochastic values. |

Remark 3 In contrast, the assumptions regarding the €; are not fully satis-
factory. In particular, the requirement that moments of order 8 have to exist
for u; is undesirable for financial time series where the existence of higher
order moments is regarded as problematic. On the other hand, the theorem
improves on previously available results which shows how difficult it is to de-
rive asymptotic properties of the estimators of MGARCH processes. A number
of other authors have derived more specialized results, notably for univariate
processes (see the review articles mentioned at the end of Section 16.1). For
multivariate GARCH processes, consistency of the quasi ML estimators was
shown by Jeantheau (1998) under the main assumption of a strictly stationary
and ergodic process. Ling & McAleer (2003) derived asymptotic normality of
quasi ML estimators under less restrictive moment assumptions for a VARMA
process with CCC GARCH residuals. |

Typically, the u; are residuals of some dynamic model. Suppose they are
the errors of a VAR(p) process, possibly with integrated or cointegrated vari-
ables. Thus, we have a model of the form

ye=v+ Ay + -+ Apyep + Uy

In this case, the VAR parameters have to be estimated in addition to the coef-
ficients associated with the u; process. Setting up the corresponding Gaussian
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likelihood or quasi likelihood function is not difficult. However, the optimiza-
tion may be a formidable task. Assuming that the numerical problems can
be solved, there is some hope that the asymptotics can also be resolved be-
cause, under quite general conditions, the asymptotic information matrix of
the VAR parameters and the GARCH parameters is block diagonal so that
the estimators of the VAR, coefficients are asymptotically independent of the
GARCH parameter estimators. This result also suggests a two step estimation
procedure in which the VAR coefficients v, A1, ..., A, are estimated by LS or,
if restrictions are imposed on the parameters, by EGLS and then a GARCH
model is fitted to the residuals of the first stage estimation.

Given that normality of the conditional distribution of the u; is often dif-
ficult to justify, in particular, in financial applications, it may also be worth
pointing out that ML estimation with other distributions has been studied.
The survey by Bauwens et al. (2004) provides further information and refer-
ences on these issues as well as computational aspects of ML and quasi ML
estimation.

16.4.2 An Example

Two series of daily stock returns (first differences of In prices) will be used to
illustrate the previous theoretical considerations. In particular, returns of VW
(Volkswagen) common stock (y1;) and preference stock (yo:) for the period
January 1987-December 1992 (1579 observations) are used.! The two series
are plotted in Figure 16.3. The corresponding logarithms of the price series
are both strongly related to the performance of the VW company and, hence,
they are likely to be related to each other. Therefore, it makes sense to analyze
the stocks as a bivariate series. The In price series were previously analyzed
by Herwartz & Liitkepohl (2000). In contrast to these authors, we consider
the bivariate series y: = (y14,y2¢)" of returns. Although the In prices may be
cointegrated, a preliminary analysis has shown that there is weak evidence of
cointegration at best. Therefore, it seems justified to focus on the returns in
the following.

The two series of stock returns display some changes in their volatility
and there are also some unusually large (in absolute value) observations. Such
values are often classified as outliers. Thus, based on the graphs in Figure
16.3, one may not expect the series to be generated by a Gaussian process
and ARCH or GARCH models may be used to capture the volatility dynamics.

Fitting VAR(p) models of increasing order to the bivariate series v, it
turns out that AIC and HQ recommend an order of p = 3 while SC suggests
p = 0. Therefore, the residuals of the following estimated VAR(3) model
(with t-values in parentheses) will be used in the following bivariate GARCH
analysis:

! The price series are from Deutsche Finanzdatenbank Karlsruhe.
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Fig. 16.3. Daily returns of VW common (y1) and preference stock (y2).
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The residual series are plotted in Figure 16.4. They still show volatility clus-
ters and outliers. Hence, there may be conditional heteroskedasticity in the
residuals of model (16.4.5). In that case, it may not be a good strategy to
choose the VAR order first by one of our standard model selection criteria, as
we have done it here. Alternatively, it may be preferable to derive criteria that
allow a simultaneous determination of the joint model for the conditional first
and second moments (see Brooks & Burke (2003)). We will nevertheless use
the residuals from the model (16.4.5) in the subsequent analysis for illustrative
purposes.

Based on the residuals of the model (16.4.5), the following BEKK GARCH-
(1,1) model was estimated (with ¢-values in parentheses):

0.004  0.005 0.004 0
b _ (2.6) (3.2) (2.6)

tt—1 = 0 0.003 0.005  0.003
(5.5) (3.2) (5.5)

r0.254  —0.004 T 0.254  0.040

4 (1.9) (—0.0) i (1.9) (0.1)

0.040 0.332 -1 _0.004 0.332

(0.1) (11) | (—0.0) (1.1)

T 0941  0.023 T 0.941  —0.019

n (7.8) (0.2) b (7.8) (—0.2)

—0.019 0.864 t=1t=2 10,023 0.864

(—0.2) (17.6) | (0.2) (17.6)

(16.4.6)

Note that the uniqueness conditions mentioned in Section 16.3.2 are satisfied
here. It is not clear, however, that in the present situation the t-ratios have
standard normal limiting distributions because the assumptions of Proposi-
tion 16.1 are violated. In particular, we are working with residuals from a
previously fitted model rather than with original observations. Still the sizes
of the t-ratios underneath the coefficient estimates indicate some interaction
in the conditional second moments.

It would be helpful to have tools for checking the model quality and for
analyzing the relationships summarized in the model. For model checking,

the estimated g, = E;‘t] _/ fut can be used. Standardized estimated &; (divided
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Fig. 16.4. Residual series of model (16.4.5).
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Fig. 16.5. Standardized residuals of model (16.4.6) (€1 upper panel, £2; lower
panel).
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by their estimated standard deviations) are plotted in Figure 16.5. Volatility
clusters are not quite so obvious anymore as in Figure 16.4. On the other
hand, outliers are still present which sheds doubt on the normality of the &;.
Some tests for model adequacy will be discussed in the next section.

16.5 Checking MGARCH Models

16.5.1 ARCH-LM and ARCH-Portmanteau Tests

Before an MGARCH model is fitted to the residuals of a VAR or VECM, one
may want to check if ARCH effects are present in the residuals. An LM test
is a standard tool for this purpose (e.g., Doornik & Hendry (1997)). The idea
is to consider the auxiliary model

vech(usuy) = Bo + Bivech(u; quy_y) + - -+ + Bgvech(us quy_,) + errory,
(16.5.1)

where 3 is 3 K (K +1)-dimensional and the B;’s are (1 K (K+1)x : K (K +1))
coefficient matrices (j = 1,...,¢). If all the B; matrices are zero, there is no
ARCH in the residuals. Therefore, the pair of hypotheses

Hy:By=---=B;=0 wversus Hy:By#0or --- or B, #0, (16.5.2)

is checked. It turns out that the corresponding LM statistic can be determined
by replacing all unknown w;’s in (16.5.1) by estimated residuals from a VAR
or VECM, say, and estimating the parameters in the resulting auxiliary model
by LS. Denoting the resulting residual covariance matrix estimator based on
(16.5.1) by Xyech and the corresponding matrix obtained for ¢ = 0 by Xy, the
relevant LM statistic can be shown to be of the form

1 S o
LMpragcu(q) = 5TK(K + 1) — Ttr(Zvecn Zp ). (16.5.3)

Under the null hypothesis, the statistic has an asymptotic x?(qK?(K +1)2/4)-
distribution, if u; satisfies standard conditions (see Doornik & Hendry (1997,
Sec. 10.9.2.4)).

In (16.5.1), each of the B; matrices is of dimension (%K(K—l— 1) x %K(K—i—
1)) and, hence, the auxiliary model involves a large number of parameters
even if the order ¢ and the dimension of the process K are only moderate.
Therefore the test is not suitable to check for large ¢, unless the sample size
is very large too. It is possible, however, to apply the test to each of the K
residual series individually.

From the VARMA representation of an MGARCH process in Section
16.3.2, it can be seen that there is no ARCH in the process u;, if the pro-
cess x; := vech(usu;) has no serial correlation. This observation suggests that
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we may apply a portmanteau test to x; to check for ARCH in u;. Thus, one
may use

h
PRCH = TN (CICy ' CiCy ) (16.5.4)

i=1
or the associated modified version

h
QARCH = 72N (T — i) 6(CIC, T CiC, ) (16.5.5)

i=1

where now C; = T~} ZT:i+1(Xt —X)(xt—; —X)" (1 =0,1,...,h).

The asymptotic y2-distributions of these tests follow from the results in
Section 4.4.3, if x; is indeed white noise. In practice, it will usually be replaced
by a quantity based on estimation residuals 7;. A rigorous treatment of the
properties of the statistics in that case seems to be still missing. In principle,
the ARCH-portmanteau test can also be applied to the individual residual
series.

16.5.2 LM and Portmanteau Tests for Remaining ARCH

In practice, it is also useful to check for remaining ARCH in the residuals of a
fitted ARCH or GARCH model. Such tests are of particular importance in the
present context because low order multivariate models are typically fitted as
a first attempt to account for conditionally heteroskedastic residuals. Higher
order models often have an excessive number of parameters and the estimates
are difficult to compute numerically. Therefore, it makes sense to start with
low order models and increase the order only if the low order model cannot
capture the second order moment dynamics in the data properly. Hence, tests
for remaining ARCH in the residuals of an MGARCH model are needed.

Both the ARCH-LM and the ARCH-portmanteau tests have been used
for this purpose. In that case, the u;’s in the x; vectors are replaced by the
estimated &; from (16.3.1). In other words, & := Et_‘tlﬁﬂt is used instead
of u;. Here ML estimators are signified by a tilde. Whereas the LM tests
maintain their validity under general conditions in the present situation (Engle
& Kroner (1995)), the same is not true for the portmanteau tests. They have
still found widespread use in applied work (see Tse & Tsui (1999) for references
and further discussion).

Again, it may be useful to apply the tests not only to the multivariate
residual vectors but also to the univariate components separately. There are
also other tests for remaining ARCH which have a sounder theoretical ba-
sis than the portmanteau tests (see Bauwens et al. (2004) for a review and
Lundbergh & Terésvirta (2002) for a discussion of the univariate case).
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16.5.3 Other Diagnostic Tests

Other diagnostic tools for checking the validity of fitted MGARCH models
are also available. In fact, some of the residual diagnostics for VAR models
are also applicable here. Instead of the w;’s, the &;’s should now be used
as the basic residuals. For example, they can be used to perform tests for
nonnormality. Although the necessary extensions are in many cases possible,
some care is needed in the present context. It can by no means be taken for
granted that all the procedures work properly. The case of normality tests and
related caveats when they are applied to GARCH residuals was discussed by
Fiorentini, Sentana & Calzolari (2004).

16.5.4 An Example

As an example, we consider again the VW stock returns. In Section 16.4.2,
we have fitted an MGARCH(1, 1) model because the residuals of the model
(16.4.5) appeared to have volatility clusters. Now we can use ARCH-LM tests
and formally test for conditional heteroskedasticity of the u;’s. Some results
are presented in Table 16.1. Both bivariate and univariate tests applied to the
individual residual series clearly reject the no-ARCH null hypothesis. Thus,
there is strong evidence in favor of conditionally heteroskedastic residuals. We
do not present results of the ARCH-portmanteau test because its validity is
not clear.

Table 16.1. ARCH-LM tests for 1, residuals from (16.4.5)

bivariate Uit Uzt
test LM(1) LM(4) LM(1) LM(4) LM(1) LM(4)
test value 1474 245.5 549  62.1 56.1  70.8
asymptotic distribution  x*(9) x*(36)  x*(1) x*(4) A1) x*(4)
p-value 0.00 0.00 0.00  0.00 0.00  0.00

Of course, the fact that there may be ARCH in the residuals does not
necessarily mean that an MGARCH(1, 1) process is a suitable model. There-
fore, we also applied tests for remaining ARCH to the residuals &, = X ;‘ t] _/ fﬁt
based on (16.4.6). The test results are given in Table 16.2. Now none of the
ARCH-LM tests rejects the null hypothesis at conventional significance lev-
els. On the other hand, applying nonnormality tests confirms what could have
been conjectured by looking at the residuals in Figure 16.5, namely that, due
to the outliers, normality of the conditional distribution is not likely to be a
reasonable assumption. Thus, it may be worth trying some other distribution
for the ¢ or some other model than the standard BEKK GARCH(1, 1) we

have presented in Section 16.4.2.
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Table 16.2. ARCH-LM and nonnormality (ng) tests for £; residuals associated
with (16.4.6)

bivariate €1t Eat
test LM(1) LM(4) Asx LM(1) LM(4) A LM(1) LM(4) A
test value 1043 3348 12770 0.067 0.364 4440 0.099 0.385 10314
asymp. distr.  x*(9) x*(36) x*(4) x*(1) x*(4) x*(2) x*(1) x*(4) x*(2)
p-value 032 059 000 080 099 000 075 098 0.00

16.6 Interpreting GARCH Models

16.6.1 Causality in Variance

As we have seen in Chapter 2, Section 2.3.1, Granger’s definition of causality
is based on forecasts. We have also seen in Chapter 2 that, under suitable
conditions, optimal forecasts are obtained as conditional expectations. There-
fore, Granger-causality may be defined in terms of conditional expectations.
In other words, we may define a time series variable x; to be causal for z;, if

E(Zt+1|2:t, Zt—1y-- ) 7é E(Zt+1|2’t, Zt—1yeees Lty Lp—1y--- ) (1661)

This definition suggests a direct extension to higher order conditional mo-
ments. We define x; to be causal for z; in r-th moment if

E(ziq|ze, ze-1, .00 ) # E(z{q )26, 201, T, Tp—1, -0 ). (16.6.2)

Thus, (16.6.1) defines causality in mean and considering the central second
moments in (16.6.2) gives a definition of causality in variance which is anal-
ogous to the previous definition of Granger-causality. The interpretation is
also analogous to that of Granger-causality in mean. In other words, if x;
is causal-in-variance for z;, the conditional volatility of z; can be predicted
more precisely by taking into account present and past information in z; than
without taking this information into account.

If the conditional covariance structure can be described by multivariate
ARCH or MGARCH models, the restrictions implied by these definitions are
also similar to those for Granger-causality in VAR and VARMA models (see
Comte & Lieberman (2000)). In other words, they can be described in terms
of zero restrictions on the ARCH or MGARCH parameters. Depending on
the specific parameterization of the MGARCH model, the restrictions can be
nonlinear in the present situation, however. Tests for causality in variance
were proposed and investigated by Cheung & Ng (1996), Hong (2001), and
Pantelidis & Pittis (2004).

It is also possible to generalize the causality definition and specify, for
example, conditions for both the conditional first and second order moments
(e.g., Granger, Robins & Engle (1986)). More generally, one may consider
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the full conditional distributions rather than just specific moments. In other
words, one may define x; to be causal for z; if

F2t+1|2t72t71’~-(.) 7& th+1|Zt7zt71w~~a$t7wt71w~(.)7 (1663)

where F. |, (-) denotes the conditional distribution function of z given x. Gen-
eralizing these concepts to the case where x; and z; are vectors is theoretically
straightforward, as in the case of Granger-causality in mean.

16.6.2 Conditional Moment Profiles and Generalized Impulse
Responses

Impulse responses were used among other tools for analyzing the relations
between the variables of linear models such as VARs and VECMs. In lin-
ear models, they have the advantage of being time invariant and their shape
is invariant to the size and direction of the impulses. These features enable
the analyst to represent the reactions of the variables to impulses hitting the
system in a small set of graphs. GARCH models are nonlinear models, how-
ever. In such models, the situation is quite different. In general, in a nonlinear
model, the marginal effect of an impulse will depend on the state of the sys-
tem when the impulse arrives. Thus, it depends on the history of the variables
and it may be different in each time point during the sample. Moreover, the
shape of the impulse responses will generally depend on the size and direction
of the impulse. For example, quite different reactions may be obtained from
positive and negative impulses. In a linear model, a negative impulse of one
unit induces the same responses of the variables with opposite sign as a posi-
tive impulse of one unit. In contrast, in a nonlinear model, a positive impulse
may, e.g., induce almost no reaction of the variables whereas a corresponding
negative impulse hitting the system at the same state may lead to a strong
reaction. These features are quite plausible in some systems. For example,
if the impulses represent news arriving in a financial market, positive news
may have a quite different effect than negative news. Hence, nonlinear mod-
els clearly have their attractive features for describing economic systems or
phenomena.

Still, the greater flexibility of nonlinear models makes them more difficult
to interpret properly. In fact, it is not obvious how to define impulse responses
of nonlinear models in a meaningful manner. Gallant, Rossi & Tauchen (1993)
proposed so-called conditional moment profiles which may give useful informa-
tion on important features and implications of nonlinear multiple time series
models. In the spirit of their definition, we consider quantities of the general
form

E[g(yt+h)|yt +¢, Qt,l] - E[g(yt+h)‘yt7 Qt,lL h=1,2,..., (16-6-4)

where ¢(-) denotes some function of interest, £ represents the impulses hitting
the system at time ¢, and 2,1 := (y¢+—1,Y:t—2,...) denotes the history of
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the variables at time ¢. In other words, the conditional expectation of some
quantity of interest, given the history of y; in period t, is compared to the
conditional expectation that is obtained if a shock £ occurs at time ¢. For
example, defining

g(yt+h) = [yt+h - E(yt+h|9t+h71)][yt+h - E(@/t+h\9t+h71)]/ (16.6.5)

results in conditional volatility profiles, which may be compared to a baseline
profile obtained for a specific history of the process and a zero impulse. Clearly,
in general the conditional moment profiles depend on the history £2;_1 as well
as the impulse . Similar quantities were also considered by Koop, Pesaran &
Potter (1996) who called them generalized impulse responses.

If models with ARCH or MGARCH errors are used to describe the volatil-
ity dynamics of a financial market, the volatility resulting from the arrival
of news may be of interest (see Engle & Ng (1993)). In this case, using the
function (16.6.5) and comparing conditional covariance matrices

Zt+h|t = E{[Z/Hh - E(yt+h‘9t+h71)][yt+h - E(yt+h|9t+hf1)]’|yt, Qtfl}a

based on the actual history at time ¢, to

5 one = Blwern—E@ern| Qepn-)lYern—EWrrnl 2een1)) lye+€ 21},

for h=1,2,..., may give an impression of the reactions of the market under
consideration. For instance, for the BEKK GARCH(1, 1) model, we get

D1 = C3'Ch + T E(wug|ys, 1) Ty + G 54,-1Gy. (16.6.6)

The quantities in (16.6.6) are usually computed using the estimates of the
conditional mean equation and the relevant GARCH volatility model. The
matrix F(ugu}|ys, 2:-1) = wpu} is replaced by uu}, where the 4; are typ-
ically residuals from estimating the conditional mean model. If the corre-
sponding quantities related to an impulse ¢ are considered, the impulse is
simply added to the u;. Because X, ), h = 2,3, ..., is a convenient estimator
for E(uitpu) +h/|yt, £2;_1), recursive forecasts of future volatility, conditional
on information which is available at time ¢, are computed as:

Et+h|t - CSICS + Fl*llthrh*]‘tFl*l + GﬁEt+h,1‘tGT1, h - 2./ 37 e e
(16.6.7)

From the conditional covariance matrices, conditional moment profiles are
obtained as differences

dren(§) oo d1ken(§)
: : = X e — et (16.6.8)
d1xen(§) oo PrKen(E)
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Although these quantities may be interesting to look at, they depend on
t, h, and £. Hence, there is a separate impulse response function for each
given ¢t and £. In empirical work, it will therefore be necessary to summarize
the wealth of information in the conditional moment profiles in a meaningful
way. In a study of two stock price series, Herwartz & Liitkepohl (2000), for
example, considered the following summary statistics:

e Averages over all histories for different impulse vectors &, qgij_ﬁ(&) =

TS0 Gijen(6)- )

e Averages over a large range of different impulse vectors &, ¢ijen(-) =
R™! Zle ®ijt,n(&r), for given values of ¢t and h. Here R is the number of
impulses considered. The impulse &, may, for instance, be obtained from
the estimated model residuals.

Although these summary statistics condense the information in the condi-
tional moment profiles considerably, they are still a rich source of information
which can be presented in graphs or further condensed by fitting nonpara-
metric density functions or using other summary statistics (see Herwartz &
Liitkepohl (2000)).

Of course, in practice, an additional obstacle is that the actual data gener-
ation process is unknown and estimated models are available at best. In that
case, the conditional moment profiles or generalized impulse responses will be
computed from estimated quantities only. They are therefore also estimates
and it would be useful to have measures for their sampling variability. It is
not clear how this additional information is computed and presented in the
best way in practice. In any case, if only the estimated quantities are available
and presented, it is useful to keep in mind these further limitations when the
results are interpreted.

It is naturally of interest to better understand what the various models for
conditional volatility can tell us about the relations between variables and,
hence, about what is actually going on in a particular market or segment of the
economy. Therefore it is not surprising that the interpretation of MGARCH
models is a field of active research. Some important recent contributions in
addition to those noted earlier are Engle & Ng (1993), Lin (1997), and Hafner
& Herwartz (1998a).

16.7 Problems and Extensions

There are a number of problems associated with ARCH and GARCH mod-
elling. Some of them have been mentioned in earlier sections of this chapter
but may be worth emphasizing again. In addition, there are some problems
which we have not addressed so far.

First, due to the highly nonlinear form of the log-likelihood function and
the potentially large number of parameters in a multivariate GARCH model
which have to satisfy a number of restrictions, computing ML estimates is
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a difficult task. Therefore it is highly desirable to develop fast and robust
optimization algorithms which work well under these particular conditions.
A review and comparison of some of the available software was provided by
Brooks, Burke & Persand (2003).

Secondly, a sound analysis of conditional heteroskedasticity in a multi-
variate time series context requires that at least the asymptotic properties
of the estimators are known. As we have seen in Section 16.4.1, some asymp-
totic theory is available for quasi ML estimators of specific MGARCH models.
Unfortunately, the required conditions are not satisfactory in all situations.
Hence, developing asymptotic theory under more general conditions is desir-
able.

Third, a toolkit for model specification and model checking is available,
as we have seen in Section 16.5. There are some open questions regarding the
statistical properties of these tools, however. Moreover, given the wealth of
possible model specifications, some more refined tools are desirable that help
the analyst to find the best specification for a particular data set and analysis
objective and for discriminating between alternative models.

Fourth, although a range of proposals have been made on how to interpret
multivariate GARCH models, the available tools leave room for improvements.
The nonlinearity of these models makes it more difficult to extract the essential
features than in linear models for the conditional mean.

Finally, there are many features in financial and other economic data
which are not described well by the GARCH models considered in this chap-
ter. Therefore, a range of other models have been proposed that can capture
specific aspects of the distributional properties of financial series in a more
satisfactory way. For example, exogenous variables may be included in a mul-
tivariate GARCH model (see Engle & Kroner (1995)). Also, as mentioned in
Section 16.1, the volatility in a series may have an impact on the conditional
mean. To account for this possibility, it may be useful to allow conditional vari-
ances to enter the conditional mean function (Engle, Lilien & Robins (1987)).
These so-called ARCH-in-mean (ARCH-M) models may also be generalized
to the multivariate case.

Stochastic volatility models represent another approach to modelling time-
varying volatility. In this approach, the conditional covariance matrix depends
on an unobserved latent process and not on past observations as in the ARCH
model. For instance, in the univariate case, letting ¢; ~ i.i.d. AV(0,1) and
specifying u; := o1&, the logarithm of the conditional standard deviation is
assumed to be generated as

Inoy = plnoy_1 + nky,

where k; ~ 1.i.d.N(0,1) and ¢ and 5 are constant parameters. A survey
of multivariate stochastic volatility models was given by Ghysels, Harvey &
Renault (1996). It may also be worth noting that, in some sense, random co-
efficient autoregressive models may be regarded as extensions of multivariate
ARCH models (see Wong & Li (1997)).
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16.8 Exercises

Problem 16.1
Write down BEKK GARCH models explicitly for the following combinations
of N and ¢ in (16.3.7):

(Na q) = (L 1)7 (2’ 1)) (172)’ (Za 2)'

Problem 16.2
Write down the factor MGARCH model (16.3.9) explicitly for N = 2.

Problem 16.3

Write down in detail all elements of Xy ;_; of a factor MGARCH model as
proposed by Vrontos et al. (2003) (see Section 16.3.3) for the case of a bivariate
series (K = 2).

Problem 16.4

Consider the DEM/USD and GBP/USD exchange rate series from
www.jmulti.de — datasets

(File exrate.dat) and perform the following analysis steps:

(a) Eliminate all rows with missing values from the exchange rate data set.

(b) Determine the VAR order by model selection criteria.

(c) Plot the autocorrelations series and the mean-adjusted squared series.
Interpret the plots.

(d) Use ARCH-LM and ARCH-portmanteau tests for the mean-adjusted se-
ries and interpret the results. Apply the tests to the bivariate and the two
univariate series separately and compare the results.

(e) Fit a bivariate BEKK GARCH(1, 1) model to the bivariate series.

(f) Perform model specification tests based on the residuals of the estimated
MGARCH model and interpret the results.

(Hint: A similar data set was analyzed by Herwartz (2004).)
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