Chapter 10
Quasi-Newton Methods

In this chapter we take another approach toward the development of methods lying
somewhere intermediate to steepest descent and Newton’s method. Again working
under the assumption that evaluation and use of the Hessian matrix is impractical or
costly, the idea underlying quasi-Newton methods is to use an approximation to the
inverse Hessian in place of the true inverse that is required in Newton’s method. The
form of the approximation varies among different methods—ranging from the sim-
plest where it remains fixed throughout the iterative process, to the more advanced
where improved approximations are built up on the basis of information gathered
during the descent process.

The quasi-Newton methods that build up an approximation to the inverse Hessian
are analytically the most sophisticated methods discussed in this book for solving
unconstrained problems and represent the culmination of the development of algo-
rithms through detailed analysis of the quadratic problem. As might be expected,
the convergence properties of these methods are somewhat more difficult to dis-
cover than those of simpler methods. Nevertheless, we are able, by continuing with
the same basic techniques as before, to illuminate their most important features.

In the course of our analysis we develop two important generalizations of the
method of steepest descent and its corresponding convergence rate theorem. The
first, discussed in Sect. 10.1, modifies steepest descent by taking as the direction
vector a positive definite transformation of the negative gradient. The second, dis-
cussed in Sect. 10.8, is a combination of steepest descent and Newton’s method.
Both of these fundamental methods have convergence properties analogous to those
of steepest descent.
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10.1 Modified Newton Method

A very basic iterative process for solving the problem
minimize f(X)
which includes as special cases most of our earlier ones is
Xer1 = X — SV F(x)" (10.1)

where Sy is a symmetric 7 X n matrix and where, as usual, ¢ is chosen to minimize
S (Xg+1). If S is the inverse of the Hessian of f, we obtain Newton’s method, while
if S; = I we have steepest descent. It would seem to be a good idea, in general,
to select Sy as an approximation to the inverse of the Hessian. We examine that
philosophy in this section.

First, we note, as in Sect. 8.5, that in order that the process (10.1) be guaranteed
to be a descent method for small values of @, it is necessary in general to require
that Sy be positive definite. We shall therefore always impose this as a requirement.

Because of the similarity of the algorithm (10.1) with steepest descent" it should
not be surprising that its convergence properties are similar in character to our ear-
lier results. We derive the actual rate of convergence by considering, as usual, the
standard quadratic problem with

f(x) = %XTQX -b’x, (10.2)

where Q is symmetric and positive definite. For this case we can find an explicit
expression for a; in (10.1). The algorithm becomes

Xirl = Xp — @ Si8y, (10.3a)
where
g = Qx,—b (10.3b)
g = ngﬂ (10.3¢c)
g, S1QSig;

We may then derive the convergence rate of this algorithm by slightly extending the
analysis carried out for the method of steepest descent.

Modified Newton Method Theorem (Quadratic Case). Let X* be the uniqueminimum point
of f, and define E(x) = %(X —x)7Q(x - x¥).

T The algorithm (10.1) is sometimes referred to as the method of deflected gradients, since the
direction vector can be thought of as being determined by deflecting the gradient through multipli-
cation by Sy.
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Then for the algorithm (10.3) there holds at every step k

By — by
By + by

2
E(Xg41) < ( ) E(xv), (10.4)

where by and By are, respectively, the smallest and largest eigenvalues of thematrix S;Q.

Proof. We have by direct substitution

E(Xi) — E(X41) _ (g] Skg)?
E(xy) (g7S:QSg)(g/ Q'gy)

Letting Ty = S,i/zQS}(/2 and p = Si/zgk we obtain

Exp) = EQuer) _ (PIP)?
E(xi) @I Tp) P! T, 'pY)

From the Kantorovich inequality we obtain easily

B — b\
E < E s
(Xk+1) ( B+ bk) (Xk)

where by and By, are the smallest and largest eigenvalues of T;. Since S]i/ 2TkS]:” 2 _

S, Q, we see that S;Q is similar to T and therefore has the same eigenvalues. |

This theorem supports the intuitive notion that for the quadratic problem one
should strive to make S; close to Q7! since then both b; and B, would be close
to unity and convergence would be rapid. For a nonquadratic objective function f
the analog to Q is the Hessian F(x), and hence one should try to make S; close
to F(xg) ™!

Two remarks may help to put the above result in proper perspective. The first re-
mark is that both the algorithm (10.1) and the theorem stated above are only simple,
minor, and natural extensions of the work presented in Chap. 8 on steepest descent.
As such the result of this section can be regarded, correspondingly, not as a new idea
but as an extension of the basic result on steepest descent. The second remark is that
this one simple result when properly applied can quickly characterize the conver-
gence properties of some fairly complex algorithms. Thus, rather than an isolated
result concerned with a specific form of algorithm, the theorem above should be
regarded as a general tool for convergence analysis. It provides significant insight
into various quasi-Newton methods discussed in this chapter.

A Classical Method

We conclude this section by mentioning the classical modified Newton’s method,
a standard method for approximating Newton’s method without evaluating F(x;)~!
for each k. We set
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X1 = X — o [F(x0)] 7'V f(xp)T . (10.5)

In this method the Hessian at the initial point X, is used throughout the process.
The effectiveness of this procedure is governed largely by how fast the Hessian is
changing—in other words, by the magnitude of the third derivatives of f.

10.2 Construction of the Inverse

The fundamental idea behind most quasi-Newton methods is to try to construct the
inverse Hessian, or an approximation of it, using information gathered as the descent
process progresses. The current approximation Hy, is then used at each stage to de-
fine the next descent direction by setting S; = Hy in the modified Newton method.
Ideally, the approximations converge to the inverse of the Hessian at the solution
point and the overall method behaves somewhat like Newton’s method. In this sec-
tion we show how the inverse Hessian can be built up from gradient information
obtained at various points.

Let f be a function on E” that has continuous second partial derivatives. If for
two points X1, X; we define gir1 = V/(Xe1)”, g = V/(x)" and pr = X1 — Xy,
then

i1 ~ & = F(xopy- (10.6)

If the Hessian, F, is constant, then we have

q; = 81 — & = Fpi (10.7)

and we see that evaluation of the gradient at two points gives information about F. If
n linearly independent directions po, p;, P,, - - - » P,_; and the corresponding q;’s are
known, then F is uniquely determined. Indeed, letting P and Q be the n X n matrices
with columns p; and q; respectively, we have F = QP_I.

It is natural to attempt to construct successive approximations Hy to F~! based
on data obtained from the first k steps of a descent process in such a way that if
F were constant the approximation would be consistent with (10.7) for these steps.
Specifically, if F were constant Hy,; would satisfy

Hk+1qi =P; 0<i<k (10.8)

After n linearly independent steps we would then have H,, = F~!.

For any k < n the problem of constructing a suitable Hy, with in general serves as
an approximation to the inverse Hessian and which in the case of constant F satis-
fies (10.8), admits an infinity of solutions, since there are more degrees of freedom
than there are constraints. Thus a particular method can take into account addi-
tional considerations. We discuss below one of the simplest schemes that has been
proposed.
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Rank One Correction

Since F and F~! are symmetric, it is natural to require that Hy, the approximation to
F~', be symmetric. We investigate the possibility of defining a recursion of the form

H;., =H, + akaZZ, (10.9)

which preserves symmetry. The vector z; and the constant a; define a matrix of (at
most) rank one, by which the approximation to the inverse is updated. We select
them so that (10.8) is satisfied. Setting i equal to k in (10.8) and substituting (10.9)
we obtain

Py = Hinqy = Hiqy + aiziz) q,.. (10.10)
Taking the inner product with q; we have
2
q,{pk - qZHqu = ay (z,{qk) (10.11)
On the other hand, using (10.10) we may write (10.9) as

(Px — Heqp)(py — Heq)”

ay (quk)2

Hy, i = Hy +

)

which in view of (10.11) leads finally to

(P — Hiq)(p; — Heq)”

Hk 1 = Hk +
" qa! (p; - Hyqy)

(10.12)

We have determined what a rank one correction must be if it is to satisfy (10.8)
for i = k. It remains to be shown that, for the case where F is constant, (10.8) is also
satisfied for i < k. This in turn will imply that the rank one recursion converges to
F~! after at most n steps.

Theorem. Let F be a fixed symmetric matrix and suppose that py, py, P2, ..., Py are given
vectors. Define the vectors q; = Fp;, i =0,1,2,..., k.

Starting with any initial symmetric matrix Hy let

(p; - Hiq)p, - Hiq)"

Hi =H;+
! ‘I,-T(Pi - Hq,)

(10.13)

Then
pi=Hpaq; for i<k (10.14)

Proof. The proof is by induction. Suppose it is true for Hy, and i < k — 1. The
relation was shown above to be true for H;,; and i = k. Fori < k

Hi.1q; = Hiq; + y,(p1 g, — g Hiq)), (10.15)
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where
_ (P~ Hiqy)
q; (p, — Hiqy)

By the induction hypothesis, (10.15) becomes

Y

Hinq, =p; + i (p,fq[ - q,{p,-)-

From the calculation
q;p; = p. Fp; = pq;.

it follows that the second term vanishes. ll

To incorporate the approximate inverse Hessian in a descent procedure while
simultaneously improving it, we calculate the direction d;, From

d; = —H,g,

and then minimize f(x; + ad;) with respect to @ > 0. This determines X+ =
Xy + axdy, pp = axdy, and gy;. Then Hy, can be calculated according to (10.12).

There are some difficulties with this simple rank one procedure. First, the up-
dating formula (10.12) preserves positive definiteness only if q,{(p,< - Hiq,) > 0,
which cannot be guaranteed (see Exercise 6). Also, even if qZ(pk — Hiq,) is pos-
itive, it may be small, which can lead to numerical difficulties. Thus, although an
excellent simple example of how information gathered during the descent process
can in principle be used to update an approximation to the inverse Hessian, the rank
one method possesses some limitations.

10.3 Davidon-Fletcher-Powell Method

The earliest, and certainly one of the most clever schemes for constructing the in-
verse Hessian, was originally proposed by Davidon and later developed by Fletcher
and Powell. It has the fascinating and desirable property that, for a quadratic ob-
jective, it simultaneously generates the directions of the conjugate gradient method
while constructing the inverse Hessian. At each step the inverse Hessian is updated
by the sum of two symmetric rank one matrices, and this scheme is therefore often
referred to as a rank two correction procedure. The method is also often referred to
as the variable metric method, the name originally suggested by Davidon.

The procedure is this: Starting with any symmetric positive definite matrix Hy,
any point Xg, and with £ = 0,

Step 1. Setdy = —Hyg,.

Step 2. Minimize f(x; + ad;) with respect to @ > 0 to obtain Xxy1, P = axdg,
and g+ 1.

Step 3. Set qi = g;,; — & and
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pP;  Higquqi Hy
P/{‘lk q/{Hqu

H,, = H + (10.16)

Update k and return to Step 1.

Positive Definiteness

We first demonstrate that if Hy is positive definite, then so is Hy. . For any x € E”"

we have
(XTPk)Z _ (XTHqu)2

T T
X Hjpx=x"Hix + . (10.17)
" pZ‘lk quka
Defining a = H]i/zx, b= H,lc/zqk we may rewrite (10.17) as
T _ @ a®d'b)-@b?  (x'p)’
x Hpx = T + T .
(b"b) P, i
We also have
Pi k= Py et — P& = —Py & (10.18)
since
P/ g1 =0, (10.19)
because X, is the minimum point of f along pi. Thus by definition of py
P i = g Hegy, (10.20)
and hence
T bTb _ Tb 2 T 2
XTHp, X = (a”a)(b'b)—(a'b) N (x"py) (1021)

(bb) gl Higy,

Both terms on the right of (10.21) are nonnegative—the first by the Cauchy—
Schwarz inequality. We must only show they do not both vanish simultaneously.
The first term vanishes only if a and b are proportional. This in turn implies that x
and q; are proportional, say x = q,. In that case, however,

P X = Bp; q; = Baig; Hygy # 0

from (10.20). Thus x” Hg,x > 0 for all nonzero x.

It is of interest to note that in the proof above the fact that @ is chosen as the
minimum point of the line search was used in (10.19), which led to the important
conclusion p,{qk > 0. Actually any ay, whether the minimum point or not, that
gives p,{qk > 0 can be used in the algorithm, and Hy.; will be positive definite (see
Exercises 8 and 9).
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Finite Step Convergence

We assume now that f is quadratic with (constant) Hessian F. We show in this
case that the Davidon-Fletcher-Powell method produces direction vectors py that are
F-orthogonal and that if the method is carried n steps then H, = F~!.

Theorem. If f is quadratic with positive definite Hessian F, then for the Davidon-Fletcher-
Powell method

plFp; =0, 0<i<j<k (10.22)
Hy, Fp,=p, for 0<i<k. (10.23)
Proof. We note that for the quadratic case
qQ; = &i+1 — & = Fxi1 — Fx, = Fp,. (10.24)
Also
H;.1Fp, = Hiiq, = py (10.25)

from (10.16).

We now prove (10.22) and (10.23) by induction. From (10.25) we see that they
are true for k = 0. Assuming they are true for k — 1, we prove they are true for k. We
have

g = iy +F(Piy + -+ Ppy).
Therefore from (10.22) and (10.19)
p'g =pg,, =0 for 0<i<k (10.26)

Hence from (10.23)
p, FH,g, = 0. (10.27)

Thus since px = —aHg, and since a; # 0, we obtain

p/Fp, =0 for i<k, (10.28)

which proves (10.22) for k.
Now since from (10.23) for k — 1, (10.24) and (10.28)

q/H;Fp,=q/p,=p,Fp; =0, 0<i<k

we have
Hk+1FP,' = Hkai = Pi» 0<i<k.

This together with (10.25) proves (10.23) for k. |

Since the p;’s are F-orthogonal and since we minimize f successively in these
directions, we see that the method is a conjugate direction method. Furthermore,
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if the initial approximation Hj is taken equal to the identity matrix, the method
becomes the conjugate gradient method. In any case the process obtains the overall
minimum point within »n steps.

Finally, (10.23) shows that pp, p;, P,, ..., Py are eigenvectors corresponding to
unity eigenvalue for the matrix Hy | F. These eigenvectors are linearly independent,
since they are F-orthogonal, and therefore H,, = F!.

10.4 The Broyden Family

The updating formulae for the inverse Hessian considered in the previous two sec-
tions are based on satisfying

Hii1q; =p;, 0<i<k, (10.29)
which is derived from the relation
q; = Fp,, 0<i<k, (10.30)

which would hold in the purely quadratic case. It is also possible to update ap-
proximations to the Hessian F itself, rather than its inverse. Thus, denoting the kth
approximation of F by By, we would, analogously, seek to satisfy

q; =Biap, 0<i<k. (10.31)

Equation (10.31) has exactly the same form as (10.29) except that q; and p; are
interchanged and H is replaced by B. It should be clear that this implies that any
update formula for H derived to satisfy (10.29) can be transformed into a corre-
sponding update formula for B. Specifically, given any update formula for H, the
complementary formula is found by interchanging the roles of B and H and of q
and p. Likewise, any updating formula for B that satisfies (10.31) can be converted
by the same process to a complementary formula for updating H. It is easily seen
that taking the complement of a complement restores the original formula.

To illustrate complementary formulae, consider the rank one update of Sect. 10.2,
which is
(P — Hieq)(p, — Hiq)”

Hk 1= Hk + (]032)
’ a; (b — Hiap)
The corresponding complementary formula is
-B - Bwp)T
B, =B+ (g P (G ) - (10.33)

p; (q; — Bwpy)
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Likewise, the Davidon-Fletcher-Powell (or simply DFP) formula is

" Huqq'H
HOPP = g+ DR U T (10.34)

P,{ 173 q/{ H,q,

and its complement is

T B,p,p’B
By, = By + Wk _ 2Pl B (10.35)

quk PZBkPk

This last update is known as the Broyden-Fletcher-Goldfarb-Shanno update of By,
and it plays an important role in what follows.

Another way to convert an updating formula for H to one for B or vice versa is
to take the inverse. Clearly, if

Hi1q;=p;, 0<i<k, (10.36)

then
q,=Hp, 0<i<k, (10.37)

which implies that H,;il satisfies (10.31), the criterion for an update of B. Also, most
importantly, the inverse of a rank two formula is itself a rank two formula.

The new formula can be found explicitly by two applications of the general in-
version identity (often referred to as the Sherman-Morrison formula)

A lapTA™!

[A+abT]_1 =A"! m,

(10.38)
where A is an n X n matrix, and a and b are n-vectors, which is valid provided the
inverses exist. (This is easily verified by multiplying through by A + ab”")

The Broyden-Fletcher-Goldfard-Shanno update for B produces, by taking the
inverse, a corresponding update for H of the form

T T T T
HPFOS _ 4 (1 + 4 Hqu] PPy Pl Hi + Heguq; (1039

el a'q. )plq q/p;

This is an important update formula that can be used exactly like the DFP formula.
Numerical experiments have repeatedly indicated that its performance is superior to
that of the DFP formula, and for this reason it is now generally preferred.

It can be noted that both the DFP and the BFGS updates have symmetric rank
two corrections that are constructed from the vectors p; and Hq,. Weighted combi-
nations of these formulae will therefore also be of this same type (symmetric, rank
two, and constructed from p; and H,q,). This observation naturally leads to consid-
eration of a whole collection of updates, known as the Broyden family, defined by

H’ = (1 - ¢)HP™ + pHEFOS, (10.40)
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where ¢ is a parameter that may take any real value. Clearly ¢ = 0 and ¢ = 1 yield
the DFP and BFGS updates, respectively. The Broyden family also includes the rank
one update (see Exercise 12).

An explicit representation of the Broyden family can be found, after a fair amount
of algebra, to be

T Hyqq'H
“H, ¢ 2P TR T HPPP gy, (1041)

H¢
PZ Qi q,f H,q,

k+1

where
P, Hiq, ]
P;{ q ‘l;{ Hiq;

This form will be useful in some later developments.

A Broyden method is defined as a quasi-Newton method in which at each iteration
a member of the Broyden family is used as the updating formula. The parameter ¢
is, in general, allowed to vary from one iteration to another, so a particular Broyden
method is defined by a sequence ¢;, ¢,..., of parameter values. A pure Broyden
method is one that uses a constant ¢.

Since both HP*P and HBFOS satisfy the fundamental relation (10.29) for updates,
this relation is also satisfied by all members of the Broyden family. Thus it can be
expected that many properties that were found to hold for the DFP method will
also hold for any Broyden method, and indeed this is so. The following is a direct
extension of the theorem of Sect. 10.3.

Vi = (qleka)l/z(

Theorem. If f is quadratic with positive definite Hessian F, then for a Broydenmethod

plFp; =0, 0<i<j<k
Hi . Fp,=p; forO0<i<k.

Proof. The proof parallels that of Sect. 10.3, since the results depend only on the
basic relation (10.29) and the orthogonality (10.19) because of exact line search. |

The Broyden family does not necessarily preserve positive definiteness of H?
for all values of ¢. However, we know that the DFP method does preserve positive
definiteness. Hence from (10.41) it follows that positive definiteness is preserved
for any ¢ > 0, since the sum of a positive definite matrix and a positive semidefinite
matrix is positive definite. For ¢ < 0 there is the possibility that H® may become
singular, and thus special precautions should be introduced. In practice ¢ > O is
usually imposed to avoid difficulties.

There has been considerable experimentation with Broyden methods to deter-
mine superior strategies for selecting the sequence of parameters ¢y.

The above theorem shows that the choice is irrelevant in the case of a quadratic
objective and accurate line search. More surprisingly, it has been shown that even for
the case of nonquadratic functions and accurate line searches, the points generated
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by all Broyden methods will coincide (provided singularities are avoided and
multiple minima are resolved consistently). This means that differences in methods
are important only with inaccurate line search.

For general nonquadratic functions of modest dimension, Broyden methods seem
to offer a combination of advantages as attractive general procedures. First, they re-
quire only that first-order (that is, gradient) information be available. Second, the
directions generated can always be guaranteed to be directions of descent by arrang-
ing for Hy, to be positive definite throughout the process. Third, since for a quadratic
problem the matrices Hy converge to the inverse Hessian in at most n steps, it might
be argued that in the general case H; will converge to the inverse Hessian at the
solution, and hence convergence will be superlinear. Unfortunately, while the meth-
ods are certainly excellent, their convergence characteristics require more careful
analysis, and this will lead us to an important additional modification.

Partial Quasi-Newton Methods

There is, of course, the option of restarting a Broyden method every m + 1 steps,
where m + 1 < n. This would yield a partial quasi-Newton method that, for small
values of m, would have modest storage requirements, since the approximate inverse
Hessian could be stored implicitly by storing only the vectors p; and q;, i < m+1.In
the quadratic case this method exactly corresponds to the partial conjugate gradient
method and hence it has similar convergence properties.

10.5 Convergence Properties

The various schemes for simultaneously generating and using an approximation to
the inverse Hessian are difficult to analyze definitively. One must therefore, to some
extent, resort to the use of analogy and approximate analyses to determine their
effectiveness. Nevertheless, the machinery we developed earlier provides a basis for
at least a preliminary analysis.

Global Convergence

In practice, quasi-Newton methods are usually executed in a continuing fashion,
starting with an initial approximation and successively improving it throughout the
iterative process. Under various and somewhat stringent conditions, it can be proved
that this procedure is globally convergent. If, on the other hand, the quasi-Newton
methods are restarted every n or n + 1 steps by resetting the approximate inverse
Hessian to its initial value, then global convergence is guaranteed by the presence
of the first descent step of each cycle (which acts as a spacer step).
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Local Convergence

The local convergence properties of quasi-Newton methods in the pure form dis-
cussed so far are not as good as might first be thought. Let us focus on the local
convergence properties of these methods when executed with the restarting feature.
Specifically, consider a Broyden method and for simplicity assume that at the begin-
ning of each cycle the approximate inverse Hessian is reset to the identity matrix.
Each cycle, if at least n steps in duration, will then contain one complete cycle of an
approximation to the conjugate gradient method. Asymptotically, in the tail of the
generated sequence, this approximation becomes arbitrarily accurate, and hence we
may conclude, as for any method that asymptotically approaches the conjugate gra-
dient method, that the method converges superlinearly (at least if viewed at the end
of each cycle). Although superlinear convergence is attractive, the fact that in this
case it hinges on repeated cycles of n steps in duration can seriously detract from its
practical significance for problems with large n, since we might hope to terminate
the procedure before completing even a single full cycle of n steps.

To obtain insight into the defects of the method, let us consider a special situation.
Suppose that f is quadratic and that the eigenvalues of the Hessian, F, of f are close
together but all very large. If, starting with the identity matrix, an approximation
to the inverse Hessian is updated m times, the matrix H,,F will have m eigenvalues
equal to unity and the rest will still be large. Thus, the ratio of smallest to largest
eigenvalue of H,, F, the condition number, will be worse than for F itself. Therefore,
if the updating were discontinued and H,, were used as the approximation to F~! in
future iterations according to the procedure of Sect. 10.1, we see that convergence
would be poorer than it would be for ordinary steepest descent. In other words, the
approximations to F~! generated by the updating formulas, although accurate over
the subspace traveled, do not necessarily improve and, indeed, are likely to worsen
the eigenvalue structure of the iteration process.

In practice a poor eigenvalue structure arising in this manner will play a domi-
nating role whenever there are factors that tend to weaken its approximation to the
conjugate gradient method. Common factors of this type are round-off errors, in-
accurate line searches, and nonquadratic terms in the objective function. Indeed, it
has been frequently observed, empirically, that performance of the DFP method is
highly sensitive to the accuracy of the line search algorithm—to the point where
superior step-wise convergence properties can only be obtained through excessive
time expenditure in the line search phase.

Example. To illustrate some of these conclusions we consider the six-dimensional
problem defined by

fx) = %XTQx,
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where
40 0 0 O

038 0 0
0 036 0
Q= 0 0 034
000 032
0000 030

[l el N}

0
0
0
ol
0

This function was minimized iteratively (the solution is obviously x* = 0) starting
at xo =(10, 10, 10, 10, 10, 10), with f(xo) = 10,500, by using, alternatively, the
method of steepest descent, the DFP method, the DFP method restarted every six
steps, and the self-scaling method described in the next section. For this quadratic
problem the appropriate step size to take at any stage can be calculated by a simple
formula. On different computer runs of a given method, different levels of error were
deliberately introduced into the step size in order to observe the effect of line search
accuracy. This error took the form of a fixed percentage increase over the optimal
value. The results are presented below:

Cask 1. No error in step size «

Function value
Iteration Steepest descent DFP DFP (with restart) Self-scaling

1 96.29630 96.29630 96.29630 96.29630

2 1.560669 6.900839 x 107! 6.900839 x 10~'  6.900839 x 10!
3 2.932559 x 1072 3.988497 x 1073 3.988497 x 10~ 3.988497 x 103
4 5.787315 x 107* 1.683310 x 107 1.683310 x 107> 1.683310 x 107>
5
6

1.164595 x 107> 3.878639 x 1078 3.878639 x 10™®  3.878639 x 1078
2.359563 x 1077

Cask 2. 0.1 % error in step size @

Function value
Iteration Steepest descent DFP DFP (with restart) Self-scaling

1 96.30669 96.30669 96.30669 96.30669

2 1.564971 6.994023 x 107! 6.994023 x 10! 6.902072 x 107!
3 2.939804 x 1072 1.225501 x 1072 1.225501 x 102 3.989507 x 103
4 5.810123 x 10™* 7.301088 x 1073 7.301088 x 10~  1.684263 x 1073
5
6
7

1.169205 x 107> 2.636716 x 1073 2.636716 x 10> 3.881674 x 1078
2.372385 x 1077 1.031086 x 1075 1.031086 x 107>
3.633330 x 107 2.399278 x 1078
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Caske 3. 1 % error in step size a

Function value
Iteration Steepest descent DFP DFP (with restart) Self-scaling

97.33665 97.33665 97.33665 97.33665
1.586251 1.621908 1.621908 0.7024872
2.989875 x 1072 8.268893 x 107! 8.268893 x 10!  4.090350 x 103
5.908101 x 10™* 4.302943 x 107! 4.302943 x 107! 1.779424 x 1073
1.194144 x 107> 4.449852 x 1073 4.449852 x 107> 4.195668 x 1078
2.422985 x 1077 5.337835 x 1075 5.337835 x 107>

3.767830 x 107> 4.493397 x 107’

3.768097 x 1077

[c BN B Y I S S

Cast 4. 10 % error in step size «

Function value

Iteration Steepest descent DFP DFP (with restart) Self-scaling

1 200.333 200.333 200.333 200.333

2 2.732789 93.65457 93.65457 2.811061

3 3.836899 x 1072 56.92999 56.92999 3.562769 x 1072
4 6.376461 x 10™* 1.620688 1.620688 4.200600 x 10~
5 1.219515x 1073 5251115 x 107! 5.251115x 107" 4.726918 x 1076
6 2.457944 x 1077 3.323745 x 107! 3.323745 x 107!

7 6.150890 x 107> 8.102700 x 1073

8 3.025393 x 1073 2.973021 x 1073

9 3.025476 x 1075 1.950152 x 10~

10 3.025476 x 1077 2.769299 x 1073

11 1.760320 x 1073

12 1.123844 x 107°

We note first that the error introduced is reported as a percentage of the step
size itself. In terms of the change in function value, the quantity that is most often
monitored to determine when to terminate a line search, the fractional error is the
square of that in the step size. Thus, a one percent error in step size is equivalent to
a 0.01 % error in the change in function value.

Next we note that the method of steepest descent is not radically affected by an
inaccurate line search while the DFP methods are. Thus for this example while DFP
is superior to steepest descent in the case of perfect accuracy, it becomes inferior at
an error of only 0.1 % in step size.
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10.6 Scaling

There is a general viewpoint about what makes up a desirable descent method that
underlies much of our earlier discussions and which we now summarize briefly in
order to motivate the presentation of scaling. A method that converges to the exact
solution after n steps when applied to a quadratic function on E" has obvious appeal
especially if, as is usually the case, it can be inferred that for nonquadratic problems
repeated cycles of length n of the method will yield superlinear convergence. For
problems having large n, however, a more sophisticated criterion of performance
needs to be established, since for such problems one usually hopes to be able to
terminate the descent process before completing even a single full cycle of length
n. Thus, with these sorts of problems in mind, the finite-step convergence property
serves at best only as a sign post indicating that the algorithm might, make rapid
progress in its early stages. It is essential to insure that in fact it will make rapid
progress at every stage. Furthermore, the rapid convergence at each step must not
be tied to an assumption on conjugate directions, a property easily destroyed by
inaccurate line search and nonquadratic objective functions. With this viewpoint
it is natural to look for quasi-Newton methods that simultaneously possess favor-
able eigenvalue structure at each step (in the sense of Sect. 10.1) and reduce to the
conjugate gradient method if the objective function happens to be quadratic. Such
methods are developed in this section.

Improvement of Eigenvalue Ratio

Referring to the example presented in the last section where the Davidon-Fletcher-
Powell method performed poorly, we can trace the difficulty to the simple observa-
tion that the eigenvalues of HyQ are all much larger than unity. The DFP algorithm,
or any Broyden method, essentially moves these eigenvalues, one at a time, to unity
thereby producing an unfavorable eigenvalue ratio in each H;Q for 1 < k < n. This
phenomenon can be attributed to the fact that the methods are sensitive to simple
scale factors. In particular if Hy were multiplied by a constant, the whole process
would be different. In the example of the last section, if Hy were scaled by, for in-
stance, multiplying it by 1/35, the eigenvalues of HyQ would be spread above and
below unity, and in that case one might suspect that the poor performance would not
show up.

Motivated by the above considerations, we shall establish conditions under which
the eigenvalue ratio of Hy. | F is at least as favorable as that of H;F in a Broyden
method. These conditions will then be used as a basis for introducing appropriate
scale factors.

We use (but do not prove) the following matrix theoretic result due to Loewner.

Interlocking Eigenvalues Lemma. Let the symmetric n X n matrix A have eigen-
values 1) < Ap < ... < Ay,. Let a be any vector in E" and denote the eigenvalues of
the matrix A +aa” by <pp...<pp. Then Ay <y < A <pp ... < A, < .
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For convenience we introduce the following definitions:
R, = F,"H,F”
Iy = F,i/ 2pk.
Then using q; = F,i/ zrk, it can be readily verified that (10.41) is equivalent to

Riir'R,  rr!
Bl o Sl (10.42)
r, Rery r,

12 [ I Ry
Z, = F / Vk = r,{erk[—T -7 )
r r, Rry

« Tk

¢ _
Rk+l =R

where

Since Ry is similar to H;F (because H F = F!/2R,F!/?), both have the same eigen-
values. It is most convenient, however, in view of (10.42) to study Ry, obtaining
conclusions about H;F indirectly.

Before proving the general theorem we shall consider the case ¢ = 0 correspond-
ing to the DFP formula. Suppose the eigenvalues of Ry are 4;, Ap, ..., 4, with
0 <A <A <...< 4, Suppose also that 1 € [1;, 4,]. We will show that the eigen-
values of Ry, are all contained in the interval [4;, A,], which of course implies that
Ry is no worse than Ry, in terms of its condition number. Let us first consider the
matrix

ererRk

P=R
g I‘]{erk

We see that Pr; = 0 so one eigenvalue of P is zero. If we denote the eigenvalues of
P by u; < pup < ... < u,, we have from the above observation and the lemma on
interlocking eigenvalues that

O=mw < < <...< U <A,

Next we consider

Ririr/ R ryrf rr)
=P+

Rir1 = Ry — (10.43)

T T T, *
r, Ryry r Iy r, Ty

Since ry is an eigenvector of P and since, by symmetry, all other eigenvectors of P
are therefore orthogonal to ry, it follows that the only eigenvalue different in Ry
from in P is the one corresponding to r;—it now being unity. Thus Ry, has eigen-
values (p, p3, ..., M, and unity. These are all contained in the interval [4;, A,].
Thus updating does not worsen the eigenvalue ratio. It should be noted that this
result in no way depends on «a; being selected to minimize f.
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We now extend the above to the Broyden class with 0 < ¢ < 1.

Theorem. Let the n eigenvalues of HyF be Ay, Ay, ..., 4, with0 < 31 < A <... < 4,
Suppose that 1 € [A;, A,]. Then for any ¢, 0 < ¢ < 1, the eigenvalues ()foHF, where

HfJrl is defined by (10.41), are all contained in [1;, A,].

Proof. The result shown above corresponds to ¢ = 0. Let us now consider ¢ = 1,
corresponding to the BFGS formula. By our original definition of the BFGS update,
H! is defined by the formula that is complementary to the DFP formula. Thus

-1 _ -1 qkqlzw H/?ilkaJ{lel
H, , =H + ol re— .
q; P« P H pi

This is equivalent to

1. Tp-1 T
R, rir R rr,

TR-! T’
r, R ', r, Ty

R, =R, - (10.44)

which is identical to (10.43) except that Ry, is replaced by R,:l.

The eigenvalues of R,;l are 1/4, < 1/4,.;1 < ... < 1/4;. Clearly, 1 €
[1/A,, 1/4;]. Thus by the preliminary result, if the eigenvalues of R,;:l are de-
noted 1/u, < 1/u,—1 < ... < 1/uy, it follows that they are contained in the interval
[1/A,, 1/A4;]. Thus 1/, < 1/u, and 1/4; > 1/u;. When inverted this yields p; > 4;
and w, < A,, which shows that the eigenvalues of Ry, are contained in [4;, 4,].
This establishes the result for ¢ = 1.

For general ¢ the matrix Rf . defined by (10.42) has eigenvalues that are all
monotonically increasing with ¢ (as can be seen from the interlocking eigenvalues
lemma). However, from above it is known that these eigenvalues are contained in
[11, A,] for ¢ = 0 and ¢ = 1. Hence, they must be contained in [4;, 4,] for all
6, 0<p<1.1

Scale Factors

In view of the result derived above, it is clearly advantageous to scale the matrix Hy
so that the eigenvalues of H;F are spread both below and above unity. Of course
in the ideal case of a quadratic problem with perfect line search this is strictly only
necessary for Hy, since unity is an eigenvalue of H;F for £ > 0. But because of
the inescapable deviations from the ideal, it is useful to consider the possibility of
scaling every H.

A scale factor can be incorporated directly into the updating formula. We first
multiply Hy by the scale factor vy, and then apply the usual updating formula. This
is equivalent to replacing Hy by y;Hy in (10.42) and leads to
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p;

H H
e + Pkvivy ])’k 7
k

q; Heq,

Hi. = (Hk - (10.45)

k

This defines a two-parameter family of updates that reduces to the Broyden family
for y, = 1.

Using vyo, V1, ... as arbitrary positive scale factors, we consider the algorithm:
Start with any symmetric positive definite matrix Hy and any point Xy, then starting
with k = 0,

Step 1. Setdy = —Hig,.

Step 2. Minimize f(x; + ad;) with respect to @ > 0 to obtain X1, Py = aydy,
and 1.

Step 3. Set qx = g;,; — g, and

PkP/Z

H s |
Hequqi He ¢]y +
k

q; Hiq;
P H,q, J
P;{ qx ‘1/{ Hyq,

Hyy = (Hk - p
k

Vi = (q,{qu)W( (10.46)

The use of scale factors does destroy the property H,, = F~! in the quadratic case,
but it does not destroy the conjugate direction property. The following properties of
this method can be proved as simple extensions of the results given in Sect. 10.3.

1. If Hy is positive definite and quk > 0, (10.46) yields an Hy,; that is positive

definite.

2. If f is quadratic with Hessian F, then the vectors Py, p;, ..., p,_; are mutually
F-orthogonal, and, for each k, the vectors Py, p;, ..., p, are eigenvectors of
H;. F.

We can conclude that scale factors do not destroy the underlying conjugate be-
havior of the algorithm. Hence we can use scaling to ensure good single-step con-
vergence properties.

A Self-scaling Quasi-Newton Algorithm

The question that arises next is how to select appropriate scale factors. If A; <
Ay . < A, are the eigenvalues of H;F, we want to multiply H; by y; where
A 1/yx < A,. This will ensure that the new eigenvalues contain unity in the
interval they span.

Note that in terms of our earlier notation

<
<

q; Heq, B r R;ry

T T :
pk qx l'k Iy
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Recalling that Ry, has the same eigenvalues as H;F and noting that for any r;

r’Ryr
/11 < k—kk < /1’1,
/1y
we see that ;
Vi = 5" & (10.47)
qk Hqu

serves as a suitable scale factor.

We now state a complete self-scaling, restarting, quasi-Newton method based on
the ideas above. For simplicity we take ¢ = 0 and thus obtain a modification of the
DFP method. Start at any point Xy, k = 0.

Step 1. SetH; =L

Step 2. Setdy = —Hyg,.

Step 3. Minimize f(x; + ady) with respect to @ > 0 to obtain @y, Xg+1, Py =
ardy, g, and qx = g, — & (Select @, accurately enough to ensure p,{qk >0.)

Step 4. If k is not an integer multiple of n, set

H TH T T
4,4}, k) PG PPy (10.48)

H,,, = (Hk— .
v qa'Hiq, /q'Hiq, plq;

Add one to k and return to Step 2. If k is an integer multiple of n, return to Step 1.

This algorithm was run, with various amounts of inaccuracy introduced in the line
search, on the quadratic problem presented in Sect. 10.4. The results are presented
in that section.

10.7 Memoryless Quasi-Newton Methods

The preceding development of quasi-Newton methods can be used as a basis for
reconsideration of conjugate gradient methods. The result is an attractive class of
new procedures.

Consider a simplification of the BFGS quasi-Newton method where Hy is de-
fined by a BFGS update applied to H = I, rather than to Hy. Thus Hy is determined
without reference to the previous Hy, and hence the update procedure is memoryless.
This update procedure leads to the following algorithm: Start at any point Xg, k = 0.

Step 1.
SetH; = L (10.49)

Step 2.
Set d; = —H,g,. (10.50)
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Step 3. Minimize f(x; + ad;) with respect to @ > 0 to obtain @y, Xi+1, Py =
ardy, g, and q = g, — 8- (Select a; accurately enough to ensure p]{qk >0.)
Step 4. If k is not an integer multiple of n, set

H, =1-

T ypal r T
kP * Pl +(1 " qqu)m (10.51)

PLdx plq.)plq;

Add 1 to k and return to Step 2. If k is an integer multiple of n, return to Step 1.
Combining (10.50) and (10.51), it is easily seen that

T +o.al T Tg
deor = —g,, + APy 8r+1 _ Py 81 (1 + Q;;Qk] PkP;gk L (10.52)
Py Gk Py 4k P, 4«
If the line search is exact, then p]g;,; = 0 and hence p; q; = —p; . In this case
(10.52) is equivalent to
T
q, 8
vt =~ + — Py = ~8eor + il (10.53)
pk A
where ;
By = qk;lkﬂ )
gk d

This coincides exactly with the Polak-Ribiere form of the conjugate gradient method.
Thus use of the BFGS update in this way yields an algorithm that is of the modified
Newton type with positive definite coefficient matrix and which is equivalent to a
standard implementation of the conjugate gradient method when the line search is
exact.

The algorithm can be used without exact line search in a form that is similar
to that of the conjugate gradient method by using (10.52). This requires storage of
only the same vectors that are required of the conjugate gradient method. In light
of the theory of quasi-Newton methods, however, the new form can be expected
to be superior when inexact line searches are employed, and indeed experiments
confirm this.

The above idea can be easily extended to produce a memoryless quasi-Newton
method corresponding to any member of the Broyden family. The update formula
(10.51) would simply use the general Broyden update (10.41) with Hy set equal to
I. In the case of exact line search (with ngk +1 = 0), the resulting formula for dj.,
reduces to

T T
q; 8i+1 q; 8i+1
divt = gy + (1 - ———q + o———p,. (10.54)
qu pqu

We note that (10.54) is equivalent to the conjugate gradient direction (10.53) only
for ¢ = 1, corresponding to the BFGS update. For this reason the choice ¢ = 1 is
generally preferred for this type of method.
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Scaling and Preconditioning

Since the conjugate gradient method implemented as a memoryless quasi-Newton
method is a modified Newton method, the fundamental convergence theory based
on condition number emphasized throughout this part of the book is applicable, as
are the procedures for improving convergence. It is clear that the function scaling
procedures discussed in the previous section can be incorporated.

According to the general theory of modified Newton methods, it is the eigenval-
ues of H;F(x;) that influence the convergence properties of these algorithms. From
the analysis of the last section, the memoryless BFGS update procedure will, in the
pure quadratic case, yield a matrix H;F that has a more favorable eigenvalue ratio
than F itself only if the function f is scaled so that unity is contained in the interval
spanned by the eigenvalues of F. Experimental evidence verifies that at least an ini-
tial scaling of the function in this way can lead to significant improvement. Scaling
can be introduced at every step as well, and complete self-scaling can be effective
in some situations.

It is possible to extend the scaling procedure to a more general precondition-
ing procedure. In this procedure the matrix governing convergence is changed from
F(x;) to HF(x;) for some H. If HF(x;) has its eigenvalues all close to unity, then
the memoryless quasi-Newton method can be expected to perform exceedingly
well, since it possesses simultaneously the advantages of being a conjugate gradient
method and being a well-conditioned modified Newton method.

Preconditioning can be conveniently expressed in the basic algorithm by simply
replacing Hy in the BFGS update formula by H instead of I and replacing I by H in
Step 1. Thus (10.51) becomes

Hi 1 =H-

Hy,p; + piH +(1 . q,{qu]w (1055)

q; q; pla. ) plps

and the explicit conjugate gradient version (10.52) is also modified accordingly.

Preconditioning can also be used in conjunction with an (m + 1)-cycle partial
conjugate gradient version of the memoryless quasi-Newton method. This is highly
effective if a simple H can be found (as it sometimes can in problems with structure)
so that the eigenvalues of HF(x;) are such that either all but m are equal to unity or
they are in m bunches. For large-scale problems, methods of this type seem to be
quite promising.

*10.8 *Combination of Steepest Descent and Newton’s Method

In this section we digress from the study of quasi-Newton methods, and again
expand our collection of basic principles. We present a combination of steepest de-
scent and Newton’s method which includes them both as special cases. The resulting
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combined method can be used to develop algorithms for problems having special
structure, as illustrated in Chap. 13. This method and its analysis comprises a fun-
damental element of the modern theory of algorithms.

The method itself is quite simple. Suppose there is a subspace N of E” on which
the inverse Hessian of the objective function f is known (we shall make this state-
ment more precise later). Then, in the quadratic case, the minimum of f over any
linear variety parallel to N (that is, any translation of N) can be found in a single
step. To minimize f over the whole space starting at any point X;, we could mini-
mize f over the linear variety parallel to N and containing X; to obtain z;; and then
take a steepest descent step from there. This procedure is illustrated in Fig. 10.1.
Since z; is the minimum point of f over a linear variety parallel to N, the gradient
at z; will be orthogonal to N, and hence the gradient step is orthogonal to N. If f
is not quadratic we can, knowing the Hessian of f on N, approximate the minimum
point of f over a linear variety parallel to N by one step of Newton’s method. To
implement this scheme, that we described in a geometric sense, it is necessary to
agree on a method for defining the subspace N and to determine what information
about the inverse Hessian is required so as to implement a Newton step over N. We
now turn to these questions.

Often, the most convenient way to describe a subspace, and the one we follow
in this development, is in terms of a set of vectors that generate it. Thus, if B is an
n X m matrix consisting of m column vectors that generate N, we may write N as the
set of all vectors of the form Bu where u € E™. For simplicity we always assume
that the columns of B are linearly independent.

To see what information about the inverse Hessian is required, imagine that we
are at a point X; and wish to find the approximate minimum point z; of f with
respect to movement in N. Thus, we seek u; so that

z;, = X; + Bu,

approximately minimizes f. By “approximately minimizes” we mean that z; should
be the Newton approximation to the minimum over this subspace. We write

1
f(z) = f(xp) + V(xp)Buy + EUZBTF(Xk)Buk

and solve for uy to obtain the Newton approximation. We find

w, = —~(B'F(xp)B) 'BTVf(xp)”

xy — BBTF(x)B) 'BTV f(x;)".

Zy

We see by analogy with the formula for Newton’s method that the expression
BB F(x;)B)"'B” can be interpreted as the inverse of F(x;) restricted to the sub-
space N.
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Fig. 10.1 Combined method

Example. Suppose

At

where I is an m X m identity matrix. This corresponds to the case where N is the
subspace generated by the first m unit basis elements of E”. Let us partition F =

V2 f(x¢) as
Fi Fi2
F= :
[le Fzz]

where F | is m X m. Then, in this case
(B'FB)' = F}],

and |
F ;0
T —1p7 _ 11
BB 'FB)"'B _[ 0 0},

which shows explicitly that it is the inverse of F on N that is required. The general
case can be regarded as being obtained through partitioning in some skew coordinate
system.

Now that the Newton approximation over N has been derived, it is possible to
formalize the details of the algorithm suggested by Fig. 10.1. At a given point Xy,
the point Xy is determined through

a) Setd, = -B(B"F(x,)B)"'B” Vf(x,)" .
b) 1z = x¢ + Brd;, where B; minimizes f(x; + Sdy). (10.56)
c) Setp, = -Vi(z)".
d)  Xps1 = Zx + Py, Where @ minimizes f(zx + apy).
The scalar search parameter Sy is introduced in the Newton part of the algorithm

simply to assure that the descent conditions required for global convergence are
met. Normally §; will be approximately equal to unity. (See Sect. 8.5.)
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Analysis of Quadratic Case

Since the method is not a full Newton method, we can conclude that it possesses
only linear convergence and that the dominating aspects of convergence will be re-
vealed by an analysis of the method as applied to a quadratic function. Furthermore,
as might be intuitively anticipated, the associated rate of convergence is governed
by the steepest descent part of algorithm (10.56), and that rate is governed by a
Kantorovich-like ratio defined over the subspace orthogonal to N.

Theorem (Combined Method). Let Q be an n X n symmetric positive definite matrix, and
let x* € E". Define the function

1
E@) = 50 —x")Q0x ~x)

and let b = Qx". Let B be an n X m matrix of rank m. Starting at an arbitrary point X,
define the iterative process

a) u, = —(B"QB)'B"g,, where g; = Qx, — b.
b) Zy =X + Buk.
c) pr=b-0z.

T
d) Xie1 = 2x + aipy, where ay = 22

P[QM ’

This process converges to X*, and satisfies
Exge1) < (1 - 6)E(xy) (10.57)
where 8, 0 < 8 < 1, is the minimum of

®'p)*
®"0p)p" Q0 'p)

over all vectors p in the nullspace of BT .

Proof. The algorithm given in the theorem statement is exactly the general com-
bined algorithm specialized to the quadratic situation. Next we note that

B'p, = BTQ(x" - ;) = BTQ(x" - x;) - B'QBu, (10.58)

-B’g, + BQB'(B'QB) 'B’g, = 0,

which merely proves that the gradient at z; is orthogonal to N. Next we calculate

(xe = x)Q(x — X) — (i — x) Q(z — x")

—2u; B"Q(x; — x*) — u; B'QBu,

—2u/B’g, +u/ B'"QB(B’QB) 'B’g, (10.59)
-u/B’g, = g/ BB'QB) 'B’g,.

2{E(xy) — E(z)}
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Then we compute

UEz) — EGia1)} = (21 — X Qzg — X°) = (Xpa1 — X Q(Xps1 — X°)
= —2ap; Q(z — X°) — a;p; Qpy

= 2a4p; Py — @;p; Qpy (10.60)
(prk)2
T k
= P Pr = .
T pTQpy

Now using (10.58) and p; = —g;, — QBu; we have
2E(xp) = (x¢ —x)'Q(x¢ —x") = g/ Q'g,
= (p; +u{B"Q)Q ' (p; + QBuy) (10.61)
=p/Q 'p, +u/ B"QBuy,
=p,Q 'p; + g BB'QB) 'B’g,.

Adding (10.59) and (10.60) and dividing by (10.61) there results

E(x) - E(xiv1) _ 2 BB'QB)'B g, + (pp)*/p Qp;
E(x) p/Q 'p, + g/ B(B"QB)'B’g,
g+ P/ (P QP
g+ ®IQp/ (PP

where g > 0. This has the form (¢ + a)/(g + b) with

P b_pZQ‘lpk
p/Qp,’ Pl p;

But for any py, it follows that a < b. Hence

qg+a S gz’
q+b b
and thus —
Ex) — EGer1) (P, Pp)
E(x) (p; QPP Q 'py)
Finally,

(py P’

Exenr) < Ex) |1 -
S T T Qpo (T Q o)

< (1= JE(xy),

since B7p, = 0.1
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The value d associated with the above theorem is related to the eigenvalue struc-
ture of Q. If p were allowed to vary over the whole space, then the Kantorovich
inequality

®'P?  __4aA
®’QP)(P’Q'p)  (a+A)?
where a and A are, respectively, the smallest and largest eigenvalues of Q, gives
explicitly

(10.62)

_ 4aA
T (a+ AP

When p is restricted to the nullspace of B”, the corresponding value of 8 is larger.
In some special cases it is possible to obtain a fairly explicit estimate of 8. Suppose,
for example, that the subspace N were the subspace spanned by m eigenvectors of
Q. Then the subspace in which p is allowed to vary is the space orthogonal to N and
is thus, in this case, the space generated by the other n — m eigenvectors of Q. In
this case since for p in N* (the space orthogonal to N), both Qp and Q™ !p are also
in N*, the ratio ¢ satisfies

_ (' p)?  _4aA
P’ Qp)(P’Q'p) ~ (a+A)?’

where now a and A are, respectively, the smallest and largest of the n — m eigen-
values of Q corresponding to N*. Thus the convergence ratio (10.57) reduces to the
familiar form

A-a
A+a
where a and A are these special eigenvalues. Thus, if B, or equivalently N, is chosen
to include the eigenvectors corresponding to the most undesirable eigenvalues of Q,
the convergence rate of the combined method will be quite attractive.

E(Xiy1) < ( )2 E(xy),

Applications

The combination of steepest descent and Newton’s method can be applied usefully
in a number of important situations. Suppose, for example, we are faced with a
problem of the form

minimize f(X, y),

where x € E", y € E™, and where the second partial derivatives with respect to x are
easily computable but those with respect to y are not. We may then employ Newton
steps with respect to x and steepest descent with respect to y.

Another instance where this idea can be greatly effective is when there are a few
vital variables in a problem which, being assigned high costs, tend to dominate the
value of the objective function; in other words, the partial second derivatives with
respect to these variables are large. The poor conditioning induced by these variables
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can to some extent be reduced by proper scaling of variables, but more effectively,
by carrying out Newton’s method with respect to them and steepest descent with
respect to the others.

10.9 Summary

The basic motivation behind quasi-Newton methods is to try to obtain, at least on
the average, the rapid convergence associated with Newton’s method without explic-
itly evaluating the Hessian at every step. This can be accomplished by constructing
approximations to the inverse Hessian based on information gathered during the de-
scent process, and results in methods which viewed in blocks of n steps (where n is
the dimension of the problem) generally possess superlinear convergence.

Good, or even superlinear, convergence measured in terms of large blocks, how-
ever, is not always indicative of rapid convergence measured in terms of individual
steps. It is important, therefore, to design quasi-Newton methods so that their single
step convergence is rapid and relatively insensitive to line search inaccuracies. We
discussed two general principles for examining these aspects of descent algorithms.
The first of these is the modified Newton method in which the direction of descent
is taken as the result of multiplication of the negative gradient by a positive def-
inite matrix S. The single step convergence ratio of this method is determined by
the usual steepest descent formula, but with the condition number of SF rather than
just F used. This result was used to analyze some popular quasi-Newton methods,
to develop the self-scaling method having good single step convergence properties,
and to reexamine conjugate gradient methods.

The second principle method is the combined method in which Newton’s method
is executed over a subspace where the Hessian is known and steepest descent is
executed elsewhere. This method converges at least as fast as steepest descent, and
by incorporating the information gathered as the method progresses, the Newton
portion can be executed over larger and larger subspaces.

At this point, it is perhaps valuable to summarize some of the main themes that
have been developed throughout the four chapters comprising Part II. These chap-
ters contain several important and popular algorithms that illustrate the range of
possibilities available for minimizing a general nonlinear function. From a broad
perspective, however, these individual algorithms can be considered simply as spe-
cific patterns on the analytical fabric that is woven through the chapters—the fabric
that will support new algorithms and future developments.

One unifying element, that has reproved its value several times, is the Global
Convergence Theorem. This result helped mold the final form of every algorithm
presented in Part II and has effectively resolved the major questions concerning
global convergence.

Another unifying element is the speed of convergence of an algorithm, which
we have defined in terms of the asymptotic properties of the sequences an algo-
rithm generates. Initially, it might have been argued that such measures, based on
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properties of the tail of the sequence, are perhaps not truly indicative of the ac-
tual time required to solve a problem—after all, a sequence generated in practice
is a truncated version of the potentially infinite sequence, and asymptotic proper-
ties may not be representative of the finite version—a more complex measure of the
speed of convergence may be required. It is fair to demand that the validity of the
asymptotic measures we have proposed be judged in terms of how well they pre-
dict the performance of algorithms applied to specific examples. On this basis, as
illustrated by the numerical examples presented in these chapters, and on others, the
asymptotic rates are extremely reliable predictors of performance—provided that
one carefully tempers one’s analysis with common sense (by, for example, not con-
cluding that superlinear convergence is necessarily superior to linear convergence
when the superlinear convergence is based on repeated cycles of length n). A ma-
jor conclusion, therefore, of the previous chapters is the essential validity of the
asymptotic approach to convergence analysis. This conclusion is a major strand in
the analytical fabric of nonlinear programming.

10.10 Exercises

1. Prove (10.4) directly for the modified Newton method by showing that each
step of the modified Newton method is simply the ordinary method of steepest
descent applied to a scaled version of the original problem.

2. Find the rate of convergence of the version of Newton’s method defined by
(10.50), (10.51) of Chap. 8. Show that convergence is only linear if d is larger
than the smallest eigenvalue of F(x*).

3. Consider the problem of minimizing a quadratic function

fx) = %XTQX - x"b,

where Q is symmetric and sparse (that is, there are relatively few nonzero en-
tries in Q). The matrix Q has the form

Q=1I+YV,

where I is the identity and V is a matrix with eigenvalues bounded by e < 1 in
magnitude.

(a) With the given information, what is the best bound you can give for the rate of
convergence of steepest descent applied to this problem?

(b) In general it is difficult to invert Q but the inverse can be approximated by I-V,
which is easy to calculate. (The approximation is very good for small e.) We are
thus led to consider the iterative process

Xi—1 = X¢ — ax[I — Vg,
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where g, = Qx; — b and @ is chosen to minimize f in the usual way. With
the information given, what is the best bound on the rate of convergence of this
method?

Show that for ¢ < (V5 — 1)/2 the method in part (b) is always superior to
steepest descent.

This problem shows that the modified Newton’s method is globally convergent
under very weak assumptions.

Leta > 0 and b > a be given constants. Consider the collection P of all n X n
symmetric positive definite matrices P having all eigenvalues greater than or
equal to a and all elements bounded in absolute value by b. Define the point-
to-set mapping B : E" — e by B(x) = {(x, P) : P € P}. Show that Bis a
closed mapping.

Now given an objective function f € C', consider the iterative algorithm

Xi+1 = Xg — i Pigy,

where g, = g(x;) is the gradient of f at x;, Py is any matrix from P and a;
is chosen to minimize f(X;.;). This algorithm can be represented by A which
can be decomposed as A = SCB where B is defined above, C is defined by
C(x, P) = (x, —Pg(x)), and S is the standard line search mapping. Show that if
restricted to a compact set in E”, the mapping A is closed.

Assuming that a sequence {x;} generated by this algorithm is bounded, show
that the limit x* of any convergent subsequence satisfies g(x*) = 0.

The following algorithm has been proposed for minimizing unconstrained func-
tions f(x), x € E", without using gradients: Starting with some arbitrary point
X, obtain a direction of search d;, such that for each component of dy

fx = (di)iey) = IT}iiiH f(xx + die;),

where e; denotes the ith column of the identity matrix. In other words, the ith
component of dy is determined through a line search minimizing f(x) along the
ith component.
The next point X is then determined in the usual way through a line search
along dg; that is,

Xpr1 = Xg + ady,

where d; minimizes f(Xg+1).
Obtain an explicit representation for the algorithm for the quadratic case where

1
fo0) = S(x= x)'Q(x — x*) + f(x*).

What condition on f(x) or its derivatives will guarantee descent of this algo-
rithm for general f(x)?

Derive the convergence rate of this algorithm (assuming a quadratic objective).
Express your answer in terms of the condition number of some matrix.
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6.

10.

11.
12.

(a)

(b)
13.

14.
15.

(a)
(b)

Suppose that the rank one correction method of Sect. 10.2 is applied to the
quadratic problem (10.2) and suppose that the matrix Ry = F'/?HF'/? has
m < n eigenvalues less than unity and n — m eigenvalues greater than unity.
Show that the condition qf(pk — Hiq,) > 0 will be satisfied at most m times
during the course of the method and hence, if updating is performed only when
this condition holds, the sequence {H;} will not converge to F~!. Infer from this
that, in using the rank one correction method, Hy should be taken very small;
but that, despite such a precaution, on nonquadratic problems the method is
subject to difficulty.

Show that if Hy = I the Davidon-Fletcher-Powell method is the conjugate gra-
dient method. What similar statement can be made when Hj is an arbitrary
symmetric positive definite matrix?

. In the text it is shown that for the Davidon-Fletcher-Powell method Hy,; is pos-

itive definite if Hy is. The proof assumed that a; is chosen to exactly minimize
f(X; + ady). Show that any a; > 0 which leads to p[qk > 0 will guarantee
the positive definiteness of Hy, 1. Show that for a quadratic problem any @; # 0
leads to a positive definite Hy..

Suppose along the line x; +ady, a > 0, the function f(x; +ady) is unimodal and
differentiable. Let @; be the minimizing value of @. Show that if any a; > @ is
selected to define Xz, = X; + aidy, then p,{qk > 0. (Refer to Sect. 10.3.)

Let {H;}, k =0, 1,2 ... be the sequence of matrices generated by the Davidon-
Fletcher-Powell method applied, without restarting, to a function f having con-
tinuous second partial derivatives. Assuming that there is @ > 0, A > 0 such
that for all kK we have H; —al and AI-H;, positive definite and the corresponding
sequence of x;’s is bounded, show that the method is globally convergent.
Verify Eq. (10.41).

Show that starting with the rank one update formula for H, forming the com-
plementary formula, and then taking the inverse restores the original formula.
What value of ¢ in the Broyden class corresponds to the rank one formula?
Explain how the partial Davidon method can be implemented for m < n/2, with
less storage than required by the full method.

Prove statements (10.1) and (10.2) below Eq. (10.46) in Sect. 10.6.

Consider using

Yk = P I';]:lpk
pk q
instead of (10.47).
Show that this also serves as a suitable scale factor for a self-scaling quasi-
Newton method.
Extend part (a) to

forO<¢ <1



316 10 Quasi-Newton Methods

16. Prove global convergence of the combination of steepest descent and Newton’s
method.

17. Formulate a rate of convergence theorem for the application of the combination
of steepest and Newton’s method to nonquadratic problems.

18. Prove that if Q is positive definite

@®'p _p'Q'p
p’Qp p’p

for any vector p.

19. It is possible to combine Newton’s method and the partial conjugate gradient
method. Given a subspace N C E”", X;4 is generated from x; by first finding
z; by taking a Newton step in the linear variety through x; parallel to N, and
then taking m conjugate gradient steps from z;. What is a bound on the rate of
convergence of this method?

20. In this exercise we explore how the combined method of Sect. 10.7 can be
updated as more information becomes available. Begin with Ny = {0}. If N is
represented by the corresponding matrix By, define N, by the corresponding
Bii1 = [By, pi), where py = Xiy1 — 7.

(a) If Dy = By(B] FB;) 'B] is known, show that

(P — Deq) (P — Deqp)”

Dy =Dy =
. (P - Diq) g,

>

where qx = g;,; — g (This is the rank one correction of Sect. 10.2.)
(b) Develop an algorithm that uses (a) in conjunction with the combined method of
Sect. 10.8 and discuss its convergence properties.
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