Chapter 8
Basic Descent Methods

We turn now to a description of the basic techniques used for iteratively solving
unconstrained minimization problems. These techniques are, of course, important
for practical application since they often offer the simplest, most direct alternatives
for obtaining solutions; but perhaps their greatest importance is that they establish
certain reference plateaus with respect to difficulty of implementation and speed
of convergence. Thus in later chapters as more efficient techniques and techniques
capable of handling constraints are developed, reference is continually made to the
basic techniques of this chapter both for guidance and as points of comparison.

There is a fundamental underlying structure for almost all the descent algorithms
we discuss. One starts at an initial point; determines, according to a fixed rule, a
direction of movement; and then moves in that direction to a (relative) minimum of
the objective function on that line. At the new point a new direction is determined
and the process is repeated. The primary differences between algorithms (steepest
descent, Newton’s method, etc.) rest with the rule by which successive directions of
movement are selected. Once the selection is made, all algorithms call for movement
to the minimum point on the corresponding line.

The process of determining the minimum point on a given line (one variable
only) is called line search. For general nonlinear functions that cannot be minimized
analytically, this process actually is accomplished by searching, in an intelligent
manner, along the line for the minimum point. These line search techniques, which
are really procedures for solving one-dimensional minimization problems, form the
backbone of nonlinear programming algorithms, since higher dimensional problems
are ultimately solved by executing a sequence of successive line searches. There are
a number of different approaches to this important phase of minimization and the
first half of this chapter is devoted to their, discussion.

The last sections of the chapter are devoted to a description and analysis of
the basic descent algorithms for unconstrained problems; steepest descent, coor-
dinate descent, and Newton’s method. These algorithms serve as primary models
for the development and analysis of all others discussed in the book.
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214 8 Basic Descent Methods

8.1 Line Search Algorithms

These algorithms are classified by the order of information of the objective functions
f(x) being evaluated.

Oth-Order Method: Golden Section Search and Curve Fitting

A very popular method for resolving the line search problem is the Fibonacci search
method described in this section. The method has a certain degree of theoretical
elegance, which no doubt partially accounts for its popularity, but on the whole, as
we shall see, there are other procedures which in most circumstances are superior.

The method determines the minimum value of a function f over a closed interval
[c1, ¢2]. In applications, f may in fact be defined over a broader domain, but for
this method a fixed interval of search must be specified. The only property that is
assumed of f is that it is unimodal, that is, it has a single relative minimum (see
Fig. 8.1). The minimum point of f is to be determined, at least approximately, by
measuring the value of f at a certain number of points. It should be imagined, as is
indeed the case in the setting of nonlinear programming, that each measurement of
f is somewhat costly—of time if nothing more.

To develop an appropriate search strategy, that is, a strategy for selecting mea-
surement points based on the previously obtained values, we pose the following
problem: Find how to successively select N measurement points so that, without
explicit knowledge of f, we can determine the smallest possible region of uncer-
tainty in which the minimum must lie. In this problem the region of uncertainty is
determined in any particular case by the relative values of the measured points in
conjunction with our assumption that f is unimodal. Thus, after values are known
at N points x;, xp, ..., xy with

C1L <X <X2...<XnN-1 <Xy <,

the region of uncertainty is the interval [xz—_;, Xg+1] where x; is the minimum point
among the N, and we define xy = ¢, xy+1 = ¢; for consistency. The minimum of f
must lie somewhere in this interval.

The derivation of the optimal strategy for successively selecting measurement
points to obtain the smallest region of uncertainty is fairly straight-forward but
somewhat tedious. We simply state the result and give an example.

Let

d) = ¢ — ¢, the initial width of uncertainty
d; = width of uncertainty after k measurements
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Fig. 8.1 A unimodal function
Then, if a total of N measurements are to be made, we have
Fy_
dy = (N—k”)dl, (8.1)
Fn

where the integers F; are members of the Fibonacci sequence generated by the
recurrence relation

FNZFN_1+FN_2, F():F]:l. (82)

The resulting sequence is 1, 1,2, 3,5, 8,13, ....

The procedure for reducing the width of uncertainty to dy is this: The first two
measurements are made symmetrically at a distance of (Fy_;/Fy)d; from the ends
of the initial intervals; according to which of these is of lesser value, an uncertainty
interval of width d, = (Fy-1/Fn)d, is determined. The third measurement point is
placed symmetrically in this new interval of uncertainty with respect to the measure-
ment already in the interval. The result of this third measurement gives an interval
of uncertainty d3 = (Fy-»/Fn)d;. In general, each successive measurement point
is placed in the current interval of uncertainty symmetrically with the point already
existing in that interval.

Some examples are shown in Fig. 8.2. In these examples the sequence of mea-
surement points is determined in accordance with the assumption that each measure-
ment is of lower value than its predecessors. Note that the procedure always calls
for the last two measurements to be made at the midpoint of the semifinal interval of
uncertainty. We are to imagine that these two points are actually separated a small
distance so that a comparison of their respective values will reduce the interval to
nearly half. This terminal anomaly of the Fibonacci search process is, of course, of
no great practical consequence.
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Search by Golden Section

If the number N of allowed measurement points in a Fibonacci search is made to
approach infinity, we obtain the golden section method. It can be argued, based on
the optimal property of the finite Fibonacci method, that the corresponding infinite
version yields a sequence of intervals of uncertainty whose widths tend to zero faster
than that which would be obtained by other methods.
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Fig. 8.2 Fibonacci search

The solution to the Fibonacci difference equation
Fy=Fny+Fyo (8.3)
is of the form
Fy = At) + Bt} (8.4)
where 7| and 7, are roots of the characteristic equation

?=14+1.

Explicitly,
1+ V5 1-
b T =
2 2 2

15

T =
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(The number 7; ~ 1.618 is known as the golden section ratio and was considered by
early Greeks to be the most aesthetic value for the ratio of two adjacent sides of a
rectangle.) For large N the first term on the right side of (8.4) dominates the second,
and hence

Fyvo, 1
lim =L = — ~0.618.
N—>oo FN Tl

It follows from (8.1) that the interval of uncertainty at any point in the process has
width

1\
dp = (—) di, (8.5)
T
and from this it follows that
d 1
=~ = 0.618. (8.6)
dv Ty

Therefore, we conclude that, with respect to the width of the uncertainty interval, the
search by golden section converges linearly (see Sect. 7.8) to the overall minimum
of the function f with convergence ratio 1/7; = 0.618.

The Fibonacci search method has a certain amount of theoretical appeal, since it
assumes only that the function being searched is unimodal and with respect to this
broad class of functions the method is, in some sense, optimal. In most problems,
however, it can be safely assumed that the function being searched, as well as being
unimodal, possesses a certain degree of smoothness, and one might, therefore, ex-
pect that more efficient search techniques exploiting this smoothness can be devised;
and indeed they can. Techniques of this nature are usually based on curve fitting pro-
cedures where a smooth curve is passed through the previously measured points in
order to determine an estimate of the minimum point. A variety of such techniques
can be devised depending on whether or not derivatives of the function as well as the
values can be measured, how many previous points are used to determine the fit, and
the criterion used to determine the fit. In this section a number of possibilities are
outlined and analyzed. All of them have orders of convergence greater than unity.

Quadratic Fit

The scheme that is often most useful in line searching is that of fitting a quadratic
through three given points. This has the advantage of not requiring any deriva-
tive information. Given x;, X, x3 and corresponding values f(x;) = fi, f(x) =
f2, f(x3) = f3 we construct the quadratic passing through these points

I_Ij¢l(‘x x])
i 8.7
q(X) Z f Hj;tl(-xt ) ( )
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and determine a new point x4 as the point where the derivative of g vanishes. Thus

_ 1bosfi +b3ifr +binfs
2anfi+anfr+anfs’

(8.8)

where ajj = Xi — Xj, bij = Xiz - X?.

Define the errors &; = x* — x;, i = 1,2,3,4. The expression for &4 must be a
polynomial in g, &, &3. It must be second order (since it is a quadratic fit). It must
go to zero if any two of the errors €1, &;, &3 is zero. (The reader should check this.)
Finally, it must be symmetric (since the order of points is relevant). It follows that

near a minimum point x* of f, the errors are related approximately by
&4 = M(g163 + 8283 + £183), (8.9)

where M depends on the values of the second and third derivatives of f at x*.
If we assume that g — 0 with an order greater than unity, then for large k the
error is governed approximately by

&2 = Meigi_1.
Letting y; = log Mgy this becomes
Yi+2 = Yk T YVi-1

with characteristic equation
r-a-1=0.

The largest root of this equation is 4 =~ 1.3 which thus determines the rate of growth
of y; and is the order of convergence of the quadratic fit method.

1st-Order Method: Curve Fitting and Methods of False Position

In this section a number fitting methods using the first derivative information are
described. All of them have orders of convergence greater than unity.

Quadratic Fit: Method of False Position

Suppose that at two points x; and x;_; where measurements f(xx), f'(xx), f'(xk-1)
are available, it is possible to fit the quadratic

) = f1ow) (v = x)?

k
Xik—1 — Xk 2

q(x) = f(x) + f (o) (x = xe) +
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which has the same corresponding values. An estimate x,; can then be determined
by finding the point where the derivative of ¢ vanishes; thus

Xk—1 —

I (a-) - f'(xk)]

(See Fig. 8.3.) Comparing this formula with Newton’s method, we see again that
the value f(x;) does not enter; hence, our fit could have been passed through either
f(xx) or f(xx—1). Also the formula can be regarded as an approximation to New-
ton’s method where the second derivative is replaced by the difference of two first
derivatives.

Xiew1 = X — () [ (8.10)

Fig. 8.3 False position for minimization

Again, since this method does not depend on values of f directly, it can be
regarded as a method for solving f’(x) = g(x) = 0. Viewed in this way the method,
which is illustrated in Fig. 8.4, takes the form

(8.11)

Hert = %= 8 ")[gm) e 1)]

We next investigate the order of convergence of the method of false position and
discover that it is order 7| ~ 1.618, the golden mean.

Proposition. Let g have a continuous second derivative and suppose x* is such that g(x*) =
0, g'(x*) # 0. Then for xo sufficiently close to x*, the sequence {x;};_, generated by the
method of false position (8.11) converges to x* with order T; ~ 1.618.

Proof. Introducing the notation

g(b) — gla)

gla, b = =——"—,

(8.12)



220 8 Basic Descent Methods

Fig. 8.4 False position for solving equations

we have

Xk — X1 ]
g(x) — g(xi-1)

X1 =X =X — X" — 8(Xk)[

- (o A {g[xk-1,xk] - gl x ]}. 8.13)
8lxi—1, xi]
Further, upon the introduction of the notation
) b - b7
ela, b, c] = gla,b] — gl C],
a-c
we may write (8.13) as
* * * g[xk—ls-xk, .X*]
Xepl =X = O = X)X — X)) ¢
8lxr—1, x]
Now, by the mean value theorem with remainder, we have (see Exercise 2)
glxi—1, xil = g'(&) (8.14)
and |
glxi—1, xp, x7] = Eg"(”k)’ (8.15)

where & and 7, are convex combinations of x;, x;—; and xg, x;—;, x*, respectively.

Thus

. _ 8 (o)
2¢"(&x)

It follows immediately that the process converges if it is started sufficiently close
to x*.

To determine the order of convergence, we note that for large k Eq. (8.16) be-
comes approximately

Xiep1 — X (X = X)Xy — x7). (8.16)
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X1 = X = M(x — x) (-1 — X5,
where
_ g//(x*)
28

Thus defining &; = (x; — x*) we have, in the limit,

Er+1 = Mgksk_l. (817)
Taking the logarithm of this equation we have, with y;, = log Mgy,

Yi+1 = Yk + Vi1, (8.18)

which is the Fibonacci difference equation discussed in Sect. 7.1. A solution to this
equation will satisfy

Yi+1 — T1yk — 0.

Thus Iy
log Mgy — 11 log Mg, — 0 or log (Mg—k;l - 0,
£k
and hence
Ek:ll R M(T‘_l).l
k

Having derived the error formula (8.17) by direct analysis, it is now appropriate
to point out a short-cut technique, based on symmetry and other considerations,
that can sometimes be used in even more complicated situations. The right side of
error formula (8.17) must be a polynomial in &; and &, since it is derived from
approximations based on Taylor’s theorem. Furthermore, it must be second order,
since the method reduces to Newton’s method when x; = x;_;. Also, it must go
to zero if either g, or &1 go to zero, since the method clearly yields &.; = 0 in
that case. Finally, it must be symmetric in &; and &;_;, since the order of points is
irrelevant. The only formula satisfying these requirements is g1 = Meggg—1.

Cubic Fit

Given the points x;_; and x; together with the values f(xx—1), f'(xx-1), f(x), [ (x¢),
it is also possible to fit a cubic equation to the points having corresponding values.
The next point x;,; can then be determined as the relative minimum point of this
cubic. This leads to

fO) + up — uy
) = f/ (x=1) + 2uz |

Xt = X — (6x — Xp—1) (8.19)

where

3f(xk—1) - f)

ur = f(oe-n) + () = F—

up = [uf — f'(ae) f/ (]2,
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which is easily implementable for computations.

It can be shown (see Exercise 3) that the order of convergence of the cubic fit
method is 2.0. Thus, although the method is exact for cubic functions indicating
that its order might be three, its order is actually only two.

2nd-Order Method: Newton’s Method

Suppose that the function f of a single variable x is to be minimized, and suppose
that at a point x; where a measurement is made it is possible to evaluate the three
numbers f(x), f'(xx), f”(xx). It is then possible to construct a quadratic function
q which at x; agrees with f up to second derivatives, that is

1
q(x) = f(x) + f (o) (x = x) + Ef"(xk)(x S (8.20)

We may then calculate an estimate x;,; of the minimum point of f by finding the
point where the derivative of ¢ vanishes. Thus setting

0 =q (1) = f/(x) + f7 () (X1 = X0,

Fig. 8.5 Newton’s method for minimization

we find

S ()

F7 ()

This process, which is illustrated in Fig. 8.5, can then be repeated at x, .
We note immediately that the new point x;.; resulting from Newton’s method

does not depend on the value f(x;). The method can more simply be viewed as a

technique for iteratively solving equations of the form

Xl = X — (8.21)

gx) =0,
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where, when applied to minimization, we put g(x) = f”(x). In this notation Newton’s
method takes the form

8(xk)
g ()

Xyl = Xp — (8.22)

This form is illustrated in Fig. 8.6.
We now show that Newton’s method has order two convergence:
Proposition. Let the function g have a continuous second derivative, and let x* satisfy
g(x") = 0, g'(x*) # 0. Then, provided xo is sufficiently close to x*, the sequence {xi};_,
generated by Newton’s method (8.22) converges to x* with an order of convergence at least
two.
Proof. For points £ in a region near x* there is a k; such that |g”(£)| < k; and a &
such that |g’(¢)| > k. Then since g(x*) = 0 we can write

o g(-xk) - g(X*)
g’ (xx)
—[g(x) — g(x") + g (x)(x" = x)1/g" (xx).

Xpel — X =X —x

Fig. 8.6 Newton’s method for solving equations

The term in brackets is, by Taylor’s theorem, zero to first-order. In fact, using the
remainder term in a Taylor series expansion about x;, we obtain

. _18"©
2 g (x)

for some & between x* and x;. Thus in the region near x*,

x* )2

Xk+1 — X (o —

ki )
Xer1 — X < = — X7
k41 | < 2k2| k |
We see that if |x; — x*|k1 /2k, < 1, then |x;1 — x*| < |x¢ — x*| and thus we conclude
that if started close enough to the solution, the method will converge to x* with an

order of convergence at least two. |
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Global Convergence of Curve Fitting

Above, we analyzed the convergence of various curve fitting procedures in the
neighborhood of the solution point. If, however, any of these procedures were
applied in pure form to search a line for a minimum, there is the danger—alas,
the most likely possibility—that the process would diverge or wander about mean-
inglessly. In other words, the process may never get close enough to the solution for
our detailed local convergence analysis to be applicable. It is therefore important to
artfully combine our knowledge of the local behavior with conditions guaranteeing
global convergence to yield a workable and effective procedure.

The key to guaranteeing global convergence is the Global Convergence Theorem
of Chap. 7. Application of this theorem in turn hinges on the construction of a suit-
able descent function and minor modifications of a pure curve fitting algorithm. We
offer below a particular blend of this kind of construction and analysis, taking as
departure point the quadratic fit procedure discussed in Sect. 8.1 above.

Let us assume that the function f that we wish to minimize is strictly unimodal
and has continuous second partial derivatives. We initiate our search procedure by
searching along the line until we find three points x;, x;, x3 with x; < x, < x3 such
that f(x1) = f(x2) < f(x3). In other words, the value at the middle of these three
points is less than that at either end. Such a sequence of points can be determined in
a number of ways—see Exercise 7.

The main reason for using points having this pattern is that a quadratic fit to these
points will have a minimum (rather than a maximum) and the minimum point will
lie in the interval [x;, x3]. See Fig. 8.7. We modify the pure quadratic fit algorithm
so that it always works with points in this basic three-point pattern.

The point x4 is calculated from the quadratic fit in the standard way and f(x4)
is measured. Assuming (as in the figure) that x, < x4 < x3, and accounting for the
unimodal nature of f, there are but two possibilities:

L. f(xs) < f(x2)
2. f(x2) < f(x4) < f(x3).

In either case a new three-point pattern, X, ¥, X3, involving x4 and two of the old
points, can be determined: In case (8.1) it is

(X1, %2, X3) = (x2, X4, Xx3),

while in case (8.2) it is
(X1, %2, X3) = (x1, X2, X4).

We then use this three-point pattern to fit another quadratic and continue. The pure
quadratic fit procedure determines the next point from the current point and the
previous two points. In the modification above, the next point is determined from
the current point and the two out of three last points that form a three-point pattern
with it. This simple modification leads to global convergence.
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To prove convergence, we note that each three-point pattern can be thought of as
defining a vector X in E3. Corresponding to an X = (x;, X, x3) such that (x;, x,, x3)
form a three-point pattern with respect to f, we define A(x) = (X, X2, X3) as dis-
cussed above. For completeness we must consider the case where two or more
of the x;, i = 1,2, 3 are equal, since this may occur. The appropriate defini-
tions are simply limiting cases of the earlier ones. For example, if x; = x,, then
(x1, x2, x3) form a three-point pattern if f(x;) < f(x3) and f’'(x;) < O (which
is the limiting case of f(x;) < f(x1)). A quadratic is fit in this case by using the
values at the two distinct points and the derivative at the duplicated point. In case
X1 = X = x3, (x1, x2, x3)forms a three-point pattern if f'(x;) = 0 and f”'(x;) > 0.

Fig. 8.7 Three-point pattern

With these definitions, the map A is well defined. It is also continuous, since curve
fitting depends continuously on the data.

We next define the solution set I’ c E? as the points x* = (x*, x
Jf'(x") =0.

Finally, we let Z(x) = f(x1) + f(x2) + f(x3). It is easy to see that Z is a descent
function for A. After application of A one of the values f(x;), f(x2), f(x3) will be
replaced by f(x4), and by construction, and the assumption that f is unimodal, it will
replace a strictly larger value. Of course, at x* = (x*, x*, x*) we have A(x*) = x*
and hence Z(A(x*)) = Z(x*).

Since all points are contained in the initial interval, we have all the requirements
for the Global Convergence Theorem. Thus the process converges to the solution.
The order of convergence may not be destroyed by this modification, if near the
solution the three-point pattern is always formed from the previous three points. In
this case we would still have convergence of order 1.3. This cannot be guaranteed,
however.

It has often been implicitly suggested, and accepted, that when using the quadratic
fit technique one should require

B

, x*) where

SOoe1) < fx)
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s0 as to guarantee convergence. If the inequality is not satisfied at some cycle, then a
special local search is used to find a better x;,; that does satisfy it. This philosophy
amounts to taking Z(x) = f(x3) in our general framework and, unfortunately, this
is not a descent function even for unimodal functions, and hence the special local
search is likely to be necessary several times. It is true, of course, that a similar
special local search may, occasionally, be required for the technique we suggest in
regions of multiple minima, but it is never required in a unimodal region.

The above construction, based on the pure quadratic fit technique, can be emu-
lated to produce effective procedures based on other curve fitting techniques. For
application to smooth functions these techniques seem to be the best available in
terms of flexibility to accommodate as much derivative information as is available,
fast convergence, and a guarantee of global convergence.

*Closedness of Line Search Algorithms

Since searching along a line for a minimum point is a component part of most non-
linear programming algorithms, it is desirable to establish at once that this pro-
cedure is closed; that is, that the end product of the iterative procedures outlined
above, when viewed as a single algorithmic step finding a minimum along a line,
define closed algorithms. That is the objective of this section.

To initiate a line search with respect to a function f, two vectors must be spec-
ified: the initial point x and the direction d in which the search is to be made. The
result of the search is a new point. Thus we define the search algorithm S as a
mapping from E>* to E".

We assume that the search is to be made over the semi-infinite line emanating
from x in the direction d. We also assume, for simplicity, that the search is not made
in vain; that is, we assume that there is a minimum point along the line. This will
be the case, for instance, if f is continuous and increases without bound as x tends
toward infinity.

Definition. The mapping S : E" — E" is defined by

Sx, d) ={y:y=x+ad for some a >0, f(y) = 0min f(x+ ad)}. (8.23)
<@<oo

In some cases there may be many vectors y yielding the minimum, so S is a set-
valued mapping. We must verify that S is closed.

Theorem. Let f be continuous on E". Then the mapping defined by (8.23) is closed at (x, d)
ifd #0.

Proof. Suppose {x;} and {d;} are sequences with x; — x, d; — d # 0. Suppose
also that y; € S(x, d;) and that y; — y. We must show that y € S(x, d).
For each k we have y; = x; + o dy for some a;. From this we may write

Vi — Xl

Q= ——.
|dy|
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Taking the limit of the right-hand side of the above, we see that

ly — x|
dl -

ap > a =

It then follows that y = x + ad. It still remains to be shown that y € S(x, d).
For each k and each o, 0 < a < o0,

f(yk) < f(Xk + a'dk).

Letting k — oo we obtain

Jy) < f(x+ad).

Thus
f(y) £ min f(x+ ad),
O<a<oo

and hence y € S(x, d). |

The requirement that d # 0 is natural both theoretically and practically. From
a practical point of view this condition implies that, when constructing algorithms,
the choice d = 0 had better occur only in the solution set; but it is clear thatif d = 0,
no search will be made. Theoretically, the map S can fail to be closed at d = 0, as
illustrated below.

Example. On E' define f(x) = (x—1)2. Then S (x, d) isnotclosed at x =0, d = 0.
To see this we note that for any d > 0

min_f(ad) = (1),

and hence
S, d)=1,
but
min f(a-0) = f(0)
O<a<oo
so that

S, 0)=0.
Thusasd — 0, S0, d) - S(0, 0).

Inaccurate Line Search

In practice, of course, it is impossible to obtain the exact minimum point called
for by the ideal line search algorithm S described above. As a matter of fact, it is
often desirable to sacrifice accuracy in the line search routine in order to conserve
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overall computation time. Because of these factors we must, to be realistic, be cer-
tain, at every stage of development, that our theory does not crumble if inaccurate
line searches are introduced.

Inaccuracy generally is introduced in a line search algorithm by simply terminat-
ing the search procedure before it has converged. The exact nature of the inaccu-
racy introduced may therefore depend on the particular search technique employed
and the criterion used for terminating the search. We cannot develop a theory that
simultaneously covers every important version of inaccuracy without seriously de-
tracting from the underlying simplicity of the algorithms discussed later. For this
reason our general approach, which is admittedly more free-wheeling in spirit than
necessary but thereby more transparent and less encumbered than a detailed account
of inaccuracy, will be to analyze algorithms as if an accurate line search were
made at every step, and then point out in side remarks and exercises the effect of
inaccuracy.

Armijo’s Rule

A practical and popular criterion for terminating a line search is Armijo’s rule. The
essential idea is that the rule should first guarantee that the selected « is not too
large, and next it should not be too small. Let us define the function

P(@) = f(X + ady).

Armijo’s rule is implemented by consideration of the function ¢(0) + £¢’(0)a for
fixed €, 0 < & < 1. This function is shown in Fig. 8.8a as the dashed line. A value
of « is considered to be not too large if the corresponding function value lies below
the dashed line; that is, if

d(@) < ¢(0) + g9’ (0)ar. (8.24)

To insure that « is not too small, a value 7 > 1 is selected, and « is then considered
to be not too small if

p(na) > $(0) + &4’ (O)na.

This means that if « is increased by the factor 5, it will fail to meet the test (8.24).
The acceptable region defined by the Armijo rule is shown in Fig. 8.8a when = 2
(there are also other rules can be adapted).

Sometimes in practice, the Armijo test is used to define a simplified line search
technique that does not employ curve fitting methods. One begins with an arbitrary a.
If it satisfies (8.24), it is repeatedly increased by n(n = 2 orp = 10 and € = .2 are
often used) until (8.24) is not satisfied, and then the penultimate « is selected. If, on
the other hand, the original a does not satisfy (8.24), it is repeatedly divided by 7
until the resulting « does satisfy (8.24).
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8.2 The Method of Steepest Descent

One of the oldest and most widely known methods for minimizing a function
of several variables is the method of steepest descent (often referred to as the
gradient method). The method is extremely important from a theoretical view-
point, since it is one of the simplest for which a satisfactory analysis exists. More
advanced algorithms are often motivated by an attempt to modify the basic steep-
est descent technique in such a way that the new algorithm will have superior
convergence properties. The method of steepest descent remains, therefore, not only
the technique most often first tried on a new problem but also the standard of ref-
erence against which other techniques are measured. The principles used for its
analysis will be used throughout this book.

The Method

Let f have continuous first partial derivatives on E". We will frequently have need
for the gradient vector of f and therefore we introduce some simplifying notation.
The gradient V f(x) is, according to our conventions, defined as a n-dimensional row
vector. For convenience we define the n-dimensional column vector g(x) = V f(x).
When there is no chance for ambiguity, we sometimes suppress the argument x and,
for example, write g for g(x;) = V(x)”.

The method of steepest descent is defined by the iterative algorithm

Xi+1 = Xp — Ak 8y

where stepsize ay is a nonnegative scalar possibly minimizing f(x; —ag,). In words,
from the point x; we search along the direction of the negative gradient —g; to a
minimum point on this line; this minimum point is taken to be Xy .

In formal terms, the overall algorithm A : E" — E" which gives X;; € A(Xy)
can be decomposed in the form A = SG. Here G : E" — E?" is defined by G(x) =
(x, —g(x)), giving the initial point and direction of a line search. This is followed by
the line search S : E** — E" defined in Sect. 8.1.

Global Convergence and Convergence Speed

It was shown in Sect. 8.1 that S is closed if Vf(x) # 0, and it is clear that G is
continuous. Therefore, by Corollary 2 in Sect. 7.7 A is closed.

We define the solution set to be the points x where V f(x) = 0. Then Z(x) = f(x)
is a descent function for A, since for Vf(x) # 0

oiia‘?w f(x = ag(x) < f(x).
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~ o(o)+=0'(0)a

acceptable range

acceptable range

Fig. 8.8 Stopping rules. (a) Armijo rule. (b) Golden test. (¢) Wolfe test

Thus by the Global Convergence Theorem, if the sequence {x;} is bounded, it will
have limit points and each of these is a solution. What about the convergence speed?
Assume that f(x) is convex and differentiable everywhere, admits a minimizer x*,
and satisfies the (first-order) S-Lipschitz condition, that is, for any two points x and y

IVf(x) = V)l < Blx -yl

for a positive real number 3. Starting from any point Xy, we consider the method of
steepest descent with a fixed step size a; = é for all k:
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1 1
Xprl = X — Egk =X — EVf(Xk)T. (8.25)

We first prove a lemma.

Lemma 1. Let f(x) be differentiable everywhere and satisfy the (first-order) B-Lipschitz
condition. Then, for any two points X and 'y

1 = 10) = TS0 =) < S -y
Then we prove

Theorem 1 (Steepest Descent—Lipschitz Convex Case). Let f(x) be convex and differen-

tiable everywhere, satisfy the (first-order) 3-Lipschitz condition, and admit a minimizer X*.

Then, the method of steepest descent (8.25) generates a sequence of solutions X such that
2

. B .
v — k-
[V Gl < i 1)Ixo x|,

and

fler) - f(x7) <

B 2
ke

Proof. Consider the function g,(y) = f(y) — Vf(x)y for any given x. Note that g, is
also convex and satisfies the g-Lipschitz condition. Moreover, x is the minimizer of
8x(y) and Vg.(y) = Vf(y) - V/(X).
Applying Lemma 1 to g, and noting the relations of g, and f(x), we have
J&) = f(y) = VX)X —y) = g«(x) — g«(y)
< gy — 5V8x(¥) — g:(y)
< VeW(5Ve N+ 55 Ve (8.26)
=~ LIV ()P
= —LIVF®) - VAP

Similarly, we have
Jy) - f®) = Vilyy-x) < —;—ﬂIVf(X) - VP
Adding the above two derived inequalities, we have for any x and y:
(Vfx) -V ) -y) = %IVf(X) - VP (8.27)

For simplification, in what follows let d; = x; — x* and d; = [f(xx) — f(x*)] = 0.
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Now let x = x,; and y = x; in (8.27). Then

1 1
_B(gk)T(ng -8 = Xer1 — Xk)T(ng -8 > B|gk+1 - gk|27

which leads to

ng+1|2 < (8 & < lgiillgel,  thatis g, | < lggl- (8.28)

Inequality (8.28) implies that |g,| = |V f(X;)| is monotonically decreasing.
Applying inequality (8.26) for x = x; and y = X" and noting g* = 0 we have

Sk < (g7 di — 5lgil?
= —BXer1 — X0dy — Blxper — xel?
B (X1 = Xe + 2%t — X)) (8.29)
=5 (et — del? + 2(dys — d)"dy)
B - ldgsr ).

Summing up (8.29) from O to k, we have

1< 50 ~ 1P < Sld (830)

M»

=0

Using (8.26) again for x = X441 and y = x; and noting (8.25) we have

Oks1 = Ok = f(Xk1) — f(Xp)
< g, (580 ~ 25181 — &l (8.31)
= —21—,3(|gk+1|2 + gl

Noting (8.31) holts for all k, we have

koo =Sk el +1-1)
=Y 0+ D=3k 6l
=Y Sl - Xy, 6l
=6ptk+ 1)+ X5 (61-1 — 6!
> Gp(k+ 1) + Xy 55l + g
> Suk+ 1) + k(k+l)|gk|2

where the last inequality comes |g;| = |V f(Xx)| is monotonically decreasing.
Using (8.30) we finally have

k(k + 1)
2B

B

k + )5, + lg,|* < 2|d0|2. (8.32)

Inequality (8.32), from 6y = f(x;) — f(x*) > 0 and dy = x( — X*, proves the desired
bounds. ll

Theorem 1 implies that the convergence speed of the steepest descent method is
arithmetic.
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The Quadratic Case

When f(x) is strongly convex, the convergence speed can be increased from arith-
metic to geometric or linear convergence. Since all of the important convergence
characteristics of the method of steepest descent are revealed by an investigation of
the method when applied to quadratic problems, we focus here on

fx) = %XTQX -x"b, (8.33)

where Q is a positive definite symmetric n X n matrix. Since Q is positive definite,
all of its eigenvalues are positive. We assume that these eigenvalues are ordered: 0 <
a=2; € A...< 4, = A. With Q positive definite, it follows (from Proposition 5,
Sect. 7.4) that f is strictly convex.
The unique minimum point of f can be found directly, by setting the gradient to
zero, as the vector x* satisfying
Qx" =bh. (8.34)

Moreover, introducing the function
1 .
E(x) = E(X -x)"Qx - x"), (8.35)

we have E(x) = f(x) + (1/2)x*7Qx*, which shows that the function E differs from
f only by a constant. For many purposes then, it will be convenient to consider that
we are minimizing E rather than f.

The gradient (of both f and E) is given explicitly by

g(x) =Qx—b. (8.36)
Thus the method of steepest descent can be expressed as
Xi+1 = Xk — Uk8y» (8.37)

where g, = Qx; — b and where @ minimizes f(x; — ag;). We can, however, in this
special case, determine the value of a; explicitly. We have, by definition (8.33),

1
fluu - agy) = 5 (- ag)" Q(x, — agy) — (x¢ —agy)"b,

which (as can be found by differentiating with respect to ) is minimized at

T

gk 81
ay = . (8.38)

g Qg
Hence the method of steepest descent (8.37) takes the explicit form
T
gk &k )
Xiel = Xk — | —— | 8> (8.39)
i (g{ng ‘

where g; = Qx; — b.
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The function f and the steepest descent process can be illustrated as in Fig. 8.9 by
showing contours of constant values of f and a typical sequence developed by the
process. The contours of f are n-dimensional ellipsoids with axes in the directions
of the n-mutually orthogonal eigenvectors of Q. The axis corresponding to the ith
eigenvector has length proportional to 1/4;. We now analyze this process and show
that the rate of convergence depends on the ratio of the lengths of the axes of the
elliptical contours of f, that is, on the eccentricity of the ellipsoids.

Fig. 8.9 Steepest descent

Lemma 2. The iterative process (8.39) satisfies

(g/{gk)z

- B ey, (8.40)
<g,{ng><g,fQ’gk>} ‘

E(xpi1) = {1

Proof. The proof is by direct computation. We have, setting y; = x; — X",

E(x) — Epy1) 20,8 Qy, — a;g Qg,
E(x;) ¥/ Qy, '

Using g; = Qy, we have

2gie)’  (gre)’
E(x) = E(e1) _ (8[Q2) — (/Qg0)
E(x¢) g’Q'g,
B (g/ )’
(@7 QgE Qg
In order to obtain a bound on the rate of convergence, we need a bound on the right-

hand side of (8.40). The best bound is due to Kantorovich and his lemma, stated
below, is a useful general tool in convergence analysis.




8.2 The Method of Steepest Descent 235

Kantorovich inequality: Let Q be a positive definite symmetric n X n matrix. For any vector
X there holds

(x"x)?  _4aA
XQO(x'Q'x) ~ (a+ AP’

(8.41)

where a and A are, respectively, the smallest and largest eigenvalues of Q.
Proof. Let the eigenvalues 4;, A, ..., 4, of Q satisfy
O<a=41<A...< 1, =A

By an appropriate change of coordinates the matrix Q becomes diagonal with diag-
onal (4, Ay, ..., 4,). In this coordinate system we have

(x"x)? (S )

KTQORTQ %) (I, A2 (Z, 2/ 4))

which can be written as

(x"x)* _ U ZEL A _ ¢

xTQx)(xTQ7'x) YL &/ W)

where & = xl.2 /2 xl.z. We have converted the expression to the ratio of two func-
tions involving convex combinations; one a combination of 4;’s; the other a com-
bination of 1/4;’s. The situation is shown pictorially in Fig. 8.10. The curve in the
figure represents the function 1/A. Since )", &4; is a point between A; and 4, the
value of ¢(¢) is a point on the curve. On the other hand, the value of /(¢) is a convex
combination of points on the curve and its value corresponds to a point in the shaded
region. For the same vector & both functions are represented by points on the same
vertical line. The minimum value of this ratio is achieved for some A = &14; + &,4,,
with &) + &, = 1. Using the relation &, /1) + &,/4, = (41 + A, — & — ) [ A1 A,
an appropriate bound is

)y D
Y&~ msash, (A + A, = D/ (4 d,)

The minimum is achieved at 4 = (1; + 4,)/2, yielding

&) _ A,
W&~ (A + 4,)%

Combining the above two lemmas, we obtain the central result on the convergence
of the method of steepest descent.

Theorem 2 (Steepest Descent—Quadratic Case). For any xo € E" the method of steepest
descent (8.39) converges to the unique minimum point X* of f Furthermore, with E(x) =
%(x - x")TQ(x — x*), there holds at every step k

A-a
A+a

2
EGn) < (5o ) B, (8.42)



236 8 Basic Descent Methods

Proof. By Lemma 2 and the Kantorovich inequality

4aA A—a\?
a }E(xk)=(/r;’) E(x0).

E(X11) < {1

CA+a)

Fig. 8.10 Kantorovich inequality

It follows immediately that E(x;) — 0 and hence, since Q is positive definite, that
X — X', |

Roughly speaking, the above theorem says that the convergence rate of steepest
descent is slowed as the contours of f become more eccentric. If a = A, correspond-
ing to circular contours, convergence occurs in a single step. Note, however, that
even if n — 1 of the n eigenvalues are equal and the remaining one is a great distance
from these, convergence will be slow, and hence a single abnormal eigenvalue can
destroy the effectiveness of steepest descent.

In the terminology introduced in Sect. 7.8, the above theorem states that with
respect to the error function E (or equivalently f) the method of steepest descent
converges linearly with a ratio no greater than [(A — a)/(A + a)]?. The actual rate
depends on the initial point xo. However, for some initial points the bound is actually
achieved. Furthermore, it has been shown by Akaike that, if the ratio is unfavorable,
the process is very likely to converge at a rate close to the bound. Thus, somewhat
loosely but with reasonable justification, we say that the convergence ratio of steep-
est descent is [(A — a)/(A + a)]>.

It should be noted that the convergence rate actually depends only on the ratio
r = A/a of the largest to the smallest eigenvalue. Thus the convergence ratio is

(A—a)z_ r—l2
A+al \r+1)”’
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which clearly shows that convergence is slowed as r increases. The ratio r, which
is the single number associated with the matrix Q that characterizes convergence, is
often called the condition number of the matrix.

Example. Let us take

0.78 —0.02 -0.12 —0.14
_1-0.02 0.86 -0.04 0.06
Q- -0.12 -0.04 0.72 -0.08
-0.14 0.06 -0.08 0.74

b = (0.76, 0.08, 1.12, 0.68).

For this matrix it can be calculated that a = 0.52, A = 0.94 and hence r = 1.8.
This is a very favorable condition number and leads to the convergence ratio [(A —
a)/(A + a)]> = 0.081. Thus each iteration will reduce the error in the objective by
more than a factor of ten; or, equivalently, each iteration will add about one more
digit of accuracy. Indeed, starting from the origin the sequence of values obtained
by steepest descent as shown in Table 8.1 is consistent with this estimate.

The Nonquadratic Case

For nonquadratic functions, we expect that steepest descent will also do reason-
ably well if the condition number is modest. Fortunately, we are able to establish
estimates of the progress of the method when the Hessian matrix is always posi-
tive definite. Specifically, we assume that the Hessian matrix is bounded above and
below as al < F(X) < AL (Thus f is strongly convex.) We present three analyses:

Table 8.1 Solution to Example

Step k Sx0)

0 0

1 ~2.1563625
2 ~2.1744062
3 ~2.1746440
4 ~2.1746585
5 ~2.1746595
6 ~2.1746595

Solution point x* = (1.534965, 0.1220097, 1.975156, 1.412954)

1. Exact Line Search. Given a point xi, we have for any «

A 2
Fxe — ag(xp) < f(xp) — ag(x)” g(xe) + TC’g(xk)Tgm). (8.43)
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Minimizing both sides separately with respect to « the inequality will hold for the
two minima. The minimum of the left hand side is f(Xi+;). The minimum of the
right hand side occurs at @ = 1/A, yielding the result

1
f@Ho<f@o—§Zg@wﬁ

where |g(xy)|> = g(xx)” g(x). Subtracting the optimal value f* = f(x*) from both
sides produces

1
ﬂwm—ﬁ<ﬂmrf>§KMmW. (8.44)

In a similar way, for any x there holds
a
£ > £ + 8007 (¢ = x1) + ZIx = xl”.

Again we can minimize both sides separately. The minimum of the left hand side is
f* the optimal solution value. Minimizing the right hand side leads to the quadratic
optimization problem. The solution is X = X; — g(X;)/a. Substituting this X in the
right hand side of the inequality gives

1
ﬁ>ﬂm—7mmﬁ (8.45)
a

From (8.45) we have
— gl < 2alf* = fx]. (8.46)

Substituting this in (8.44) gives
J&ee) = 7 < (1= a/Afx) = f7]. (8.47)

This shows that the method of steepest descent makes progress even when it is not
close to the solution.

2. Other Stopping Criteria. As an example of how other stopping criteria can
be treated, we examine the rate of convergence when using Amijo’s rule with
£ < 0.5and n > 1. Note first that the inequality ¢ > £* for 0 < ¢ < 1 implies by a

change of variable that
2

—-a+ CXT < -a/2
for 0 < @ < 1/A. Then using (8.43) we have that for @ < 1/A
fx = ag(x) < f(x) — algx)l” + 0.5 Alg(x)I
< f(x) = 0.5alg(x)I”
< f(xi) — ealg(xp)l

since & < 0.5. This means that the first part of the stopping criterion is satisfied
fora < 1/A.
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The second part of the stopping criterion states that na does not satisfy the first
criterion and thus the final & must satisfy @ > 1/(nA). Therefore the inequality of
the first part of the criterion implies

Foun) < Fx) — —lg(xol.
nA
Subtracting f* from both sides,
FOun) = £* < Fx0) = [ = —lg(x)P
nA

Finally, using (8.46) we obtain
F&ier1) = fF < [1 = Qea/nA)If(x) = f7).

Clearly 2ea/nA < 1 and hence there is linear convergence. Notice if that in fact € is
chosen very close to 0.5 and 7 is chosen very close to 1, then the stopping condition
demands that the a be restricted to a very small range, and the estimated rate of
convergence is very close to the estimate obtained above for exact line search.

3. Asymptotic Convergence. We expect that as the points generated by steepest
descent approach the solution point, the convergence characteristics will be close
to those inherent for quadratic functions. This is indeed the case.

The general procedure for proving such a result, which is applicable to most
methods having unity order of convergence, is to use the Hessian of the objective at
the solution point as if it were the Q matrix of a quadratic problem. The particular
theorem stated below is a special case of a theorem in Sect. 12.5 so we do not prove
it here; but it illustrates the generalizability of an analysis of quadratic problems.

Theorem. Suppose f is defined on E", has continuous second partial derivatives, and has
a relative minimum at X*. Suppose further that the Hessian matrix of f, F(x*), has smallest
eigenvalue a > 0 and largest eigenvalue A > 0. If {x;} is a sequence generated by the
method of steepest descent that converges to X*, then the sequence of objective values {f(xy)}
converges to f(x*) linearly with a convergence ratio no greater than [(A — a)/(A + a)]*.

8.3 Applications of the Convergence Theory

Now that the basic convergence theory, as represented by the formula (8.42) for
the rate of convergence, has been developed and demonstrated to actually charac-
terize the behavior of steepest descent, it is appropriate to illustrate how the theory
can be used. Generally, we do not suggest that one compute the numerical value
of the formula—since it involves eigenvalues, or ratios of eigenvalues, that are not
easily determined. Nevertheless, the formula itself is of immense practical impor-
tance, since it allows one to theoretically compare various situations. Without such
a theory, one would be forced to rely completely on experimental comparisons.
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Application 1 (Solution of Gradient Equation). One approach to the minimization
of a function f is to consider solving the equations V f(x) = 0 that represent the
necessary conditions. It has been proposed that these equations could be solved by
applying steepest descent to the function A(x) = |Vf(x)]>. One advantage of this
method is that the minimum value is known. We ask whether this method is likely
to be faster or slower than the application of steepest descent to the original function
f itself.

For simplicity we consider only the case where f is quadratic. Thus let f(x) =
(1/2)x"Qx — b’x. Then the gradient of f is g(x) = Qx — b, and A(x) = |g(x)|* =
x7Q?x — 2x” Qb + b b. Thus A(x) is itself a quadratic function. The rate of conver-
gence of steepest descent applied to & will be governed by the eigenvalues of the
matrix QZ. In particular the rate will be

F-1)’
(7 +1 ) ’
where 7 is the condition number of the matrix Q. However, the eigenvalues of Q?
are the squares of those of Q itself, so 7 = r2, where r is the condition number of Q,
and it is clear that the convergence rate for the proposed method will be worse than
for steepest descent applied to the original function.

We can go further and actually estimate how much slower the proposed method
is likely to be. If r is large, we have

—1\?
steepest descent rate = (r_) ~(1-1 /r)4
r+1

2 2
proposed method rate = (r2 ) ~(1-1/r)%
r+1

Since (1 —1/72)" = 1—1/r, it follows that it takes about r steps of the new method to
equal one step of ordinary steepest descent. We conclude that if the original problem
is difficult to solve with steepest descent, the proposed method will be quite a bit
Wworse.

Application 2 (Penalty Methods). Let us briefly consider a problem with a single
constraint:

minimize f(x) (8.48)
subject to h(x) = 0.

One method for approaching this problem is to convert it (at least approximately) to
the unconstrained problem

minimize f(x) + %yh(x)z, (8.49)
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where u is a (large) penalty coefficient. Because of the penalty, the solution to (8.49)
will tend to have a small A(x). Problem (8.49) can be solved as an unconstrained
problem by the method of steepest descent. How will this behave?

For simplicity let us consider the case where f is quadratic and # is linear. Specif-
ically, we consider the problem

1
minimize EXTQX - b'x (8.50)
subject to ¢/ x = 0.

The objective of the associated penalty problem is (1/2){x” Qx+ux’ cc”x}—b”x. The
quadratic form associated with this objective is defined by the matrix Q + uce” and,
accordingly, the convergence rate of steepest descent will be governed by the condi-
tion number of this matrix. This matrix is the original matrix Q with a large rank-one
matrix added. It should be fairly clear’ that this addition will cause one eigenvalue
of the matrix to be large (on the order of u). Thus the condition number is roughly
proportional to u. Therefore, as one increases y in order to get an accurate solution
to the original constrained problem, the rate of convergence becomes extremely
poor. We conclude that the penalty function method used in this simplistic way with
steepest descent will not be very effective. (Penalty functions, and how to minimize
them more rapidly, are considered in detail in Chap. 11.)

Scaling

The performance of the method of steepest descent is dependent on the particular
choice of variables x used to define the problem. A new choice may substantially
alter the convergence characteristics.

Suppose that T is an invertible n X n matrix. We can then represent points in E”
either by the standard vector x or by y where Ty = x. The problem of finding x to
minimize f(x) is equivalent to that of finding y to minimize A(y) = f(Ty). Using y
as the underlying set of variables, we then have

Vh=VfT, (8.51)

where Vf is the gradient of f with respect to x. Thus, using steepest descent, the
direction of search will be
Vy = -T/v/T, (8.52)

which in the original variables is

Ax = -TTTV /T, (8.53)

See the Interlocking Eigenvalues Lemma in Sect. 10.6 for a proof that only one eigenvalue
becomes large.
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Thus we see that the change of variables changes the direction of search.

The rate of convergence of steepest descent with respect to y will be determined
by the eigenvalues of the Hessian of the objective, taken with respect to y. That
Hessian is

V>h(y) = H(y) = T"F(Ty)T.

Thus, if x* = Ty" is the solution point, the rate of convergence is governed by the
matrix

H(y") = T"F(x")T. (8.54)

Very little can be said in comparison of the convergence ratio associated with H
and that of F. If T is an orthonormal matrix, corresponding to y being defined from
x by a simple rotation of coordinates, then TTT =1, and we see from (8.48) that the
directions remain unchanged and the eigenvalues of H are the same as those of F.

In general, before attacking a problem with steepest descent, it is desirable, if it is
feasible, to introduce a change of variables that leads to a more favorable eigenvalue
structure. Usually the only kind of transformation that is at all practical is one having
T equal to a diagonal matrix, corresponding to the introduction of scale factors on
each of the variables. One should strive, in doing this, to make the second derivatives
with respect to each variable roughly the same. Although appropriate scaling can
potentially lead to substantial payoff in terms of enhanced convergence rate, we
largely ignore this possibility in our discussions of steepest descent. However, see
the next application for a situation that frequently occurs.

Application 3 (Program Design). In applied work it is extremely rare that one
solves just a single optimization problem of a given type. It is far more usual that
once a problem is coded for computer solution, it will be solved repeatedly for
various parameter values. Thus, for example, if one is seeking to find the optimal
production plan (as in Example 2 of Sect. 7.2), the problem will be solved for the
different values of the input prices. Similarly, other optimization problems will be
solved under various assumptions and constraint values. It is for this reason that
speed of convergence and convergence analysis is so important. One wants a pro-
gram that can be used efficiently. In many such situations, the effort devoted to
proper scaling repays itself, not with the first execution, but in the long run.

As a simple illustration consider the problem of minimizing the function

f(x) = x> = 5xy + y* —ax — by.

It is desirable to obtain solutions quickly for different values of the parameters a
and b. We begin with the values a = 25, b = 8.

The result of steepest descent applied to this problem directly is shown in Ta-
ble 8.2, column (a). It requires eighty iterations for convergence, which could be
regarded as disappointing.

The reason for this poor performance is revealed by examining the Hessian

matrix
2 =5
F= [—5 12y2]
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Using the results of our first experiment, we know that y = 3. Hence the diagonal
elements of the Hessian, at the solution, differ by a factor of 54. (In fact, the condi-
tion number is about 61.) As a simple remedy we scale the problem by replacing the
variable y by z = ty. The new lower right-corner term of the Hessian then becomes
1272 /¢*, which has magnitude 12 x 1> x 32/t* = 108/¢>. Thus we might put z = 7 in
order to make the two diagonal terms approximately equal. The result of applying
steepest descent to the problem scaled this way is shown in Table 8.2, column (b).
(This superior performance is in accordance with our general theory, since the con-
dition number of the scaled problem is about two.) For other nearby values of a and
b, similar speeds will be attained.

Table 8.2 Solution to scaling application

Value of f

Iteration (a) (b)

no. Unscaled Scaled

0 0.0000 0.0000
1 —230.9958 -162.2000
2 —256.4042 -289.3124
4 —293.1705 —341.9802
6 -313.3619 —342.9865
8 -324.9978 —342.9998
9 —329.0408 —343.0000
15 -339.6124

20 —341.9022
25 —342.6004
30 —342.8372
35 -342.9275
40 —342.9650
45 —342.9825
50 —342.9909
55 —342.9951
60 —342.9971 TSolution
65 —342.9883 x=20.0
70 —342.9990 y=3.0
75 —342.9994 i
80 —342.9997

8.4 Accelerated Steepest Descent

There is an accelerated steepest descent method that works as follows:

A/ } 1-4
2020, oy = HTHE g = — K, (8.55)
k+1

Xpr1 = Xg — évf(xk)r, Xir1 = (1 — ap)&pe 1 + i Xy (8.56)
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Note that (1) = A1 (A1 — 1), A > k/2 and @ < 0. One can prove:

Theorem (Accelerated Steepest Descent). Let f(x) be convex and differentiable every-
where, satisfies the (first-order) (3-Lipschitz condition, and admits a minimizer X*. Then,
the method of accelerated steepest descent generates a sequence of solutions such that

2,
FGra) - f(") < k—'f|x° Pk 1

Proof. We now let d; = 44x; — (A — DX, — X, and 6 = f(Xy) — f(X)(= 0).

Applying Lemma 1 for x = %, and y = X;, convexity of f and (8.56), we have
Ot — Ok = f(Rir1) — f(Xi) + f(Xe) — (i)

< Bkt — X + f(x0) - f(&e) 8.57)

< iR — xil? + (g7 (e — %) -

= ~Zl%e1 — xul? = BRirt — x0T (x¢ — K.
Applying Lemma 1 for x = X;,; and y = X", convexity of f and (8.56), we have
Ore1 = fRprr) = f(X0) + f(xp) = f(XT)
< SRk = il + f(x0) = f(X)
< SRk — il + (g (% —x)

= _§|ik+1 — X¢l* = B&er1 — x0)" (xp — XY).

(8.58)

Multiplying (8.57) by Ax(Ax — 1) and (8.58) by A; respectively, and summing the
two, we have
(A)*Ok1 — (A=1)*Sk

< (A E 1%kt — xil® = 4BKpar — x0T dy

= —§((/lk)zlik+1 = Xpl* + 2R — x0T dy)

= LK1 — (U = DR — X = [di?)

= B(di? = 14Kiear — (A — DR — x*P).
Using (8.55) and (8.56) we derive

AXir1 — (A — DX = Y1 X1 — (A1 — DXgag-
Thus,
(A1 — (Ae1)?6x < §(|dk|2 — |1 %) (8.59)

Summing up (8.59) from 1 to k we have

B
2(A4)?

28

Ske1 < d;|* < p|d0|2

where we used facts 4; > k/2 and |d,| < |d|.
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The Method of False Position

Yet there is another steepest descent method, commonly called the BB method, that
works as follows:

Ai =x —x3p and  AF = VI(xp) = Vf(Xeo1), (8.60)
v )" 45 or o= A’ 4;
VAR a4y
Then
Xprl = X — gy = X —  VF(xp) (8.61)

The step size of the BB method resembles the one used in quadratic curve fitting

discussed for line search. There, the step size of (8.10) is given as ]ﬁ If

. . i
we let 07 = x; — x;-1 and 6§ = f'(xx) — f'(xx-1), this quantity can be written as ((;i—)‘;
(6572
5%

or . In the vector case, multiplication is replaced by inner product.

There was another explanation on the step size of the BB method. Consider con-
vex quadratic minimization, and let the distinct positive eigenvalues of the Hessian
Qbe Ay, A, ... k. Then, if we let the step size in the method of steepest descent be
a; = Aik, k=1,...,K, the method terminates in K iterations (which we leave as an
exercise). In the BB method, @ minimizes

U5 — adf| = |4F — Q4.

If the error becomes O plus |47 # 0, aLk will be a positive eigenvalue of Q. Notice that
the objective values of the iterates generated by the BB method is not monotonically
decreasing; the method may overshoot in order to have a better position in the long
run.

8.5 Newton’s Method

The idea behind Newton’s method is that the function f being minimized is approx-
imated locally by a quadratic function, and this approximate function is minimized
exactly. Thus near x; we can approximate f by the truncated Taylor series

1
JO) = f(X) + V)X = x0) + 5 (x = x)" F(x0)(X = Xp).
The right-hand side is minimized at

Xir1 = X — [Fxo1 'V (x0T, (8.62)
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and this equation is the pure form of Newton’s method.

In view of the second-order sufficiency conditions for a minimum point, we as-
sume that at a relative minimum point, x*, the Hessian matrix, F(x*), is positive
definite. We can then argue that if f has continuous second partial derivatives, F(x)
is positive definite near x* and hence the method is well defined near the solution.

Order Two Convergence

Newton’s method has very desirable properties if started sufficiently close to the
solution point. Its order of convergence is two.

Theorem (Newton’s Method). Let f € C> on E", and assume that at the local minimum
point X*, the Hessian ¥(x*) is positive definite. Then if started sufficiently close to X*, the
points generated by Newton’s method converge to X*. The order of convergence is at least
two.

Proof. There are p > 0, B; > 0, B, > 0 such that for all x with |[x — x*| < p, there
holds [F(x)~!'| < 8; (see Appendix A for the definition of the norm of a matrix) and
IV£x*)T - Vfx)! - Fx)(x* — x)| < Bs/x — x*>. Now suppose x; is selected with
B1B21x; — x*| < 1 and |x; — X*| < p. Then

Xest — X7 =[x — X" = F(xo) ™' VA(x) |
= [Fxo) ' [V = Vf(x)" - Fx)(x* — x|
IF(x;) "' |Balxx — X"

<
< BiBalxi — X < [xg — X7

The final inequality shows that the new point is closer to x* than the old point, and
hence all conditions apply again to Xi+1. The previous inequality establishes that

convergence is second order.

Modifications

Although Newton’s method is very attractive in terms of its convergence properties
near the solution, it requires modification before it can be used at points that are
remote from the solution. The general nature of these modifications is discussed in
the remainder of this section.

1. Damping. The first modification is that usually a search parameter « is intro-
duced so that the method takes the form

X1 = X — o [Fx)] 7'V F(x),
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where a; is selected to minimize f. Near the solution we expect, on the basis of
how Newton’s method was derived, that @; =~ 1. Introducing the parameter for
general points, however, guards against the possibility that the objective might
increase with @ = 1, due to nonquadratic terms in the objective function.

2. Positive Definiteness. A basic consideration for Newton’s method can be seen
most clearly by a brief examination of the general class of algorithms

Xir1 = X — aMig;, (8.63)

where My is an n X n matrix, « is a positive search parameter, and g; = V f(x).
We note that both steepest descent (M = I) and Newton’s method (M =
[F(x;)]™") belong to this class. The direction vector d; = —M;g, obtained in
this way is a direction of descent if for small « the value of f decreases as a
increases from zero. For small @ we can say

Fki1) = Fx0) + VO Xpeat = Xi0) + O(Xee = Xe[).
Employing (8.51) this can be written as

F(Xes1) = fF(xp) — agi Myg, + O(a?).

As a@ — 0, the second term on the right dominates the third. Hence if one is to
guarantee a decrease in f for small @, we must have g,{ngk > 0. The simplest
way to insure this is to require that M, be positive definite.

The best circumstance is that where F(x) is itself positive definite throughout
the search region. The objective function of many important optimization problems
have this property, including for example interior-point approaches to linear pro-
gramming using the logarithm as a barrier function. Indeed, it can be argued that
convexity is an inherent property of the majority of well-formulated optimization
problems.

Therefore, assume that the Hessian matrix F(x) is positive definite throughout
the search region and that f has continuous third derivatives. At a given x; define
the symmetric matrix T = F(x,)~'/?. As in Sect. 8.3 introduce the change of variable
Ty = x. Then according to (8.48) a steepest descent direction with respect to y is
equivalent to a direction with respect to x of d = —TTg(x;), where g(x;) is the
gradient of f with respect to x at x;. Thus, d = F~'g(x). In other words, a steepest
descent direction in y is equivalent to a Newton direction in x.

We can turn this relation around to analyze Newton steps in X as equivalent to
gradient steps in y. We know that convergence properties in y depend on the bounds
on the Hessian matrix given by (8.49) as

H(y) = TTFX)T = F'?F(x)F /2. (8.64)

Recall that F = F(x;) which is fixed, whereas F(x) denotes the general Hessian
matrix with respect to X near X;. The product (8.64) is the identity matrix at yj
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but the rate of convergence of steepest descent in y depends on the bounds of the
smallest and largest eigenvalues of H(y) in a region near yy.

These observations tell us that the damped method of Newton’s method will con-
verge at a linear rate at least as fast as ¢ = (1 — a/A) where a and A are lower
and upper bounds on the eigenvalues of F(xy)!/>F(x°)F(x,)~!/?, where x, and x°
are arbitrary points in the local search region. These bounds depend, in turn, on
the bounds of the third-order derivatives of f. It is clear, however, by continuity of
F(x) and its derivatives, that the rate becomes very fast near the solution, becoming
superlinear, and in fact, as we know, quadratic.

3. Backtracking. The backtracking method of line search, using @ = 1 as the
initial guess, is an attractive procedure for use with Newton’s method. Using
this method the overall progress of Newton’s method divides naturally into two
phases: first a damping phase where backtracking may require o < 1, and sec-
ond a quadratic phase where @ = 1 satisfies the backtracking criterion at every
step. The damping phase was discussed above.

Let us now examine the situation when close to the solution. We assume that all
derivatives of f through the third are continuous and uniformly bounded. We also
assume that in the region close to the solution, F(x) is positive definite with a > 0
and A > 0 being, respectively, uniform lower and upper bounds on the eigenvalues
of F(x). Using @ = 1 and & < 0.5 we have for d; = -F(x;)~'g(x¢)

1
SO0+ di) = fxe) = gx0)" Flx) ™ g(xe) + S 230 Fx0) ™ 80%) + o(lgx)l”)

1
= f(x) — §g<xk)TF<xk>—1g(xk> + o(lgx)
< f(xi) — eg(x0) F(xp) ' g(xx) + o(g(x0)l),

where the o bound is uniform for all x;. Since |g(x;)] — O (uniformly) as x; — X", it
follows that once X is sufficiently close to x*, then f(x;+d;) < f(xx)—eg(x;)! dx and
hence the backtracking test (the first part of Amijo’s rule) is satisfied. This means
that @ = 1 will be used throughout the final phase.

4. General Problems. In practice, Newton’s method must be modified to ac-
commodate the possible nonpositive definiteness at regions remote from the
solution.

A common approach is to take My = [, 1+F(x;)]~! for some non-negative value
of &. This can be regarded as a kind of compromise between steepest descent (&
very large) and Newton’s method (g, = 0). There is always an &; that makes M;
positive definite. We shall present one modification of this type.

Let Fy = F(x;). Fix a constant ¢ > 0. Given X, calculate the eigenvalues of Fy
and let g; be the smallest nonnegative constant for which the matrix &I + F; has
eigenvalues greater than or equal to 6. Then define

d; = (sl +Fy)'g, (8.65)
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and iterate according to
Xpr1 = Xg + apdy, (3.66)

where a; minimizes f(X; + ady), a > 0.

This algorithm has the desired global and local properties. First, since the eigen-
values of a matrix depend continuously on its elements, & is a continuous function
of x; and hence the mapping D : E" — E?" defined by D(x;) = (x¢, dy) is con-
tinuous. Thus the algorithm A =SD is closed at points outside the solution set
Q = {x: Vf(x) = 0}. Second, since & I+F} is positive definite, d, is a descent direc-
tion and thus Z(x) = f(x) is a continuous descent function for A. Therefore, assum-
ing the generated sequence is bounded, the Global Convergence Theorem applies.
Furthermore, if 6 > 0 is smaller than the smallest eigenvalue of F(x*), then for x;
sufficiently close to x* we will have g = 0, and the method reduces to Newton’s
method. Thus this revised method also has order of convergence equal to two.

The selection of an appropriate ¢ is somewhat of an art. A small 6 means that
nearly singular matrices must be inverted, while a large 6 means that the order
two convergence may be lost. Experimentation and familiarity with a given class
of problems are often required to find the best ¢.

The utility of the above algorithm is hampered by the necessity to calculate the
eigenvalues of F(x;), and in practice an alternate procedure is used. In one class
of methods (Levenberg—Marquardt type methods), for a given value of &;, Cholesky
factorization of the form g I+F(x) = GG (see Exercise 6 of Chap. 7) is employed
to check for positive definiteness. If the factorization breaks down, g is increased.
The factorization then also provides the direction vector through solution of the
equations GG’ d; = g, which are easily solved, since G is triangular. Then the
value f(x; + dy) is examined. If it is sufficiently below f(x;), then x;. is accepted
and a new &4 is determined. Essentially, € serves as a search parameter in these
methods. It should be clear from this discussion that the simplicity that Newton’s
method first seemed to promise is not fully realized in practice.

Newton’s Method and Logarithms

Interior point methods of linear and nonlinear programming use barrier functions,
which usually are based on the logarithm. For linear programming especially, this
means that the only nonlinear terms are logarithms. Newton’s method enjoys some
special properties in this case,

To illustrate, let us apply Newton’s method to the one-dimensional problem

min[zx — In x] (8.67)

where ¢ is a positive parameter. The derivative at x is

fx)=t- l,
X
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and of course the solution is x* = 1/¢, or equivalently 1 — tx* = 0. The second
derivative is f’(x) = 1/x%. Denoting by x* the result of one step of a pure Newton’s
method (with step length equal to 1) applied to the point x, we find

X = x =[O (x) = x— x* (t— %) =x—1xX>+x
=2x — 12

Thus
1—tx" =1-2tx+ 2 =(1 - 1x)? (8.68)

Therefore, rather surprisingly, the quadratic nature of convergence of (1 —tx) — 0
is directly evident and exact. Expression (8.68) represents a reduction in the error
magnitude only if |[(1 — tx)| < 1, or equivalently, 0 < x < 2/t. If x is too large,
then Newton’s method must be used with damping until the region 0 < x < 2/t is
reached. From then on, a step size of 1 will exhibit pure quadratic error reduction.

The situation is shown in Fig. 8.11. The graph is that of f’(x) = #—1/x. The root-
finding form of Newton’s method (Sect. 8.1) is then applied to this function. At each
point, the tangent line is followed to the x axis to find the new point. The starting
value marked x; is far from the solution 1/¢ and hence following the tangent would
lead to a new point that was negative. Damping must be applied at that starting point.
Once a point x is reached with 0 < x < 1/z, all further points will remain to the left
of 1/t and move toward it quadratically.

Fig. 8.11 Newton’s method applied to minimization of tx — In x

In interior point methods for linear programming, a logarithmic barrier function
is applied separately to the variables that must remain positive. The convergence
analysis in these situations is an extension of that for the simple case given here,
allowing for estimates of the rate of convergence that do not require knowledge of
bounds of third-order derivatives.
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Self-concordant Functions

The special properties exhibited above for the logarithm have been extended to the
general class of self-concordant functions of which the logarithm is the primary
example. A function f defined on the real line is self-concordant if it satisfies

I ()l < 2" (x)*2, (8.69)

throughout its domain. It is easily verified that f(x) = —In x satisfies this inequality
with equality for x > 0.

Self-concordancy is preserved by the addition of an affine term since such a term
does not affect the second or third derivatives.

A function defined on E” is said to be self-concordant if it is self-concordant in
every direction: that is if f(x + ad) is self-concordant with respect to « for every d
throughout the domain of f.

Self-concordant functions can be combined by addition and even by composition
with affine functions to yield other self-concordant functions. (See Exercise 29.) For
example the function

Fx) == In(b; - al x),
i=1

often used in interior point methods for linear programming, is self-concordant.
When a self-concordant function is subjected to Newton’s method, the quadratic
convergence of final phase can be measured in terms of the function

Ax) = [VFOF®) 'V,

where as usual F(x) is the Hessian matrix of f at x. Then it can be shown that close
to the solution
2A(x441) < [2A(x0)]%. (8.70)

Furthermore, in a backtracking procedure, estimates of both the stepwise progress
in the damping phase and the point at which the quadratic phase begins can be
expressed in terms of parameters that depend only on the backtracking parameters.
Although, this knowledge does not generally influence practice, it is theoretically
quite interesting.

Example 1 (The Logarithmic Case). Consider the earlier example of f(x) = tx—Inx.
There

A = [F/ £ (017 = |t = 1/x)x = |1 - ],

Then (8.70) gives
(1 —1x*) < 2(1 = tx)*.

Actually, for this example, as we found in (8.68), the factor of 2 is not required.
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There is a relation between the analysis of self-concordant functions and our
earlier convergence analysis.

Recall that one way to analyze Newton’s method is to change variables from x to
y according to ¥ = [F(x)]"!/?%, where here x is a reference point and £ is variable.
The gradient with respect to y at § is then F(x)~!/?V £(%), and hence the norm of the
gradient at y is [V f(x)F(x)"'V f(x)7]""/? = A(x). Hence it is perhaps not surprising
that A(x) plays a role analogous to the role played by the norm of the gradient in the
analysis of steepest descent.

8.6 Coordinate Descent Methods

The algorithms discussed in this section are sometimes attractive because of their
easy implementation. Generally, however, their convergence properties are poorer
than steepest descent.

Let f be a function on E" having continuous first partial derivatives. Given a
point X = (x;, X2, ..., X,), descent with respect to the coordinate x; ( i fixed) means
that one solves

minixmize f(x1, X2, .., Xp).

Thus only changes in the single component x; are allowed in seeking a new and
better vector X (one can also consider x; the ith block of variables, called the block-
coordinate method). In our general terminology, each such descent can be regarded
as a descent in the direction e;(or —e;) where e; is the ith unit vector. By sequentially
minimizing with respect to different components, a relative minimum of f might
ultimately be determined.

There are a number of ways that this concept can be developed into a full algo-
rithm. The cyclic coordinate descent algorithm minimizes f cyclically with respect
to the coordinate variables. Thus x; is changed first, then x, and so forth through x,,.
The process is then repeated starting with x; again. A variation of this is the Aitken
double sweep method. In this procedure one searches over xj, X, ..., X,, in that
order, and then comes back in the order x,-;, x,-, ..., x;. These cyclic meth-
ods have the advantage of not requiring any information about V f to determine the
descent directions.

If the gradient of f is available, then it is possible to select the order of descent co-
ordinates on the basis of the gradient. A popular technique is the Gauss—Southwell
Method where at each stage the coordinate corresponding to the largest (in absolute
value) component of the gradient vector is selected for descent. A randomized strat-
egy can be also adapted in which one randomly chooses a coordinate to optimize in
each step; see more discussions later.
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Global Convergence

It is simple to prove global convergence for cyclic coordinate descent. The algorith-
mic map A is the composition of 2n maps

A =SC'SC!...SC!,

where Ci(x) = (x, e;) with ; equal to the ith unit vector, and 8 is the usual line search
algorithm but over the doubly infinite line rather than the semi-infinite line. The map
C' is obviously continuous and S is closed. If we assume that points are restricted
to a compact set, then A is closed by Corollary 1, Sect. 7.7. We define the solution
set ' = {x : Vf(x) = 0}. If we impose the mild assumption on f that a search
along any coordinate direction yields a unique minimum point, then the function
Z(x) = f(x) serves as a continuous descent function for A with respect to I'. This is
because a search along any coordinate direction either must yield a decrease or, by
the uniqueness assumption, it cannot change position. Therefore, if at a point x we
have Vf(x) # 0, then at least one component of V f(x) does not vanish and a search
along the corresponding coordinate direction must yield a decrease.

Local Convergence Rate

It is difficult to compare the rates of convergence of these algorithms with the rates
of others that we analyze. This is partly because coordinate descent algorithms are
from an entirely different general class of algorithms than, for example, steepest
descent and Newton’s method, since coordinate descent algorithms are unaffected
by (diagonal) scale factor changes but are affected by rotation of coordinates—the
opposite being true for steepest descent. Nevertheless, some comparison is possible.

It can be shown (see Exercise 20) that for the same quadratic problem as treated
in Sect. 8.2, there holds for the Gauss—Southwell method

E(Xch1) < (1 - /ﬁ)am, (8.71)

where a, A are as in Sect. 8.2 and # is the dimension of the problem. Since

(i n Z)z < (1 - %) < (1 - fﬁ)n_l : (8.72)

we see that the bound we have for steepest descent is better than the bound we have
for n — 1 applications of the Gauss—Southwell scheme. Hence we might argue that
it takes essentially n — 1 coordinate searches to be as effective as a single gradient
search. This is admittedly a crude guess, since (8.54) is generally not a tight bound,
but the overall conclusion is consistent with the results of many experiments. In-
deed, unless the variables of a problem are essentially uncoupled from each other
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(corresponding to a nearly diagonal Hessian matrix) coordinate descent methods
seem to require about n line searches to equal the effect of one step of steepest
descent.

The above discussion again illustrates the general objective that we seek in con-
vergence analysis. By comparing the formula giving the rate of convergence for
steepest descent with a bound for coordinate descent, we are able to draw some
general conclusions on the relative performance of the two methods that are not
dependent on specific values of a and A. Our analyses of local convergence proper-
ties, which usually involve specific formulae, are always guided by this objective of
obtaining general qualitative comparisons.

Example. The quadratic problem considered in Sect. 8.2 with

0.78 —0.02 -0.12 -0.14
_1-0.02 0.86 -0.04 0.06
Q= -0.12 -0.04 0.72 -0.08
-0.14 0.06 -0.08 0.74

b = (0.76, 0.08, 1.12, 0.68)

was solved by the various coordinate search methods. The corresponding values of
the objective function are shown in Table 8.3. Observe that the convergence rates
of the three coordinate search methods are approximately equal but that they all
converge about three times slower than steepest descent. This is in accord with the
estimate given above for the Gauss—Southwell method, since in this case n — 1 = 3.

Convergence Speed of a Randomized Coordinate Descent Method

We now describe a randomized strategy in selecting x; in each step of the coordinate
descent method for f that is differentiable and Lipschitz continuous; that is, there
exist some constants 3; > 0,i = 1,...,n, such that

IVif(x + he) = Vif(X)| <Bilhl, YheE, xeE", (8.73)
where V,; f(x) denotes the ith partial derivative of f at X, and e; is the ith unit vector
with the ith entry equal 1 and everywhere else equal 0.

Randomized coordinate decent method. Given an initial point Xo; repeat fork = 0, 1,2, ...

1. Choose i € {1, ...,n} randomly with a uniform distribution.

2. Update X4, = X — ;levik fxpe;.

Note that after k iterations, the randomized coordinate descent method generates a
random sequence of x;, which depends on the observed realization of the random
variable

&1 = io i1, .-, ix-1 )
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Table 8.3 Solutions to Example

Value of f for various methods

Iteration no. Gauss-Southwell Cyclic Double sweep
0 0.0 0.0 0.0
1 -0.871111 -0.370256 -0.370256
2 —1.445584 -0.376011 -0.376011
3 -2.087054 —1.446460 —1.446460
4 —2.130796 -2.052949 -2.052949
5 -2.163586 —2.149690 -2.060234
6 -2.170272 —2.149693 -2.060237
7 -2.172786 -2.167983 -2.165641
8 —2.174279 -2.173169 -2.165704
9 —2.174583 -2.174392 -2.168440
10 —2.174638 -2.174397 —2.173981
11 -2.174651 -2.174582 —2.174048
12 —2.174655 -2.174643 -2.174054
13 —2.174658 -2.174656 -2.174608
14 —2.174659 -2.174656 -2.174608
15 —2.174659 —2.174658 -2.174622
16 -2.174659 —2.174655
17 -2.174659 -2.174656
18 -2.174656
19 -2.174659
20 -2.174659

Theorem 3 (Randomized Coordinate Descent—Lipschitz Convex Case). Let f(x) be
convex and differentiable everywhere, satisfy the Lipschitz condition (8.73), and admit a
minimizer X*. Then, the randomized coordinate decent method generates a sequence of
solutions Xy such that for any k > 1, the iterate X, satisfies

1
B, [f(x0) - f(x) < —— (zm ~xXB+ fxo) - fx)).

172
where |X|g = (Zﬁ,—xiz) forallx € E".

Proof. Let r} = % — x*lf, = Y Bi(x): — x)? for any k > 0. Since Xg. =
X '[%kvikf(xk)eik’ we have

1

B (Vi fx))

rl%+l = r]% =2V, fXi)((Xk)i, — xz*k) +

It follows from (8.73), Lemma 1, and X, = X; — ﬁl_V,-kf(xk)e,-k that
k

SXir1) < fX0) + Vi fFO)(Xer 1), — (X)) + %((Xkﬂ)ik - (xp)i)*
1

_ 2
A (Vi f(xi))™. (8.74)

= fxi) -
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Combining the above two relations, one has
2 2 *
Ter < 1= 2V fR((Xe)i, — X5) + 20 (Xe) — f (Xee1))-

Multiplying both sides by 1/2 and taking expectation with respect to iy yields

1 1 1
B3] < 37 - SOR008 =X + £ ~ By [0,

which together with the fact that V f(x;)(x* — x¢) < f(x*) — f(xz) yields

1 1
E; 2r1%+l:| < rl%+ f( )+_f(xk) E; [f(xk+1)]

By rearranging terms, we obtain that for each k£ > 0,
1 2 * 1 2 * 1 5
Ei| 57t + f &) = fO)| < {57+ f (1) = fXO) | = = (f %) = f(x).

Let f* = f(x*). Then, taking expectation with respect to &, on both sides of the
above relation, we have

fklf(k) f]

1
Efk[ rk+1+f(xk+1) f] E&] rk+f(x) f] . (8.75)

In addition, it follows from (8.74) that B¢, [f(X;41)] < Eg_ [f(x))] forall j > 0
Using this relation and applying the inequality (8.75) recursively, we further obtain
that

1
Efk [f(xk+l)] _f* < Efk [zriﬂ + f(Xps1) — f*]
k

%r% + f(x0) = f* = % 2 (Be [£x] = 1)

J=0

IA

IA

1 k+1
578+ 00 = * = —— (g [ (ki) = f).

This leads to the desired result by moving the last term on the right to the left side.

If f is a strongly convex quadratic function, the randomized coordinate decent
method would have an expected average convergence rate (1 — +-). However, each
step of the method does % amount of work of the full steepest descent update; see
an exercise.
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8.7 Summary

Most iterative algorithms for minimization require a line search at every stage of
the process. By employing any one of a variety of curve fitting techniques, however,
the order of convergence of the line search process can be made greater than unity,
which means that as compared to the linear convergence that accompanies most full
descent algorithms (such as steepest descent) the individual line searches are rapid.
Indeed, in common practice, only about three search points are required in any one
line search. If the first derivatives are available, then two search points are required
(method of false position); and if both first and second derivatives are available, then
one search point is required (Newton’s method).

It was also shown in Sect. 8.1 and the exercises that line search algorithms of
varying degrees of accuracy are all closed. Thus line searching is not only rapid
enough to be practical but also behaves in such a way as to make analysis of global
convergence simple.

The most important results of this chapter are the arithmetic convergence of the
method of steepest descent for solving convex minimization, the improved arith-
metic convergence of the accelerated steepest descent method, and the geometric
convergence of the method for solving strongly convex minimization. The fact that
the method of steepest descent converges linearly with a convergence ratio equal to
[(A — a)/(A + a)]?, where a and A are, respectively, the smallest and largest eigen-
values of the Hessian of the objective function evaluated at the solution point. This
formula, which arises frequently throughout the remainder of the book, serves as a
fundamental reference point for other algorithms. It is, however, important to under-
stand that it is the formula and not its value that serves as the reference. We rarely
advocate that the formula be evaluated since it involves quantities (namely eigenval-
ues) that are generally not computable until after the optimal solution is known. The
formula itself, however, even though its value is unknown, can be used to make sig-
nificant comparisons of the effectiveness of steepest descent versus other algorithms.

Newton’s method has order two convergence. However, it must be modified to
insure global convergence, and evaluation of the Hessian at every point can be
costly. Nevertheless, Newton’s method provides another valuable reference point
in the study of algorithms, and is frequently employed in interior point methods
using a logarithmic barrier function.

As optimization problem sizes become bigger and bigger, various coordinate
descent algorithms are extremely popular. They are valuable especially in situations
where the variables are essentially uncoupled or there is special structure that makes
searching in the coordinate directions particularly easy. Typically, steepest descent
can be expected to be faster. Even if the gradient is not directly available, it would
probably be better to evaluate a finite-difference approximation to the gradient, by
taking a single step in each coordinate direction, and use this approximation in a
steepest descent algorithm, rather than executing a full line search in each coordi-
nate direction.
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8.8 Exercises

1. Show that g[a, b, c] defined by (8.14) is symmetric, that is, interchange of the
arguments does not affect its value.

2. Prove (8.14) and (8.15).
Hint: To prove (8.15) expand it, and subtract and add g’(x;) to the numerator.

3. Argue using symmetry that the error in the cubic fit method approximately sat-
isfies an equation of the form

Err1 = M(speict + exep_y)

and then find the order of convergence.

4. What conditions on the values and derivatives at two points guarantee that a
cubic polynomial fit to this data will have a minimum between the two points?
Use your answer to develop a search scheme, based on cubic fit, that is globally
convergent for unimodal functions.

5. Using a symmetry argument, find the order of convergence for a line search
method that fits a cubic to x;_3, Xx—2, Xx—1, X in order to find X, ;.

6. Consider the iterative process

1 +a
Xieel = = | X —,
k+1 ) k %

where a > 0. Assuming the process converges, to what does it converge? What
is the order of convergence?
7. Suppose the continuous real-valued function f of a single variable satisfies

min f(x) < f(0).

Starting at any x > 0 show that, through a series of halvings and doublings
of x and evaluation of the corresponding f(x)’s, a three-point pattern can be
determined.

8. For 6 > 0 define the map S° by

Sx, d)={y:y=x+ad, 0<a<d; f(y) = min f(x+Ad)).
<B<
Thus S° searches the interval [0, ¢] for a minimum of f(x + ad), representing
a “limited range” line search. Show that if f is continuous, S° is closed at all
(x, d).
9. For € > 0 define the map ®S by

Sx,d)={y:y=x+ad, >0, f(y)<r&iglf(x+ﬁd)+s}.

Show that if f is continuous, S is closed at (x, d) if d # 0. This map corre-
sponds to an “inaccurate” line search.
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10.
11.

12.

13.

14.

15.

16.

17.

Referring to the previous two exercises, define and prove a result for °S°.
Define S as the line search algorithm that finds the first relative minimum of
f(x+ ad) for @ > 0. If f is continuous and d # 0, is S closed?

Consider the problem

minimize 5x> + 5y* — xy — 11x + 11y + 11.

(a) Find a point satisfying the first-order necessary conditions for a solution.

(b) Show that this point is a global minimum.

(c) What would be the rate of convergence of steepest descent for this problem?

(d) Starting at x = y = 0, how many steepest descent iterations would it take
(at most) to reduce the function value to 107112

Define the search mapping F that determines the parameter « to within a given
fraction ¢, 0 < ¢ < 1, by

d
Fx,d)={y:y=x+ad, 0<a< o, | <ca, where T f(x+ad) = 0}.
@

Show that if d # 0 and (d/da) f(x+ ad) is continuous, then F is closed at (x, d).
Let e, e,...,e, denote the eigenvectors of the symmetric positive definite
n X n matrix Q. For the quadratic problem considered in Sect. 8.2, suppose Xg
is chosen so that g, belongs to a subspace M spanned by a subset of the e;’s.
Show that for the method of steepest descent g, € M for all k. Find the rate of
convergence in this case.

Suppose we use the method of steepest descent to minimize the quadratic func-
tion f(x) = %(X —x)7Q(x — x*) but we allow a tolerance +a; (6 > 0) in the
line search, that is X4; = X; — axg;, where

(1 =0)ar < ar < (1 +0)ax

and a; minimizes f(Xx — ag;) over a.

(a) Find the convergence rate of the algorithm in terms of a and A, the smallest
and largest eigenvalues of Q, and the tolerance ¢.
Hint: Assume the extreme case a; = (1 + d)ay.

(b) What is the largest ¢ that guarantees convergence of the algorithm? Explain
this result geometrically.

(c) Does the sign of 6 make any difference?

Show that for a quadratic objective function the percentage test and the Gold-
stein test are equivalent.

Suppose in the method of steepest descent for the quadratic problem, the value
of a; is not determined to minimize E(X;) exactly but instead only satisfies

Ex) =~ Et) _ E() — E
E®) 7 E®)
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18.

19.

20.
21.

22.

23.
24.
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for some B, 0 < 8 < 1, where E is the value that corresponds to the best .
Find the best estimate for the rate of convergence in this case.

Suppose an iterative algorithm of the form X1 = X; + axdy is applied to the
quadratic problem with matrix Q, where «; as usual is chosen as the mini-
mum point of the line search and where dy is a vector satisfying d,{gk < 0and
(d,{gk)2 > ,B(d,{Qdk)(gZQ_lgk), where 0 < 8 < 1. This corresponds to a steep-
est descent algorithm with “sloppy” choice of direction. Estimate the rate of
convergence of this algorithm.

Repeat Exercise 18 with the condition on (d,fgk)2 replaced by

A g)? > @] d)(glg), 0<p<1.

Use the result of Exercise 19 to derive (8.71) for the Gauss-Southwell method.
Let f(x, y) = s> + y* + xy — 3x.

(a) Find an unconstrained local minimum point of f.

(b) Why is the solution to (a) actually a global minimum point?

(¢) Find the minimum point of f subjectto x >0, y > 0.

(d) If the method of steepest descent were applied to (a), what would be the
rate of convergence of the objective function?

Find an estimate for the rate of convergence for the modified Newton method
Xie1 = X — (s + Fo) g

given by (8.65) and (8.66) when ¢ is larger than the smallest eigenvalue of F(x*).
Prove global convergence of the Gauss-Southwell method.
Consider a problem of the form

minimize f(x)

subject to x > 0,

where x € E". A gradient-type procedure has been suggested for this kind of
problem that accounts for the constraint. At a given point X = (xy, X,..., X),
the direction d = (dy, da, ..., d,) is determined from the gradient V fx)7 =

g:(gl, 82, «-» gn)by

d = —-giifx;>0 or g <0
T 0if x; =0and g; > 0.

This direction is then used as a direction of search in the usual manner.

(a) What are the first-order necessary conditions for a minimum point of this
problem?

(b) Show that d, as determined by the algorithm, is zero only at a point satisfy-
ing the first-order conditions.

(c) Show that if d # 0, it is possible to decrease the value of f by movement
along d.
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25.

26.

27.

28.

(d) If restricted to a compact region, does the Global Convergence Theorem
apply? Why?

Consider the quadratic problem and suppose Q has unity diagonal. Consider a
coordinate descent procedure in which the coordinate to be searched is at every
stage selected randomly, each coordinate being equally likely. Let &, = x; — x*.
Assuming g is known, show that sI{HstH, the expected value of 8{+1Q6k+1,
satisfies

2

a
]s,{st < (1 - ﬂ) s,{st.

& Qg

nel Qe

T —
8k+1Q8k+1 = [1 -

If the matrix Q has a condition number of 10, how many iterations of steepest
descent would be required to get six place accuracy in the minimum value of
the objective function of the corresponding quadratic problem?

Stopping criterion. A question that arises in using an algorithm such as steep-
est descent to minimize an objective function f is when to stop the iterative
process, or, in other words, how can one tell when the current point is close to
a solution. If, as with steepest descent, it is known that convergence is linear,
this knowledge can be used to develop a stopping criterion. Let {f;};7, be the
sequence of values obtained by the algorithm. We assume that f; — f* linearly,
but both f* and the convergence ratio 8 are unknown. However we know that,
at least approximately,

firr = f*=Bfi = f7)
and

Je=f=Bfier = )-
These two equations can be solved for 8 and f*.

(a) Show that

_ sz - fk—1fk+1 _ ﬁ(+1 - ﬁc
C2fi—fiet = firt T i fer

(b) Motivated by the above we form the sequence {f;’} defined by

f

_ sz = fi-1Jkr1
© 2fi— fiet = f

as the original sequence is generated. (This procedure of generating {f;’}
from {f;} is called the Aitken 6%-process.) If |fi — f*| = B* + o(8*) show
that |f7 — f*| = o(8%) which means that { S} converges to f* faster than
{ fx} does. The iterative search for the minimum of f can then be terminated
when fi — f; is smaller than some prescribed tolerance.

K

Show that the concordant requirement (8.69) can be expressed as

<L

o
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29.

DN =
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Assume f(x) and g(x) are self-concordant. Show that the following functions
are also self-concordant.

(@) af(x)fora>1
®) ax+b+ f(x)
(¢) f(ax+b)

(d) f(x)+ g(x)

Prove Lemma 1

. Consider convex quadratic minimization with matrix Q, and let its distinct pos-

itive eigenvalues be A, A,, ... Ag. Then, if we let the step size in the method of
steepest descent be a; = le, k=1,..., K, the method terminates in K iterations.
Show that the randomized coordinate descent method has the expected average
convergence rate (1 — ;) for solving strongly convex quadratic programs where
a and A are smallest and largest eigenvalues of the Hessian matrix.
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