
Chapter S-11
Solutions for Chapter 11

S-11.1 Wave Propagation in a Conductor at High and Low
Frequencies

a) We determine the conductivity of the metal by searching for a steady-state solu-
tion in complex form, v = ṽe−iωt, of (11.5) in the presence of an oscillating electric
field E(r, t) = Ẽe−iωt. We find

ṽ = − ie
me(ω+ iη)

Ẽ , (S-11.1)

corresponding to a current density

J̃ = −ene ṽ =
ie2ne

meω(ω+ iη)
Ẽ =

iω2
p

4π(ω+ iη)
Ẽ ≡ σ(ω) Ẽ , (S-11.2)

where ωp is the plasma frequency of the metal. At the limits of high frequencies
ω� η, and of low frequencies ω� η, we have

σ(ω) �

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

iω2
p

4πω
, for ω� η ,

ω2
p

4πη
, for ω� η .

(S-11.3)

The DC conductivity is thus σDC = σ(0) = ω2
p/4πη. In a metal, typically we have

ωp ∼ 1016 s−1, since ne ∼ 1023 cm−3 and η ∼ 1013 s−1. It is thus a very good
approximation to assume σ to be purely imaginary for optical frequencies, i.e., for
ω ∼ 1015 s−1, and to be purely real and equal to σDC (i.e. independent of frequency)
for microwaves and longer wavelengths.
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362 11 Chapter Solutions for Chapter 11

b) Assuming plane geometry and monochromatic waves, in the absence of sources
at x = +∞, the electric field of the wave for x > 0 can be written as (in complex
notation)

E(x, t) = Et eikx−iωt , (S-11.4)

where the wave vector k is determined by the general dispersion relation (11.4)
in a medium where the refractive index n = n(ω) or, equivalently, the permittivity
ε = ε(ω) = n2 are known. For an incident wave of amplitude Ei, the electric field at
the surface is given by the Fresnel formula

Et =
2

1+n
Ei . (S-11.5)

The permittivity ε(ω) is related to the complex conductivity of the medium by
(11.3). Inserting (S-11.3) for σ(ω), if ω � η we have ε � 1 − ω2

p/ω
2, and k2

is real, so that the wave is propagating. For k2 < 0, i.e., for ωp > ω, we have

ikx = −|k|x = −x/�p, with �p = c/
√

ω2
p−ω2, and the wave is evanescent:

E(x, t) = Et e−x/�p−iωt (S-11.6)

(the solution ∝ ex/�p has been disregarded as unphysical because it is divergent for
x→∞). For a metal, the condition ω < ωp implies that the metal is reflecting for
frequencies in the optical range, while it becomes transparent for ultraviolet fre-
quencies.

If ω � η, we have that also σDC � η, so that ε � 4πiσDC/ω is an imaginary
number. In this case, since k = ±(1+ i)/�c with �c =

√
ωσDC/2c, the evanescent

solution is

E(x, t) = Et e−x/�c−ix/�c−iωt . (S-11.7)

c) The net flux of energy through the surface is given by the time average of the x-
component of the Poynting vector S = (c/4π)E×B at x = 0. We obtain the magnetic
field of the wave from the relation ∂tB=−c∇×E. Thus the complex field amplitudes
for x � 0 can be written as

Ẽy = Et eik0nx , B̃z = nEte
ik0nx , (S-11.8)

where k0 = ω/c. Thus we need to evaluate

〈S x(0)〉 = 1
2

c
4π

Re
[

Ẽy(0)B̃∗z (0)
]

=
c

8π
|Et|2 Re(n) . (S-11.9)
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At the limit ω� η, n is purely imaginary, as found above, and 〈S x(0)〉 = 0, and there
is no energy dissipated into the metal (it can be easily shown that the reflection coef-
ficient obtained from the Fresnel formulas has unity modulus, i.e., all the incident
energy is reflected). At the limit ω� η we obtain

〈S x(0)〉 = c
8π
|Et|2

√

2πσDC

ω
� c

16π
|Ei|2

√
ω

2πσDC
, (S-11.10)

where in the latter expression |1+n|2 � |n|2 = 2(2πσDC/ω) has been assumed.
The energy dissipated per unit volume is

〈J ·E〉 = 1
2

Re
(

σẼyẼy
∗)
=
|Et|2

2
Re

(

σeik0nxe−ik0n
∗x)

=
|Et|2

2
Re(σ)exp[−2k0Im(n)x] . (S-11.11)

If σ is imaginary then there is no dissipation, consistently with what found above.
In the ω � η regime, the total energy dissipated per unit surface is given by the
integral

∫ ∞

0
〈J ·E〉dx = |Et|2

2
σDC

2k0Im(n)
=
|Et|2

2
σDC

2ωc
√

2πσDC/ω

=
c

8π
|Et|2

√

2πσDC
ω

, (S-11.12)

which is equal to the EM energy flux of (S-11.10).

S-11.2 Energy Densities in a Free Electron Gas

a) We use the complex representation for all fields, A(x, t) = Re(Ãeikx−iωt), where
A is the considered field. For the electric field of the wave we have Ẽ = E0, where
E0 can be considered as a real quantity. The equation of motion for an electron,
neglecting the nonlinear magnetic term, is

me
d2r
dt2
= me

dv
dt
= −eE , (S-11.13)

which has the steady-state solution for the electron velocity and position

ṽ = − ie
meω

E0 , r̃ =
e

meω2
E0 . (S-11.14)
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The polarization density is

P̃ = −ener̃ = − nee2

meω2
E0 = − 1

4π

ω2
p

ω2
E0 ≡ χ(ω)E0 , (S-11.15)

corresponding to a dielectric permittivity of the medium

ε(ω) = 1+4πχ(ω) = 1− ω
2
p

ω2
. (S-11.16)

Using (11.4), the dispersion relation is obtained as

ω2 =
k2c2

ε(ω)
= ω2

p+ k
2c2 . (S-11.17)

The phase and group velocities are

vϕ =
ω

k
=

c
√

1− ω
2
p

ω2

, vg =
∂ω

∂k
= c

√

1− ω
2
p

ω2
, (S-11.18)

so that both vϕ and vg are real if ω > ωp, and vϕvg = c2. Finally, using the equation
c∇×E = −∂tB. i.e., ikcẼ = iωB̃, we obtain E0 = (vϕ/c)B0.
b) From the definition of the EM energy density

uEM =

〈
1

8π
(E2+B2)

〉

=
1

16π
(E2

0 +B
2
0) =

1
16π

E2
0

⎛
⎜⎜⎜⎜⎝1+

c2

v2
ϕ

⎞
⎟⎟⎟⎟⎠

=
1

16π
E2

0

⎛
⎜⎜⎜⎜⎜⎝2− ω

2
p

ω2

⎞
⎟⎟⎟⎟⎟⎠ . (S-11.19)

c) From the definition of the kinetic energy density

uK =

〈

ne
me

2
v2

〉

= ne
me

2
1
2

∣
∣
∣
∣
∣

eE0

meω

∣
∣
∣
∣
∣

2

=
1
4
nee2

meω2
E2

0

=
1

16π
E2

0

ω2
p

ω2
. (S-11.20)

Thus

u = uEM+uK =
1

8π
E2

0 , (S-11.21)

independently of ne.
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d) In our case (11.6) can be rewritten

vgE
2
t = c(E0

2−E2
r ) . (S-11.22)

Using Fresnel formulas as functions of the phase velocity vϕ = c/n, with n =
√
εr,

we obtain

Er =
vϕ− c
vϕ+ c

E0 , Et =
2vϕ
vϕ+ c

E0 , (S-11.23)

leading to

4vgv
2
ϕ = 4c2vϕ , (S-11.24)

which is equivalent to vgvϕ = c2.

S-11.3 Longitudinal Waves

a) We obtain from Maxwell’s equations, assuming B = 0,

0 = ∇×B = 1
c

(4πJ+∂tE) =
1
c

(4π∂tP+∂tE) =
1
c
∂t(4πP+E) . (S-11.25)

where P is the polarization density of the medium and J = ∂tP the associated polar-
ization current. Assuming all fields to have an harmonic dependence ∼ e−iωt, we
have P = χ(ω)E with χ = [εr(ω)−1]/(4π). Now, using (11.7), we can write

0 = −iω(4πP+E) = −iω {[εr(ω)−1]E+E} = −iωεr(ω)E , (S-11.26)

implying εr(ω) = 0.
b) The total charge and current densities in the medium can be obtained from E
using the equations

� =
1

4π
∇ ·E , J = − 1

4π
∂tE , (S-11.27)

which also imply the continuity equation 4π∂t� = −∇ ·J. For E given by (11.7) we
obtain

� =
ik
4π

E0 eikx−iωt , J = x̂
iω
4π

E0 eikx−iωt . (S-11.28)
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c) Assuming electrons moving with negligible friction, the equation of motion for
the single electron is

me
d2r
dt2
= −meω

2
0 r− eE , (S-11.29)

where me is the electron mass, and r is the distance of the electron from its equilib-
rium position. For a monochromatic field E = E0 e−iωt the stationary solution is

r =
eE

me(ω2−ω2
0)
. (S-11.30)

The polarization density of the medium is

P = −ene r = − nee2

me(ω2−ω2
0)
E ≡ χ(ω)E , (S-11.31)

where ne is the number of electrons per unit volume, and

χ(ω) = − ne e2

me(ω2−ω2
0)
= − ω2

p

ω2−ω2
0

, (S-11.32)

is the dielectric susceptibility of the medium, and ωp =
√

4πnee2/me is its plasma
frequency. The dielectric permittivity is thus

εr(ω) = 1+4πχ(ω) = 1− ω2
p

ω2−ω2
0

, (S-11.33)

and the longitudinal-wave condition εr(ω) = 0 leads to

ω =
√

ω2
p+ω

2
0 . (S-11.34)

It is important to notice that the wavevector k is not determined by this equation; it
may have any value, and the phase velocity may thus be arbitrary (lower or greater
than c). Longitudinal waves in condensed matter physics are also called polaritons.
In a free electron medium where ω0 = 0 (a simple metal, a ionized gas or a plasma),
we have ω = ωp; in this case the waves are called plasma waves or plasmons.
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S-11.4 Transmission and Reflection by a Thin Conducting Foil
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a) Since the problem of determining the transmission
and reflection coefficient is linear, and the medium is
isotropic, the choice of polarization is arbitrary. For
definiteness, we assume linear polarization, with the
electric field E of the incoming wave parallel to the
y axis, and the magnetic B parallel to the z axis.

We apply Stokes’s theorem to a closed rectangu-
lar path C, delimiting a surface area A, twice: once
for E and once for B. In both cases the base of the
path extends from x = −h/2 to x = +h/2, while the
height, of length �, is parallel to the y axis for the
electric field E, as shown in Fig. S-11.1, and to the
z axis for the magnetic field B. For the electric field
we have

∮

C
E ·dl =

[

E

(

+
h
2

)

−E
(

−h
2

)]

�

= +i
ω

c

∫

A
B ·dA = i

ω

c
B̄�h , (S-11.35)

where B̄ is the amplitude of B at some point of the surface A, according to the mean
value theorem. Since B is limited, at the limit h→ 0 we have B̄h→ 0, and the first
of (11.8) is proved. For the magnetic field we have

∮

C
B ·dl =

[

B

(

+
h
2

)

−B
(

−h
2

)]

� =

∫

A

(
4π
c
J− i
ω

c
E

)

·dA

=

∫

A

4π
c
K δ(x)dxdz− i

∫

A

ω

c
E ·dA

=
4π
c
�K̄ +−i

ω

c
Ē �h , (S-11.36)

where, in the second line, we have replaced J by Kδ(x), and, in the third line, K̄
is a value assumed by K somewhere on the segment of length �. Since, again, Ē is
limited, the product Ē �h→ 0 as h→ 0, and the second of (11.8) is proved.
b) The most general expression for the field is the sum of the incident and the
reflected wave for x < 0, and the transmitted wave only for x > 0:

E(x, t) =

{
Ei eikx−iωt +Er e−ikx−iωt , x < 0 ,
Et eikx−iωt , x > 0 .

(S-11.37)
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The amplitudes Er and Et must be determined as functions of Ei and other parame-
ters, by imposing (11.8) as boundary conditions. Noticing that K = σdE(0) = σdEt

and that c∂xE(x, t) = −∂tB(x, t), we have

Et−Ei−Er = 0, Et−Ei+Er = −4π
σd
c
Et , (S-11.38)

so that, writing 2πσd/c = η as a shorthand, we have

Er = − η1+η
Ei , Et =

1
1+η

Ei . (S-11.39)

c) At the limit η�ω the conductivity is given by σ = nee2/meη and is a real number
(Ohmic conductor). The mechanical power P is the cycle average of J ·E integrated
over the volume of the foil, thus we obtain (per unit surface)

P =
1
2

∣
∣
∣E(0)2

∣
∣
∣ d =

1
2
σd

(1+η)2
E2

i =
c

4π
η

(1+η)2
E2

i , (S-11.40)

(notice that Ei can be taken as a real quantity).
At the limit η � ω the conductivity is σ = inee2/meω = iω2

p/4πω and is thus
imaginary, corresponding to a real permittivity ε = 1−ω2

p/ω
2. Accordingly, J and E

have opposite phase, and 〈J ·E〉 = 0, as can be directly verified.
d) The energy flux through the foil is given by the difference between the values of
the Poynting flux at the two surfaces (here we switch back to real fields for simplic-
ity),

S (0+)−S (0−) =
c

4π
[
E(0+)B(0+)−E(0−)B(0−)

]
. (S-11.41)

Inserting the boundary conditions we may write

E(0+)B(0+)−E(0−)B(0−) = E(0)
[
B(0+)−B(0−)

]
= −E(0)

4π
c
Jd , (S-11.42)

so that

S (0+)−S (0−) = −JE(0)d = −KE(0) , (S-11.43)

i.e., the energy flux through the foil equals the mechanical power dissipated in the
foil (all quantities have been defined per unit surface).
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Alternatively, we may compute the energy flux directly and compare it to the
mechanical power. For the cycle-averaged Poynting vector at the two surfaces we
have

〈
S (0+)

〉
=

c
4π

〈

E2(0+)
〉

=
2π
c
|Et|2 = 2π

c
1

|1+η|2 E
2
i , (S-11.44)

〈
S (0−)

〉
= ε0c

2〈E(0−)B(0−)
〉
=

2π
c

Re
[

(Ei+Er)(E
∗
i −E∗r )

]

=
2π
c

1

|1+η|2 Re
(
2η∗+1

)
E2

i . (S-11.45)

If η� ω, then η is purely imaginary and S (0−) = S (0+): there is no net energy flux
inside the foil, consistently with the vanishing of the mechanical power.

If η� ω, then η is real and the net flux of energy is

〈
S (0+)

〉− 〈
S (0−)

〉
=

2π
c

1− (2η+1)

(1+η)2
E2

i = −
c

4π
η

(1+η)2
E2

i , (S-11.46)

which is equal to minus the absorbed power (S-11.40).

S-11.5 Anti-Reflection Coating

a) In the absence of sources at x = +∞, the general solution can be written as (omit-
ting the common time dependence e−iωt)

E =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

Ei eikx +Er e−ikx (x < 0),
E+ ein1kx +E− e−in1kx (0 < x < d) ,
Et ein2kx (x > d) ,

(S-11.47)

where k = ω/c, Ei is the amplitude of the incident wave, Er the amplitude of the
wave reflected at x = 0, E+ and E− the amplitudes of the waves propagating along
+x̂ and −x̂, respectively, in the 0 < x < d layer, and Et the amplitude of the wave
propagating along +x̂ in the x > d half-space. The subscripts of the electric fields E
in (S-11.47) are in agreement with the subscripts of the wave vectors k in Fig. 11.2.

b) The matching conditions require the electric field and its derivative with respect
to x (which is proportional to the magnetic field) to be continuous at the planes x = 0
and x = d. We thus obtain

Ei+Er = E+ +E− , (S-11.48)

Ei−Er = n1(E+−E−) , (S-11.49)

E+ e+in1kd +E− e−in1kd = Et ein2kd , (S-11.50)

n1

(

E+ e+in1kd −E− e−in1kd
)

= n2Et ein2kd . (S-11.51)
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c) Since we require that there is no reflected wave in vacuum, Er must be zero.
Posing Er = 0 in (S-11.48)-(S-11.51), the latter can be regarded as an homogeneous
linear system in Ei, E+, E− and Et- Such system has non-trivial solutions only if its
determinant is zero, i.e. if

e2in1kd =
n1+n2

n1−n2

n1−1
n1+1

. (S-11.52)

In the case of a layer of thickness d with vacuum at both sides, n2 = 1 and the right-
hand side of (S-11.52) equals unity, thus e2in1kd = 1. This implies 2n1kd = 2mπ,
with m any integer. Thus, there is no reflected wave when the layer thickness is
d =mλ/2n1 (since k = 2π/λ), i.e. when the “optical depth” nd equals an half-integer
number of wavelengths.
d) In the general case, the left-hand side of (S-11.52) is a complex number of mod-
ulus 1, while the right-hand side is always real number if n1 and n2 are real as
we assumed. Thus, we have solutions only if e2in1kd = ±1. The case e2in1kd = +1
is the case of n2 = 1, considered above at the end of point c). In the second case
e2in1kd = −1 we have the condition

2n1kd = (2m+1)π ,
n1+n2

n1−n2

n1−1
n1+1

= −1 , (S-11.53)

the second equation implying n2 =
√
n1. The thickness of the layer must be

d = (2m+1)
λ

4n1
, (S-11.54)

with m, again, any integer. The smallest possible thickness is d = λ/(4n1), corre-
sponding to m = 0. This shows that, with a suitable choice of materials and of layer
thickness, we can produce an “anti-reflection” coating on an optical element (such
as a window or lens) from which we do not want any reflection to occur.

S-11.6 Birefringence and Waveplates

a) The incident wave can be considered as the superposition of two waves having,
respectively, P and S polarization, i.e., one having the electric field lying in the xy
plane, and the other parallel to z. The difference between the refractive indices for
P and S polarization, np and ns, gives origin to two different refraction angles, θt,p
and θt,s, according to Snell’s law. With our assumptions, the refraction angles are

sinθt,p =
sinθi
np
= sin(θt−α) , sinθt,s =

sinθi
ns
= sin(θt+α) , (S-11.55)

at the limit α� 1 we can approximate sinα � α and cosα � 1, obtaining
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sin(θt±α) = sinθt cosα± cosθt sinα � sinθt±αcosθt . (S-11.56)

The refractive indices are np = n̄+ δn, and ns = n̄− δn, respectively, with δn� n̄.
For P polarization we have, up to the first order in δn/n̄,

sinθt−αcosθt =
sinθi
n̄+δn

� sinθi
n̄

(

1− δn
n̄

)

, (S-11.57)

and, analogously, for S polarization we have

sinθt,s � sinθi
n̄

(

1+
δn
n̄

)

. (S-11.58)

The above results lead to

n̄ =
sinθi
sinθt

, and α = 2
sinθi
cosθt

δn

n̄2
= 2δn

sin2 θt
cosθt sinθi

. (S-11.59)

b) In order to have exiting circularly polarized light, the exiting P- and S -polarized
components must be phase-shifted by δφ = π/2. This can obtained making use of
the difference between the two optical path lengths, np d and ns d. The condition for
circularly polarized light is thus

δφ = k2δnd =
4πδnd
λ
�
π

2
, (S-11.60)

i.e. d = λ/(8δn). This is called a quarter-wave plate. If δφ = π instead, i.e., if d =
λ/(4δn), there is a relative change of sign between the two components, which leads
to a polarization rotation of π/2; this is an half-wave plate.

S-11.7 Magnetic Birefringence and Faraday Effect

a) Neglecting the effect of the magnetic field of the wave, much smaller than the
external field B0, the equation of motion for the electrons is

me
d2r
dt2
= −eE− e v

c
×B0−meω

2
0 . (S-11.61)

The electric field of the circularly polarized EM wave can be written, in complex
notation, as

E± = E(x̂± iŷ)eikz−iωt , (S-11.62)
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where the plus and minus signs correspond to left-handed (clockwise) and right-
handed (counter-clockwise) circular polarizations, respectively. We look for solu-
tions of (S-11.61) of the form

r± = r±(x̂± iŷ)eikz−iωt , v± = v±(x̂± iŷ)eikz−iωt , (S-11.63)

with v± = −iωr±. The vector product v± ×B0 is

v± ×B0 = v±B0 (x̂± iŷ)× ẑ = v±B0(−ŷ± ix̂) = ±iv±B0 (x̂± iŷ) , (S-11.64)

thus (S-11.61) leads to the equation for r±

(ω2
0−ω2)r± = − e

me
E∓ ie

v±
mec

B0 = − e
me

E∓ωωcr± , (S-11.65)

where ωc = eB0/mec is the cyclotron frequency. The solution for r± is

r± =
eE

me

(

ω2−ω2
0∓ωωc

) . (S-11.66)

Thus, we have a different polarization of the medium P±, and a corresponding differ-
ent dielectric susceptibility χ±, for each each circular-polarization state of the EM
wave,

P± = −ener± ≡ χ±E± . (S-11.67)

In turn, this gives two different dielectric constants ε± = 1+4πχ±

ε± = 1− ω2
p

ω2−ω2
0∓ωωc

, (S-11.68)

where ωp =
√

4πe2ne/me is the plasma frequency of the medium. The propagation
of the wave requires ε± > 0, i.e., ω > ωco±, where the two cutoff frequencies ωco±
depend on the polarization of the wave

ωco± =

√

ω2
0+ω

2
p+
ω2

c

4
± ωc

2
. (S-11.69)

The magnetized medium is thus birefringent. For waves of frequency in the range
ωco− < ω < ωco+, only one state of circular polarization can propagate in the
medium, while we have an evanescent wave for the opposite polarization. The two
resonant frequencies ωres±, defined by χ(ωres±)→∞, also depend on polarization:
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ωres± =

√

ω2
0+
ω2

c

4
± ωc

2
. (S-11.70)

Notice that in the case ω0 = 0, i.e., for a magnetized free-electron medium, there is
a single resonance at ω = ωc, for only one circular polarization (see Problem 7.9).

The knowledge of the permittivity (or, equivalently, of the refraction index) for
the two independent states of circular polarization is sufficient to study the propa-
gation of a transverse wave of arbitrary polarization, since the latter can be always
expressed as a linear superposition of circularly polarized states. Notice that if we
had searched for linearly polarized solutions, we would have found a mixing of
polarization vectors directed along ˆ̂x and ˆ̂y, i.e. the permittivity would have been a
matrix instead of a number. It can be shown that such matrix can be diagonalized,
with circularly polarized states as eigenvectors and (S-11.68) as eigenvalues.
b) The linearly polarized wave can be considered as a superposition of the two states
of circular polarization, so that at z = 0 the electric field of the wave can be written

E(z = 0, t) = x̂E e−iωt =
E
2

[
(x̂+ iŷ)+ (x̂− iŷ)

]
e−iωt . (S-11.71)

The two circularly polarized components travel at different phase velocities v± =
c/n±, where n± =

√
ε± is the refractive index associated to each polarization state.

At z = �, the electric field of the wave is

E(z = �, t) =
E
2

[

(x̂+ iŷ)eik+� + (x̂− iŷ)e−ik−�
]

e−iωt , (S-11.72)

where k± =ω/v± = (ω/c)n±. To first order inωc/ω, we can write n± � n0±δn, where
n0 = n(ωc = 0) and

δn =
ωωcω

2
p

2n0(ω2−ω2
0)2
. (S-11.73)

Thus, the wave vectors for the two polarizations can be written k± � k0 ± δk, where
k0 = (ω/c)n0 and δk = (ω/c)δn. The electric field at z = � can be rewritten as

E(z = �, t) =
E
2

[

(x̂+ iŷ)eiδk � + (x̂− iŷ)e−iδk �
]

eik0�−iωt

∝ x̂cos(δk �)− ŷsin(δk �) . (S-11.74)

The polarization has thus rotated by an angle φ = δk �, proportional to the intensity
of the magnetic field.

http://dx.doi.org/10.1007/978-3-319-63133-2_11
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S-11.8 Whistler Waves

The dielectric permittivity of a magnetized free electron gas for circularly polarized
transverse waves, propagating along the magnetic field, is (see Problem 11.7)

ε = ε±(ω) = 1− ω2
p

ω(ω∓ωc)
, (S-11.75)

where ωp =
√

4πe2ne/me is the plasma frequency of the medium, ωc = eB0/mec is
the cyclotron (Larmor) frequency, and the plus and minus signs refer to left-handed
(counterclockwise) and right-handed (clockwise) circular polarizations, respectively.
Since, in general, the dispersion relation is ω2 = k2c2/ε(ω), (11.11) implies that
ε = c2/αω. For ω� ωc and ω� ω2

p/ωc, (S-11.75) reduces to

ε± � ±
ω2

p

ωωc
. (S-11.76)

Wave propagation requires ε > 0. Thus, only left-handed polarized waves can prop-
agate in the presence of a dispersion relation given by (11.11), with α = c2ωc/ω

2
p.

Assuming the values of ne and B0 given in the text, we estimateωp � 5.6×106 s−1

andωc � 8.8×106 s−1. A typical frequency for which (S-11.76) holds isω∼ 105 s−1.
b) First, we notice that, in general, (11.11) implies vg = ∂kω = 2αk = 2ω/k = 2vϕ.
Thus, the phase velocity depends on frequency as

vϕ =
ω

k
=
√
αω =

√

ωcω

ω2
p
c� c . (S-11.77)

For ω = 105, and the above values of ωp and ωc, we obtain vϕ � 0.03c.

c) With a spectral range from ω1 to 2ω1, the frequency components travel with
velocities differing by a factor up to 2, so that the wave packet generated by the light-
ning will spread out and increase its length during its propagation. The higher fre-
quencies travel faster, and are thus received earlier by the observer, than the slower
frequencies. This is the origin of name “whistlers”.

In order to estimate the spread of the packet after a distance L = 109 cm, we
assume that the center of the wave packet travels with a group velocity vg � 0.06c,
reaching a distance L after a time τ = L/vg = 0.56 s. The “extreme” frequencies ω1

and ω2 will have group velocities v1 � 0.04c and v2 � 0.08c, respectively, and the
pulse duration may be roughly estimated as the difference Δτ = τ1 − τ2 = L/v1 −
L/v2 � (0.83− 0.42) s = 0.41 s, provided that the duration at the emission is much
shorter than Δτ. This rough estimate neglects the deformation of the wave packet
due to the strong dispersion.

http://dx.doi.org/10.1007/978-3-319-63133-2_11
http://dx.doi.org/10.1007/978-3-319-63133-2_11
http://dx.doi.org/10.1007/978-3-319-63133-2_11
http://dx.doi.org/10.1007/978-3-319-63133-2_11
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S-11.9 Wave Propagation in a “Pair” Plasma

Actually, it is convenient to calculate the dispersion relation in the presence of an
external magnetic field B0 first, then, the answer to point a) is simply obtained as a
special case with B0 = 0. We assume B0 = B0 ẑ and a wave linearly polarized along
x̂ in a Cartesian reference frame xyz. The differential equations for the velocities of
positrons, v+, and electrons, v−, are respectively

dvx±
dt
= ± e

mec
(Ex + vy±B0) ,

dvy±
dt
= ∓ e

mec
(vx±B0) , (S-11.78)

where we have assumed vz± = 0. Differentiating the first of (S-11.78) once more
with respect to t, and substituting the second of (S-11.78) for dvy±/dt, we obtain

d2vx±
dt2

= ∓iω
e
me

Ex ± eB0

mec

dvy±
dt
= ∓iω

e
me

Ex +ω
2
cvx± , (S-11.79)

where ωc =
√
eB0/mec is the cyclotron frequency. Substituting Ex = E0 e−iωt we

obtain

vx± = ∓iω
e

me(ω2
c −ω2)

E0 . (S-11.80)

Analogously, for vy± we have

vy± = ±eB0

me
vx∓ = −iω

e
me

E0 , (S-11.81)

which has the same value for both electrons and positrons. The components of the
current density are thus

Jx = n0 e (vx+− vx−) = − 2iωn0e2

me(ω2
c −ω2)

E0 ,

Jy = n0 e (vy+− vy−) = 0 . (S-11.82)

The dielectric permittivity of the pair plasma, ε(ω), is obtained from the usual defi-
nitions J = σE = −iωχE and is

ε(ω) = 1− 2ω2
p

ω2−ω2
c
. (S-11.83)

The same result can be obtained for circular polarization, both for left-handed and
right-handed waves, confirming that there is no magnetically induced birefringence
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in a pair plasma. This is different from the case of a medium containing free elec-
trons only, considered in Problem 11.7.

For case a), where B0 = 0, we set ωc = 0, and obtain a cut-off frequency at ω =
2ωp.

For case b), there is a resonance at ω = ωc, while wave propagation is forbidden

for frequencies in the range ωc < ω <
√

ω2
c +2ω2

p.

S-11.10 Surface Waves

a) In a dielectric medium described by ε = ε(ω), a monochromatic EM field of
frequency ω satisfies the Helmoltz equation. Thus we have for the magnetic field

(

∇2+ε
ω2

c2

)

Bz = 0 . (S-11.84)

Substituting (11.12) for Bz into the Helmholtz equation, we obtain

q2− k2+
ω2

c2
ε = 0 . (S-11.85)

b) From the equation c∇×B= 4πJ+∂tE and the definition of εwe obtain (for mono-
chromatic waves in complex notation) c∇×B = −iωεE. By substituting (11.12) for
B we obtain

− iωεE = (x̂∂y− ŷ∂x)Bzc = (ikx̂−qŷ)Bzc , (S-11.86)

which gives for the electric field

E = −(kx̂+ iqŷ)
c
εω

Bz . (S-11.87)

c) From the definition of S = cE×B/(4π) we find that S has components both along
x and along y, given by

S x =
c

4π
EyBz =

qcB2
0

4πεω
e2qx cos(ky−ωt) sin(ky−ωt) , (S-11.88)

S y = − c
4π

ExBz =
kcB2

0

4πεω
e2qx cos2(ky−ωt). (S-11.89)

However, averaging over one oscillation period we obtain 〈S x〉 = 0, thus the net
energy flux is in the y-direction only, since 〈S y〉 � 0.
d) The tangential component of the magnetic field at the interface between two
media must be continuous. Thus, from Bz(0−) = Bz(0+) we get B1 = B2.

http://dx.doi.org/10.1007/978-3-319-63133-2_11
http://dx.doi.org/10.1007/978-3-319-63133-2_11
http://dx.doi.org/10.1007/978-3-319-63133-2_11
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e) Also the tangential component of the electric must be continuous at the interface,
thus Ey(0−) = Ey(0+). Using the results of points b) and d) we obtain

q1

ε1
= −q2

ε2
. (S-11.90)

Since both q1 > 0 and q2 > 0, ε1 and ε2 must have opposite signs.
f) Using the relationship (q1/ε1)2 = (q2/ε2)2 and the result of point a) we obtain

ε22

(

k2− ω
2

c2
ε1

)

= ε21

(

k2− ω
2

c2
ε2

)

, (S-11.91)

from which it follows that

ω2 = k2c2 ε22−ε21
ε22ε1−ε21ε2

= k2c2 ε2+ε1
ε2ε1

. (S-11.92)

Since wave can propagate only if k2 > 0, and ε1ε2 < 0, we get the additional condi-
tion ε1+ε2 < 0.
g) Since ε2 < −ε1 = −1 must hold, we may choose a metal, or a free electron gas, or
an ideal plasma . . . , for which ε2 = 1−ω2

p/ω
2, and a frequency such thatω<ωp/

√
2.

The above described EM modes are surface waves (also named surface plas-
mons). These waves propagate along the surface of a conductor and are evanescent
along the perpendicular direction, so that the EM energy is confined in a narrow
layer, thinner than the wavelength in vacuum. Surface waves are a building block
of plasmonics, a discipline oriented to develop optical and electronic devices on a
nanometric scale.1

S-11.11 Mie Resonance and a “Plasmonic Metamaterial”

a) The incident field can be written, in complex notation, as

Ei = Ei(x, t) = E0 eikx−iωt . (S-11.93)

Since a� λ, the electric field can be considered as uniform over the volume of the
sphere, thus Ei � E0 e−iωt, assuming the center of the sphere to be located at x = 0.

1See e.g. W. L. Barnes et al., “Surface plasmon subwavelength optics”, Nature 424, 824 (2003); E.
Ozbay, “Plasmonics: merging photonics and electronics at nanoscale dimensions”, Science 311,
189 (2006).
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Now we introduce a spherical coordinate system (r, θ,φ) with the origin at the center
of the sphere, and the zenith direction parallel to Ei. At the surface of the sphere,
r = a, we have the usual boundary conditions at the interface between two media

E⊥(a+, θ)−E⊥(a−, θ) = 4πσ(θ) , E‖(a+, θ)−E‖(a−, θ) = 0 , (S-11.94)

where σ(θ) is the surface charge density on the sphere, independent of φ within our
approximations. The problem is thus analogous to the case of a dielectric sphere in
a static uniform external field, treated in Problem 3.4. We can extend the results for
the internal field and polarization to the case of an oscillating field as follows

Eint =
3E0

εr(ω)+2
, P = χEint =

3(εr(ω)−1)
4π(εr(ω)+2)

E0 . (S-11.95)

The difference with the electrostatic case is that now εr depends on frequency, and
is not necessarily positive and greater than one, so that the internal field Eint can be
greater than the external applied field E0. A resonance appears when the real part of
the denominator vanishes. Setting η = 0 for simplicity, the resonance condition is

εr(ω)+2 = 3− ω2
p

ω2−ω2
0

= 0 , (S-11.96)

which yields

ω2 = ω2
0+
ω2

p

3
. (S-11.97)

The physical meaning of the resonance is particularly clear for ω0 = 0, e.g., for a
metallic (nano)sphere in a high-frequency (optical) field. In this case the resonance
frequency is

ω =
ωp√

3
, (S-11.98)

that is the natural frequency of the collective “Mie oscillations” of the electron
sphere treated in Problem 1.5, also known as the lowest-order surface plasmon of the
sphere. The resonance thus corresponds to the excitation of this oscillation mode.
b) The macroscopic polarization is given by the dipole moment of each nanosphere,
psphere = PV , with V = (4π/3)a3 the volume of the sphere, times the number of
nanospheres per unit volume, ns:

Pmacro = nspsphere = −
3nsVω2

p

3ω2−ω2
p
E0. (S-11.99)

http://dx.doi.org/10.1007/978-3-319-63133-2_3
http://dx.doi.org/10.1007/978-3-319-63133-2_1
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This is equivalent to a macroscopic dielectric function

εr(ω) = 1− 3nsVω2
p

3ω2−ω2
p
. (S-11.100)

Wave propagation requires εr to be positive, i.e.,

ω <
ωp√

3
, ω >

ωp√
3

√

1+3nsV . (S-11.101)

This is a simple example of an artificial “metamaterial”, where the plasmonic prop-
erties of the nanostructures composing the material determine the optical response.
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