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Systems of Dynamic Simultaneous Equations

10.1 Background

This chapter serves to point out some possible extensions of the models con-
sidered so far and to draw attention to potential problems related to such
extensions. So far, we have assumed that all stochastic variables of a system
have essentially the same status in that they are all determined within the
system. In other words, the model describes the joint generation process of all
the observable variables of interest. In practice, the generation process may be
affected by other observable variables which are determined outside the sys-
tem of interest. Such variables are called exogenous or unmodelled variables.
In contrast, the variables determined within the system are called endogenous.
Although deterministic terms can be included in the set of unmodelled vari-
ables, we often have stochastic variables in mind in this category. For instance,
weather related variables such as rainfall or hours of sunshine are usually re-
garded as stochastic exogenous variables. As another example of the latter
type of variables, if a small open economy is being studied, the price level or
the output of the rest of the world may be regarded as exogenous. A model
which specifies the generation process of some variables conditionally on some
other unmodelled variables is sometimes called a conditional or partial model
because it describes the generation process of a subset of the variables only.
A model with unmodelled variables may have the structural form

Ayt = ATyt,1 -+ - '+A;yt7p+B§mt+Bikxtfl +-- '+B:$t75 —+wy, (1011)

where y; = (Y11, ..., yxe) is a K-dimensional vector of endogenous variables,
xt = (14, .., xare)" is an M-dimensional vector of unmodelled variables, A is
(K x K) and represents the instantaneous relations between the endogenous
variables, the Af’s and B}’s are (K x K) and (K x M) coefficient matri-
ces, respectively, and wy, is a K-dimensional error vector. The vector x; may
contain both stochastic and non-stochastic components. For example, it may
include intercept terms, seasonal dummies, and the amount of rainfall in a spe-
cific region. If the error term w; is white noise, a model of the type (10.1.1) is
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388 10 Systems of Dynamic Simultaneous Equations

sometimes called a VARX(p, s) model in the following. More generally, models
of the form (10.1.1) are often called linear systems because they are obviously
linear in all variables. In the econometrics literature, the label (linear) dy-
namic simultaneous equations model (SEM) is used for such a model. Because
we often have systems of economic variables in mind in the following discus-
sion, we will use this name occasionally. We will also consider a vector error
correction version of the model which is useful when cointegrated variables
are involved.

Other names that are occasionally found in the related literature are trans-
fer function models or distributed lag models. These terms will become more
plausible in the next section, where different representations and some prop-
erties of our basic model (10.1.1) will be discussed. Estimation is briefly con-
sidered in Section 10.3 and some remarks on model specification and model
checking follow in Section 10.4. Possible uses of such models, namely fore-
casting, multiplier analysis, and control, are treated in Sections 10.5-10.7.
Concluding remarks are contained in Section 10.8. It is not the purpose of
this chapter to give a detailed and complete account of all these topics. The
chapter is just meant to give some guidance to possible extensions of the by
now familiar VAR models and VECMs, the related problems and some further
reading.

10.2 Systems with Unmodelled Variables

10.2.1 Types of Variables

In the dynamic simultaneous equations model (10.1.1), we have partitioned
the observables in two groups, y; and x;. The components of y; are endoge-
nous variables and the components of x; are the unmodelled or exogenous
variables. Although we have given some explanation of the differences be-
tween the two groups of variables, we have not given a precise definition of
the terms endogenous and exogenous so far. The idea is that the endoge-
nous variables are determined within the system, whereas the unmodelled,
exogenous variables are those on which we can condition the analysis without
affecting the results of interest. Because there are different possible objectives
of an analysis, there are also different notions of exogeneity. For example, if we
are interested in estimating a particular parameter vector ~, say, x; is exoge-
nous if the estimation properties do not suffer from conditioning on x; rather
than using a full model for the data generation process of all the variables
involved. In that case, z; is called weakly exogenous for ~. This and other
types of exogeneity have been formalized by Engle, Hendry & Richard (1983).
They call z; strongly exogenous if we can condition on this set of variables for
forecasting purposes without loosing forecast precision and they classify x; as
super-exogenous if policy analysis can be made conditional on these variables
(see also Geweke (1982), Hendry (1995, Chapter 5), Ericsson (1994) for more
discussion of exogeneity).
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A simple technical definition is to call x; exogenous if x4, ¢ 1,...,%T¢_s
are independent of the error term w;. Moreover, x; is sometimes called strictly
exogenous if all its leads and lags are independent of all leads and lags of the
error process wy, that is, if z; and w; are independent processes. Such as-
sumptions simplify derivations of properties of estimators and are therefore
convenient. They may be unnecessarily restrictive, however, for some pur-
poses. In the following, we will implicitly make the assumption that z; and
wy are independent processes for convenience, although most results can be
obtained under less restrictive conditions.

For much of the present discussion, a formal definition of the types of
variables involved is not necessary. It suffices to have a partitioning into two
groups of variables. The reader should, however, have some intuition of which
variables are contained in y; and which ones are included in z;. As mentioned
previously, roughly speaking, y; contains the observable outputs of the system,
that is, the observable variables that are determined by the system. In con-
trast, the z; variables may be regarded as observable input variables which are
determined outside the system. In this setting, the error variables w; may be
viewed as unobservable inputs to the system. As we have seen, nonstochastic
components may be absorbed into the set of x; variables. All or some of the
components of z; may be under full or partial control of the government or a
decision or policy maker. In a control context, such variables are often referred
to as instruments or instrument variables (see Section 10.7). Sometimes the
lagged endogenous variables together with the exogenous variables of a system
are called predetermined variables. If x; contains just a constant and s = 0,
the model (10.1.1) reduces to a VAR model, provided w; is white noise.

For illustrative purposes, consider the following example system relating
investment (x1;), income (y1;), and consumption (yo) variables:

Yie =i +of Y1+ Qg ay2e1 + Bla 211 + Wi,
(10.2.1)
Yot = V5 + Q59 1Y2,t—1 + A21,0Y1¢ + O3 1Y1,6—1 + War.

This model is similar to those obtained for West German data in Chapter 5.
An important difference is that current income appears in the consumption
equation and there is no equation for investment. Thus, only income and
consumption are determined within the system whereas investment is not.
The fact that investment is, of course, determined within the economic system
as a whole does not necessarily mean that we have to specify its generation
mechanism if our main interest is with the generation mechanism of income
and consumption. In terms of the representation (10.1.1), the example system
can be written as

1 Oy | _ | an1 @2 Y161
—as1o 1 Yot A311 Q9 Y2,t—1

J{ vi 5%71 } { 1 } i {w“ ] (10.2.2)

*
Vg T1,t—1 Wat
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Thus, y¢ = (Y11, y2¢)’ and x; = (1,21;)" are both two-dimensional. The prede-
termined variables are y; 1 and z; 1.

In dynamic SEMs there are sometimes identities or exact relations between
some variables. For instance, the same figures may be used for supply and
demand of a product. In that case, an identity equating supply and demand
may appear as a separate equation of a system. So far we have not excluded
this possibility. However, in later sections the covariance matrix of w; will be
assumed to be nonsingular which excludes identities. Then we assume without
further notice that they have been eliminated by substitution. For instance,
the demand variable may be substituted for the supply variable in all instances
where it appears in the system.

10.2.2 Structural Form, Reduced Form, Final Form

The representation (10.1.1) is called the structural form of the model if it
represents the instantaneous effects of the endogenous variables properly. The
instantaneous effects are reflected in the elements of A. The idea is that the
instantaneous causal links are derived from theoretical considerations and are
used to place restrictions on A. Of course, multiplication of (10.1.1) with any
other nonsingular (K x K) matrix results in an equivalent representation of
the process generating y;. Such a representation is not called a structural
form, however, unless it reflects the actual relations of interest.

The reduced form of the system is obtained by premultiplying (10.1.1) with
A1 which gives

ye = Ay 4+ + Apyi—p + Boxy + -+ Boxy_ g + 1y, (10.2.3)

where A; ;== A1AF (i=1,...,p), B; = A’lBJ’-‘ (1 =0,1,...,s), and uy :=
A~lw,;. We always assume without notice that the inverse of A exists. In
Sections 10.5-10.7, we will see that the reduced form is useful for forecasting,
multiplier analysis, and control purposes.

For the example model given in (10.2.2), we have

_ 1 0
Al =
[ azio 1 }

and, hence, the reduced form is

Y1t Yi,t—1 1 U1t
=4 + By + , (10.2.4)
Yot | Y2,t—1 T1t-1 U2t
where
r * *
A, = 11,1 Q121 | 111 Q94
1 — — ) )
| G211 Q221 a21,0091,1 T @311 A21,009 1 + Q39

(10.2.5)
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Bt Piza vy Bi21
B = ’ ’ = ’ R 102.6
! [ Ba11 Bazn az10vf V5 a200i21 |’ ( )

and

U1t o w1t
Ut A21,0W1t + Wa

It is important to note that the reduced form parameters are in general non-
linear functions of the structural form parameters.
In lag operator notation, the reduced form (10.2.3) can be written as

A(L)y: = B(L)xy + uy, (10.2.7)
where

ALy :=Ix —A4L—---—A,LP
and

B(L):= By+ ByL+ -+ B,L".

If the effect of a change in an exogenous variable on the endogenous variables is
of interest, it is useful to solve the system (10.2.7) for the endogenous variables
by multiplying with A(L)~!. The resulting representation,

ye = D(L)xy + A(L) tuy, (10.2.8)

where D(L) := A(L) ' B(L), is sometimes called the final form of the system.
Of course, using A(L) ™! requires invertibility of A(L) which is guaranteed if

det A(z) #0 for |z] < 1. (10.2.9)

If y; contains just one variable, A(L) is a scalar operator and the form (10.2.8)
is often called a distributed lag model in the econometrics literature because it
describes how lagged effects of changes in x; are distributed over time. Because
the lag distribution for each exogenous variable can be written as a ratio of
two finite order polynomials in the lag operator (A(L) 'B(L)), the model is
referred to as a rational distributed lag model. In the time series literature, the
label rational transfer function model is often attached to (10.2.8) in both the
scalar and the vector case. The operator D(L) represents the transfer function
transferring the observable inputs into the outputs of the system.
For the example model with reduced form (10.2.4), we get a final form

{y”} = (IQAlL)lBlL{ !
Tt

" } + (I — AyL)™! { e }

U2t

(i Aile) [ mlu } + <§: A’iLi> [ Z; } (10.2.10)
/ g ,

i=1
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Note that By = 0 and thus, Dy =0 and D; = Allel fori=1,2,....
The coefficient matrices D; = (dy; ;) of the transfer function operator

D(L) = i DL}
=0

contain the effects that changes in the exogenous variables have on the en-
dogenous variables. Everything else held constant, a unit change in the j-th
exogenous variable in period ¢ induces a marginal change of dy;; units in the
k-th endogenous variable in period ¢t + ¢. The elements of the D; matrices
are therefore called dynamic multipliers. The accumulated effects contained
in Y1 , D; are the n-th interim multipliers and the elements of > D; are
the long-run effects or total multipliers. We will return to multiplier analysis
in Section 10.6.

As in the example, the transfer function operator D(L) has infinite order
in general. A finite order representation of the system is obtained by noting
that A(L)™! = A(L)*¥ /|A(L)|, where A(L)*¥ denotes, as usual, the adjoint
of A(L). Thus, multiplying the reduced form by A(L)*¥ gives

|A(L)|y: = A(L)*Y B(L)zy + A(L)*¥u, (10.2.11)

which involves finite order operators only. In the econometrics literature these
equations are sometimes called final equations. Because |A(L)| is a scalar
operator, each equation contains only one of the endogenous variables.

Assuming that the unmodelled variables x; are driven by a VAR(q) pro-
cess, say

= Crai_1 + -+ Coqapq + vy,

where ¢ < p and v; is white noise, then the joint generation process of x; and
Yy 18

Ix —Bo ye | | A Bp Y1 |
0 IM Tt B 0 Cl Tt-1

Ap Bp Yt—p Ut
+|: 0 Cp :| |: xt,p + (% ’

where it is assumed without loss of generality that s,q < p, B; :==0fori > s
and C; := 0 for j > q. If u; is also white noise, premultiplying by

IK *BO 71_ IK BO
0 Iy T 0 Iy

shows that the joint generation process of y; and x; is a VAR(p).
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10.2.3 Models with Rational Expectations

Sometimes the endogenous variables are assumed to depend not only on other
endogenous and exogenous variables but also on expectations on endogenous
variables. If only expectations formed in the previous period for the present
period are of importance, one could simply add another term involving the ex-
pectations variables to the structural form (10.1.1). Denoting the expectations
variables by y; may then result in a reduced form

Y= Ary—1 4+ -+ Apyi—p + Fyy + Boxy + -+ + Bsxp—s +up - (10.2.12)
or
A(L)y = Fy; + B(L)zs + ue, (10.2.13)

where F is a (K x K) matrix of parameters and A(L) and B(L) are the matrix
polynomials in the lag operator from (10.2.7).

Following Muth (1961), the expectations y§ formed in period ¢t — 1 are
called rational if they are the best possible predictions, given the information
in period t—1. In other words, ¥ is the conditional expectation Fy_1(y:), given
all information available in period ¢ — 1. In forming the predictions or expecta-
tions, not only the past values of the endogenous and unmodelled variables are
assumed to be known but also the model (10.2.12) and the generation process
of the unmodelled variables. It is easy to see that, if the unmodelled variables
are generated by a VAR process, the expectations variables can be eliminated
from (10.2.12)/(10.2.13). The resulting reduced form is of VARX type. To
show this result, suppose that u; is independent white noise and, as before,
denote by E; the conditional expectation, given all information available in
period t. Applying E; 1 to (10.2.12) then gives

yi = Eia(ye)
A+ Apyr
—|—Fy§ + BQEt_l(.T,'t) + Bl.’l'/‘t_l + -+ BS.’I?t_S (10214)

or

y; = (A(L) — I )y + Fy; + BoEy—1(x1) + (B(L) — Bo)as. (10.2.15)
Assuming that Ix — F' is invertible, this system can be solved for y;:

yi = (I — F) '[(A(L) — Ix)ys + BoEr1(x) + (B(L) — Bo)a]. (10.2.16)
If 2, is generated by a VAR(q) process, say

2y =Crxp g+ -+ Coayg + vy,

where v; is independent white noise, then
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Et,l(xt) = Clxt,1 + 4 Cq.’Et,q.

Substituting this expression in (10.2.16) shows that y¢ depends on lagged
y: and z; only. Thus, substituting for y¢ in (10.2.12) or (10.2.13), we get a
standard VARX form of the model.

Thus, in theory, when the true coefficient matrices are known, we can
simply eliminate the term involving expectations variables and work with
a standard reduced form without an expectations term. It should be clear,
however, that substituting the right-hand side of (10.2.16) for yf in (10.2.12)
implies nonlinear restrictions on the coefficient matrices of the reduced form
without expectations terms. Taking into account such restrictions may in-
crease the efficiency of parameter estimators. The same is true, of course,
for the structural form. Therefore, it is important in practice whether or not
the actual relationship between the variables is partly determined by agents’
expectations.

For expository purposes we have just treated a very special case where only
expectations formed in period ¢t — 1 for period ¢ enter the model. Extensions
can be treated in a similar way. For instance, past expectations for more than
one period ahead or expectations formed in various previous periods may be
of importance. If x; is generated by a VAR(q) process, they can be eliminated
like in the special case considered in the foregoing.

A complication of the basic model that makes life a bit more difficult is
the inclusion of future expectations. It is quite realistic to suppose that, for
instance, the expected future price of a commodity may determine the supply
in the present period. For example, if bond prices are expected to fall during
the next period, an investor may decide to sell now. If future expectations
enter the model, the solution for the endogenous variables will in general not
be unique. In other words, the process that generates the endogenous variables
may not be uniquely determined by the model, even if the generation process
of the exogenous variables is uniquely specified. Further extensive discussions
of rational expectations models can be found in volumes by Lucas & Sargent
(1981) and Pesaran (1987).

10.2.4 Cointegrated Variables

Many of the results discussed so far in this section hold for systems of station-
ary or integrated variables. More precisely, whenever the VAR operator A(L)
is not required to be invertible, integrated variables may be present as en-
dogenous as well as unmodelled variables. If there are cointegrated variables,
it may be preferable, however, to separate the short- and long-run dynam-
ics as in a VECM. Assuming that there are r cointegration relations among
the endogenous variables and they are not cointegrated with the unmodelled
variables, the corresponding form of the model is

Ady, = By +T7 Ay 1+ + F;71Ayt7p+1
+Bjxi + Bixi 1+ -+ Bizy_ s + wy, (10.2.17)
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where A is a (K x K) matrix of instantaneous effects, as before, o* is a (K x7)
matrix of structural loading coefficients, B is the (K x r) cointegration matrix,
7 (j=1,...,p—1)isa (K x K) matrix of structural short-run coefficients,
and all other symbols are defined as in (10.1.1). In many respects, this model
can be dealt with in essentially the same way as the VECMs considered in
Part II of this volume.

It is also possible, however, that there is cointegration between endogenous
and unmodelled variables. In that case, a suitable form of the model is

Ady, = OC*BJH{ giii } +T1AYy a4+ T, Ay pia

—‘rTEA(Et + TTA.’L’tfl + -4 T:71A$t75+1 + Wt, (10218)

where now the unmodelled variables appear in levels form in the error correc-
tion term only and otherwise enter in differenced form with suitable coeflicient
matrices Y (j =0,1,...,5—1). It is easy to see that such a model form can
be obtained if the joint generation process of y; and z; has a (reduced form)
VECM representation

Ay | |« +1| Yt rn 1, Ay
{ Aa:t :| - [ Oy ]B [ Ti_1 + 0 I‘T Al’t_1 +

Tpo1 Ty Ayt —pt1 i
B S A | VORI g PV (10.2.19)

where p > s is assumed without loss of generality and all symbols have obvious
definitions. Premultiplying this model form with

A -T;

{ 0 Iy }
gives a model where the first K equations are just the structural form
(10.2.18). Notice, however, that the y; may enter the z; equations in (10.2.19)
via the cointegration relations if o, # 0. It turns out that z; is weakly ex-
ogenous for BT, if o, = 0. Thus, if the cointegration relations are of primary
interest, considering the partial model for Ay, is justified if a, = 0.

Both models (10.2.17) and (10.2.18) can be rewritten in levels form. The

result is then a structural form as in (10.1.1). Moreover, the structural forms
can be converted into reduced form by premultiplying with A='.

10.3 Estimation

Parameter estimation in the presence of unmodelled variables will be dis-
cussed separately for stationary and cointegrated variables. We begin with
the stationary case.
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10.3.1 Stationary Variables

Suppose (y;,x})" is generated by a stationary process and we wish to estimate
the parameters of the reduced form (10.2.3) which can be written as

Yt = AY},l + BXt,1 + BOZL't + Uy, (1031)
where A :=[A4,...,4,], B:=[B1,...,Bs],
Yt Ty
Y, = , Xy =
Yt—p+1 Tt—s41

Here u; is assumed to be standard white noise with nonsingular covariance
matrix X,. Moreover, we allow for parameter restrictions and assume that a
matrix R and a vector « exist such that

B := vec[A, B, By] = R~. (10.3.2)

With these assumptions, estimation of 3 and, hence, of A, B, and By is
straightforward.
For a sample of size T, the system can be written compactly as

Y =[A,B,By|Z+ U, (10.3.3)
where
YO?"'vnyl
Y i=[y,...,yr), Z:=1| Xo,...,Xr1 and U :=[uy,...,ur].
[331,...,,(67‘

Vectorizing gives
y=(Z'®Ix)Ry+nu,

where y := vec(Y) and u := vec(U). From Chapter 5, the GLS estimator is
known to be

A=[R(zZ @ X, YR 'R (Z® X, ")y. (10.3.4)

This estimator is not operational because in practice X, is unknown. However,
as in Section 5.2.2, Y, may be estimated from the LS estimator

§¥=[R(ZZ' ® Ix)R]"'R(Z ® Ik)y
which gives residuals u =y — (2’ ® Ix )Ry and an estimator

>, =0U'/T (10.3.5)
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of X, where U is such that vec(U/) = i1. Using this estimator of the white
noise covariance matrix results in the EGLS estimator

=[R(ZZ @ X;WR|"'R(Z® X, Vy. (10.3.6)

Under standard assumptions, this estimator is consistent and asymptotically
normal,

VT(F =) SN0, 25), (10.3.7)
where
Yy = (Rplim(T™'2Z") @ ¥ 'R) ™. (10.3.8)

One condition for this result to hold is, of course, that both plim T-'ZZ’ and
the inverse of the matrix in (10.3.8) exist. Further assumptions are required
to guarantee the asymptotic normal distribution of the EGLS estimator. The
assumptions may include the following ones: (i) u; is standard white noise,
(ii) the VAR part is stable, that is,

|A(z)] = [Ix — Ayz — - — ApzP| £0  for |2| <1,

and (iii) x; is generated by a stationary, stable VAR process which is inde-
pendent of the white noise process u;. A precise statement of more general
conditions and a proof are given, e.g., by Hannan & Deistler (1988). The latter
part of our set of assumptions requires that all the exogenous variables are
stochastic. It can be modified so as to include nonstochastic variables as well.
In that case, the plim in (10.3.8) reduces to a nonstochastic limit in some or
all components (see, e.g., Anderson (1971, Chapter 5), Harvey (1981)).

An estimator for 3 = R~ is obtained as ,@ = R%. If (10.3.7) holds, this
estimator also has an asymptotic normal distribution,

~

VT(B - B)-% N(0, Y5 = RE,R), (10.3.9)

Moreover, under general conditions, the corresponding estimator X, of the

white noise covariance matrix is asymptotically independent of ,@ and has the
same asymptotic distribution as the estimator UU’/T based on the unob-
served true residuals. For instance, for a Gaussian process,

VT vech(S, — %,) 5 N(0,2D} (2, ® £,)DE), (10.3.10)
where Dt = (D Dg) !D) is the Moore-Penrose inverse of the (K2 x

1K (K 4 1)) duplication matrix D.
In discussing direct reduced form estimation with white noise errors, we

have treated a particularly simple case. The following complications are pos-
sible.
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(1) Usually there will be restrictions on the structural form coeflicients A,
Ar,i=1,...,p,and B}, j =0,...,s. Such restrictions may imply nonlin-
ear constraints on the reduced form coefficients which are not covered by
the above approach. Rational expectations assumptions may be another
source of nonlinear restrictions on the reduced form parameters. Theoreti-
cally, it is not difficult to handle nonlinear restrictions on the reduced form
parameters. In practice, numerical problems may arise in a multivariate
LS or GLS estimation with nonlinear restrictions.

(2) Interest may focus on the structural rather than the reduced form. Es-
timation of the structural form has been discussed extensively in the
econometrics literature. For recent surveys and many further references
see Judge et al. (1985), Hausman (1983), or textbooks such as Hayashi
(2000). A major complication in estimating the structural form of a SEM
such as (10.1.1) results from its possible nonuniqueness. Note that we
have not assumed a triangular A matrix or a diagonal covariance matrix
of wy. Premultiplication of (10.1.1) by any nonsingular matrix results in
an equivalent representation of the process. Thus, for proper estimation
there must be restrictions on the structural form coeflicients that guaran-
tee uniqueness or identification of the structural form coefficients.

(3) So far we have just discussed models which are linear in the variables.
In practice, there may be nonlinear relations between the variables. Es-
timation of nonlinear dynamic models where the endogenous as well as
the unmodelled conditioning variables may enter in a nonlinear way are,
for instance, discussed by Bierens (1981), Gallant (1987), and Gallant &
White (1988).

In the next section, we will consider models with integrated and cointe-
grated variables.

10.3.2 Estimation of Models with I(1) Variables

If there are integrated and cointegrated variables in the model and a reduced
form VECM corresponding to the structural form (10.2.18),

t—1
—|—TOA.Tt + TlAmt_l + -+ Ts—lAmt—s-l-l + Ut, (10311)

Ay = 06[3+/[ zFl } + Ay 4+ Ty 1Ay p

is set up, estimation can in principle proceed as in Section 7.2. Assuming that
a sample of size T' and all required presample values are available and defining

AY = [Ay,. .., Ayr],

. 1
Y_'*'1 = [yé",...,y;_l}, with y?‘_l = [yf },
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 Apy ]
Ayt pr1
AXT = [AXS, ..., AXS ] with AX, = Az ,
Ay
| Azyospn |
and
U := [ul,. ..,UT],
we get
AY =Y +TTAXT + U, (10.3.12)
where
r*:.=[r;: RS PSS FURA STEEERIERS G )

Thus, we have precisely the same model form as in Section 7.2 (see, e.g.,
(7.2.3)) and, in principle, all the estimators of that section are available. No-
tice, however, that now B is a ((K + M) x r) matrix whereas o is still
(K x ). Because the error correction term now involves all the cointegration
relations between the endogenous and unmodelled variables, it is possible that
r > K. In that case, it is easy to see that most of the estimators of Section
7.2 are not available. Thus, we have to assume that r < K. In fact, if r = K,
the matrix IT™ := o’ is of full row rank under our usual assumption that
rk(a) = rk(B") = r. Therefore, if K = r, we do not even need reduced
rank regression but can simply estimate the matrix TIT = oc[3+’ by applying
multivariate LS to (10.3.12). An estimator of B* can then be obtained by
normalizing the cointegration matrix as in Section 7.2 such that

1
Bt = [ B(EM) } (10.3.13)
and, using
B+/ = (Ha))iln+v

where ﬁa) is the (K x K) submatrix consisting of the first K columns of the

LS estimator II+ of TI+.

If r < K, there is nothing special here relative to the procedures discussed
in Section 7.2. Reduced rank ML estimation, as discussed in Section 7.2.3,
is available just as the EGLS estimator of the cointegration parameters of
Section 7.2.2 and the two-stage estimator described in Section 7.2.5. Moreover,
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the two-stage procedure can also be used to estimate models with parameter
restrictions on o and '™, as in Section 7.3.2. In fact, a similar procedure can
even be used for the estimation of structural form models of the type (10.2.18).

In this context, it is, of course, of interest to know the properties of the
resulting estimators. They are available under suitable assumptions for the
model and the variables (see, e.g., Johansen (1992) or Davidson (2000, Section
16.5)). Under general assumptions, the estimator of the cointegration matrix
continues to be superconsistent, that is,

T(R* — B) = 0,(1),

if all variables are at most (1) and BT is identified. If the cointegration
relations do not enter the generation process of z;, that is, o, = 0 in (10.2.19),
x; is weakly exogenous for B and the ML and EGLS estimators of B have
mixed normal distributions similar to those discussed in Section 7.2. Therefore
standard inference is possible, as discussed in that section. The estimators of
the o and 't parameters have again standard properties which are the same
as in the case where the B matrix is known.

10.4 Remarks on Model Specification and Model
Checking

The basic principles of model specification and checking the model adequacy
have been discussed in some detail in previous chapters. We will therefore
make just a few remarks here. With respect to the specification there is, how-
ever, a major difference between the models considered previously and the
dynamic SEMs of this chapter. While in a reduced form VAR analysis usually
relatively little prior knowledge from economic or other subject matter theory
is used, such theories may well be the major building block in specifying SEMs.
In that case, model checking becomes of central importance in investigating
the validity of the theory. Quite often, theories are not available that specify
the data generation process completely. For instance, the lag lengths of the en-
dogenous and/or exogenous variables may have to be specified with statistical
tools. Also, some researchers may not be prepared to rely on the available the-
ories and therefore prefer to substitute statistical investigations for uncertain
prior knowledge. Statistical specification strategies for general dynamic SEMs
were, for instance, proposed and discussed by Hannan & Kavalieris (1984),
Hannan & Deistler (1988), and Poskitt (1992). These strategies are based on
model selection criteria of the type considered in previous chapters. An ex-
tensive literature exists on the specification of special models. For instance,
distributed lag models are discussed at length in the econometrics literature
(for some references see Judge et al. (1985, Chapters 9 and 10)). Specification
proposals for transfer function models with one dependent variable y; go back
to the pioneering work of Box & Jenkins (1976). Other suggestions have been
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made by Haugh & Box (1977), Young, Jakeman & McMurtrie (1980), Liu &
Hanssens (1982), Tsay (1985), and Poskitt (1989) to name just a few.

If some of the variables are integrated, one may also want to investigate the
number of cointegration relations with statistical tests. From the discussion
in Section 10.3.2, it is clear that rank tests can be used for that purpose, as in
Section 8.2. These tests may now be based either on a VECM for the full joint
generation process of y; and x; or on a partial model with some unmodelled
variables. The latter approach may be preferable if a large number of variables
is involved. Johansen’s LR tests for the cointegrating rank may be unreliable
in that situation because of size distortions and lack of power. Therefore,
testing for the cointegrating rank in a partial model may be advantageous. The
asymptotic distributions of the relevant LR test statistics in this case depend
on the conditioning variables, however. This result is not surprising, of course,
because the conditioning variables can in fact be deterministic terms and we
have seen in Section 8.2 that such terms have an impact on the asymptotic
properties of the LR tests. The relevant tests for conditional models were
derived by Harbo, Johansen, Nielsen & Rahbek (1998) and critical values
were given in MacKinnon, Haug & Michelis (1999).

In checking the model adequacy one may want to test various restrictions.
These may range from constraints suggested by some kind of theory such
as the rational expectations hypothesis, to tests of the significance of extra
lags. The three testing principles discussed previously, namely the LR, LM,
and Wald principles (see Appendix C.7) can be used in the present context.
Their asymptotic properties follow in the usual way from properties of the
estimators and the model.

A residual analysis is another tool which is available in the present case.
Plots of residuals may help to identify unusual values or patterns that suggest
model deficiencies. Plots of residual autocorrelations may aid in checking the
white noise assumption. Also a portmanteau test for overall residual autocor-
relation may be developed for dynamic models with exogenous variables; see
Poskitt & Tremayne (1981) for a discussion of this issue and further references.

10.5 Forecasting

10.5.1 Unconditional and Conditional Forecasts

If the future paths of the unmodelled variables are unknown to the forecaster,
then forecasts of these variables are needed in order to predict the future values
of the endogenous variables on the basis of a dynamic SEM. For simplicity,
suppose that the exogenous variables are generated by a zero mean VAR(q)
process as in Section 10.2.3,

Ty = C]$t71 + -4 qutfq + V. (1051)
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Now this process can be used to produce optimal forecasts z;(h) of x; in the
usual way. If the endogenous variables are generated by the reduced form
model (10.2.3) with u; being independent white noise which is also indepen-
dent of the z; process, the optimal h-step forecast of y;p at origin ¢ is

y(h) = Ayye(h—1)+- - -+ Apy (h—p)+Boxy(h)+- - -+ Bsx (h—s), (10.5.2)

where y;(j) := ys4; and x4(j) := x4  for j < 0. This formula can be used for
recursively determining forecasts for h =1,2,.. ..

An alternative way for getting these forecasts is obtained by writing the
generation processes of the exogenous variables in one overall model together
with the reduced form SEM:

Iy —Bo ||y | _ | A B ye-1 |
0 Iy Ty | 0o Ty
A, By Yi—p Uy
+[ K CpHmtp | (10.5.3)

where we assume without loss of generality that p > max(s,¢) and set B; =0
for i > s and C; = 0 for j > ¢. As in Section 10.2.2, premultiplying by

IK 7B0 _1_ IK BO
0 Iy 0 Iy

gives a standard reduced form VAR(p) model. It is easy to see that the optimal
forecasts for y; and z; from that model are exactly the same as those obtained
by getting forecasts for x; from (10.5.1) first and using them in the prediction
formula for y; given in (10.5.2) (see Problem 10.5). Thus, under the present
assumptions, the discussion of forecasting VAR(p) processes applies. It will
not be repeated here. Also, it is not difficult to extend these ideas to sets of
unmodelled variables with nonstochastic components such as intercept terms
or seasonal dummies.

We will refer to forecasts of y; obtained in this way as unconditional fore-
casts because they are based on forecasts of the exogenous variables for the
forecast period. Occasionally, the forecaster may know some or all of the fu-
ture values of the exogenous variables, for instance, because they are under
the control of some decision maker. In that case he or she may be interested
in forecasts of 1y; conditional on a specific future path of z;. In order to de-
rive the optimal conditional forecasts, we write the reduced form (10.2.3) in
VARX(1,0) form,

Y, = AY; 1 + Ba, + Uy, (10.5.4)

where
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Yt
: Uy
Yt 1 0
Y, = *Tf;* , U= .| (Kp+ Ms)x 1),
Lo ]
L Tt—s+1 |
_Al . Apfl Ap | Bl Bsfl Bs ]
Ik 0 01 O 0 0
: | I
0 1 0 0 0 0
P R/ R 010 . 00 |
| O 0 0
1 0 0
0 : Mo
i | 0 ... Iy 0O |
((Kp+Ms)x(Kp+Ms))
and
B
0
| ¢ (Kpx M)
0
B .= It
0
) (Ms x M)
o,

Successive substitution for lagged Y;’s gives

h—1 h—1
Vi=A"Y,p+ Y A'Bz i+ AU (10.5.5)
i=0 i=0
Hence, premultiplying by the (K x (Kp+ Ms)) matrix J := [Ig : 0:---: 0]
results in
h-1 h-1
Yiph = JAhY;/ + Z JA'Briyp_i + Z JAZJ/U,,L/_’_},,,,,;, (10.5.6)
i=0 i=0

where U; = J'JU; = J'u;, has been used. Now the optimal h-step forecast of
y at origin ¢, given x441,...,Z¢4p, and all present and past information, is
easily seen to be
h—1
ye(hlz) = JA"Y; + > TABayppi (10.5.7)
i=0
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and the corresponding forecast error is

h—1
Yern — ge(hl) =D TA T upin . (10.5.8)
i=0
Thus, the MSE of the conditional forecast is

h—1
Sy(hlz) = MSE[y;(hlz)] = > JA'J 2, J(AY)]. (10.5.9)
=0

Although this MSE matrix formally looks like the MSE matrix of the optimal
forecast from a VAR model, where .JA'J’ is replaced by &;, the MSE matrix
in (10.5.9) is in general different from the one of an unconditional forecast.
This fact is easy to see by considering the different definition of the matrix A
used in the pure VAR(p) case.

To illustrate the difference between conditional and unconditional fore-
casts, we consider the simple reduced form

yr = Ar1ys 1+ Bowy + uy, (10.5.10)
where z; is assumed to be generated by a zero mean VAR(1) process,
ry = Chxp_1 + vy,

Moreover, we assume that u; and v; are independent white noise processes
with covariance matrices X, and X, respectively. The unconditional forecasts
are obtained from the VAR process

[ Ik —Bo|[w ] [A 0 Yer | |
| 0 In | | 0 Oy Ti_1 N

which, upon premultiplying with

[ Ik —Bo_il_ Ix By
0 Iy | 0 Iy |

has the standard VAR(1) from

ye | | A1 BoCh Yi—1 uy + Bovy
= + )
Tt 0 C1 T Vt

The optimal 1-step forecast from this model is

BN

The corresponding MSE matrix is
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2.(1) = E([““FBW}[(uﬁBout)',Ug)

Ut

S+ BoX,Bl By,
- Bl DN

The upper left-hand corner block of this matrix is the MSE matrix of y.(1),
the unconditional forecast of the endogenous variables. Thus,

2,(1) = X, + By X, B, (10.5.11)

On the other hand, in the VARX(1, 0) representation (10.5.4), we have A = A;
and B = By for the present example. Hence, the conditional 1-step forecast
of y; is

ye(1]x) = A1y + Boxi41
with corresponding MSE matrix
2,1z) = X,.

Obviously, X, (1) — Xy (1|z) = ByX, By is positive semidefinite and, thus, the
unconditional forecast is inferior to the conditional forecast, if By # 0. It
must be kept in mind, however, that the conditional forecast is only feasible
if the future values of the exogenous variables are either known or assumed. If
only hypothetical values are used, the conditional forecast may be quite poor
if the actual values of the exogenous variables turn out to be different from
the hypothetical ones. The smaller MSE of the conditional forecast is simply
due to ignoring any uncertainty regarding the future paths of the exogenous
variables.

Using the foregoing results, interval forecasts and forecast regions can be
set up as usual. It may also be worth pointing out that we have not used
the stability of the VAR operator or stationarity of the variables. Hence, the
formulas are also valid for systems with integrated and cointegrated variables.
So far we have discussed forecasting with known models. The case of estimated
models will be considered next.

10.5.2 Forecasting Estimated Dynamic SEMs

In order to evaluate the consequences of using estimated instead of known
processes for unconditional forecasts, we can use a joint model for the en-
dogenous and exogenous variables and then draw on results of the previous
chapters. Therefore, in this section we will focus on conditional forecasts only.
We denote by 3;(h|z) the conditional h-step forecast (10.5.7) based on the
estimated reduced form (10.2.3). The forecast error is

Yirn — G(hlx) = [yern — ye(hl2)] + [yi (hl2z) — g (h|2)]. (10.5.12)



406 10 Systems of Dynamic Simultaneous Equations

Conditional on the exogenous variables, the two terms in brackets are uncor-
related. Hence, assuming, as in previous chapters, that the processes used for
estimation and forecasting are independent, an MSE approximation

1
Xy(hl|z) = Xy(hlz) + Tﬂy(h\x) (10.5.13)
is obtained in the by now familiar way. Here
. Oyi(hlx) _ Oyi(hlz)’
Q2y(hlz) :=E { o3 2 93 , (10.5.14)

B = vec[A1,..., Ay, B1,...,B,,Bg] and Xy is the covariance matrix of the
asymptotic distribution of /T (,@ — B). It is straightforward to show that

dyi(hlz) a(JAhYt)+hi:18(JAint+h,i)

8ﬁ/ 6ﬂ/ par 8,3/

>
|
-

|:}/t/(A/)h717i ® JA’LJ/

-
Il
=]

i—1
+Zflj;+h_iBl(A/)iilij ® JA]J/ . .T;_,'_h_i ® JAZJ/ .
=0

(10.5.15)

For stationary processes, an estimator of (2,(h|x) is obtained in the usual
way be replacing all unknown parameters in this expression and in 2 by
estimators and by using the average over t = 1,...,T for the expectation in
(10.5.14).

Although we have discussed forecasting with estimated coefficients in
terms of a simple VARX(p, s) model with white noise residuals, it is pos-
sible to generalize these results to models with autocorrelated error processes.
The more general case was treated, for instance, by Yamamoto (1980) and
Baillie (1981).

10.6 Multiplier Analysis

In an econometric simultaneous equations analysis, the marginal impact of
changes in the exogenous variables is sometimes investigated. For example, if
the exogenous variables are instruments for, say, the government or a central
bank the consequences of changes in these instruments may be of interest.
A government may, for instance, desire to know the effects of a change in
a tax rate. In that case, policy simulation is of interest. In other cases, the
consequences of changes in the exogenous variables that are not under the
control of any decision maker may be of interest. For instance, it may be
desirable to study the future consequences of the present weather conditions.
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Therefore, the dynamic multipliers discussed in Section 10.2.2 are consid-
ered. They are contained in the D; matrices of the final form operator,

3

D(L) = iDiLi = A(L)"'B(L)
=0

where A(L) :== Ix —AyL—---—A,L” and B(L) := Bg+Bi1L+---+B,L® are
the reduced form operators, as before. Here stability and, hence, invertibility
of the VAR operator A(L) is assumed. The D; matrices are conveniently
obtained from the VARX(1,0) representation (10.5.4) which implies

ye=Y JABz_ i+ JA T u, (10.6.1)
1=0 =0

because JA"Y; — 0 as h — oo, if y; is a stable, stationary process (see
(10.5.6)). The D;’s are coefficient matrices of the exogenous variables in the
final form representation. Thus,

D;=JAB, i=0,1,..., (10.6.2)
the n-th interim multipliers are
M, := Do+D1+---+D,, = JI+A+---+A™")B, n=0,1,..., (10.6.3)
and the total multipliers are
My =Y Di=J(I—-A)"'B=A®1)"B(). (10.6.4)
=0

If the model contains integrated variables and the generation mechanism
is started at time ¢t = 0, say, from a set of initial values, then we get from
(10.5.5),

t—1 t—1
ye = JAYo + > JABx i+ > JA T up . (10.6.5)
=0 i=0

Thus, the D; matrices in (10.6.2) still reflect the marginal impacts of changes
in the unmodelled variables and, hence, contain the multipliers. Also the n-th
interim multipliers can be computed as in (10.6.3), whereas the total multi-
pliers in (10.6.4) will not exist in general.

Having obtained the foregoing representations of the multipliers, estima-
tion of these quantities is straightforward. Estimators of the dynamic mul-
tipliers are obtained by substituting estimators A; and B; of the coefficient
matrices in A and B. The asymptotic properties of the estimators then fol-
low in the usual way. For completeness we mention the following result from
Schmidt (1973).
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In the framework of Section 10.3, suppose B is a consistent estimator of
B := vec|A, B, By| satisfying

VT(B — B8) 5N (0, Z5).

Then
VTvee(D; — Dy) > N (0,Gi25G)), (10.6.6)
where Go := [0 : Ik as] and
3VGC [ / / i—1—j i 7/ { ’-I
Gi= ———" [ZB T@JAT Iy A,

i=1,2,...,

are [KM x (K?p+ KM(s + 1))] matrices. The proof of this result is left as
an exercise. It is also easy to find the asymptotic distribution of the interim

multipliers (accumulated multipliers) and the total multipliers if they exist
(see Problem 10.8).

10.7 Optimal Control

A policy or decision maker who has control over some of the exogenous vari-
ables can use a dynamic simultaneous equations model to assess interventions
with a multiplier or simulation analysis, as described in the previous section.
However, if the decision maker has specific target values of the endogenous
variables in mind, he or she may wish to go a step further and determine
which values of the instrument variables will produce the desired values of the
endogenous variables.

Usually it will not be possible to actually achieve all targets simultane-
ously and sometimes the decision maker is not completely free to choose the
instruments. For instance, doubling a particular tax rate or increasing the
price of specific government services drastically may result in the overthrow
of the government or in social unrest and is therefore not a feasible option.
Therefore, a loss function is usually set up in which the loss of deviations
from the target values is specified. For instance, if the desired paths of the
endogenous and instrument variables after period T are y9 IR LY 4+n and
xOT s s a:OT 1n» Tespectively, a quadratic loss function has the form

n

£ = > lyrei — v Kilyrss — v)
=1

F(@ri — ) Pi(ers — 274,)], (10.7.1)

where the K; and P; are symmetric positive semidefinite matrices. Because
the variables are assumed to be stochastic, the loss is a random variable too.
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Therefore, minimization of the average or expected loss, E(£), is usually the
objective.

In a quadratic loss function the same weight is assigned to positive and
negative deviations from the target values. For many situations and variables
this specification is not quite realistic. For example, if the target is to have an
unemployment rate of 2%, then having less than 2% may not be a problem at
all while any higher rate may be regarded as a serious problem. Nevertheless,
quadratic loss functions are the most common ones in applied and theoretical
studies. Therefore, we will also use them in the following. One reason for the
popularity of this type of loss function is clearly its tractability.

In order to approach a formal solution of the optimal control problem
outlined in the foregoing, we assume that the economic system is described
by a model like (10.1.1) with reduced form (10.2.3). However, to be able to
distinguish between instrument variables and other exogenous variables, we
introduce a new symbol for the latter. Suppose x; represents an (M x 1) vector
of instrument variables, the (N x 1) vector z; contains all other unmodelled
variables and the reduced form of the model is

yr = A1y + -+ Apyr—p + Bory + -+ By + Czp + 1y, (10.7.2)

where u; is white noise. Some of the components of z; may be lagged variables.
To summarize them in a vector indexed by ¢ is just a matter of convenience.

For the present purposes, it is useful to write the model in VARX(1,0)
form similar to (10.5.4),

Y, = AY;_, + Bz, + Cz + Uy, (10.7.3)
where Y;, Ui, A, and B are as defined in (10.5.4) and
C
c=| !
0
is a ((Kp+ Ms) x N) matrix. Recall that

Yt

Y, = Yt—p+1
t I

| Tt—s+1

contains current and lagged endogenous and instrument variables. Thus, the
quadratic loss function specified in (10.7.1) may be rewritten in the form
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£= Z(YTH' - Y%)-s-i)/Qi(YTA—i - Y7Q+i)v (10.7.4)

i=1

where the @); are symmetric positive semidefinite matrices involving the K;’s
and P;’s.

In this framework, the problem of optimal control may be stated as follows:
Given the model (10.7.3), given the vector Y, given values zry1,..., 2740
of the uncontrolled variables and given target values y%.,,...,y%,, and
29 q,...,2%,,, find the values 2% ,,... 2%, that minimize the expected
loss E(£) specified in (10.7.4). The solution to this dynamic programming
problem is well documented in the control theory literature. It turns out to
be

py=GiYryi1+g, i=1,...,n, (10.7.5)
where the Y7, ,; are assumed to be obtained as
Yrii =AYy i1 +Bap + Coryi + ury.
Here the (M x (Kp+ Ms)) matrix G; is defined as
Gi:=—(B'H;B)"'B'H;A
and the (M x 1) vector g; is defined as
gi == —(B'H,B) 'B/(H;Czr4; — hi)
with

Hn = Qn and Hi,1 = Qi,1 + (A + BGi)/Hl(A + BGl),
fori=1,...,n—1,

and

hn = QnY7,, and

hi—1:=Qi1YP,, | — A'H;(Czry; + Bgi) + A'h;
fori=1,...,n—1.

The actual computation of these quantities proceeds in the order H,, G,
hns Gny Hn—1y, Gn-1, hpn_1, gn—1, Hn_2, .... This solution can be found in
various variations in the control theory literature (e.g., Chow (1975, 1981),
Murata (1982)). Obviously, because the Y; are random, the same is true for
the optimal decision rule 27 ;, i =1,...,n.

There are a number of problems that arise in practice in the context of
optimal control as presented here. For instance, we have considered a finite
planning horizon of n periods. In some situations it is of interest to find the
optimal decision rule for an infinite planning period. Moreover, in practice
the parameter matrices A, B, and C are usually unknown and have to be
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replaced by estimators. More generally, stochastic parameter models may be
considered. This, of course, introduces an additional stochastic element into
the optimal decision rule. A further complication arises if the relations be-
tween the variables cannot be captured adequately by a linear model such as
(10.7.2) but require a nonlinear specification. It is also possible to consider
other types of optimization rules. In this section, we have assumed that the
optimal decision rule for period T + 7 is determined on the basis of all avail-
able information in period T+ ¢ — 1. In particular, the realization Y7, _1 is
assumed to be given in setting up the decision rule 7%, ;. Such an approach
is often referred to as a closed-loop strategy. An alternative approach would
be to determine the decision rule at the beginning of the planning period for
the entire planning horizon. This approach is called an open-loop strategy.
Although it is in general inferior to closed-loop optimization, it may be of
interest occasionally. These and many other topics are treated in the opti-
mal control literature. Chow (1975, 1981) and Murata (1982) are books on
the topic with emphasis on optimal decision making related to economic and
econometric models. Friedmann (1981) provided the asymptotic properties of
the optimal decision rule when estimators are substituted for the parameters
in the control rule.

10.8 Concluding Remarks on Dynamic SEMs

In this chapter, we have summarized some problems related to the estimation,
specification, and analysis of dynamic models with unmodelled variables. Ma-
jor problem areas that were identified without giving details of possible so-
lutions are the distinction between endogenous and exogenous variables, the
identification or unique parameterization of dynamic models, the estimation,
specification, and checking of structural form models as well as the treatment
of nonlinear specifications. Also, we have just scratched the surface of con-
trol problems which represent one important area of applications of dynamic
SEMs.

Other problems of obvious importance in the context of these models re-
late to the choice of the data associated with the variables. If a structural
form is derived from some economic or other subject matter theory, it is im-
portant that the available data represents realizations of the variables related
to the theory. In particular, the level of aggregation (temporal and contem-
poraneous) and seasonal characteristics (seasonally adjusted or unadjusted)
may be of importance. The models we have considered do not allow specifi-
cally for seasonality, except perhaps for seasonal dummies and other seasonal
components among the unmodelled variables. The seasonality aspect in the
context of dynamic SEMs and models specifically designed for seasonal data
were discussed, for example, by Hylleberg (1986).

So far, we have essentially considered stationary and integrated processes.
Mild deviations from the stationarity assumption are possible in dynamic
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SEMs where unmodelled variables may cause changes in the mean or con-
ditional mean of the endogenous variables. However, in discussing properties
of estimators or long-run multipliers, we have made assumptions that come
close to assuming stationarity or cointegration. For instance, if the unmod-
elled variables are driven by a stationary VAR process, the means and second
moments of the endogenous variables may be time invariant. Unfortunately,
in practice, changes in the data generation process may occur. Therefore, we
will discuss specific types of models with time varying parameters in later
chapters (see Chapters 17 and 18).

10.9 Exercises

Problem 10.1
Consider the following structural form

Qr = o + a1 Ry 1 + wiy,
Py = By + 51Q¢ + way,

where R; is a measure for the rainfall in period ¢, @; is the quantity of an
agricultural product supplied in period #, and P, is the price of the product.
Derive the reduced form, the final equations, and the final form of the model.

Problem 10.2

Suppose that the rainfall variable R; in Problem 10.1 is generated by a white
noise process with mean pp. Determine the unconditional 3-step ahead fore-
casts for @Q; and P, based on the model from Problem 10.1. Determine also
the conditional 3-step ahead forecasts given R4 ; = pug, i = 1,2,3. Compare
the two forecasts.

Problem 10.3
Given the model of Problem 10.1, what is the marginal total or long-run effect
of an additional unit of rainfall in period t7

Problem 10.4
Suppose the system 3; has the structural form

A*(L)yr = Fy; + B*(L)xy + wy,

where A*(L) := A~ AjL —---— ASLP, B*(L) := B§ + B{ L +---+ B;L® and
x¢ is generated by a VAR(q) process

C(L)J)t = Ut.

Assume that y; represents rational expectations formed in period ¢t — 1 and
eliminate the expectations variables from the structural form.
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Problem 10.5
Show that the 1-step ahead forecast for y; obtained from the VAR(p) model
(10.5.3) is identical to the one determined from (10.5.2) if

SUt(].) = leEt + -+ qutqurl

is used as forecast for the exogenous variables.

Problem 10.6
Show that the partial derivatives dy, (h|x)/0B3" have the form given in (10.5.15).

Problem 10.7
Derive a prediction test for structural change on the basis of the conditional
forecasts of the endogenous variables of a dynamic SEM.

Problem 10.8

Show that the dynamic multipliers have the asymptotic distributions given in
Section 10.6. Show also that the n-th interim multipliers have an asymptotic
normal distribution,

VT vee(M, — M) > N (0, Sa(n)),
where

Za(n) = (Go+ -+ Gn)Z3(Go+ -+ Gn)

and the G; are the [KM x K(Kp+ M(s + 1))] matrices defined in Section
10.6. Furthermore,

VT vee(Maso — M) iN(O, Y (0)),
where

Ya(oo) = GOCZBGQO
with

Goo =[((IT=A)'B)Y : Inj]®@ J(I —A)~LT.
Here the notation from Section 10.6 is used.

Problem 10.9
Derive the optimal decision rule for the control problem stated in Section 10.7.
(Hint: See Chow (1975).)
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