Chapter 4
Duality and Complementarity

Associated with every linear program, and intimately related to it, is a corresponding
dual linear program. Both programs are constructed from the same underlying cost
and constraint coefficients but in such a way that if one of these problems is one of
minimization the other is one of maximization, and the optimal values of the corre-
sponding objective functions, if finite, are equal. The variables of the dual problem
can be interpreted as prices associated with the constraints of the original (primal)
problem, and through this association it is possible to give an economically mean-
ingful characterization to the dual whenever there is such a characterization for the
primal.

The variables of the dual problem are also intimately related to the calculation of
the relative cost coefficients in the simplex method. Thus, a study of duality sharp-
ens our understanding of the simplex procedure and motivates certain alternative
solution methods. Indeed, the simultaneous consideration of a problem from both
the primal and dual viewpoints often provides significant computational advantage
as well as economic insight.

4.1 Dual Linear Programs

In this section we define the dual program that is associated with a given linear pro-
gram. Initially, we depart from our usual strategy of considering programs in stan-
dard form, since the duality relationship is most symmetric for programs expressed
solely in terms of inequalities. Specifically then, we define duality through the pair
of programs displayed below.
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Primal Dual

minimize ¢’x maximize y’b

subject to Ax > b subject to y'A < ¢! “.1)
x>0 y=0

If A is an m X n matrix, then x is an m-dimensional column vector, b is an
n-dimensional column vector, ¢/ is an n-dimensional row vector, and yT is an
m-dimensional row vector. The vector x is the variable of the primal program, and y
is the variable of the dual program.

The pair of programs (4.1) is called the symmetric form of duality and, as ex-
plained below, can be used to define the dual of any linear program. It is important
to note that the role of primal and dual can be reversed. Thus, studying in detail
the process by which the dual is obtained from the primal: interchange of cost and
constraint vectors, transposition of coefficient matrix, reversal of constraint inequal-
ities, and change of minimization to maximization; we see that this same process
applied to the dual yields the primal. Put another way, if the dual is transformed,
by multiplying the objective and the constraints by minus unity, so that it has the
structure of the primal (but is still expressed in terms of y), its corresponding dual
will be equivalent to the original primal.

The dual of any linear program can be found by converting the program to the
form of the primal shown above. For example, given a linear program in standard
form

minimize ¢’x
subjectto Ax=b, x>0,

we write it in the equivalent form

minimize ¢'Xx
subject to Ax >
X

which is in the form of the primal of (4.1) but with coefficient matrix [ _‘i ] Using

a dual vector partitioned as (u, v), the corresponding dual is

maximize u’b —v’b
subjectto u’A —v7TA < ¢’
uz0,v>0.

Letting y = u — v we may simplify the representation of the dual program so that
we obtain the pair of problems displayed below:

Primal Dual
minimize ¢’x maximize y’b 4.2)
subjectto Ax=b, x>0 subject to y'A < ¢’
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This is the asymmetric form of the duality relation. In this form the dual vector y
(which is really a composite of u and v) is not restricted to be nonnegative.

Similar transformations can be worked out for any linear program to first get the
primal in the form (4.1), calculate the dual, and then simplify the dual to account
for special structure.

In general, if some of the linear inequalities in the primal (4.1) are changed to
equality, the corresponding components of y in the dual become free variables.
If some of the components of x in the primal are free variables, then the corre-
sponding inequalities in y” A < ¢! are changed to equality in the dual. We mention
again that these are not arbitrary rules but are direct consequences of the original
definition and the equivalence of various forms of linear programs.

Example 1 (Dual of the Diet Problem). The diet problem, Example 1, Sect. 2.2, was
the problem faced by a dietitian trying to select a combination of foods to meet
certain nutritional requirements at minimum cost. This problem has the form

minimize ¢’x
subjectto Ax>b, x>0

and hence can be regarded as the primal program of the symmetric pair above. We
describe an interpretation of the dual problem.

Imagine a pharmaceutical company that produces in pill form each of the
nutrients considered important by the dietitian. The pharmaceutical company tries
to convince the dietitian to buy pills, and thereby supply the nutrients directly rather
than through purchase of various foods. The problem faced by the drug company
is that of determining positive unit prices Ay, Ay, ..., 4, for the nutrients so as to
maximize revenue while at the same time being competitive with real food. To be
competitive with real food, the cost of a unit of food i made synthetically from
pure nutrients bought from the druggist must be no greater than c;, the market price
of the food. Thus, denoting by a; the ith food, the company must satisfy y’a; < ¢;
for each i. In matrix form this is equivalent to y’ A < ¢’. Since b; units of the jth
nutrient will be purchased, the problem of the druggist is

maximize y’b
subjectto y'A <c!, y> 0,

which is the dual problem.

Example 2 (Dual of the Transportation Problem). The transportation problem,
Example 3, Sect.2.2, is the problem, faced by a manufacturer, of selecting the
pattern of product shipments between several fixed origins and destinations so as to
minimize transportation cost while satisfying demand. Referring to (4.6) and (4.7)
of Chap. 2, the problem is in standard form, and hence the asymmetric version of
the duality relation applies. There is a dual variable for each constraint. In this case
we denote the variables u;,i = 1,2,..., mfor (4.6)andv;, j=1,2, ..., nfor (4.7).
Accordingly, the dual is
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m n
maximize ), aqiu; + ), bjv;
i=1 j=1
subjectto  w;+v;<cy, i=1,2,...,m,
i=1,2

To interpret the dual problem, we imagine an entrepreneur who, feeling that he can
ship more efficiently, comes to the manufacturer with the offer to buy his product at
the plant sites (origins) and sell it at the warehouses (destinations). The product price
that is to be used in these transactions varies from point to point, and is determined
by the entrepreneur in advance. He must choose these prices, of course, so that his
offer will be attractive to the manufacturer.

The entrepreneur, then, must select prices —u;, —uy, ..., —u, for the m origins
and vy, v, ..., v, for the n destinations. To be competitive with usual transportation
modes, his prices must satisfy u; + v; < ¢;; for all i, j, since u; + v; represents the
net amount the manufacturer must pay to sell a unit of product at origin i and buy
it back again at destination j. Subject to this constraint, the entrepreneur will adjust
his prices to maximize his revenue. Thus, his problem is as given above.

4.2 The Duality Theorem

To this point the relation between the primal and dual programs has been simply a
formal one based on what might appear as an arbitrary definition. In this section,
however, the deeper connection between a program and its dual, as expressed by the
Duality Theorem, is derived.

The proof of the Duality Theorem given in this section relies on the Separating
Hyperplane Theorem (Appendix B) and is therefore somewhat more advanced than
previous arguments. It is given here so that the most general form of the Duality
Theorem is established directly. An alternative approach is to use the theory of the
simplex method to derive the duality result. A simplified version of this alternative
approach is given in the next section.

Throughout this section we consider the primal program in standard form

minimize ¢’x

subjectto Ax=b, x>0 43)

and its corresponding dual

maximize y’b

subjectto y"A <cT. “4H

In this section it is not assumed that A is necessarily of full rank. The following
lemma is easily established and gives us an important relation between the two
problems.
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Dual values Primal values

Fig. 4.1 Relation of primal and dual values

Lemma 1 (Weak Duality Lemma). If x and y are feasible for (4.3) and (4.4),respectively,
then ¢'x > y'b.

Proof. We have
y'b=y Ax < 'x,

the last inequality being valid since x > 0 and y”A < ¢”. I

This lemma shows that a feasible vector to either problem yields a bound on the
value of the other problem. The values associated with the primal are all larger than
the values associated with the dual as illustrated in Fig. 4.1. Since the primal seeks
a minimum and the dual seeks a maximum, each seeks to reach the other. From this
we have an important corollary.

Corollary. If xo and yo are feasible for (4.3) and (4.4), respectively, and if ¢"xo = y} b,
then xo and y( are optimal for their respective problems.

The above corollary shows that if a pair of feasible vectors can be found to the
primal and dual programs with equal objective values, then these are both optimal.
The Duality Theorem of linear programming states that the converse is also true,
and that, in fact, the two regions in Fig. 4.1 actually have a common point; there is
no “gap.”

Duality Theorem of Linear Programming. If either of the problems (4.3) or (4.4) has a
finite optimal solution, so does the other, and the corresponding values of the objective
functions are equal. If either problem has an unbounded objective, the other problem has
no feasible solution.

Proof. We note first that the second statement is an immediate consequence of
Lemma 1. For if the primal is unbounded and y is feasible for the dual, we must
have y”'b < —M for arbitrarily large M, which is clearly impossible.

Second we note that although the primal and dual are not stated in symmetric
form it is sufficient, in proving the first statement, to assume that the primal has
a finite optimal solution and then show that the dual has a solution with the same
value. This follows because either problem can be converted to standard form and
because the roles of primal and dual are reversible.

Suppose (4.3) has a finite optimal solution with value zo. In the space E™*! define
the convex set

C={(r,w):r=tz—¢'x, w=th—- Ax, x>0, > 0}.

It is easily verified that C is in fact a closed convex cone. We show that the point (1,
0)isnotin C. If w = tpb — Axy = 0 with 7y > 0, Xy > 0, then X = X /1 is feasible
for (4.3) and hence r/ty = 7o — ¢'x < 0; which means r < 0. If w = —Axy = 0
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with xo > 0 and ¢”xy = —1, and if X is any feasible solution to (4.3), then X + ax is
feasible for any « > 0 and gives arbitrarily small objective values as « is increased.
This contradicts our assumption on the existence of a finite optimum and thus we
conclude that no such xg exists. Hence (1,0) ¢ C.

Now since C is a closed convex set, there is by Theorem 4.4, Sect. B.3, a hyper-
plane separating (1,0) and C. Thus there is a nonzero vector [s,y] € E”*! and a
constant ¢ such that

s<c=inflsr+y'w: (r, w)eC}.

Now since C is a cone, it follows that ¢ > 0. For if there were (r, w) € C such that
st +yTw < 0, then a(r, w) for large & would violate the hyperplane inequality. On
the other hand, since (0, 0) € C we must have ¢ < 0. Thus ¢ = 0. As a consequence
s < 0, and without loss of generality we may assume s = —1.

We have to this point established the existence of y € E™ such that

—r+y'w>0
for all (r, w) € C. Equivalently, using the definition of C,
(c-y A)x—tz+ty’b>0

for all x > 0,7 > 0. Setting ¢ = 0 yields y” A < ¢, which says y is feasible for the
dual. Setting x = 0 and ¢ = 1 yields y’b > zg, which in view of Lemma I and its
corollary shows that y is optimal for the dual. |

4.3 Relations to the Simplex Procedure

In this section the Duality Theorem is proved by making explicit use of the char-
acteristics of the simplex procedure. As a result of this proof it becomes clear that
once the primal is solved by the simplex procedure a solution to the dual is readily
obtainable.

Suppose that for the linear program

minimize ¢’x

subjectto Ax=b, x>0, 4.5)

we have the optimal basic feasible solution x = (xz, 0) with corresponding basis B.
We shall determine a solution of the dual program

maximize y’b

subjectto y’A < ¢’ (4.6)

in terms of B.
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We partition A as A = [B, D]. Since the basic feasible solution xg = B'b is
optimal, the relative cost vector r must be nonnegative in each component. From
Sect. 3.6 we have

T _ T _ TRl
rp =c¢p—cgB™ D,

and since rp is nonnegative in each component we have CIT;B_1 D < c]T).
Now define y’ = c]T;B_l. We show that this choice of y solves the dual problem.
We have
y'A =[y'B, y'D] = [¢}, ckB'D] < [cf, eh1=¢ .

Thus since y A < ¢, y is feasible for the dual. On the other hand,
y'b=ciB™'b = cfxp,

and thus the value of the dual objective function for this y is equal to the value of
the primal problem. This, in view of Lemma 1, Sect. 4.2, establishes the optimality
of y for the dual. The above discussion yields an alternative derivation of the main
portion of the Duality Theorem.

Theorem. Let the linear program (4.5) have an optimal basic feasible solution correspond-
ing to the basis B. Then the vector y satisfying y' = ch_l is an optimal solution to the
dual program (4.6). The optimal values of both problems are equal.

We turn now to a discussion of how the solution of the dual can be obtained
directly from the final simplex tableau of the primal. Suppose that embedded in the
original matrix A is an m X m identity matrix. This will be the case if, for example,
m slack variables are employed to convert inequalities to equalities. Then in the
final tableau the matrix B~! appears where the identity appeared in the beginning.
Furthermore, in the last row the components corresponding to this identity matrix
will be cIT - ch", where ¢j is the m-vector representing the cost coefficients of
the variables corresponding to the columns of the original identity matrix. Thus by
subtracting these cost coefficients from the corresponding elements in the last row,
the negative of the solution y” = c]TsB‘1 to the dual is obtained. In particular, if, as
is the case with slack variables, ¢; = 0, then the elements in the last row under B!
are equal to the negative of components of the solution to the dual.

Example. Consider the primal program

minimize —x1 —4x; — 3x3
subjectto  2x; +2x +x3<4
X1 +2x+2x3 <6
x1 20, x>0, x3>0.

This can be solved by introducing slack variables and using the simplex proce-
dure. The appropriate sequence of tableaus is given below without explanation.
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2 @ 1 1 0 4
1 2 2 0 1 6
-1 -4 3 0 0 0
1 1 12 1/2 0 2
-1 0 © -1 1 2
3 0 -1 2 0 8
3/2 1 0 1 -1/2 1
-1 0 1 -1 1 2
2 0 0 1 1 10

The optimal solution is x; = 0, x, = 1, x3 = 2. The corresponding dual program is

maximize 42, + 641,

subjectto 24; + A, < -1
241 +21, < -4
A +24, <=3
A1 <0, 1, 0.

The optimal solution to the dual is obtained directly from the last row of the sim-
plex tableau under the columns where the identity appeared in the first tableau:
A =-1, L, =-1.

Geometric Interpretation

The duality relations can be viewed in terms of the dual interpretations of linear
constraints emphasized in Chap. 3. Consider a linear program in standard form. For
sake of concreteness we consider the problem

minimize 18x1 + 12x5 + 2x3 + 6x4
subjectto  3x; + Xy —2x3+ x4 =2
X1 + 3)62 — X4 = 2

x120 %20, x3=0, x4 >0.

The columns of the constraints are represented in requirements space in Fig. 4.2.
A basic solution represents construction of b with positive weights on two of the a;’s.
The dual problem is

maximize 211 + 24,
subject to 31+ A, <18
A+ 3 <12
24 <2
A — Ay < 6.

The dual problem is shown geometrically in Fig. 4.3. Each column a; of the pri-
mal defines a constraint of the dual as a half-space whose boundary is orthogonal
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a

ay

Fig. 4.2 The primal requirements space

to that column vector and is located at a point determined by c;. The dual objective
is maximized at an extreme point of the dual feasible region. At this point exactly
two dual constraints are active. These active constraints correspond to an optimal
basis of the primal. In fact, the vector defining the dual objective is a positive linear
combination of the vectors. In the specific example, b is a positive combination of
a; and a,. The weights in this combination are the x;’s in the solution of the primal.

L™
=

a;

—

a,

Fig. 4.3 The dual in activity space
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Simplex Multipliers

We conclude this section by giving an economic interpretation of the relation
between the simplex basis and the vector y. At any point in the simplex procedure
we may form the vector y satisfying y’ = ch‘l. This vector is not a solution to the
dual unless B is an optimal basis for the primal, but nevertheless, it has an economic
interpretation. Furthermore, as we have seen in the development of the revised sim-
plex method, this y vector can be used at every step to calculate the relative cost
coefficients. For this reason y’ = c}TgB_l, corresponding to any basis, is often called
the vector of simplex multipliers.

Let us pursue the economic interpretation of these simplex multipliers. As usual,
denote the columns of A by a;,ay, ..., a, and denote by e, e,,..., e, the m unit
vectors in E™. The components of the a;’s and b tell how to construct these vectors
from the e;’s.

Given any basis B, however, consisting of m columns of A, any other vector
can be constructed (synthetically) as a linear combination of these basis vectors.
If there is a unit cost ¢; associated with each basis vector a;, then the cost of a
(synthetic) vector constructed from the basis can be calculated as the corresponding
linear combination of the ¢;’s associated with the basis. In particular, the cost of the
Jjth unit vector, e;, when constructed from the basis B, is 4}, the jth component of
y' = cﬁB_l. Thus the A;’s can be interpreted as synthetic prices of the unit vectors.

Now, any vector can be expressed in terms of the basis B in two steps: (1) express
the unit vectors in terms of the basis, and then (2) express the desired vector as a
linear combination of unit vectors. The corresponding synthetic cost of a vector con-
structed from the basis B can correspondingly be computed directly by: (1) finding
the synthetic price of the unit vectors, and then (2) using these prices to evaluate the
cost of the linear combination of unit vectors. Thus, the simplex multipliers can be
used to quickly evaluate the synthetic cost of any vector that is expressed in terms of
the unit vectors. The difference between the true cost of this vector and the synthetic
cost is the relative cost. The process of calculating the synthetic cost of a vector,
with respect to a given basis, by using the simplex multipliers is sometimes referred
to as pricing out the vector.

Optimality of the primal corresponds to the situation where every vector a;, a,,

.., &, is cheaper when constructed from the basis than when purchased directly at
its own price. Thus we have y’a; < ¢; fori = 1,2, ..., nor equivalently y’A < ¢7.

4.4 Sensitivity and Complementary Slackness

The optimal values of the dual variables in a linear program can, as we have seen, be
interpreted as prices. In this section this interpretation is explored in further detail.
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Sensitivity

Suppose in the linear program

minimize c’x @)
subjectto Ax =b, x > 0,
the optimal basis is B with corresponding solution (xg, 0), where xg = B 'b. A
solution to the corresponding dual is y” = ¢fB™".

Now, assuming nondegeneracy, small changes in the vector b will not cause the
optimal basis to change. Thus for b + Ab the optimal solution is

X = (xg + Axg, 0),
where Axg = B~'Ab. Thus the corresponding increment in the cost function is
Az = chAxp = y" Ab. (4.8)

This equation shows that y gives the sensitivity of the optimal cost with respect to
small changes in the vector b. In other words, if a new program were solved with b
changed to b + Ab, the change in the optimal value of the objective function would
be y” Ab.

This interpretation of the dual vector y is intimately related to its interpretation
as a vector of simplex multipliers. Since 4; is the price of the unit vector e; when
constructed from the basis B, it directly measures the change in cost due to a change
in the jth component of the vector b. Thus, 4; may equivalently be considered as
the marginal price of the component b;, since if b; is changed to b; + Ab; the value
of the optimal solution changes by A;Ab;.

If the linear program is interpreted as a diet problem, for instance, then 4; is
the maximum price per unit that the dietitian would be willing to pay for a small
amount of the jth nutrient, because decreasing the amount of nutrient that must
be supplied by food will reduce the food bill by A; dollars per unit. If, as another
example, the linear program is interpreted as the problem faced by a manufacturer
who must select levels x;, x», ..., x, of n production activities in order to meet
certain required levels of output by, b,, ..., b, while minimizing production costs,
the A;’s are the marginal prices of the outputs. They show directly how much the
production cost varies if a small change is made in the output levels.

Complementary Slackness

The optimal solutions to primal and dual programs satisfy an additional relation
that has an economic interpretation. This relation can be stated for any pair of dual
linear programs, but we state it here only for the asymmetric and the symmetric
pairs defined in Sect. 4.1.
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Theorem. (Complementary slackness—asymmetric form). Let x and 'y be feasible solu-
tions for the primal and dual programs, respectively, in the pair (4.2). A necessary and
sufficient condition that they both be optimal solutions is that' for all i

l) x1>0:>yTa,v:c;

i) ;,=0& yTa_/- <cj.

Proof. If the stated conditions hold, then clearly (y'A — ¢")x = 0. Thus y'b =
c’x, and by the corollary to Lemma 1, Sect.4.2, the two solutions are optimal.
Conversely, if the two solutions are optimal, it must hold, by the Duality Theo-
rem, that y'b = ¢’x and hence that (y' A — ¢")x = 0. Since each component of X is
nonnegative and each component of y” A — ¢ is nonpositive, the conditions (i) and
(ii) must hold. Il

Theorem. (Complementary slackness—symmetric form). Let x and 'y be feasible solutions
for the primal and dual programs, respectively, in the pair (4.1). A necessary and sufficient
condition that they both be optimal solutions is that for all i and j

l) x,—>0:>yTa,-:c,-
ll) X = 0« yTa,- < Cj
iii) ;> 0= a'x=b;

iv) 4, =0<a'x> b,
(where a/ is the jth row of A).
Proof. This follows by transforming the previous theorem. i

The complementary slackness conditions have a rather obvious economic inter-
pretation. Thinking in terms of the diet problem, for example, which is the primal
part of a symmetric pair of dual problems, suppose that the optimal diet supplies
more than b; units of the jth nutrient. This means that the dietitian would be unwill-
ing to pay anything for small quantities of that nutrient, since availability of it would
not reduce the cost of the optimal diet. This, in view of our previous interpretation
of A; as a marginal price, implies A4; = 0 which is (iv) of Theorem4.4. The other
conditions have similar interpretations which the reader can work out.

4.5 Max Flow—Min Cut Theorem

One of the most exemplary pairs of linear primal and dual problems is the max-flow
and min-cut theorem, which we describe in this section. The maximal flow problem
described in Chap. 2 can be expressed more compactly in terms of the node—arc
incidence matrix (see Appendix D). Let x be the vector of arc flows x;; (ordered in
any way). Let A be the corresponding node-arc incidence matrix. Finally, let e be a

T The symbol = means “implies” and < means “is implied by.”
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vector with dimension equal to the number of nodes and having a + 1 component on
node 1, a— 1 on node m, and all other components zero. The maximal flow problem
is then

maximize f
subjectto Ax— fe =10 4.9)
x < k.

The coefficient matrix of this problem is equal to the node—arc incidence matrix with
an additional column for the flow variable f. Any basis of this matrix is triangular,
and hence as indicated by the theory in the transportation problem in Chap. 3, the
simplex method can be effectively employed to solve this problem. However, instead
of the simplex method, a simple algorithm based on the tree algorithm (also see
Appendix D) can be used.

Max Flow Augmenting Algorithm

The basic strategy of the algorithm is quite simple. First we recognize that it is
possible to send nonzero flow from node 1 to node m only if node m is reachable
from node 1. The tree procedure can be used to determine if m is in fact reachable;
and if it is reachable, the algorithm will produce a path from 1 to m. By examining
the arcs along this path, we can determine the one with minimum capacity. We may
then construct a flow equal to this capacity from 1 to m by using this path. This gives
us a strictly positive (and integer-valued) initial flow.

Next consider the nature of the network at this point in terms of additional flows
that might be assigned. If there is already flow x;; in the arc (i, j), then the effective
capacity of that arc is reduced by x;;(to k;; — x;;), since that is the maximal amount
of additional flow that can be assigned to that arc. On the other hand, the effective
reverse capacity, on the arc (j, 1), is increased by x;;(to k;; + x;;), since a small incre-
mental backward flow is actually realized as a reduction in the forward flow through
that arc. Once these changes in capacities have been made, the tree procedure can
again be used to find a path from node 1 to node m on which to assign additional
flow. (Such a path is termed an augmenting path.) Finally, if m is not reachable
from 1, no additional flow can be assigned, and the procedure is complete.

It is seen that the method outlined above is based on repeated application of
the tree procedure, which is implemented by labeling and scanning. By including
slightly more information in the labels than in the basic tree algorithm, the minimum
arc capacity of the augmenting path can be determined during the initial scanning,
instead of by reexamining the arcs after the path is found. A typical label at a node
i has the form (k, c¢;), where k denotes a precursor node and c; is the maximal flow
that can be sent from the source to node i through the path created by the previous
labeling and scanning. The complete procedure is this:
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Step 0. Set all x;; =0and f = 0.

Step 1. Label node 1 (—, o0). All other nodes are unlabeled.

Step 2. Select any labeled node i for scanning. Say it has label (k, ¢;). For all
unlabeled nodes j such that (i, j) is an arc with x;; < k;;, assign the label (i, ¢;),
where ¢; = min {c;, k;; — x;;}. For all unlabeled nodes j such that (j, i) is an arc
with x;; > 0, assign the label (i, ¢;), where ¢; = min {c;, x;;}.

Step 3. Repeat Step 2 until either node m is labeled or until no more labels can
be assigned. In this latter case, the current solution is optimal.

Step 4. (Augmentation.) If the node m is labeled (i, c,), then increase f and
the flow on arc (i, m) by c,. Continue to work backward along the augmenting
path determined by the nodes, increasing the flow on each arc of the path by c,,.
Return to Step 1.

The validity of the algorithm should be fairly apparent, that is, the finite termi-
nation of the algorithm. However, a complete proof is deferred until we consider
the max flow-min cut theorem below.

Example. An example of the above procedure is shown in Fig.4.4. Node 1 is the
source, and node 6 is the sink. The original network with capacities indicated on the
arcs is shown in Fig. 4.4a. Also shown in that figure are the initial labels obtained by
the procedure. In this case the sink node is labeled, indicating that a flow of 1 unit
can be achieved. The augmenting path of this flow is shown in Fig. 4.4b. Numbers
in square boxes indicate the total flow in an arc. The new labels are then found and
added to that figure. Note that node 2 cannot be labeled from node 1 because there
is no unused capacity in that direction. Node 2 can, however, be labeled from node
4, since the existing flow provides a reverse capacity of 1 unit. Again the sink is
labeled, and 1 unit more flow can be constructed. The augmenting path is shown in
Fig.4.4c. A new labeling is appended to that figure. Again the sink is labeled, and
an additional 1 unit of flow can be sent from source to sink. The path of this 1 unit is
shown in Fig. 4.4d. Note that it includes a flow from node 4 to node 2, even though
flow was not allowed in this direction in the original network. This flow is allowable
now, however, because there is already flow in the opposite direction. The total flow
at this point is shown in Fig.4.4e. The flow levels are again in square boxes. This
flow is maximal, since only the source node can be labeled.

Max Flow-Min Cut Theorem

A great deal of insight and some further results can be obtained through the
introduction of the notion of cuts in a network. Given a network with source node
1 and sink node m, divide the nodes arbitrarily into two sets S and § such that
the source node is in S and the sink is in §. The set of arcs from S to S is a cut and
is denoted (S, S). The capacity of the cut is the sum of the capacities of the arcs in
the cut.

An example of a cut is shown in Fig.4.5. The set S consists of nodes 1 and 2,
while S consists of 3, 4, 5, 6. The capacity of this cut is 4.
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Fig. 4.4 Illustration of algorithmic steps of the maximal flow example

(4. 1)
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Fig. 4.5 A cut

It should be clear that a path from node 1 to node m must include at least one arc
in any cut, for the path must have an arc from the set S to the set §. Furthermore, it
is clear that the maximal amount of flow that can be sent through a cut is equal to
its capacity. Thus each cut gives an upper bound on the value of the maximal flow
problem. The max flow-min cut theorem states that equality is actually achieved for
some cut. That is, the maximal flow is equal to the minimal cut capacity. It should
be noted that the proof of the theorem also establishes the maximality of the flow
obtained by the maximal flow algorithm.

Max Flow-Min Cut Theorem. In a network the maximal flow between a source and a sink
is equal to the minimal cut capacity of all cuts separating the source and sink.

Proof. Since any cut capacity must be greater than or equal to the maximal flow, it is
only necessary to exhibit a flow and a cut for which equality is achieved. Begin with
a flow in the network that cannot be augmented by the maximal flow algorithm. For
this flow find the effective arc capacities of all arcs for incremental flow changes as
described earlier and apply the labeling procedure of the maximal flow algorithm.
Since no augmenting path exists, the algorithm must terminate before the sink is
labeled.

Let S and S consist of all labeled and unlabeled nodes, respectively. This defines
a cut separating the source from the sink. All arcs originating in S and terminating
in S have zero incremental capacity, or else a node in S could have been labeled.
This means that each arc in the cut is saturated by the original flow; that is, the
flow is equal to the capacity. Any arc originating in S and terminating in S, on the
other hand, must have zero flow; otherwise, this would imply a positive incremental
capacity in the reverse direction, and the originating node in S would be labeled.
Thus, there is a total flow from S to S equal to the cut capacity, and zero flow from
S to §. This means that the flow from source to sink is equal to the cut capacity.
Thus the cut capacity must be minimal, and the flow must be maximal. |

In the network of Fig. 4.4, the minimal cut corresponds to the S consisting only
of the source. That cut capacity is 3. Note that in accordance with the max flow—
min cut theorem, this is equal to the value of the maximal flow, and the minimal
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cut is determined by the final labeling in Fig. 4.4e. In Fig. 4.5 the cut shown is also
minimal, and the reader should easily be able to determine the pattern of maximal
flow.

Relation to Duality

The character of the max flow—min cut theorem suggests a connection with the
Duality Theorem. We conclude this section by exploring this connection.

The maximal flow problem is a linear program, which is expressed formally
by (4.9). The dual problem is found to be

minimize w’k
subjectto u’A =w’ (4.10)
ule =

w > 0.
When written out in detail, the dual is

minimize Z wijkij
ij
subject to  u; —u; = w;;
Uy —uy =1 4.11)

W,‘jZO.

A pair i, jis included in the above only if (i, j) is an arc of the network.
A feasible solution to this dual problem can be found in terms of any cut
set (S,S). In particular, it is easily seen that

1 if ieS
”"‘{0 if ieS @.12)
1 Gopes,d)

Wi =10 otherwise

is a feasible solution. The value of the dual problem corresponding to this solution
is the cut capacity. If we take the cut set to be the one determined by the labeling
procedure of the maximal flow algorithm as described in the proof of the theorem
above, it can be seen to be optimal by verifying the complementary slackness con-
ditions (a task we leave to the reader). The minimum value of the dual is therefore
equal to the minimum cut capacity.
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4.6 The Dual Simplex Method

Often there is available a basic solution to a linear program which is not feasible but
which prices out optimally; that is, the simplex multipliers are feasible for the dual
problem. In the simplex tableau this situation corresponds to having no negative ele-
ments in the bottom row but an infeasible basic solution. Such a situation may arise,
for example, if a solution to a certain linear programming problem is calculated and
then a new problem is constructed by changing the vector b. In such situations a
basic feasible solution to the dual is available and hence it is desirable to pivot in
such a way as to optimize the dual.

Rather than constructing a tableau for the dual problem (which, if the primal is
in standard form; involves m free variables and n nonnegative slack variables), it is
more efficient to work on the dual from the primal tableau. The complete technique
based on this idea is the dual simplex method. In terms of the primal problem,
it operates by maintaining the optimality condition of the last row while working
toward feasibility. In terms of the dual problem, however, it maintains feasibility
while working toward optimality.

Given the linear program

minimize ¢’x

subjectto Ax =b, x >0, (4.13)
suppose a basis B is known such that y defined by y” = c]TSB‘1 is feasible for the
dual. In this case we say that the corresponding basic solution to the primal, xg =
B~'b, is dual feasible. If x > 0 then this solution is also primal feasible and hence
optimal.

The given vector y is feasible for the dual and thus satisfies y” a j<cjforj=
1,2, ..., n. Indeed, assuming as usual that the basis is the first m columns of A,
there is equality

yaj=c;, forj=12, ..., m, (4.14a)

and (barring degeneracy in the dual) there is inequality

yaj<cjforj=m+1, ..., n (4.14b)

To develop one cycle of the dual simplex method, we find a new vector y such that
one of the equalities becomes an inequality and one of the inequalities becomes
equality, while at the same time increasing the value of the dual objective function.
The m equalities in the new solution then determine a new basis.

Denote the ith row of B~! by u’. Then for

y o=y -eu, (4.15)

we have y' a; = y'a; — eu/a;. Thus, recalling that z; = y”a; and noting that uw'a; =
vij» the ijth element of the tableau, we have
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yaj=c, J=12, . m i# ] (4.16)
Ya=c-e (4.16b)
Ya=z—sy, j=m+l, m+2, ..., n (4.16¢)
Also,
¥'b = y'b - exg;. (4.17)

These last equations lead directly to the algorithm:

Step 1. Given a dual feasible basic solution xg, if xg > 0 the solution is optimal.
If xp is not nonnegative, select an index i such that the ith component of xg, xp; <
0.

Step 2. If all y; > 0, j=1,2, ..., n, then the dual has no maximum (this follows
since by (4.16) A is feasible for all £ > 0). If y; < 0 for some j, then let

_ .
g0 = Xk :min{ ] :y,-j<0}. (4.18)
Yik J Yij

Step 3. Form a new basis B by replacing a; by a;. Using this basis determine the
corresponding basic dual feasible solution xg and return to Step 1.

The proof that the algorithm converges to the optimal solution is similar in its
details to the proof for the primal simplex procedure. The essential observations are:
(a) from the choice of k in (4.18) and from (4.16a), (4.16b), 4.16¢) the new solution
will again be dual feasible; (b) by (4.17) and the choice xp, < 0, the value of the dual
objective will increase; (c) the procedure cannot terminate at a nonoptimum point;
and (d) since there are only a finite number of bases, the optimum must be achieved
in a finite number of steps.

Example. A form of problem arising frequently is that of minimizing a positive
combination of positive variables subject to a series of “greater than” type inequal-
ities having positive coefficients. Such problems are natural candidates for applica-
tion of the dual simplex procedure. The classical diet problem is of this type as is
the simple example below.

minimize  3x; +4x; + 5x3
subject to Xi+2x+3x3 =5
2x1+2x+x3 26

x120, x>0, x320.

By introducing surplus variables and by changing the sign of the inequalities we
obtain the initial tableau

-1 -2 -3 1 0 -5

- -2 -1 0 1 -6

3 4 5 0 O 0
Initial tableau
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The basis corresponds to a dual feasible solution since all of the ¢; — z;’s are
nonnegative. We select any xp, < 0, say xs = —6, to remove from the set of basic
variables. To find the appropriate pivot element in the second row we compute the
ratios (z; — ¢;)/y2; and select the minimum positive ratio. This yields the pivot indi-
cated. Continuing, the remaining tableaus are

0o -® -5/2 1 -1/2 =2

1 1 1/2 0o -1/2 3

0 1 7/2 0 3/2 9
Second tableau

0 1 5/2 -1 1/2
1 0 -2 1 -1
0 0 1 1 1 11

Final tableau

The third tableau yields a feasible solution to the primal which must be optimal.
Thus the solutionis x; = 1, x, =2, x3 =0.

*4.7 *The Primal-Dual Algorithm

In this section a procedure is described for solving linear programming problems by
working simultaneously on the primal and the dual problems. The procedure begins
with a feasible solution to the dual that is improved at each step by optimizing an
associated restricted primal problem. As the method progresses it can be regarded
as striving to achieve the complementary slackness conditions for optimality. Orig-
inally, the primal-dual method was developed for solving a special kind of linear
program arising in network flow problems, and it continues to be the most efficient
procedure for these problems. (For general linear programs the dual simplex method
is most frequently used). In this section we describe the generalized version of the
algorithm and point out an interesting economic interpretation of it. We consider the
program

minimize ¢’x

subjectto Ax=h,x >0 (4.19)
and the corresponding dual program
- T
maximize y'b
subjectto y'A <c’. (4.20)
Given a feasible solution y to the dual, define the subset P of 1, 2, ..., n by

i € Pify'a; = ¢; where a; is the ith column of A. Thus, since y is dual feasible, it
follows that i ¢ P implies y"a; < ¢;. Now corresponding to y and P, we define the
associated restricted primal problem
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minimize 17y

subjectto Ax+y=D>b
x>0, x;=0fori¢gP
y >0,

4.21)

where 1 denotes the m-vector (1,1, ..., 1).
The dual of this associated restricted primal is called the associated restricted
dual. It is
maximize u’b
subjectto u’a; <0, i ¢ P (4.22)
u<l

The condition for optimality of the primal-dual method is expressed in the following
theorem.

Primal-Dual Optimality Theorem. Suppose that y is feasible for the dual and that x and
y = 0 is feasible (and of course optimal) for the associated restricted primal. Then X and 'y
are optimal for the original primal and dual programs, respectively.

Proof. Clearly x is feasible for the primal. Also we have ¢/ x = y” Ax, because y’ A
is identical to ¢’ on the components corresponding to nonzero elements of x. Thus
¢’x = y"Ax = y”b and optimality follows from Lemma 1, Sect. 4.2. |l

The primal-dual method starts with a feasible solution to the dual and then
optimizes the associated restricted primal. If the optimal solution to this associated
restricted primal is not feasible for the primal, the feasible solution to the dual is
improved and a new associated restricted primal is determined. Here are the details:

Step 1. Given a feasible solution y( to the dual program (4.20), determine the
associated restricted primal according to (4.21).

Step 2. Optimize the associated restricted primal. If the minimal-value of this
problem is zero, the corresponding solution is optimal for the original primal
by the Primal-Dual Optimality Theorem.

Step 3. If the minimal value of the associated restricted primal is strictly posi-
tive, obtain from the final simplex tableau of the restricted primal, the solution
uy of the associated restricted dual (4.22). If there is no j for which ug a; >0
conclude the primal has no feasible solutions. If, on the other hand, for at least
one j, ug a; > 0, define the new dual feasible vector

Y =Yo + &Up

where
T o Ta.
Ck — Yo ax Cji—Yo4;
&)= ——FF— —_—

= min
T : T, .
u, ay J u;a,

: ugaj > 0} .
Now go back to Step 1 using this y.

To prove convergence of this method a few simple observations and explanations
must be made. First we verify the statement made in Step 3 that uga ; < Oforall j
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implies that the primal has no feasible solution. The vector y. = yo + €uy is feasible
for the dual problem for all positive &, since u{ A < 0. In addition, y. b = y b+eul b
and, since ug b = lTy > 0, we see that as ¢ is increased we obtain an unbounded
solution to the dual. In view of the Duality Theorem, this implies that there is no
feasible solution to the primal.

Next suppose that in Step 3, for at least one j, uga j > 0. Again we define the
family of vectors y. = yo + €ug. Since uy is a solution to (4.22) we have ug a; <0
for i € P, and hence for small positive ¢ the vector y, is feasible for the dual. We
increase ¢ to the first point where one of inequalities ygaj < c¢j, j ¢ P becomes
an equality. This determines €y > 0 and k. The new y vector corresponds to an in-
creased value of the dual objective y'b = yg b+sugb. In addition, the corresponding
new set P now includes the index k. Any other index i that corresponded to a pos-
itive value of x; in the associated restricted primal is in the new set P, because by
complementary slackness ul a; = 0 for such an i and thus y” a; = yl a;+goula; = ¢;.
This means that the old optimal solution is feasible for the new associated restricted
primal and that a; can be pivoted into the basis. Since ugak > 0, pivoting in a; will
decrease the value of the associated restricted primal.

In summary, it has been shown that at each step either an improvement in the
associated primal is made or an infeasibility condition is detected. Assuming non-
degeneracy, this implies that no basis of the associated primal is repeated—and since
there are only a finite number of possible bases, the solution is reached in a finite
number of steps.

The primal-dual algorithm can be given an interesting interpretation in terms of
the manufacturing problem in Example 2, Sect. 2.2. Suppose we own a facility that
is capable of engaging in n different production activities each of which produces
various amounts of m commodities. Each activity i can be operated at any level
x; = 0, but when operated at the unity level the ith activity costs ¢; dollars and yields
the m commodities in the amounts specified by the m-vector a;. Assuming linearity
of the production facility, if we are given a vector b describing output requirements
of the m commodities, and we wish to produce these at minimum cost, ours is the
primal problem.

Imagine that an entrepreneur not knowing the value of our requirements vector b
decides to sell us these requirements directly. He assigns a price vector y, to these
requirements such that yg A < c. In this way his prices are competitive with our
production activities, and he can assure us that purchasing directly from him is no
more costly than engaging activities. As owner of the production facilities we are
reluctant to abandon our production enterprise but, on the other hand, we deem it not
frugal to engage an activity whose output can be duplicated by direct purchase for
lower cost. Therefore, we decide to engage only activities that cannot be duplicated
cheaper, and at the same time we attempt to minimize the total business volume
given the entrepreneur. Ours is the associated restricted primal problem.

Upon receiving our order, the greedy entrepreneur decides to modify his prices
in such a manner as to keep them competitive with our activities but increase the
cost of our order. As a reasonable and simple approach he seeks new prices of the
form
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Y = Yo t+ &uy,

where he selects ug as the solution to

maximize u’y
subjectto u’a; <0, i€ P
u<l

The first set of constraints is to maintain competitiveness of his new price vector for
small &, while the second set is an arbitrary bound imposed to keep this subproblem
bounded. It is easily shown that the solution uy to this problem is identical to the
solution of the associated dual (4.22). After determining the maximum & to maintain
feasibility, he announces his new prices.

At this point, rather than concede to the price adjustment, we recalculate the new
minimum volume order based on the new prices. As the greedy (and shortsighted)
entrepreneur continues to change his prices in an attempt to maximize profit he
eventually finds he has reduced his business to zero! At that point we have, with his
help, solved the original primal problem.

Example. To illustrate the primal-dual method and indicate how it can be imple-
mented through use of the tableau format consider the following problem:

minimize 2x1 + X +4x3
subject to X1 +x+2x3=3
2x1+x +3x3=5
x120, x>0, x3>0.

Because all of the coefficients in the objective function are nonnegative, y = (0, 0)
is a feasible vector for the dual. We lay out the simplex tableau shown below

a a as b
1 1 2 1 0 3

1 3 0 1 5

-3 -2 -5 0 0 -8

ci—yla; — 2 1 4
First tableau

To form this tableau we have adjoined artificial variables in the usual manner.
The third row gives the relative cost coefficients of the associated primal problem—
the same as the row that would be used in a phase I procedure. In the fourth row
are listed the ¢; — y” a;’s for the current y. The allowable columns in the associated
restricted primal are determined by the zeros in this last row.

Since there are no zeros in the last row, no progress can be made in the associated
restricted primal and hence the original solution x; = x; =x3 =0, y; =3, y =5is
optimal for this y. The solution uy to the associated restricted dual is ug = (1, 1), and
the numbers —ug a;, i = 1,2,3 are equal to the first three elements in the third row.
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Thus, we compute the three ratios %, % % from which we find gy = % The new
values for the fourth row are now found by adding & times the (first three) elements

of the third row to the fourth row.

a a a3 . . b
1 @) 2 1 0 3
2 1 3 0 1 5
-3 -2 -5 0 0 -8
/2 0 3/2

Second tableau

Minimizing the new associated restricted primal by pivoting as indicated we obtain

a a a3 . . b
1 1 2 1 0 3
1 0 1 -1 1 2
-1 0 -1 2 0 -2
-1/2 0 3)2
Now we again calculate the ratios %, % obtaining gy = %, and add this multiple of
the third row to the fourth row to obtain the next tableau.
a a a3 . b
1 1 2 1 0 3
® 0 1 -1 1 2
-1 0 -1 2 0 -2
0 O 1
Third tableau

optimizing the new restricted primal we obtain the tableau:

a a as . . b
0 1 1 2 -1 1
1 0 1 -1 1 2
0o 0 O 1 1 0
0 O 1 . .

Final tableau

Having obtained feasibility in the primal, we conclude that the solution is also
optimal: x; =2, x, =1, x3 =0.

4.8 Summary

There is a corresponding dual linear program associated with every (primal) linear
program. Both programs share the same underlying cost and constraint coefficients.
We have demonstrated rich theorems to relate the pair. The variables of the dual
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problem can be interpreted as prices associated with the constraints of the original
(primal) problem, and through this association it is possible to give an economically
meaningful characterization to the dual whenever there is such a characterization
for the primal.

Mathematically, the pair also establish an optimality certificate to each other:
one cannot claim an optimal objective value unless you find an solution for the
dual to achieve the same value of the dual objective. This also leads to the set of
optimality conditions, including the complementarity conditions, that we would see
many times in the rest of the book.

4.9 Exercises

1. Verify in detail that the dual of a linear program is the original problem.
2. Show that if a linear inequality in a linear program is changed to equality, the
corresponding dual variable becomes free.
3. Find the dual of
minimize ¢’x
subjectto Ax=b, x> a
where a>0.

4. Show that in the transportation problem the linear equality constraints are not
linearly independent, and that in an optimal solution to the dual problem the
dual variables are not unique. Generalize this observation to any linear program
having redundant equality constraints.

5. Construct an example of a primal problem that has no feasible solutions and
whose corresponding dual also has no feasible solutions.

6. Let A be an mxn matrix and b be an n-vector. Prove that Ax < 0 implies ¢”x < 0
if and only if ¢ = y” A for some y > 0. Give a geometric interpretation of the
result.

7. There is in general a strong connection between the theories of optimization and
free competition, which is illustrated by an idealized model of activity location.
Suppose there are n economic activities (various factories, homes, stores, etc.)
that are to be individually located on n distinct parcels of land. If activity i is
located on parcel j that activity can yield s;; units (dollars) of value.

If the assignment of activities to land parcels is made by a central authority, it
might be made in such a way as to maximize the total value generated. In other
words, the assignment would be made so as to maximize }; 3’ ; s;;x; where

1 if activity i is assigned to parcel j
X =
Y 0 otherwise
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More explicitly this approach leads to the optimization problem

maximize 3} 3} s;x;
i
subjectto X x;=1,i=1,2, ..., n

J
Z'xljzl’jzl,z, ...

x,;,->0, xij=00r1.

Actually, it can be shown that the final requirement (x; = 0 or 1) is automati-
cally satisfied at any extreme point of the set defined by the other constraints, so
that in fact the optimal assignment can be found by using the simplex method
of linear programming.

If one considers the problem from the viewpoint of free competition, it is
assumed that, rather than a central authority determining the assignment, the
individual activities bid for the land and thereby establish prices.

(a) Show that there exists a set of activity prices p;, i = 1,2, ..., n and land
prices g, j=1,2, ..., nsuch that
pitqjzs;, i=12,...,n j=12,...,n

with equality holding if in an optimal assignment activity i is assigned to
parcel j.

(b) Show that Part (a) implies that if activity i is optimally assigned to parcel j
and if j’ is any other parcel

Sij—4;j Z Sijr — {4 -

Give an economic interpretation of this result and explain the relation
between free competition and optimality in this context.

(c) Assuming that each s;; is positive, show that the prices can all be assumed
to be nonnegative.

. Construct the dual of the combinatorial auction problem of Example 7 of

Chap. 2, and give an economical interpretation for each type of the dual vari-
ables.

Game theory is in part related to linear programming theory. Consider the game
in which player X may select any one of m moves, and player Y may select any
one of n moves. If X selects i and Y selects j, then X wins an amount a;; from Y.
The game is repeated many times. Player X develops a mixed strategy where the
various moves are played according to probabilities represented by the compo-

nents of the vector x = (x1, X2, ..., X,), Where x; > 0, i = 1,2, ..., m
m
and ) x; = 1. Likewise Y develops a mixed strategy y = (y1, Y2, ---» Yn),
i=1
n
where y; > 0, i = 1,2, ..., nand } y; = 1. The average payoff to X is then
i=1

P(x, y) = x” Ay.
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(a) Suppose X selects x as the solution to the linear program

maximize A

m
subjectto ), x; =1

i=1

m

Yxai=2A j=1,2,...,n
i=1
x; =0, i=1,2, ..., m

Show that X is guaranteed a payoff of at least A no matter what y is chosen
by Y.
(b) Show that the dual of the problem above is

minimize B

subjectto >, y; =1
j=1

n

2 apyj< B, i=1,2,

j=1

v 20, j=12,...,n

(c) Prove that max A = min B. (The common value is called the value of the
game.)

(d) Consider the “matching” game. Each player selects heads or tails. If the
choices match, X wins $1 from Y; if they do not match, ¥ wins $1 from X.
Find the value of this game and the optimal mixed strategies.

(e) Repeat Part (d) for the game where each player selects either 1, 2, or 3.
The player with the highest number wins $1 unless that number is exactly
1 higher than the other player’s number, in which case he loses $3. When
the numbers are equal there is no payoft.

10. Consider the primal linear program in the standard form. Suppose that this
program and its dual are feasible. Let y be a known optimal solution to the
dual.

(a) If the kth equation of the primal is multiplied by ¢ # 0, determine an opti-
mal solution w to the dual of this new problem.

(b) Suppose that, in the original primal, we add u times the kth equation to
the rth equation. What is an optimal solution w to the corresponding dual
problem?

(c) Suppose, in the original primal, we add u times the kth row of A to ¢. What
is an optimal solution to the corresponding dual problem?

11. Consider the linear program (P) of the form

minimize q’z
subjectto Mz > —q, z >0

in which the matrix M is skew symmetric; that is, M = -MT,
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(a) Show that problem (P) and its dual are the same.
(b) A problem of the kind in part (a) is said to be self-dual. An example of a
self-dual problem has

Sl oo

Give an interpretation of the problem with this data.
(c) Show that a self-dual linear program has an optimal solution if and only if
it is feasible.

A company may manufacture n different products, each of which uses various
amounts of m limited resources. Each unit of product i yields a profit of ¢;
dollars and uses a;; units of the jth resource. The available amount of the jth
resource is b;. To maximize profit the company selects the quantities x; to be
manufactured of each product by solving

maximize ¢/ x
subjectto Ax =b, x > 0.

The unit profits ¢; already take into account the variable cost associated with
manufacturing each unit. In addition to that cost, the company incurs a fixed
overhead H, and for accounting purposes it wants to allocate this overhead to
each of its products. In other words, it wants to adjust the unit profits so as to
account for the overhead. Such an overhead allocation scheme must satisfy two
conditions: (4.1) Since H is fixed regardless of the product mix, the overhead
allocation scheme must not alter the optimal solution, (4.2) All the overhead
must be allocated; that is, the optimal value of the objective with the modified
cost coeflicients must be H dollars lower than z—the original optimal value of
the objective.

(a) Consider the allocation scheme in which the unit profits are modified
according to &” = ¢’ —ryg A, where yj is the optimal solution to the original
dual and r = H/zy (assume H < zp).

(i) Show that the optimal x for the modified problem is the same as that
for the original problem, and the new dual solution is ¥y = (1 — r)yo.
(i) Show that this approach fully allocates H.

(b) Suppose that the overhead can be traced to each of the resource constraints.
Let H; > 0 be the amount of overhead associated with the ith resource,
where f H; < zg and r; = H;/b; < /l? fori = 1, ..., m. Based on this

i=1
information, an allocation scheme has been proposed where the unit profits
are modified such that ¢ = ¢ —r’A.
(i) Show that the optimal x for this modified problem is the same as that for
the original problem, and the corresponding dual solution is §9 = yo—r.
(i1) Show that this scheme fully allocates H.
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13. Solve the linear inequalities

-1
2
3

—2)61 + 2)62 <
2x1 — X2 <
—4dx; <

—15x1 - 12)C2 <
<

-2

12x; +20x; < —1.
Note that x; and x, are not restricted to be positive. Solve this problem by
considering the problem of maximizing 0- x; +0- x, subject to these constraints,
taking the dual and using the simplex method.

14. (a) Using the simplex method solve

minimize 2x; — X

subjectto 2x; —x; —x3 > 3
X1 —Xp+x3 22
xi=20,i=1,2,3.

(Hint: Note that x; = 2 gives a feasible solution.)
(b) What is the dual problem and its optimal solution?
15. (a) Using the simplex method solve

minimize 2x; + 3xp + 2x3 + 2x4

subject to x; +2xp + x3 +2x4 =3
X1+ X +2x3+4x4=5
x;20,i=1,2,3,4.

(b) Using the work done in Part (a) and the dual simplex method, solve the
same problem but with the right-hand sides of the equations changed to 8
and 7 respectively.

16. For the problem

minimize 5x1 +3x
subject to 2x1 — X2 +4x3 <4
x|+ X +2x3 <5
2X1 — Xy + X3 >1
x1 20, x>0, x3 2 0;

(a) Using a single pivot operation with pivot element 1, find a feasible solution.
(b) Using the simplex method, solve the problem.

(c) What is the dual problem?

(d) What is the solution to the dual?
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17.

18.

19.

4 Duality and Complementarity

Solve the following problem by the dual simplex method:

minimize — 7x; +7x — 2x3 — x4 — 6x5

subjectto  3x; — xp + X3 — 2x4 =-3
2)(] + X7 + X4 + X5 =
—x1 + 3x — 3x4 + Xxg =12

and x;>0,i=1,...,6.

Given the linear programming problem in standard form (4.3) suppose a basis B
and the corresponding (not necessarily feasible) primal and dual basic solutions
x and y are known. Assume that at least one relative cost coefficient c; — y” a; is
negative. Consider the auxiliary problem

minimize ¢’x
subjectto Ax =Db

Z)C,'+y:M
ieT
x>0,y>0,

where T = {i : ¢c; —y'a; < 0}, y is a slack variable, and M is a large positive
constant. Show that if & is the index corresponding to the most negative rela-
tive cost coefficient in the original solution, then (y, ¢ — yTay) is dual feasible
for the auxiliary problem. Based on this observation, develop a big-M artificial
constraint method for the dual simplex method. (Refer to Exercise 24, Chap. 3.)
A textile firm is capable of producing three products—x;, x», x3. Its production
plan for next month must satisfy the constraints

Xy +2x +2x3 < 12
2x1+4x +x3 < f

x120, x>0, x3>0.

The first constraint is determined by equipment availability and is fixed. The
second constraint is determined by the availability of cotton. The net profits of
the products are 2, 3, and 3, respectively, exclusive of the cost of cotton and
fixed costs.

(a) Find the shadow price A, of the cotton input as a function of f. (Hint: Use
the dual simplex method.) Plot 2,(f) and the net profit z( f) exclusive of the
cost for cotton.

(b) The firm may purchase cotton on the open market at a price of 1/6. How-
ever, it may acquire a limited amount at a price of 1/12 from a major sup-
plier that it purchases from frequently. Determine the net profit of the firm
n(s) as a function of s.
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20. A certain telephone company would like to determine the maximum number

of long-distance calls from Westburgh to Eastville that it can handle at any one
time. The company has cables linking these cities via several intermediary cities
as follows:

Northgate Northbay

Cﬁ) Eastville

Westburgh

Southgate Southbay

Each cable can handle a maximum number of calls simultaneously as indicated
in the figure. For example, the number of calls routed from Westburgh to North-
gate cannot exceed five at any one time. A call from Westburgh to Eastville can
be routed through any other city, as long as there is a cable available that is not
currently being used to its capacity. In addition to determining the maximum
number of calls from Westburgh to Eastville, the company would, of course,
like to know the optimal routing of these calls. Assume calls can be routed only
in the directions indicated by the arrows.

(a) Formulate the above problem as a linear programming problem with upper
bounds.
(Hint: Denote by x;; the number of calls routed from city i to city j.)

(b) Find the solution by inspection of the graph.

21. Apply the maximal flow algorithm to the network below. All arcs have capacity
1 unless otherwise indicated.
2
4 3
22. Consider the problem
minimize 2x1 +x +4x3
subject to X1 +xp+2x3=3

2x1+x +3x3=5
x20, %20, x3=0.
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23.

24.

4 Duality and Complementarity

(a) What is the dual problem?
(b) Note that y = (1, 0) is feasible for the dual. Starting with this y, solve the
primal using the primal-dual algorithm.

Show that in the associated restricted dual of the primal-dual method the
objective y'b can be replaced by yy.

Consider the primal feasible region in standard form Ax = b, x > 0, where A is
an m X n matrix, b is a constant nonzero m-vector, and X is a variable n-vector.

(a) A variable x; is said to be a null variable if x; = 0 in every feasible solution.
Prove that, if the feasible region is non-empty, x; is a null variable if and only
if there is a nonzero vector y € E™ such that y'A > 0, y”b = 0. and the ith
component of y” A is strictly positive.

(b)Strict complementarity Let the feasible region be nonempty. Then there is a
feasible x and vector y € E” such that

yA>0,yb=0, y'b+x>0.

(c) A variable x; is a nonextremal variable if x; > 0 in every feasible solution.
Prove that, if the feasible region is non-empty, x; is a nonextremal variable
if and only if there is y € E” and d € E" such that y’A = d”, where
d; = -1, d; > 0for j # i; and such that y’ b < 0.
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