11

Vector Autoregressive Moving Average
Processes

11.1 Introduction

In this chapter, we extend our standard finite order VAR model,
Yye =v+ Ay + -+ Apyi—p + €4,

by allowing the error terms, here ¢;, to be autocorrelated rather than white
noise. The autocorrelation structure is assumed to be of a relatively simple
type so that &; has a finite order moving average (MA) representation,

g = Uy + Myug_q + -+ Myuy_g,

where, as usual, u; is zero mean white noise with nonsingular covariance ma-
trix X,,. A finite order VAR process with finite order MA error term is called
a VARMA (vector autoregressive moving average) process.

Before we study VARMA processes in general, we will discuss some prop-
erties of finite order MA processes in Section 11.2. In Section 11.3, we consider
the more general stationary VARMA processes with stable VAR part and we
will learn that generally they have infinite order pure VAR and MA repre-
sentations. Their autocovariance and autocorrelation properties are treated in
Section 11.4 and forecasting VARMA processes is discussed in Section 11.5.
In Section 11.6, transforming and aggregating these processes is considered.
In that section, we will see that a linearly transformed finite order VAR(p)
process, in general, does not admit a finite order VAR representation but
becomes a VARMA process. Because transformations of variables are quite
common in practice, this result is a powerful argument in favor of the more
general VARMA class. Finally, Section 11.7 contains discussions of causal-
ity issues and impulse response analysis in the context of VARMA systems.
Throughout this chapter, we consider stationary processes only.
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420 11 Vector Autoregressive Moving Average Processes

11.2 Finite Order Moving Average Processes

In Chapter 2, we have encountered MA processes of possibly infinite order.
Specifically, we have seen that stationary, stable finite order VAR processes
can be represented as MA processes. Now we deal explicitly with finite or-
der MA processes. Let us begin with the simplest case of a K-dimensional
MA process of order 1 (MA(1) process), y: = p + uy + Mju;—1, where
Yyt = (Y1s - - -, YKt)', uy is zero mean white noise with nonsingular covariance
matrix X, and u = (u1,...,4x)" is the mean vector of yq, i.e., E(y) = p
for all t. For notational simplicity we will assume in the following that pu = 0,
that is, 9 is a zero mean process. Thus, we consider

yr = upg + Myug_q, t=0,£1,+2 ..., (11.2.1)
which may be rewritten as
up =y — Miug—1.

By successive substitution we get

g = yr — Mi(yi—1 — Myug_s) =y — Myys—1 + Miug_o
= o=y — My g+ + (M) Y + (M) M

Yt + Z(*Ml)i?/f,—ia

i=1

it M} — 0 as i — oo. Hence,

oo

yr = — Y (= Mi) 'y + uy, (11.2.2)
i=1

which is the potentially infinite order VAR representation of the process. Be-
cause (—M;)" may be equal to zero for i greater than some finite number p,
the process may in fact be a finite order VAR(p). For instance, we get p =1
for a bivariate process with

w=[o 0w

0 0

where m is some nonzero real number.

For the representation (11.2.2) to be meaningful, M} must approach zero
as 1 — 00, which in turn requires that the eigenvalues of M; are all less than
1 in modulus or, equivalently,

det(Ix + M1z) #0 for z € C,|z| < 1.

This condition is analogous to the stability condition for a VAR(1) process.
It guarantees that the infinite sum in (11.2.2) exists as a mean square limit.
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More generally, it can be shown that a (zero mean) MA(g) process (moving
average process of order q),

Yt :Ut+M1Ut71 +---+Mqut,q, t:(),:l:17:|:2,..., (1123)

has a pure VAR representation

ye =Y Iiye—i + uy, (11.2.4)
i=1
if
det(I + Mz + -+ Myz?) #0 for z € C,|z| < 1. (11.2.5)

An MA(q) process with this property is called invertible in the following be-
cause we can invert from the MA to a VAR representation. Writing the process
in lag operator notation as

Yt = (IK + MlL + -4 Mqu)’LLt = M(L)Ut

the MA operator M (L) := Ix + MiL + --- + M,L? is invertible if it satisfies
(11.2.5) and we may formally write

M(L)flyt = Uy.

The actual computation of the coefficient matrices I7; in
M(L)™' =1II(L) = Ix - Y ILL'
i=1

can be done recursively using 111 = M; and

i—1

= M; = > I jM;, i=2,3,..., (11.2.6)
j=1

where M; := 0 for j > g. These recursions follow immediately from the

corresponding recursions used to compute the MA coefficients of a pure VAR
process (see Chapter 2, (2.1.22)).

The autocovariances of the MA(q) process (11.2.3) are particularly easy to
obtain. They follow directly from those of an infinite order MA process given
in Chapter 2, Section 2.1.2, (2.1.18):

q—h
Mi+h2’UfM7{7 h:0717"'uQ7
ILy(h) = E(yeys—p) = ¢ *=° (11.2.7)

0, h=q+1,q+2,...,
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with My := Ix. As before, I'j(—h) = I'y(h)". Thus, the vectors y; and y; 5
are uncorrelated if h > ¢. Obviously, the process (11.2.3) is stationary because
the I'y(h) do not depend on ¢ and the mean E(y;) = 0 for all ¢.

It can be shown that a noninvertible MA(q) process violating (11.2.5) also
has a pure VAR representation if the determinantal polynomial in (11.2.5)
has no roots on the complex unit circle, i.e., if

det(Ig + Myz +---+ Myz?) #0  for |z| = 1. (11.2.8)

The VAR representation will, however, not be of the type (11.2.4) in that the
white noise process will in general not be the one appearing in (11.2.3). The
reason is that for any noninvertible MA(q) process satisfying (11.2.8), there
is an equivalent invertible MA(q) satisfying (11.2.5) which has an identical
autocovariance structure (see Hannan & Deistler (1988, Chapter 1, Section
3)). For instance, for the univariate MA(1) process

Yt = Uyt -+ mug—q, (1129)

the invertibility condition requires that 1 4+ mz has no roots for |z| < 1 or,
equivalently, |m| < 1. For any m, the process has autocovariances

(1+m?)o?  for h =0,
E(yiyi—n) = § mo., for h = +1,
0 otherwise,

where 02 := Var(u;). It is easy to check that the process v; + %vt,l, where
v is a white noise process with o2 := Var(v;) = m?02, has the very same

u?

autocovariance structure. Thus, if |m| > 1, we may choose the invertible
MA(1) representation

1
Yo = Vet Vi1 (11.2.10)

1 —1 o] 711'
1+—L = — )y
(1er) w=2 () e

1 —1
(1 + L) (14 mL)u,.
m

with

Ut

The reader is invited to check that v; is indeed a white noise process with
02 = m?02 (see Problem 11.10). Only if [m| = 1 and, hence, 1 + mz = 0 for
some z on the unit circle (z = 1 or —1), an invertible representation does not
exist.

Although for higher order and higher-dimensional processes, where roots
inside and outside the unit circle may exist, it is more complicated to find the
invertible representation, it can be done whenever (11.2.8) is satisfied. In the
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remainder of this chapter, we will therefore assume without notice that all
MA processes are invertible unless stated otherwise. It should be understood
that this assumption implies a slight loss of generality because MA processes
with roots on the complex unit circle are excluded.

11.3 VARMA Processes

11.3.1 The Pure MA and Pure VAR Representations of a
VARMA Process

As mentioned in the introduction to this chapter, allowing finite order VAR
processes to have finite order MA instead of white noise error terms, results in
the broad and flexible class of vector autoregressive moving average (VARMA)
processes. The general form of a process from this class with VAR order p and
MA order g is

ye = v+ Ayt + Apyip Hug + Myug—y -+ Mguy_g,
t=0,+1,+2,.... (11.3.1)
Such a process is briefly called a VARMA(p, q) process. As before, u; is zero
mean white noise with nonsingular covariance matrix 3.

It may be worth elaborating a bit on this specification. What kind of
process y; is defined by the VARMA (p, ¢) model (11.3.1)? To look into this
question, let us denote the MA part by e, that is, e, = uy + Myju; 1 + -+
Mu,—, and

Yy =v+Ay 1+ Apy p et
If this process is stable, that is, if
det(Ig — A1z — - — Ap2P) #£ 0 for |z| <1, (11.3.2)

then, by the same arguments used in Chapter 2, Section 2.1.2, and by Propo-
sition C.9 of Appendix C.3,

oo
Yy = b+ Z Digi_;
i=0

oo
w+ Z Di(ug—i + Myug—i—q + -+ Mgus_i—q)
i=0

A+ Z@mt_i (11.3.3)
i=0

is well-defined as a limit in mean square, given a well-defined white noise
process u;. Here
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po=(Ig — Ay —---— A) "y,

the D; are (K x K) matrices satisfying

o

ZDZZl = (IK — Alz — s — Apzp)_l,
=0

and the @; are (K x K) matrices satisfying

o

> bt = ( Dizi) (I + Myz + -+ M29).
=0 1=0

In the following, when we call y; a stable VARMA (p, ¢) process, we mean the
well-defined process given in (11.3.3). For instance, if u; is Gaussian white
noise, it can be shown that y; is a Gaussian process with all finite subcol-
lections of vectors wy, . .., y;+nr having joint multivariate normal distributions.
The representation (11.3.3) is a pure MA or simply MA representation of y;.

To make the derivation of the MA representation more transparent, let us
write the process (11.3.1) in lag operator notation,

A(L)y, = v+ M(L)uy, (11.3.4)

where A(L) :=Ix —AyL—---—A,LP and M (L) := Ix + My L+---+ M,LA.
A pure MA representation of y; is obtained by premultiplying with A(L)~1,

yr = A v+ AL) P M(L)uy = p + Z@iut_i.

=0

Hence, multiplying from the left by A(L) gives

(Ix — A\L — - — A,LP) (Z qsiy)
=0

=T+ |2 -> A0 ;| I’
i=1 j=1
=1Ig+ML+---+ ML

and, thus, comparing coefficients results in
Mj=&; = Ai®;;, i=1.2,...,
j=1

with @y := I, A; := 0 for j > p, and M, := 0 for i > ¢. Rearranging terms
gives
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=M+ > Ay, i=1,2,.... (11.3.5)

j=1

If the MA operator M (L) satisfies the invertibility condition (11.2.5), then
the VARMA process (11.3.4) is called invertible. In that case, it has a pure
VAR representation,

b S Mg = M(D) ALy = MO) o+,
i=1
and the I1; matrices are obtained by comparing coefficients in
I — imﬂ = M(L) "A(L).
i=1
Alternatively, multiplying this expression from the left by M (L) gives

(Ix + ML+ -+ M,L?) <IK - ZHiU)
i=1

=Ix+ Y | M => M 15| L
i=1 j=1
:IK—AlL—"-—Apr,

where My := Ix and M; := 0 for ¢ > ¢. Setting A; := 0 for i > p and
comparing coefficients gives

1—1
—Ay=M; = > M; 11— I,
Jj=1
or
i—1
I = A+ M; =Y " M;_;IT; fori=1,2,.... (11.3.6)
j=1

As usual, the sum is defined to be zero if the lower bound for the summation
index exceeds its upper bound.
For instance, for the zero mean VARMA(1, 1) process

ye = A1ye—1 +up + Miup_q, (11.3.7)

we get
Hl = A1+M1
IIy, = A+ My, — MIT, = —M A, — M?

I, = (-1)"YMi+M 1tA), i=1,2,...,
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and the coefficients of the pure MA representation are
Py = Ik
Py My + Ay
Dy = Mo+ A1®y + AxPy = Ay (M + Ay)

D = AUIM A+ AL i=1,2,... .

If y; is a stable and invertible VARMA process, then the pure MA represen-
tation (11.3.3) is called the canonical or prediction error MA representation,
in accordance with the terminology used in the finite order VAR case. In ad-
dition to the pure MA and VAR representations considered in this section, a
VARMA process also has VAR(1) representations. One such representation is
introduced next.

11.3.2 A VAR(1) Representation of a VARMA Process

Suppose y; has the VARMA(p, q) representation (11.3.1). For simplicity, we
assume that its mean is zero and, hence, v = 0. Let

_ _ Ut
Yt 0
. (Kpx1)
Y, = Yi—p+1 U, .= 0
Ut ’ Ut
0
: (Kgx1)
LUt—q+1]
(K (p+q)x1) L 0

A R0 A KGR+ o)

where
(A .. Ay A
I 0 0
All = K .. : )
| O Ik 0
(KpxKp)
[ M, Me-1 M, -‘
0 0 0
Ag = :
| 0 0 0
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0 0 O
I 0 O
Aoy =0, Agy:i= | %
(KgxKp) ) :
0 ... Ix O
(KgxKq)

With this notation, we get the VAR(1) representation of Y;,
Y, = AY, 1 + U, (11.3.8)

If the VAR order is zero (p = 0), we choose p = 1 and set A; = 0 in this
representation.

The K (p + g)-dimensional VAR(1) process in (11.3.8) is stable if and only
if y; is stable. This result follows because

det(Ig(ptq) — Az) = det(Ixp — Aq1z)det(Ixg — Agaz)
= det(lg — A1z —--- — Ap2P). (11.3.9)
Here the rules for the determinant of a partitioned matrix from Appendix A.10
have been used and we have also used that Ix, — Asoz is a lower triangular
matrix with ones on the main diagonal which has determinant 1. Furthermore,
det(Ixp — A112) = det(Ix — A1z —--- — A,2P) follows as in Section 2.1.1.

From Chapter 2, we know that if y; and, hence, Y; is stable, the latter
process has an MA representation

Y, =Y AU,
i=0
Premultiplying by the (K x K(p + ¢)) matrix J := [Ix : 0:---: 0] gives

Yy = iJAiUt,i = iJAiHJUt—i = iJAiHut*i = iqsiut*i’
i=0 =0

i=0 i=0
where
i
0
: (Kp x K)
0
H = I
0
: (Kqx K)
L 0
Thus,

&, = JA'H. (11.3.10)



428 11 Vector Autoregressive Moving Average Processes
As an example, consider the zero mean VARMA(1, 1) process from (11.3.7),
yr = A1y 1+ up + Myug .

For this process

|l w AL M,y |
A S I e |

J=[Ix:0] (K x2K),

and

H=| 5| 2K x K).
| exxm)

Hence,

by = JH = I,
@1 = JAH = [Al : Ml]H = A1 +M1,

2
by = JAQH—J{ fél A1éw] }H—A%—kAlMl,
(11.3.11)
i i—1 . .
b, = JAiH:J{A()l AloMl}H:A’i—kAﬁlMl, i=1,2,....

This, of course, is precisely the same formula obtained from the recursions in
(11.3.5).

The foregoing method of computing the MA matrices is just another way
of computing the coefficient matrices of the power series

Ix+ Y &L = (I — AL — - — AJLP) " (I + My L+ -+ + ML)
i=1
Therefore, it can just as well be used to compute the II; coefficient matrices
of the pure VAR representation of a VARMA process. Recall that

Ik =Y ILL = (I + MyL+ -+ MyL9) '(Ixx — AyL — -+ — A,LP).
i=1

Hence, if we define

(11.3.12)

M = |:M11 M12:|’

My Moo

where
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-M; ... —M,_ 1 —M,
Ik 0 0
My = - : : ’
| 0 % 0
(KgxKq)
[ —A, —Ap,1 —A,
0 0 0
M12 = .
| O 0 0
(KgxKp)
0O ... 0 O
Ik 0 0
My :=0, My = . R
(KpxKq) . : .
0 ... Ix O
(Kpx Kp)
we get
—II; = JM'H (11.3.13)
with
]
0
¢ (Kgx K)
0
H = Ix
0
¢ (Kpx K)
o)

11.4 The Autocovariances and Autocorrelations of a
VARMA (p, q) Process

For the K-dimensional, zero mean, stable VARMA ((p, ¢) process
Yy =A1yp—1+ -+ Apyi—p Fug + Miug—1 + -+ Myuy_g, (11.4.1)

the autocovariances can be obtained formally from its pure MA representation
as in Section 2.1.2. For instance, if y; has the canonical MA representation

oo
Yt = E Diuy_g,
i=0
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the autocovariance matrices are
Iy(h) = By, 1) quh—&-vz P;.

For the actual computation of the autocovariance matrices, the following
approach is more convenient. Postmultiplying (11.4.1) by y, , and taking
expectations gives

E(yyr n) = AiBE(eay )+ + ApBE(yepyi p) + E(uysp,) + -
+MqE(“‘t—qy£—h)-

From the pure MA representation of the process, it can be seen that E(u.y’) =
0 for s < t. Hence, we get for h > ¢,

Iy(h) = AyTy(h—1) + -+ AT (h — p). (11.4.2)

If p > q and I,(0),...,I,(p— 1) are available, this relation can be used to
compute the autocovariances recursively for h =p,p+1,....

The initial matrices can be obtained from the VAR(1) representation
(11.3.8), just as in Chapter 2, Section 2.1.4. In that section, we obtained
the relation

Iy (0) = ATy (0)A + 5y (11.4.3)

for the covariance matrix of the VAR(1) process Y;. Here Xy = E(UU]) is
the covariance matrix of the white noise process in (11.3.8). Applying the vec
operator to (11.4.3) and rearranging terms gives

vee Iy (0) = (Ix2(prq2 — A®A) " vee(Zy), (11.4.4)

where the existence of the inverse follows again from the stability of the pro-
cess, as in Section 2.1.4, by appealing to the determinantal relation (11.3.9).

Having computed I'y (0) as in (11.4.4), we may collect I,(0),...,I,(p—1)
from

I';1(0) I'12(0)

Iy (0) = 1-\12(0)/ F22(0) »
where
Fy(o) Fy(l) Fu(p_ 1)
Iy(-1) Iy(0) Iy(p—2)
I'11(0) =
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[ E(yiuy)  Elyeui_q) - E(yiui_giq)
0 E(yiup_q) -+ E(yiau +1)

Tp0)=| . ! ,

0 o .. E(yt_pm;_qH)J

and
(X, 0 0
0 X, 0

Ty (0) = :

| 0 0 2w

As mentioned previously, the recursions (11.4.2) are valid for h > ¢ only.
Thus, this way of computing the autocovariances requires that p > ¢. If the
VAR order is less than ¢, then it may be increased artificially by adding lags of
y; with zero coefficient matrices until the VAR order p exceeds the MA order gq.
Then the aforementioned procedure can be applied. A computationally more
efficient method of computing the autocovariances of a VARMA process is
described by Mittnik (1990).

The autocorrelations of a VARMA(p, ) process are obtained from its au-
tocovariances as in Chapter 2, Section 2.1.4. That is,

Ry(h) = D™'I,(h)D™", (11.4.5)

where D is a diagonal matrix with the square roots of the diagonal elements
of I,(0) on the main diagonal.

To illustrate the computation of the covariance matrices, we consider the
VARMA(1,1) process (11.3.7). Because p = ¢, we add a second lag of y; so
that

Y = A1 + Asyp—o + up + Myug_

with As := 0. Thus, in this case,

{ Yt { A 0 M
}/t = Yt—1 P A= IK 0 0 )
| u L0 0 o
Ut Z’u, 0 Eu
U=101, Zu=|0 0
Ut Eu 0 Zu

0
With this notation, we get from (11.4.4),

1
vec| I,(=1) I,0) 0 | =gz —A®@A) ! vec(Zp).
S 0o %,
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Now, because we have the starting-up matrices I, (0) and I'(1), the recursions
(11.4.2) may be applied, giving

Iy(h) =ALy(h—1) for h=2,3,....

In stating the assumptions for the VARMA (p, ¢) process at the beginning
of this section, invertibility has not been mentioned. This is no accident be-
cause this condition is actually not required for computing the autocovariances
of a VARMA (p, q) process. The same formulas may be used for invertible and
noninvertible processes. On the other hand, the stability condition is essential
here, because it ensures invertibility of the matrix I — A ® A.

11.5 Forecasting VARMA Processes

Suppose the K-dimensional zero mean VARMA (p, q) process
Yy = Alyt71 +---+ Apyt,p + uy + Mlut,1 + -+ Mqut,q (1151)

is stable and invertible. As we have seen in Section 11.3.1, it has a pure VAR
representation,

ye =Y Iy i+ uy, (11.5.2)

i=1

and a pure MA representation,
Yt = Zq’iutﬂ'- (11.5.3)
i=0

Formulas for optimal forecasts can be given in terms of each of these repre-
sentations.

Assuming that u; is independent white noise and applying the conditional
expectation operator E}, given information up to time ¢, to (11.5.1) gives an
optimal h-step forecast

Arye(h — 1) + -+ Apys(h — p)
u(h) = +Mpue + -+ Myupin—g for h < g, (11.5.4)

Ay (h=1)+ -+ Apye(h —p) for h > g,

where, as usual, y;(j) := yi+, for j < 0. Analogously, we get from (11.5.2),
ye(h) =Y iys(h — i), (11.5.5)
i=1

and, in Chapter 2, Section 2.2.2, we have seen that the optimal forecast in
terms of the infinite order MA representation is
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yt(h) = Z@iut+h,i = Z@hﬂ-ut,i (1156)
i=h =0

(see (2.2.10)). Although in Chapter 2 this result was derived in the slightly
more special setting of finite order VAR processes, it is not difficult to see that
it carries over to the present situation. All three formulas (11.5.4)—(11.5.6)
result, of course, in equivalent predictors or forecasts. They are different rep-
resentations of the linear minimum MSE predictors if u; is uncorrelated but
not, necessarily independent white noise.

A forecasting formula can also be obtained from the VAR(1) representation
(11.3.8) of the VARMA(p, q) process. From Section 2.2.2, the optimal h-step
forecast of a VAR(1) process at origin ¢ is known to be

Y;(h) = A"Y; = AY;(h —1). (11.5.7)

Premultiplying with the (K x K(p+ ¢)) matrix J := [Ig : 0: ---: 0] results
precisely in the recursive relation (11.5.4) (see Problem 11.4).
The forecasts at origin ¢ are based on the information set

2 = {ysls < t}.

This information set has the drawback of being unavailable in practice. Usually
a finite sample of y; data is given only and, hence, the u; cannot be determined
exactly. Thus, even if the parameters of the process are known, the prediction
formulas (11.5.4)—(11.5.6) cannot be used. However, the invertibility of the
process implies that the II; coefficient matrices go to zero exponentially with
increasing ¢ and we have the approximation

Z Iy (h — i) = Z 1Ty (h — )
i=1 i=1

for large n. Consequently, in practice, if the information set is

{yi,-- - yr} (11.5.8)

and T is large, then the forecast

T+h—1
gr(h) = > Higr(h —1i), (11.5.9)
i=1

where gy (j) := yr4; for j <0, will be almost identical to the optimal forecast.
For a low order process, as it is commonly used in practice, for which the roots
of

det(Ixc + Myz + - - + M,2%)

are not close to the unit circle, T' > 50 will usually result in forecasts that can-
not be distinguished from the optimal forecasts. It is worth noting, however,
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that the optimal forecasts based on the finite information set (11.5.8) can be
determined. The resulting forecast formulas are, for instance, given by Brock-
well & Davis (1987, Chapter 11, §11.4). A similar problem is not encountered
in forecasting finite order VAR processes because there the optimal forecast
depends on a finite string of past variables only.

In the presently considered theoretical setting, the forecast MSE matrices
are most easily obtained from the representation (11.5.6). The forecast error
is

h-1
Yern — yi(h) = Y Bittgyns
i=0

and, hence, the forecast MSE matrix turns out to be

Xy(h) = ElYirn —ye(h)(Wesn — yi(h))']
h—1
= Y 5,9, (11.5.10)
=0

as in the finite order VAR case. Note, however, that, in the present case, the M;
coefficient matrices enter in computing the &; matrices. Because the forecasts
are unbiased, that is, the forecast errors have mean zero, the MSE matrix is
the forecast error covariance matrix. Consequently, if the process is Gaussian,
ie., for all ¢t and h,y:,...,y:4+n have a multivariate normal distribution and
also the u;’s are normally distributed, then the forecast errors are normally
distributed,

Yern — Ye(h) ~ N (0, X, (h)). (11.5.11)

This result may be used in the usual fashion in setting up forecast intervals.

If a process with nonzero mean vector p is considered, the mean vector
may simply be added to the prediction formula for the mean-adjusted process.
For example, if y; has zero mean and x; = y; + u, then the optimal h-step
forecast of z; is

zi(h) = yi(h) + p.
The forecast MSE matrix is not affected, that is, X (h) = X, (h).

11.6 Transforming and Aggregating VARMA Processes

In practice, the original variables of interest are often transformed before
their generation process is modelled. For example, data are often seasonally
adjusted prior to an analysis. Also, sometimes they are temporally aggre-
gated. For instance, quarterly data may have been obtained by adding up the
corresponding monthly values or by taking their averages. Moreover, contem-
poraneous aggregation over a number of households, regions or sectors of the
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economy is quite common. For example, the GNP (gross national product)
value for some period is the sum of private consumption, investment expen-
ditures, net exports, and government spending for that period. It is often of
interest to see what these transformations do to the generation processes of
the variables in order to assess the consequences of transformations for fore-
casting and structural analysis. In the following, we assume that the original
data are generated by a VARMA process and we study the consequences of
linear transformations. These results are of importance because many tempo-
ral as well as contemporaneous aggregation procedures can be represented as
linear transformations.

11.6.1 Linear Transformations of VARMA Processes

We shall begin with the result that a linear transformation of a process pos-
sessing an MA(q) representation gives a process that also has a finite order
MA representation with order not greater than g.

Proposition 11.1 (Linear Transformation of an MA(q) Process)
Let u; be a K-dimensional white noise process with nonsingular covariance
matrix X, and let

Y = p+ue + Miug—y + -+ Mgup—q

be a K-dimensional invertible MA(q) process. Furthermore, let F' be an (M x
K) matrix of rank M. Then the M-dimensional process z; = Fy; has an
invertible MA(§) representation,

2zt =Fpu+v + Nyvg 1+ -+ Ngvy g,

where v; is M-dimensional white noise with nonsingular covariance matrix
Y., the N; are (M x M) coefficient matrices and ¢ < g. |

We will not give a proof of this result here but refer the reader to Liitke-
pohl (1984) or Liitkepohl (1987, Chapter 4). The proposition is certainly not
surprising because considering the autocovariance matrices of z;, it is seen
that

I.(h) = E[(Fy: — Fp)(Fyi—n — Fp)'| = FLy(h)F’

q—h
S FMip Xy M F', h=0,1,...,q,
— i=0
0, h=q+1,q+2,...,

by (11.2.7). Thus, the autocovariances of z; for lags greater than ¢ are all zero.
This result is a necessary requirement for the proposition to be true. It also
helps to understand that the MA order of z; may be lower than that of 1
because I',(h) = FI,(h)F’ may be zero even if I',(h) is nonzero.
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The proposition has some interesting implications. As we will see in the fol-
lowing (Corollary 11.1.1), it implies that a linearly transformed VARMA ((p, q)
process has again a finite order VARMA representation. Thus, the VARMA
class is closed with respect to linear transformations. The same is not true
for the class of finite order VAR processes because, as we will see shortly, a
linearly transformed VAR(p) process may not admit a finite order VAR repre-
sentation. This, of course, is an argument in favor of considering the VARMA
class rather than restricting the analysis to finite order VAR processes.

Corollary 11.1.1

Let y; be a K-dimensional, stable, invertible VARMA (p, q) process and let
F be an (M x K) matrix of rank M. Then the process z; = Fy; has a
VARMA (p, §) representation with

Proof: We write the process y; in lag operator notation as
A(L)yy = M (L)uy, (11.6.1)

where the mean is set to zero without loss of generality as y; may represent
deviations from the mean. Premultiplying by the adjoint A(L)%% of A(L)
gives

|A(L) |y = A(L)*Y M (L)us, (11.6.2)

where A(L)*¥ A(L) = |A(L)| has been used. It is easy to check that |A(z)*¥| #
0 for |z| < 1. Thus, (11.6.2) is a stable and invertible VARMA representation
of y;. Premultiplying (11.6.2) with F results in

|A(L)|z = FA(L)*Y M (L)u,. (11.6.3)

The operator A(L)*¥ M (L) is easily seen to have degree at most p(K —1)+¢
and, thus, the right-hand side of (11.6.3) is just a linearly transformed finite
order MA process which, by Proposition 11.1, has an MA(§) representation
with

§<p(K-1)+q.

The degree of the AR operator |A(L)]| is at most Kp because the determinant
is just a sum of products involving one operator from each row and each
column of A(L). This proves the corollary. [ ]
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The corollary gives upper bounds for the VARMA orders of a linearly
transformed VARMA process. For instance, if y; is a VAR(p)=VARMA(p, 0)
process, a linear transformation z; = F'y; has a VARMA(p, ¢) representation
with p < Kp and § < (K —1)p. For some linear transformations, ¢ will be zero.
We will see in the following, however, that generally there are transformations
for which the upper bounds for the orders are attained and a representation
with lower orders does not exist. This result implies that a linear transfor-
mation of a finite order VAR(p) process may not admit a finite order VAR
representation. Specifically, the subprocesses or marginal processes of a K-
dimensional process y; are obtained by using transformation matrices such as
F = [I, : 0]. Hence, a subprocess of a VAR(p) process may not have a finite
order VAR but just a mixed VARMA representation.

For some transformations the result in Corollary 11.1.1 can, in fact, be
tightened. Generally, tighter bounds for the VARMA orders are available if
M > 1, as is seen in the following corollary.

Corollary 11.1.2

Let y; be a K-dimensional, stable, invertible VARMA (p, ¢) process and let
F be an (M x K) matrix of rank M. Then the process z; = Fy; has a
VARMA (p, §) representation with

pP<(K—-—M+1)p
and
§< (K- M)p+aq.
|

Proof: We first consider the case where z; is a subprocess of y; consisting of
the first M components. To treat this case, we denote the first M and last
K — M components of the process y; by y1; and yo;, respectively, and we
partition the VAR and MA operators as well as the white noise process u;
accordingly. Thus, we can write the process as

A (L)yie + Ara(L)yar = Myg (L)urg + Mio(L)ug, (11.6.4)
Ao1(L)yre + Aga(L)yar = Moy (L)ury + Mag(L)us. (11.6.5)
Premultiplying (11.6.5) by the adjoint of Ass(L) gives
| Ao (L)|y2r = —Aaa(L)* Aoy (L)y1s 4 Aga (L) Moy (L)usy
+A22(L)ade22(L)U2t~ (11.6.6)

Moreover, premultiplying (11.6.4) by |As2(L)|, replacing |Asa(L)|ye: by the
right-hand side of (11.6.6) and rearranging terms, we get
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[|A22(L)[A11 (L) — Ava(L) A2z (L)Y Az1 (L)]yne
= [| A2 (L) | My (L) — A12(L) Ago (L)Y My (L) usy (11.6.7)
+[[ A2z (L) | Mi2(L) — Av2(L) A2z (L)Y Moo (L)]us;.
The VAR part of this representation has order
p<max{(K — M)p+p,(K—-M-1)p+p+p}=(K-M+1)p

and, by Proposition 11.1, the right-hand side of (11.6.7) has an MA represen-
tation with order

¢ <max{(K - M)p+q,p+(K—-M-1)p+q}=(K—-M)p+q.

Hence, we have established the corollary for transformations F' = [Ij; : 0].
For a general (M x K) transformation matrix F' with rk(F') = M, we
choose a ((K — M) x K) matrix C such that the (K x K) matrix

e

is nonsingular and we consider the process x; = JFy;. Because nonsingular
transformations do not increase the orders of a VARMA process, x; also has
a VARMA (p, q) representation. Now we get the result of the corollary by
considering the transformation z; = Fy; = [Ins : 0]zy. [ ]

Other bounds for the VARMA orders than those provided in Corollaries
11.1.1 and 11.1.2 for linearly transformed VARMA processes and bounds for
special linear transformations are given in various articles in the literature. For
further results and references see Liitkepohl (1987, Chapter 4; 1986, Kapitel
2).

To illustrate Corollaries 11.1.1 and 11.1.2, we consider the bivariate
VAR(1) process

1—-0.5L 0.66L Yie | | wie . .

05L 14031 ] { Yo } = [ . } with X, = I». (11.6.8)
Here K = 2, p = 1, and ¢ = 0. Thus, z; = [1,0]y: = y1; as a univariate
(M = 1) marginal process has an ARMA representation with orders not
greater than (2,1). The precise form of the process can be determined with
the help of the representation (11.6.3). Using that representation gives

[(1+0.3L)(1 — 0.5L) — 0.66 - 0.5L2]z

—[1,0] 14+0.3L —0.66L ] [ U1t } (11.6.9)

—05L 1-05L
= (14 0.3L)uy; — 0.66 Luy,.

U2t
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The right-hand side, say wy;, is the sum of an MA(1) process and a white
noise process. Thus, by Proposition 11.1, it is known to have an MA(1) rep-
resentation, say wi; = vi; + Yv1,4—1. Lo determine v and O‘% = Var(vy), we
use

E(w},) = E(vie+7v1,-1)° = (14707
= FE[(1+0.3L)u; — 0.66Lug]* = 1.53

and

E(wywi—1) = E[(vig +yv16-1)(v14-1 +y01,1-2)] = v07
E[((l + O.3L)U1t — 0.66’[1,2’15,])
X((l + O.SL)’LLLtfl — 0.66U2’t,2)]
= 0.3.

Solving this nonlinear system of two equations for v and o gives
7=0204 and o} =1.4T.

Note that we have picked the invertible solution with |y| < 1. Thus, from
(11.6.9), we get a marginal process

(1—=0.2L — 0.48L%)y1; = (14 0.204L)v1; with of = 1.47.

In other words, y1+ has indeed an ARMA (2, 1) representation and it is easy to
check that cancellation of the AR and MA operators is not possible. Hence,
the ARMA orders are minimal in this case.

As another example, consider again the bivariate VAR(1) process (11.6.8)
and suppose we are interested in the process z; := y1; +y2:. Thus, F' = [1,1] is
again a (1x2) vector. Multiplying (11.6.8) by the adjoint of the VAR operator
gives

(1—0.2L — 0.48L%) [ Yt } - [

Y2t

1+0.3L —-0.66L Uyt
—0.5L 1-0.5L ugy |

Hence, multiplying by F' gives
(1—0.2L — 0.48L%) (y1s + yor) = (1 — 0.2L)uyy + (1 — 1.16 L)ug,.

Using similar arguments as for (11.6.9), it can be shown that the right-hand
side of this expression is a process with MA(1) representation vy — 0.504v;_1,
where 02 := Var(v;) = 2.70. Consequently, the process of interest has the

ARMA(2, 1) representation
(1-0.2L —0.48L%)z = (1 — 0.504L)v; with o2 = 2.70. (11.6.10)

The following result is of interest if forecasting is the objective of the
analysis.
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Proposition 11.2 (Forecast Efficiency of Linearly Transformed VARMA
Processes)

Let y; be a stable, invertible, K-dimensional VARMA (p, q) process, let F' be
an (M x K) matrix of rank M, and let z; = F'y;. Furthermore, denote the
MSE matrices of the optimal h-step predictors of y; and z by X, (h) and
Y. (h), respectively. Then

X.(h) — FX,(h)F'
is positive semidefinite. [ ]

This result means that Fy;(h) is generally a better predictor of z;1, with
smaller (at least not greater) MSEs than z;(h). In other words, forecasting
the original process y; and transforming the forecasts is generally better than
forecasting the transformed process directly. A proof and references for re-
lated results were given by Liitkepohl (1987, Chapter 4). To see the point
more clearly, consider again the example process (11.6.8) and suppose we are
interested in the sum of its components z; = y14 + y2:. Forecasting the bivari-
ate process one step ahead results in a forecast MSE matrix X (1) = X, = Is.
Thus, the corresponding 1-step ahead forecast of z; has MSE

[1,1@(1)[ ' } — 9.

In contrast, if a univariate forecast is obtained on the basis of the ARMA(2,1)
representation (11.6.10), the 1-step ahead forecast MSE becomes o2 = 2.70.
Clearly, the latter forecast is inferior in terms of MSE.

Of course, these results hold for VARMA processes for which all the param-
eters are known. They do not necessarily carry over to estimated processes, a
case which was also investigated and reviewed by Liitkepohl (1987).

11.6.2 Aggregation of VARMA Processes

There is little to be added to the foregoing results for the case of contempo-
raneous aggregation. Suppose v = (y1¢,...,YxKt)’ consists of K variables. If
all or some of them are contemporaneously aggregated by taking their sum
or average, this just means that y; is transformed linearly and the foregoing
results apply directly. In particular, the aggregated process has a finite order
VARMA representation if the original process does. Moreover, if forecasts for
the aggregated variables are desired it is generally preferable to forecast the
disaggregated process and aggregate the forecasts rather than forecast the
aggregated process directly.

The foregoing results are also helpful in studying the consequences of tem-
poral aggregation. Suppose we wish to aggregate the variables y; generated
by

Y = Ay 1 4+ Aoy o + up + Myuy
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over, say, m = 3 subsequent periods. To be able to use the previous framework,
we construct a process

Ik 0 0 Ym(r—1)+1
-Ay Ix O Ym(r—1)+2
—Ay —Ay Ik Ymr
0 Ay Ay Ym(r—2)+1 Ix 0 0 U (r—1)+1
=10 0 A Ymr—2)42 | T | M1 Ix O U (r—1)+2
0 0 0 Ym(r—1) 0 M, Ik UmT
0 0 M] um(7'72)+1
+100 0 U (7—2)42
00 0 “’m(rfl)
Defining
Ym(r—1)+1 U, (7—1)+1
Dr = | Ym(r—1)+2 and Ur 1= | Um(r—1)+2 |
Lomr | L ]
we get
Aohr = A1, -1 + Mour + My g, (11.6.11)

where 2y, Ay, My, and My have the obvious definitions. This form is a
VARMA(1, 1) representation of the 3K-dimensional process 1,. Our standard
form of a VARMA(1, 1) process can be obtained from this form by premulti-
plying with A ! and defining v, = Ay I9Mou, which gives

e = Ao Ary, 1 + o, + A DM, Agv, .

Now temporal aggregation over m = 3 periods can be represented as a linear
transformation of the process 1. Clearly, it is not difficult to see that this
method generalizes for higher order processes and temporal aggregation over
more than three periods. Moreover, different types of temporal aggregation
can be handled. For instance, the aggregate may be the sum of subsequent
values or it may be their average. Furthermore, temporal and contemporane-
ous aggregation can be dealt with simultaneously. In all of these cases, the
aggregate has a VARMA representation if the original variables are gener-
ated by a finite order VARMA process and its structure can be studied using
the foregoing framework. Moreover, by Proposition 11.2, if forecasts of the
aggregate are of interest, it is in general preferable to forecast the original
disaggregated process and aggregate the forecasts rather than forecast the ag-
gregate directly. A detailed discussion of these issues and also of forecasting
with estimated processes can be found in Liitkepohl (1987).
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11.7 Interpretation of VARMA Models

The same tools and concepts that we have used for interpreting VAR models
may also be applied in the VARMA case. We will consider Granger-causality
and impulse response analysis in turn.

11.7.1 Granger-Causality

To study Granger-causality in the context of VARMA processes, we partition
y; in two groups of variables, z; and x;, and we partition the VAR and MA
operators as well as the white noise process u; accordingly. Hence, we get

e ]

= dontly Mali ] e |

where again a zero mean is assumed for simplicity and without loss of gener-
ality. The results derived in the following are not affected by a nonzero mean
term. The process (11.7.1) is assumed to be stable and invertible and its pure,
canonical MA representation is

BREECIE

Tt - 4521 (L) @22 (L) U2t

(11.7.1)

From Proposition 2.2, we know that x; is not Granger-causal for z; if and
only if @15(L) = 0. Although the proposition is stated for VAR processes, it is
easy to see that it remains correct for the presently considered VARMA case.
We also know that

[ @11 (L) P12(L) }

Doy (L) Poo(L)

_ [ Ay (L) Aps(L) }‘1[ My (L) Mia(L) }
Az (L) Ag(L) Moy (L) Mao(L)
D(L)
|: 7A22(L)71A21(L)D(L)
—D(L)A12(L)A22(L)_1 :|
Aga(L) '+ Aga(L) ' Aoy (L)D(L)A12(L)Aga (L) !
« |: Mll(L) M12(L) :|’

Moy (L) Mao(L)
where
D(L) :=[A11(L) — A12(L)Aga(L) " Agi (L))

and the rules for the partitioned inverse have been used (see Appendix A.10).
Consequently, z; is not Granger-causal for z; if and only if

O = D(L)Mlg(L) — D(L)AlQ(L)AQQ(L)ilMQQ(L)
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or, equivalently,
M12(L) — AlQ(L)AQQ(L)ilMQQ(L) =0.

Moreover, it follows as in Proposition 2.3 that there is no instantaneous causal-
ity between z; and z if and only if E(ujsub,) = 0. We state these results as
a proposition.

Proposition 11.3 (Characterization of Noncausality)
Let

_ | A
Yt = 4

be a stable and invertible VARMA(p, ¢) process as in (11.7.1) with possibly
nonzero mean. Then x; is not Granger-causal for z; if and only if

Mia(L) = Ayo(L) Ao (L) Moy (L). (11.7.2)
There is no instantaneous causality between z; and x; if and only if
E(uyub,) = 0.
|

Remark 1 Obviously, the restrictions characterizing Granger-noncausality
are not quite so easy here as in the VAR(p) case. Consider, for instance, a
bivariate VARMA(1, 1) process

{ 2t } _ [an,] 12,1 } { Zt—1 }_’_ [ Uit } + [ mi1,1 Mi2n ] [Ul,tl }
Tt @211 (221 Tt-1 U2t ma21,1 M221 U2 t—1
For this process, the restrictions (11.7.2) reduce to

miz 1L = (—ai21L)(1 — a1 L) (1 +maa L)
or

(I —a9g21L)mig1 L =—(14+ moo1L)ar21L
or

mi2,1 = —Q12,1 and Q22111121 = (12,11221-

This, of course, is a set of nonlinear restrictions whereas only linear constraints
were required to characterize Granger-noncausality in the corresponding pure
VAR(p) case. However, a sufficient condition for (11.7.2) to hold is

Mi(L) = Ays(L) =0, (11.7.3)

which is again a set of linear constraints. Occasionally, these sufficient condi-
tions may be easier to test than (11.7.2). [ ]
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Remark 2 To turn the arguments put forward prior to Proposition 11.3 into
a formal proof requires that we convince ourselves that all the operations per-
formed with the matrices of lag polynomials are feasible and correct. Because
we have not proven these results, the arguments should just be taken as an
indication of how a proof may proceed. ]

11.7.2 Impulse Response Analysis

The impulse responses and forecast error variance decompositions of a VARMA
model are obtained from its pure MA representation, as in the finite order
VAR case. Thus, the discussion of Sections 2.3.2 and 2.3.3 carries over to the
present case, except that the @;’s are computed with different formulas. Also,
Propositions 2.4 and 2.5 need modification. We will not give the details here
but refer the reader to the exercises (see Problem 11.9).

It may be worth reiterating some caveats of impulse response analysis
which may be more apparent now after the discussion of transformations in
Section 11.6. In particular, we have seen there that dropping variables (consid-
ering subprocesses) or aggregating the components of a VARMA process tem-
porally and/or contemporaneously results in possibly quite different VARMA
structures. They will in general have quite different coefficients in their pure
MA representations. In other words, the impulse responses may change dras-
tically if important variables are excluded from a system or if the level of
aggregation is altered, for instance, if quarterly instead of monthly data are
considered. Again, this does not necessarily render impulse response analysis
useless. It should caution the reader against over interpreting the evidence
from VARMA models, though. Some thought must be given to the choice of
variables, the level of aggregation, and other transformations of the variables.

11.8 Exercises

Problem 11.1
Write the MA(1) process y; = u; + Myu;—1 in VAR(L) form, YV; = AY; 1+ Uy,
and determine A? for i = 1,2.

Problem 11.2

Suppose y; = Ayy;1 + ug + Myug_1 + Mous_o is a stable and invertible
VARMA(1,2) process. Determine the coefficient matrices IT;, i = 1,2, 3,4, of
its pure VAR representation and the coefficient matrices @;, i = 1,2, 3,4, of
its pure MA representation.

Problem 11.3
Evaluate the autocovariances I, (h), h = 1,2, 3, of the bivariate VARMA(2, 1)
process
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3 b1 0 0 6 .2
Y = [ 5 } +[ 4 .5 :|ytl+|: 25 0 :|yt2+’ut+|: 0 3 }utl. (11.8.1)
(Hint: The use of a computer will greatly simplify this problem.)

Problem 11.}

Write the VARMA(1, 1) process y; = A1y1—1 + uy + Miup—1 in VAR(1) form,
Y; = AY;_1 + U;. Determine forecasts Y;(h) = A"Y; for h = 1,2,3, and
compare them to forecasts obtained from the recursive formula (11.5.4).

Problem 11.5
Derive a univariate ARMA representation of the second component, o, of
the process given in (11.6.8).

Problem 11.6
Provide upper bounds for the ARMA orders of the process z; = Y1+ y2: + Y3,
where y: = (Y1, Y2t, Yst, Yar)' is a 4-dimensional VARMA (3, 3) process.

Problem 11.7

Write the VARMA(1, 1) process y; from Problem 11.4 in a form such as
(11.6.11) that permits to analyze temporal aggregation over four periods in the
framework of Section 11.6.2. Give upper bounds for the orders of a VARMA
representation of the process obtained by temporally aggregating y; over four
periods.

Problem 11.8

Write down explicitly the restrictions characterizing Granger-noncausality for
a bivariate VARMA (2, 1) process. Is y1; Granger-causal for yo; in the process
(11.8.1)7

Problem 11.9
Generalize Propositions 2.4 and 2.5 to the VARMA (p, q) case.
(Hint: Show that for a K-dimensional VARMA (p, ¢) process,

ik =0, fori=1,2,...,
is equivalent to

biki =0, fori=1,2,....p(K—1)+gq;
and

Ok, =0, fori=0,1,2,...,
is equivalent to

ijﬂ;:O, forz:O,l,,p(Kfl)Jrq)
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Problem 11.10
Suppose that m is a real number with |m| > 1 and w; is a white noise process.
Show that the process

1 \!
v = <1 + mL> (1+mL)u,

is also white noise with Var(v;) = m?Var(u).
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