
Chapter S-12
Solutions for Chapter 12

S-12.1 The Coaxial Cable

a) Since the capacitance has been defined assuming static conditions and bound-
ary effects are negligible for an “infinite” wire, we evaluate the capacitance per unit
length of the cable, C, as for a cylindrical capacitor assuming the charge density to
be constant in time and uniformly distributed. For symmetry reasons the electrosta-
tic field between the two conductors is radial and independent of z and φ, and it is
obtained easily from Gauss’s law as

E =
2λ
r
r̂ , a < r < b . (S-12.1)

Thus, the potential drop between the two conductors is

V = −
∫ b

a
Er(r)dr = −2λ ln

(
b
a

)
, (S-12.2)

so that we obtain

C = λ|V | =
1

2ln(b/a)
. (S-12.3)
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Fig. S-12.1

Similarly, a static current I uniformly distrib-
uted on the inner conductor generates a mag-
netic field

B = Bφ(r) φ̂ =
2I
cr
φ̂ . (S-12.4)

The inductance per unit length of the cable
can be obtained by evaluating the flux of B
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382 S-12 Solutions for Chapter 12

through a rectangle of width Δz, lying on a plane containing the z axis, and extending
from r = a to r = b, as highlighted in Fig. S-12.1. The flux is

Φ(B) =
∫ b

a
Bφ(r)Δzdr =

2I
c
ln

(
b
a

)
Δz , (S-12.5)

corresponding to an inductance per unit length L

L = Φ(B)
IcΔz

=
2

c2
ln

(
b
a

)
. (S-12.6)

The same result can be obtained by calculating the magnetic energy in a cable
section of length Δz, and inductance ΔzL,

1
2
ΔzL I2 ≡ Δz

∫ b

a

B2

8π
2πrdr =

I2

c2
ln

(
b
a

)
Δz . (S-12.7)

b) The coaxial cable is a continuous system with finite capacitance and inductance
per unit length, thus we know from Problem 7.4 that a current signal propagates
along the wire according to the wave equation (S-7.49), with velocity

v =
1√LC = c . (S-12.8)

The general solution for the propagating current signal is thus I(z, t) = I(z− vt), and
propagation occurs with no dispersion. The associated charge signal λ(z, t) is related
to I(z, t) by the continuity equation,

∂tλ(z, t) = −∂zI(z, t) = −I′(z− ct) , (S-12.9)

where I′ denotes the derivative of I with respect to its argument. Since ∂tλ(z− ct) =
−cλ′(z− ct), we obtain

λ(z, t) = λ(z− ct) = 1
c
I(z− ct) . (S-12.10)

c) A transverse electric field E must be radial for symmetry reasons, E = Er(r,z, t) r̂.
Applying Gauss’s law to a cylindrical surface of radius a< r < b, infinitesimal height
Δz, and coaxial to the cable, we find Er = 2λ(z, t)/r. Again for symmetry reasons,
a transverse magnetic field must be azimuthal, B = Bφ(r,z, t) φ̂. Applying Stokes’
law to a circle of radius a < r < b, coaxial to the cable, we obtain Bφ = 2I(z, t)/rc.
The displacement current does not contribute to the flux through the circle, since
E is radial. Thus, the fields of have the same dependence on λ and I as the static
fields, the only difference being that here both λ = λ(z, t) and I = I(z, t) depend on
z and t. Notice that it is such peculiar character of the TEM configuration which

http://dx.doi.org/10.1007/978-3-319-63133-2_7
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allows to use the capacitance and inductance calculated for static fields to obtain the
propagation velocity of electromagnetic signals along the cable, a result also true
for any transmission line in TEM mode.

We can check that the above fields constitute a solution to Maxwell’s equations
by verifying that

∇×E = ∂zEr φ̂ =
2
r
∂zλ(z− ct) φ̂ = 2

r
λ′(z− ct) φ̂

=
2
rc

I′(z− ct) φ̂ = − 2

rc2
∂t I(z− ct) φ̂

= −1
c
∂tB . (S-12.11)

d) The source at z = 0 must do a workW(t) in order to drive the current between the
inner and outer conductors,

W(t) = V(0, t) I(0, t) = −2cλ2(0, t) ln
(
b
a

)
. (S-12.12)

The local flux of energy at any point (r,φ,z), with a < r < b and z > 0, is

S(r,z, t) =
c
4π

E×B = ẑ c
4π

2λ(z− ct)
r

2I(z− ct)
rc

= ẑ
c

πr2
λ2(z− ct) , (S-12.13)

corresponding to a total flow of energy at z

Φ(z, t) =
∫ b

a
S z 2πrdr = 2cλ

2(z− ct) ln
(
b
a

)
= −W(z− ct) . (S-12.14)

This shows that the energy flow is sustained by the source.
e) The expressions for the fields, and for the capacitance and inductance per unit
length, are, in the presence of generic values of ε and μ,

Er = 2
λ

εr
, Bφ =

2μI
rc
, (S-12.15)

C = ε

2ln(b/a)
, L = 2

c2
ln

(
b
a

)
, (S-12.16)

corresponding to a wave velocity v = c/
√
εμ < c. In general, however, both ε and μ

can depend on frequency, and the cable becomes a dispersive transmission line with
phase velocity vφ(ω) = c/

√
ε(ω)μ(ω).
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S-12.2 Electric Power Transmission Line

a) The continuity equation is ∂tλ = −∂zI. Writing λ in the form λ = λ0 eikz−iωt, we
obtain

− iωλ0 = −ikI0 , or λ0 =
k
ω
I0 =

I0
vϕ
, (S-12.17)

where vϕ is the phase velocity of the signal.
b) The electric field E can be calculated by applying Gauss’s law to a cylindrical
surface coaxial to the wire, obtaining

Er(r,z, t) =
2λ(z, t)

r
. (S-12.18)

The magnetic field B can be obtained from the equation c∇×B = 4πJ+∂tE. If we
choose a circle of radius r coaxial to the wire and apply Stokes’ theorem we have

∮
B ·d� = 1

c

∫
(4πJ+∂tE) ·dS . (S-12.19)

The ∂tE term is radial and thus does not contribute to the flux at the right-hand side,
so that

2πrBφ = 4π
I
c
, and Bφ(r,z, t) =

2I(z, t)
rc

. (S-12.20)

The equations for Er(r,φ,z) and Bφ(r,φ,z) have the same form as in the static case of
a wire with constant and uniform charge density and current, respectively. We also
have |Er |/|Bφ| = c/vϕ. These are a typical properties of the TEM (transverse electro-
magnetic) mode for the transmission lines. Maxwell’s equation c∇×E = −∂tB gives
c∂zEr = −∂tBϕ leads to

ikλ0 = iω
I0
c2

⇒ k
I0
vϕ
= ω

I0
c2

⇒ ω

v2ϕ
=
ω

c2
⇒ vϕ = c , (S-12.21)

where we have used (S-12.17) and k = ω/vϕ.
In SI units we have

Er =
λ

2πε0
, Bφ =

μ0I
2πr
,

|Er |
|Bφ| =

c2

vϕ
. (S-12.22)
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Fig. S-12.2

c) Consider a line on the midplane, at a distance h from
the plane containing the two wires, as in Figs. S-12.2
and S-12.3. The distance of the line from each wire is
r =
√
h2+d2/4. The electric and magnetic fields gener-

ated by the two wires sum up to

E = 2x̂
2I0
rc

sinθe−iωt, (S-12.23)

B = 2ŷ
2I0
rc

sinθe−iωt, (S-12.24)

with x̂ and ŷ the unit vectors parallel and perpendicular
to the plane containing the wires, respectively.

Since sinθ = d/(2r), we obtain

|Ex| = |By| = 2I0 d

r2c
. (S-12.25) d

h

B

+ I

2θ

− I

r

Fig. S-12.3

The corresponding expressions in SI units are

|Ex| = |By|c = I0 d

2πcε0r2
=
μ0I0 dc

2πr2
. (S-12.26)

Thus

|By| = 4π×10−7×103×5
2π× (302+52/22) T � 10−6 T , (S-12.27)

and
|Ex| � 3×102 V/m . (S-12.28)

For a comparison, the average magnetic field at the Earth surface is ∼ 5× 10−5 T,
while the electric field is ∼ 1.5×102 V/m. Possible screening effects by the Earth’s
surface have been neglected.

S-12.3 TEM and TMModes in an “Open” Waveguide

a) Inserting (12.23) into the wave equation for B

(
∇2− 1

c2
∂2t

)
Bz = 0 , (S-12.29)

http://dx.doi.org/10.1007/978-3-319-63133-2_12
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and recalling that ∂zBz = 0, we obtain the following relation between kx, ky and ω

k2x + k
2
y −
ω2

c2
= 0 . (S-12.30)

b) The electric field of the wave can be obtained from

∂tE = c∇×B = c (x̂∂y− ŷ∂x)Bz,

−iωE = cB0

[
−x̂ky sin(kyy)− ŷ ikx cos(kyy)

]
eikxx−iωt , (S-12.31)

which leads to

Ex = −i
kyc

ω
B0 sin(kyy)e

ikxx−iωt , (S-12.32)

Ey =
kxc
ω

B0 cos(kyy)e
ikxx−iωt . (S-12.33)

c) The parallel component E‖ of the electric field Emust vanish at the boundary with
a perfectly conducting surface, thus we must have Ex(y = ±a/2) = 0. This implies
that sin(kya/2) = 0, and kya = 2mπ, with m ∈ N. By substitution into (S-12.30) we
obtain

ω2 = k2xc
2+

(
πc
a

)2
(2m)2 . (S-12.34)

The m = 0 mode corresponds to Ex = 0 and to Ey and Bz independent of y. The fields
are thus uniform over any cross-section of the waveguide parallel to the yz plane,
and we have ω= kxc. This is the TEMmode typical of transmission lines. The m= 1
mode has frequency

ω =

√
k2xc2+

(
2πc
a

)2
>
2πc
a
≡ ωco , (S-12.35)

where ωco ≡ 2πc/a is the cut-off frequency.
d) The energy flux is given by Poynting’s vector, parallel to the z = 0 plane,

S =
c
4π

E×B = c
4π

(EyBz x̂−ExBz ŷ) . (S-12.36)

By averaging over one full cycle we find 〈S y〉 = 0, i.e., there is no net energy flux
along y. Averaging S x over one cycle we obtain

〈S x〉 = c2

8π
kx
ω

B2
0 cos

2(kyy) . (S-12.37)
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The group velocity of the wave is

vg = ∂kω =
kxc2√

k2xc2+ω
2
co

=
kxc2

ω
, (S-12.38)

thus we can also write

〈S x〉 = vg
B2
0

8π
cos2(kyy) . (S-12.39)

S-12.4 Square and Triangular Waveguides

a) The electric field must satisfy the wave equation in vacuum

(
∇2− 1

c2
∂2t

)
E = 0 , (S-12.40)

and, substituting (12.4) for E, we obtain the time-independent Helmoltz’s equation
for the only nonzero component of the electric field, Ẽx,

(
∂2x +∂

2
y − k2z +

ω2

c2

)
Ẽx = 0 . (S-12.41)

In vacuum we must also have ∇ ·E = 0, this condition is automatically satisfied if
we assume that Ẽx is independent of x, Ẽx = Ẽx(y), and (S-12.41) reduces to

(
∂2y − k2z +

ω2

c2

)
Ẽx(y) = 0 . (S-12.42)

According to the boundary conditions, the parallel component of E must be zero
at the perfectly reflecting walls of the waveguide y = 0 and y = a. This condition is
satisfied if we assume

Ẽx(y) = E0x sin(kyy) , with ky = n
π

a
, n = 1,2,3, . . . , (S-12.43)

where E0x is an arbitrary, constant amplitude. The electric field of our x̂ polarized
wave can thus be written

E = x̂ Ẽx(y)e
ikzz−iωt = x̂E0x sin

(nπ
a
y
)
eikzz−iωt . (S-12.44)

http://dx.doi.org/10.1007/978-3-319-63133-2_12


388 S-12 Solutions for Chapter 12

Substituting (S-12.43) for Ẽx into (S-12.42) leads to

(
−k2y − k2z +

ω2

c2

)
E0x = 0 , (S-12.45)

which, diregarding the trivial case E0x = 0, is true only if

k2y + k
2
z −
ω2

c2
= 0 , or kz =

√
ω2

c2
− k2y =

√
ω2

c2
−n2 π

2

a2
. (S-12.46)

The wave can propagate only if kz is real, thus we must have

ω > n
πc
a
. (S-12.47)

The cutoff frequency ωa is the lowest value of ω at which wave propagation occurs.
Since we must have n � 1, we have ωa = πc/a. If we choose a frequency such that
πc/a < ω < 2πc/a, only the n = 1 mode can propagate in the guide.

The cross-section of the waveguide being square, the conditions for a ŷ polarized
TE wave are obtained by interchanging the roles of x and y in all the above formulae,
and the electric field is

E = ŷE0y sin(kxx)e
ikzz−iωt = ŷE0y sin

(mπ
a

x
)
eikzz−iωt , (S-12.48)

with, again, E0y an arbitrary amplitude, m = 1,2,3, . . . , and the same dispersion rela-
tion as between ω and kz as above. Modes with m = n are degenerate, sharing the
same wavevector kz.

In general, a monochromatic TE wave propagating in the guide will be a super-
position of the two polarizations. The electric field will be

E =
[
x̂E0x sin

(nπ
a
y
)
+ ŷE0y sin

(nπ
a

x
)]
eikzz−iωt . (S-12.49)

b) In the case of the triangular waveguide, the parallel component of the electric
field E must be zero on the three x = 0, y = 0, and y = x planes. A field of the form
(S-12.49) already satisfies the boundary conditions at the x = 0 and y = 0 planes.
The additional condition at the y = x plane is E(x, x) · n̂ = 0, where n̂ = (−1,1,0)/√2
is the unit vector perpendicular to the y = x plane. Thus

E ·h = E0x sin
(nπ
a

x
)
−E0y sin

(nπ
a

x
)
= 0 , (S-12.50)

which is satisfied if E0y = −E0x ≡ E0, so that we eventually obtain

E = E0

[
x̂ sin

(nπ
a
y
)
− ŷ sin

(nπ
a

x
)]
eikzz−iωt . (S-12.51)
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xO p

y
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−2a

A

Fig. S-12.4

a) The electrostatic potential φ must
be zero on the two conducting planes
at y = ±a, and the electric fields at
y = a− and y = −a+ must be perpen-
dicular to their surfaces (parallel to
ŷ). The real dipole p is located at the
origin of our coordinate system, thus,
we need an image dipole equal to p,
located at (0,2a,0) and represented by
p1 in Fig. S-12.4, in order to fulfill
these conditions at the generic point A
of the y = +a plane. Analogously, the
real dipole p requires a further image
dipole p located at (0,−2a,0), repre-
sented by p−1 in Fig. S-12.4, in order
to fulfill the conditions at the y = −a
conducting plane. But now the three
dipoles p, p1, and p−1 together do not
generate a potential equal to zero on either plane. We can readjust the potential at
y = +a by adding a new image dipole equal to p, symmetrical to p−1, at (0,4a,0),
represented by p2. But this requires adding a further image dipole p−2, and so on.
Thus, the exact solution requires two infinite sets of equal image dipoles, pn and p−n,
with n = 1,2,3, . . . , located respectively at (0,2na,0) and (0,−2na,0). The resulting
electrostatic potential between the plates is finite because, for high n values, the
contribution of ±nth dipole is proportional to (2na)−2.
b) In order to fulfill the boundary conditions, all the image dipoles must oscillate
in phase with the real dipole. Consider the radiation emitted by each dipole in the
n̂ ≡ (sinθ,cosθ,0) direction in the z = 0 plane, with wavevector k = (ω/c) n̂. In the
following we consider wavevectors lying in the z = 0 plane, but our considerations
apply to wavevectors lying in any plane containing the y axis, due to the rotational
symmetry of the problem. The optical path difference between the waves emitted by
two neighboring dipoles (real or images) is Δ� = 2acosθ, as shown in Fig. S-12.5 for
the case of the real dipole p and the image p1. This corresponds to a phase difference
Δϕ = kΔ�, and the condition for constructive interference is

kΔ� =
2ωa
c

cosθ = 2πm, θ = arccos
(
m
πc
ωa

)
, (S-12.52)
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Fig. S-12.5

with m = 0,1,2, . . . . Due to the mirror symmetry of
the system for reflections through the y = 0 plane
(actually, antisymmetry, since all dipoles are inverted
by the reflection), if an angle θ satisfies (S-12.52)
for constructive interference, so does π− θ. In other
words, at large distance from the oscillating dipole,
each interference order m > 0 corresponds to the
superposition of two waves with wavevectors k± ≡
(sinθ,±cosθ,0)ω/c, respectively.

The m = 0 condition corresponds to θ = π/2, and
the waves travels along the x axis. For m > 0, we can
write

kx =
ω

c
sinθ =

ω

c

√
1− cos2 θ = ω

c

√
1−
(
m
πc
ωa

)2

=

√
ω2

c2
−
(
m
π

a

)2
, (S-12.53)

and kx is real only if ω > mπc/a. Thus, given a frequency ω, we observe only the
modes with m < ωa/(πc). If ω < πc/a, corresponding to a wavelength λ > 2a, only
the mode m = 0 can propagate.
c) Both magnetic fields must satisfy the wave equation

(c2∇2−∂2t )Bi = (c
2∂2x + c

2∂2y −∂2t )Bi = 0 , i = 0,1 , (S-12.54)

from which we obtain, denoting by k0 and k1 the respective wavevectors,

k20x c
2 = ω2 , k21x c

2+ k21y c
2 = ω2 . (S-12.55)

d) Assuming electric fields of the form E = Ẽe−iωt, where Ẽ depends on the space
coordinates only, Maxwell’s equation in vacuum, ∂tE = c∇×B, gives

− iωE = c(x̂∂yBz− ŷ∂xBz) . (S-12.56)

For the wave of type “0” we obtain

E0 = ŷ
k0xc
ω

B0 e
ik0xx−iωt = ŷB0 e

ik0x x−iωt . (S-12.57)

For the wave of type “1” we obtain

E1 =
ic
ω
B1

[
ŷk1x cos(k1yy)− x̂ ik1y sin(k1yy)

]
eik1x x−iωt . (S-12.58)
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e) The “type-0” wave has the three vectors E0, B and k perpendicular to one another,
analogously to a plane wave in the free space (TEM mode). Further, E0 is perpen-
dicular to the two conducting surfaces, automatically satisfying the boundary con-
ditions. Thus, the frequency ω and the wavevector k = x̂k0x, with k0x = ω/c, are
subject to no constraint.

On the other hand, the electric field of the “type-1” wave has a component Ex

parallel to the two conducting surfaces, in addition to the transverse Ey component
(the mode is TM rather than TEM). The boundary conditions at y = ±a require that
Ex(y=±a)= 0. Thus we must have sin(±kya)= 0, or ky =mπ/a, withm= 1,2,3, . . . ,
leading to

kx =

√
ω2

c2
−
(
m
π

a

)2
. (S-12.59)

The m-th mode can propagate only if the corresponding kx is real, and has a lower
cut-off frequency ωco(m) = 2πmc/a-

A comparison to point (b) shows that the type-0 wave (TEM mode) corresponds
to the m = 0 interference order, while the type-1 waves (TM modes) correspond to
the > 0 interference orders. Actually, more precisely, we need not single dipoles,
but “dipole layers”, spread parallel to the z axis, in order to generate waves with
fields independent of z. If the real dipole of points (a) and (b) is parallel, rather than
perpendicular, to the conducting planes, the different boundary conditions would
lead to TE, rather than TM modes [1].

S-12.6 Propagation in an Optical Fiber

a) The electric field (12.6) corresponds to the sum of two plane waves of the same
frequency and different wavevectors, k1 and k2, propagating in the medium. For
both waves the dispersion relation is ω = kc/n, where n = n(ω) is the refractive
index of the medium. Both waves impinge on the medium-vacuum interface at the
angle θ, and the condition for total reflection is, according to Snell’s law,

sinθ >
1
n
. (S-12.60)

b) The internal reflections at the y = ±a/2 planes turn the wave of type “1” into a
wave of type “2”, and vice versa. Thus the field amplitudes of the two waves at the
interface are related by the amplitude reflection coefficient r

E2(x,y = +a/2, t) = rE1(x,y = +a/2, t) ,

E1(x,y = −a/2, t) = rE2(x,y = −a/2, t) . (S-12.61)

http://dx.doi.org/10.1007/978-3-319-63133-2_12
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For total reflection there is no transmission of energy through the y = ±a/2 planes,
thus the amplitudes of the incident and the reflected fields must be equal but for a
change of phase. For S -polarization (E parallel to the interface, as in our case) r is
written, according to the Fresnel equations,

r =
ncosθ− i

√
n2 sin2 θ−1

ncosθ+ i
√
n2 sin2 θ−1

, (S-12.62)

and, if nsinθ > 1, the square roots are real and |r| = 1. Thus we can write

r = eiδ = cosδ+ i sinδ , tan
δ

2
= −
√
n2 sin2 θ−1
ncosθ

. (S-12.63)

Substituting r= eiδ into (S-12.61) we obtain the following conditions at the y=±a/2
planes

E2 e
−ikya/2 = E1 e

+ikya/2 eiδ , E1 e
−ikya/2 = E2 e

+ikya/2 eiδ . (S-12.64)

By calculating the determinant of the homogeneous system for E1 and E2 we obtain
the condition

1 = e2i(kya+δ) , (S-12.65)

true if

2kya+2δ = 2mπ , m = 0,1,2, . . . . (S-12.66)

The implicit relation determining the allowed frequencies is

k2x =
ω2

c2
n2− k2y > 0 . (S-12.67)

If nsinθ� 1 then δ � −2θ, and if θ→ π/2 then

ky→ (m+1)
π

a
. (S-12.68)

c) All the above results are valid also for P-polarization, where the electric field of
the wave lies in the xy plane. Only (S-12.62) must be replaced by

r‖ = eiδ‖ =
−n2 cosθ+ i

√
sin2 θ−n2

n2 cosθ+ i
√
sin2 θ−n2

, (S-12.69)

corresponding to a different dependence of r and δ on θ.
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S-12.7 Wave Propagation in a Filled Waveguide

a) The electric field E of a monochromatic EM wave of frequency ω propagating in
a medium of refractive index n = n(ω) satisfies Helmholtz’s equation

(
∇2+n2(ω) ω

2

c2

)
E = 0 . (S-12.70)

We are considering a TE mode with E = ẑEz(y)eikx−iωt, thus we have
(
∂2y − k2+n2(ω)

ω2

c2

)
Ez(y) = 0 , (S-12.71)

whose general solution has the form s Ez(y) = Acos(qy)+ Bsin(qy), with A and B
two arbitrary constants. The electric field being parallel to the conducting walls at
y = ±a/2, the boundary conditions are Ez(y = ±a/2) = 0, from which we obtain

Ez(y) = E0

{
cos(qny) , n = 1,3,5 . . .
sin(qny) , n = 2,4,6 . . .

, qn = n
π

a
, (S-12.72)

and (S-12.71) turns into

q2n+ k
2−n2(ω)ω

2

c2
= 0 . (S-12.73)

The wave can propagate only if k is real, i.e., if ω > qnc ≡ ωn.
In the case of a plasma

q2n+ k
2− ω

2−ω2p
c2

= 0 , (S-12.74)

and the cut-off frequencies are

ω′n =
√
q2nc2+ω

2
p . (S-12.75)

b) The incident wave must be in the n = 1 mode, and its electric field is

Ei = ẑE0 cos(q1y)e
ik1x−iωt , (S-12.76)

where k1 =
√
ω2/c2−q21. The total electric field is the sum of the incident field Ei

and the reflected field Er for x < 0, while only the transmitted field Et is present in
the x > 0 region. The boundary conditions at x = 0 is (Eiz +Erz)|x=0 = Etz|x=0, thus
all the waves must have the same dependence on t and y. The total field must thus be
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Ez =

{ (
E0 eik1x +Er e−ik1x

)
cos(q1y)e−iωt , x < 0 ,

Et cos(q1y )eiktx−iωt , x > 0 ,
(S-12.77)

where kt =
√
n(ω)ω2/c2−q21. The boundary condition on the electric field yields

E0+Er = Et . (S-12.78)

In addition, the magnetic field must be also continuous at x= 0. From ∂tB=−c∇×E
we obtain

Bx =
iπc
ωa
×
{ (

E0 eik1x +Er e−ik1x
)
sin(q1y)e−iωt , x < 0 ,

Et sin(q1y)eiktx−iωt , x > 0 ,
(S-12.79)

By = − c
ω
×
{
k
(
E0 eik1x −Er e−ik1x

)
cos(q1y)e−iωt , x < 0 ,

ktEt cos(q1y)eiktx−iωt , x > 0 ,
(S-12.80)

We notice that the continuity of Bx is ensured by the condition E0 +Er = Et, while
the continuity of By yields

k1(E0−Er) = ktEt . (S-12.81)

Eventually, we obtain

Er =
k1− kt
k1+ kt

E0 , Et =
2k1

k1+ kt
E0 , (S-12.82)

which are identical to Fresnel’s formulas for S -polarization. In fact, the field of the
incoming wave (S-12.76) can be written as

Ei = ẑE0 cos(q1y)e
ik1x−iωt = ẑ

E0

2

(
eiq1y+ e−iq1y

)
eik1x−iωt

= ẑ
E0

2
eik1x+iq1y−iωt + ẑ

E0

2
eik1x−iq1y−iωt , (S-12.83)

which is the superposition of two z-polarized plane waves of equal amplitude, and
wavevectors of equal magnitude, but opposite y component, k = x̂k1 ± ŷq1. Thus
both plane waves impinge on the vacuum-medium interface at the same incidence
angle |θ| = arctan(q1/k1).

S-12.8 Schumann Resonances

a) Substituting the electric field (12.9) into the periodic boundary conditions (12.8)
we obtain

http://dx.doi.org/10.1007/978-3-319-63133-2_12
http://dx.doi.org/10.1007/978-3-319-63133-2_12
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eikxL = 1 , eikyL = 1 , (S-12.84)

solved by

kx = m
2π
L
, ky = n

2π
L
, m,n = 0,1,2, . . . (S-12.85)

where m and n are not allowed to be zero simultaneously, and L = 2πR⊕. Since the
wave equations gives us ω2 = k2c2, we have

ω2 =

(
c
R⊕

)2
(m2+n2) . (S-12.86)

The lowest frequency corresponds to m = 1,n = 0 or m = 0,n = 1, and its value is

νmin =
ωmin

2π
=
ω10
2π
=

c
2πR⊕

� 7.5s−1 , (S-12.87)

corresponding to a wavelength λmax = 2πR⊕ � 40000km, the length of a great circle
of the Earth. The experimentally observed value is νmin � 8s−1.
b) An ohmic conductor can be considered as perfectly reflecting at a frequency ω
if its conductivity σ(ω), assumed to be real, fulfills the condition σ(ω)� ω/4πke,
where ke = 1 in Gaussian units, and ke = 1/(4πε0) in SI units. Heuristically, the con-
dition corresponds to the conduction current J being much larger than Maxwell’s
displacement current. Since ε0 = 8.854× 10−12 SI units, and σ/ω ≈ 0.6s Ω−1m−1,
sea water can be considered as a perfect conductor in the frequency range of the
Schumann resonances. In Gaussian units, the low-frequency conductivity of sea
water is σ � 4×1010 s−1.

A discussion of Schumann resonances based on a “realistic” spherical geome-
try can be found in Reference [2], Section 8.9 and Problem 8.7. Nevertheless, our
simplified approach reveals the essential point that the characteristic length L of the
system, which determines the maximum wavelength for a standing wave (λ ≈ L),
is the Earth’s circumference, rather than the height of the ionosphere above the the
Earth’s surface.
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