
Chapter S-1
Solutions for Chapter 1

S-1.1 Overlapping Charged Spheres
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Fig. S-1.1

a) The electrostatic field at any point in space
is the sum of the fields generated by each
charged sphere (superposition principle). The
field generated by a single uniformly charged
sphere at its interior is E(r) = 4πke�0r/3,
where �0 is the charge density and r is the
position vector relative to the center of the
sphere. Thus, the two spheres generate at
their interiors the fields E± = ±4πke�0r±/3,
respectively, r± being the position vectors rel-
ative to the two centers. We assume that the
centers are located on the x axis at points O+ ≡ (+δ/2,0,0) and O− ≡ (−δ/2,0,0).
We thus have r± = r ± δ/2, where r is the position vector relative to the origin
O ≡ (0,0,0). The total field in the overlap region is

Ein = +
4πke
3
�0

(
r− δ

2

)
− 4πke

3
�0

(
r+
δ

2

)
= −4πke

3
�0 δ . (S-1.1)

The internal field Ein is thus uniform and proportional to −δ.
b) The electrostatic field generated by a uniformly charged sphere, with vol-
ume charge density �0, outside its volume equals is the field of a point charge
Q = 4πR3�0/3 located at its center. Thus, the electrostatic field in the outer region
(outside both spheres) is the sum of the fields of two point charges ±Q located at
O+ and O−, respectively. If R� δ, this is equivalent to the field of an electric dipole
of moment

p = Qδ =
4πR3

3
�0 δ (S-1.2)
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118 S-1 Solutions for Chapter 1

located at the origin and lying on the x axis. The external field is thus

Eext(r) = ke
3r̂ (p · r̂)−p

r3
, (S-1.3)

where r = r r̂ is the vector position relative to the origin.
In the two transition “shell” regions, of net charge densities ±�0, the field is the

sum of the inner field of one sphere and of the outer field of the other. We omit to
write down the expression for brevity (Fig. S-1.1).

S-1.2 Charged Sphere with Internal Spherical Cavity

r
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Fig. S-1.2

a) Once again we use the superposition
principle. Our charged sphere with an inter-
nal spherical cavity can be thought of as
the superposition of two uniformly charged
spheres: a sphere of radius a centered in Oa,
with charge density �, and a smaller sphere
of radius b centered in Ob, with charge den-
sity−�. The electric field everywhere in space
is the sum of the fields generated by the
two spheres. The field generated by a uni-
formly charged sphere at its inside is E =

(4πke/3)�r, where r is the distance from the center of the sphere. The total field
inside the cavity at a point of vector position r relative to Oa, and vector position r′
relative to Ob, is thus

Ecav =
4πke
3
� (r− r′) = 4πke

3
�d , (S-1.4)

uniform and parallel to the straight line passing through Oa and Ob. If d = 0 we
obtain E = 0, as expected from Gauss’s law and symmetry considerations.
b) In an external field E0 the total force on the system is the sum of the forces that
E0 would exert on the two point charges Qa = 4πa3�/3 and Qb = −4πb3�/3, located
in Oa and Ob, respectively, so that

F =
4π
3
� (a3−b3)E0 . (S-1.5)

c) Since the vector sum of the forces is different from zero, the torque depends on
our choice of the origin. The torque about the center of the sphere Oa is

τ = d×F = −4π
3
�b3d×E0 . (S-1.6)
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Let us introduce a reference system with the x axis passing through Oa and Ob, and
the origin in Oa. We denote by �m = α� the mass density, with α some constant
value. Our coordinate origin is thus the location of the center of mass of the cavity-
less sphere of radius a and mass Mtot = 4πa3�m/3, while x = d is the location of the
center of mass of a sphere of radius b and mass Mb = 4πb3�m/3. Let us denote by
xc the center of mass of the sphere with cavity, of mass Mc = 4π(a3 −b3)�m/3. We
have

0 =
Mcxc+Mbd

Mtot
, thus xc = −d Mb

Mc
= −d b3

a3−b3 . (S-1.7)

The torque about the center of mass xc is thus

τc =
b3d

a3−b3
4π
3
�a3 x̂×E0−

(
d+

b3d

a3−b3
)
4π
3
�b3 x̂×E0 = 0 , (S-1.8)

as was to be expected, since each charged volume element d3r is subject to the force
�E0 d3r, and acquires an acceleration

a =
�E0 d3r

�md3r
=
E0

α
, (S-1.9)

equal for each charged volume element (Fig. S-1.2).

S-1.3 Energy of a Charged Sphere

a) We can assemble the sphere by moving successive infinitesimal shells of charge
from infinity to their final location. Let us assume that we have already assembled
a sphere of charge density � and radius r < R, and that we are adding a further shell
of thickness dr. The assembled sphere has charge q(r) = �(4πr3/3), and its potential
ϕ(r,r′) at any point at distance r′ ≥ r from the center of the sphere is

ϕ(r,r′) = ke
q(r)
r′
= ke �

4πr3

3
1
r′
. (S-1.10)

The work needed to move the new shell of charge dq = �4πr2dr from infinity to r
is

dW = ϕ(r,r′)dq = ke �
4πr3

3
1
r
�4πr2dr = ke

(4π�)2

3
r4dr . (S-1.11)

The total work needed to assemble the sphere is obtained by integrating dW from
r = 0 (no sphere) up to the final radius R
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U0 = ke
(4π�)2

3

∫ R

0
r4dr = ke

(4π�)2R5

15
=
3ke
5

Q2

R
, (S-1.12)

where Q = (�4πR3)/3 is the total charge of the sphere.
b) The electric field everywhere in space is, according to Gauss’s law,

E(r) = keQ×
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

r

R3
, r ≤ R

1

r2
, r ≥ R ,

(S-1.13)

and the integral of the corresponding energy density uE = E2/(8πke) over the whole
space is

U0 =

∫ ∞
0

E2(r)
8πke

4πr2 dr =
k2eQ

2

2ke

⎡⎢⎢⎢⎢⎢⎣
∫ R

0

( r
R3

)2
r2dr+

∫ ∞
R

(
1

r2

)2
r2dr

⎤⎥⎥⎥⎥⎥⎦
= ke

Q2

2

(
1
5R
+
1
R

)
=
3ke
5

Q2

R
. (S-1.14)

c) The electrostatic potential of the sphere everywhere in space is

ϕ(r) = keQ×

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
− r2

2R3
+

3
2R
, r ≤ R

1
r
, r > R

(S-1.15)

where the constant 3keQ/(2R) appearing for r≤R is needed for ϕ(r) to be continuous
at r = R. Since � = 0 for r > R, we need only the integral of �ϕ/2 inside the sphere

U0 =
1
2

∫ R

0
�keQ

(
− r2

2R3
+

3
2R

)
4πr2 dr = ke

Q
4

Q

R3/3

(
−R

2

5
+R2

)

=
3ke
4

Q2

R3

4R2

5
=
3ke
5

Q2

R
. (S-1.16)

All methods, including b) and c), lead to the correct result, as expected. However,
a comparison between methods b) and c) shows that it is incorrect to interpret the
“energy density” of the electric field as the “energy stored in a given region of space
per unit volume”. If we give this meaning to quantity E2/(8πke), as in b), we con-
clude that the energy is spread over the whole space. If, on the other hand, we
assume the energy density to be 1

2 �ϕ, as in c), the energy is “stored” only inside the
volume of the sphere, i.e., “where the charge is”. Thus, the concept of energy den-
sity is ambiguous, while the total electrostatic energy of the system is a well defined
quantity, at least in the absence of point charges.
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S-1.4 Plasma Oscillations
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Fig. S-1.3

a) Assuming δ > 0, the collective rigid dis-
placement of the conduction electrons due to
the external field gives origin to the charge
density

�(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 , x < 0 ,
+en , 0 < x < δ,
0 , δ < x < h ,
−en , h < x < h+δ ,
0 , x > h+δ .

(S-1.17)

The electrostatic field E(x) generated by this charge distribution is obtained by inte-
grating the equation ∇ ·E = ∂xEx = 4πke� with the boundary condition E(−∞) = 0:

δ h0

h
+

enδ

δ x

E

Fig. S-1.4

Ex(x) = 4πenke

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 , x < 0 ,
x , 0 < x < δ,
δ , δ < x < h ,
h+δ− x , h < x < h+δ ,
0 , x > h+δ .

(S-1.18)

If we assume a negative displacement −δ (with δ > 0) the charge density and the
electric field are

�(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 , x < −δ ,
−en , −δ < x < 0 ,
0 , 0 < x < h−δ ,
+en , h−δ < x < h ,
0 , x > h .

Ex(x) = 4πenke

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 , x < −δ ,
−x−δ , −δ < x < 0 ,
−δ , 0 < x < h−δ ,
x−h−δ , h−δ < x < h ,
0 , x > h .

(S-1.19)
The plots are obtained from Figs. S-1.3 and S-1.4, respectively, by flipping around
the x axis and translating by δ towards the negative x values.
b) The electrostatic energy of the system, in the case of a positive displacement,
can be evaluated by integrating the “energy density” u = E2

x/(8πke) over the whole
space:

Ues =

∫
E2
x

8πke
d3r =

L2

8πke

∫ h+δ

0
E2
x dx

=
L2

8πke
(4πen)2

[∫ δ
0

x2 dx+
∫ h

δ
δ2 dx+

∫ h+δ

h
(h+δ− x)2 dx

]

= 2πke(enL)
2
[
δ3

3
+δ2(h−δ)+ δ

3

3

]
= 2πke(enL)

2
(
hδ2− δ

3

3

)
, (S-1.20)
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where, due to the symmetry of the problem, we used d3r = L2 dx. Exactly the same
result is obtained for a negative displacement by −δ. The δ appearing in the last line
of (S-1.20) is actually to be interpreted as the absolute value |δ|.
c)At the limit δ	 hwe can neglect the third-order term in δ of (S-1.20), and approx-
imate Ues 
 2πke(enL)2hδ2, which is the potential energy of a harmonic oscillator.
The force on the “electron slab” is thus

F = −∂Ues

∂δ
= −4πke(enL)2hδ , (S-1.21)

where δ can be positive or negative. The equation of motion for the electrons is

Mδ̈ = F ≡ −Mω2δ , (S-1.22)

where M = menL2h is the total mass of the conduction-electron slab. We thus have

ω2 =
4πkene2

me
≡ ω2p , (S-1.23)

where ωp is called the plasma frequency, and is an intrinsic property of the given
conductor, dependent only on the density of free electrons.

S-1.5 Mie Oscillations

a) In Problem 1.1 we showed that the electric field is uniform and equal to
−4πke �0 δ/3, with �0 = ene, in the region where the conduction-electrons sphere
overlap,

R
a c

δ

b

Fig. S-1.5

Eint = −4πke3
eneδ . (S-1.24)

We assume that the displacement δ is suffi-
ciently small for the volumes a (only conduc-
tion electrons) and c (only ion lattice) of Fig.
S-1.5 to be negligible compared to the over-
lap volume b, an order of magnitude for δ

is found in (S-2.4) of Solution S-2.1. Assuming further that conduction electrons
behave like a “rigid” body, oscillating in phase with the same displacement δ = δ(t)
from their rest positions, the equation of motion for the single electron is

me
d2δ

dt2
= −eEint = −e4πke3

eneδ = −me
ω2p

3
δ , (S-1.25)

http://dx.doi.org/10.1007/978-3-319-63133-2_1
http://dx.doi.org/10.1007/978-3-319-63133-2_15
http://dx.doi.org/10.1007/978-3-319-63133-2_15
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where ωp is the plasma frequency (S-1.23). Thus, the displacement of each conduc-
tion electron from its rest position is

δ(t) = δ(0)cos

(
ωp√
3
t

)
, (S-1.26)

where δ(0) is a constant and ωp/
√
3 is called the Mie frequency. This type of motion

is known as Mie oscillation (or surface plasmon of the sphere).
b) The electrostatic energy of the system is given by the integral

Ues =

∫
E2

8πke
d3r . (S-1.27)

For δ approaching 0, the electric field is given by (S-1.24) inside the sphere (r < R),
and by (S-1.3), i.e., an electric dipole field, outside the sphere (r > R). Thus we
can split the integral of (S-1.27) into the sum of two terms, corresponding to the
integration domains r < R and r > R, respectively

Ues = U
in
es +U

out
es =

1
8πke

(∫
r<R

E2 d3r+
∫
r<R

E2 d3r

)
. (S-1.28)

For r < R the field is uniform and we immediately find

U in
es =

1
8πke

(
ke
4π
3
eneδ

)2 4π
3
R3 = ke

8π2

27
(eneδ)

2R3 . (S-1.29)

For evaluating the contribution of the outer region, we substitute

d3r = r2 sinθdrdθdφ, and E2 =

(
kep

r3

)2
(3cos2 θ+1) , (S-1.30)

where p=Qδ = δene 4πR3/3 (see Problem 1.1), into the second integral at the right-
hand side of (S-1.28)

Uout
es = 2π

1
8πke

k2e p
2
∫ +∞
R

r2 dr
∫ π
0
sinθdθ

3cos2 θ+1

r6
, (S-1.31)

and obtain

Uout
es = ke

p2

3R3
= ke

4π
9
(eneδ)

2 4π
3
R3 = ke

16π2

27
(eneδ)

2R3 , (S-1.32)

http://dx.doi.org/10.1007/978-3-319-63133-2_1
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thus Uout
es = 2U

in
es. For the total energy we have finally

Ues = U
in
es +U

out
es = ke

8π2

9
(eneδ)

2R3 . (S-1.33)

The derivative ofUes with respect to δ gives the force associated to the displacement
of the electron sphere:

F = −∂Ues

∂δ
= −ke 16π

2

9
R3 (ene)

2δ . (S-1.34)

The equation of motion for the rigid sphere of electrons is M d2δ/(dt2) = F, where
M = mene4πR3/3 is the total mass of electrons. Thus

d2δ

dt2
= −ke 4πnee

2

3me
δ ≡ −ω

2
p

3
δ , (S-1.35)

and we are back to the oscillations at the Mie frequency of (S-1.26).

S-1.6 Coulomb Explosions

a) The electric field has radial symmetry, E = E(r) r̂. According to Gauss’s law we
have 4πr2E(r) = 4πkeQint(r), where Qint(r) is the charge inside the sphere of radius
r. At t = 0 we have Qint = Q (r/R)3 for r < R, and Qint = Q for r > R, thus the electric
field inside and outside the cloud is, respectively,

E(r) = keQ×
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

r

R3
, r ≤ R ,

1

r2
, r ≥ R .

(S-1.36)

Due to the spherical symmetry of the problem, we have E = −∂ϕ/∂r, where ϕ is the
electric potential, and the potential at t = 0 can be obtained by a simple integration:

ϕ(r) = keQ×

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
− r2

2R3
+

3
2R
, r ≤ R ,

1
r
, r ≥ R .

(S-1.37)

As in Equation (S-1.15) of Problem 1.3, the integration constants have been chosen
so that ϕ(∞)= 0 and ϕ(r) is continuous at r =R. The potential energy of a test charge
qt located at distance r from the center is thus qtϕ(r).
b) Under the action of the electric field, the test charge would move and convert all
its potential energy into kinetic energy if the field remained stationary during the
charge motion, i.e., if all the source charges of the field remained fixed. At t = 0 the

http://dx.doi.org/10.1007/978-3-319-63133-2_1
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electric field inside the spherical cloud increases with r. Thus, the “outer” particles,
located at larger r, have a higher acceleration than the “inner” particles, located
at smaller r. After an infinitesimal time interval the “outer” particles will acquire a
higher velocity (we are assuming that all particles are at rest at t = 0), and will not be
overtaken by the “inner” ones. Moreover, also the acceleration has radial symmetry,
and thus any spherical shell preserves its shape in time. These arguments can be
iterated for any following time, proving the validity of our assumptions that the
particles do not overtake one another, and that the spherical symmetry is preserved.

Let us denote by rs(r0, t) the position of a particle initially located at r0. Since the
particles do not overtake one another, the charge inside a sphere of radius rs(r0, t) is
constant. The electric field intensity at rs(r0, t) can be evaluated by applying Gauss’s
law: from

4πr2s (r0, t)E [rs(r0, t)] = 4πkeQ
( r0
R

)3
(S-1.38)

we obtain

E [rs(r0, t)] = ke
Q

r2s (r0, t)

( r0
R

)3
, (S-1.39)

from which Equation (1.16) can be derived. The forces on the particles, and
thus their accelerations, increase with increasing r0, in agreement with our “non-
overtaking” result. Note that the electric field, and thus the force, at t = 0 is propor-
tional to r0, not to r30, because we have r

2
s (r0,0) = r

2
0 at the denominator.

c) Each infinitesimal spherical shell expands from its initial radius r0 to its final
radius rs (r0,∞) =∞ under the action of the force (1.16). The final kinetic energy of
a particle belonging to the shell, Kfin(r0), equals the work done by the force on the
particle

Kfin(r0) =

∫
+∞

ri0

ke
qQ

r2i

( r0
R

)3
dr = ke

qQ
r0

( r0
R

)3
= ke qQ

r20
R3
. (S-1.40)

Quantity Kfin(r0) is a monotonically increasing function of r0, thus its maximum
value Kmax is observed for r0 = R

Kmax = Kfin(R) = ke
qQ
R
. (S-1.41)

This means that the particles initially located at r0 = R, i.e., at the cloud surface,
acquire the maximum final kinetic energy.
d) The energy distribution, or energy spectrum, function f (K) is defined so that
the number dN of particles with kinetic energy in the interval (K,K + dK) equals
f (K)dK, therefore f (K)= dN/dK. A particle belonging to the shell r0 < rs < r0+dr0
at t = 0 has a kinetic energy in the interval (Kfin(r0),Kfin(r0)+dKfin) at t =∞, where

http://dx.doi.org/10.1007/978-3-319-63133-2_1
http://dx.doi.org/10.1007/978-3-319-63133-2_1
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dKfin =
2ke qQr0

R3
dr0 . (S-1.42)

On the other hand, at t = 0 the number of particles in the shell (r0,r0+dr0) is

dN = N
3

4πR3
4πr20 dr0 = N

3r20
R3

dr0 , (S-1.43)

and the number of particles in a given shell is constant during the motion, since
the particles do not overtake one another. Thus, inserting (S-1.40) and (S-1.41), we
obtain

f (Kfin) =
dN
dKfin

= N
3r20
R3

R3

2keqQr0
= N

3r0
2keqQ

=
3N

2K3/2
max

√
Kfin , (S-1.44)

valid for Kfin ≤ Kmax.
The final total kinetic energy is

Ktot =

∫ Kmax

0
K f (K)dK =

3N

2K3/2
max

∫ Kmax

0
K3/2dK =

3N
5

Kmax

=
3ke
5

NqQ
R
=
3ke
5

Q2

R
, (S-1.45)

which equals the total electrostatic energy stored in the charged sphere at t = 0
(Problem 1.3). Here we have substituted Nq = Q. Thus, all the electrostatic energy
stored in the initial configuration is eventually converted into kinetic energy.

It is a relatively common error to assume that the final kinetic energy of a par-
ticle initially in the shell r0 < rs < r0 + dr is equal to the potential energy of the
same particle at t = 0, i.e., that Kfin = qϕ (r0), where ϕ is given by (S-1.37). This is
obviously wrong, because a particle initially at r0 = 0 has the highest possible initial
potential energy, ϕ(0) = 3keQ/(2R), while it undergoes the lowest possible gain in
kinetic energy (zero)! Moreover, this behavior would not preserve the total energy
of the system, because the initial potential energy of the sphere is (see Problem 1.3)

U(0) =
1
2

∑
i

qϕ[ri(0)] , not U(0) =
∑
i

qϕ[ri(0)] .

The point is that while the field is electrostatic (∇×E = 0) at any time, it is time
dependent. Thus, ϕ can be defined for any value of t, but it cannot be used to evaluate
the final kinetic energy, because ϕ changes as the particles move.

The gain in kinetic energy equals the initial potential energy qϕ(R, t = 0) for the
particles initially at ri = R, i.e., for the most external ones. Only these particles are
accelerated by a field that can be treated as static, being simply equal to the field of
a point charge Q located at r = 0 at any time.
e) If we introduce the new variable x(t) = rs(r0, t)/r0, (1.16) becomes

http://dx.doi.org/10.1007/978-3-319-63133-2_1
http://dx.doi.org/10.1007/978-3-319-63133-2_1
http://dx.doi.org/10.1007/978-3-319-63133-2_1
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m
d2x

dt2
= ke

qQ

R3x2
, (S-1.46)

which is independent of r0. The solution of (S-1.46), x = x(t), with the initial con-
dition x(0) = 1, is thus valid for all the particles of the cloud. Thus, if two shells,
labeled 1 and 2, have initial radii r10 and r20, with r20 > r10, their subsequent radii
will be r1(t) = rs(r10, t) = r10 x(t) and r2(t) = rs(r20, t) = r20x(t). It will always be
r2(t) > r1(t), and the internal shell cannot overtake the external one. The number of
particles contained between the layers 1 and 2 is constant and equal to

δN12 =
N

R3

(
r320− r310

)
. (S-1.47)

Thus the particle density between the two layers at time t is

n(t) =
3

4π
[
r32(t)− r31(t)

] δN12 =
3N

4πR3

r320− r310
(r320− r310) x3(t)

=
3N

4πR3
x−3(t) . (S-1.48)

This result does not depend on the particular choice of the two layers, and the parti-
cle density is uniform at any time t, and decreases with increasing time as x−3(t).

S-1.7 Plane and Cylindrical Coulomb Explosions

xO

E

a
2

E

−
a
2

Fig. S-1.6

a) The electric field is parallel to the x
axis and independent of the y and z coor-
dinates for symmetry reasons, thus we
have E(x,y,z)= E(x) x̂. Again for symme-
try reasons, the electric field is antisym-
metric with respect to the x = 0 plane, so
that E(−x) = −E(x). Thus it is sufficient
to consider the field for x ≥ 0. The charge
density at t = 0 is �(x) = qn0Θ(a/2− |x|),
whereΘ(x) is the Heaviside step function,
defined asΘ(x)= 1 for x> 0, andΘ(x)= 0
for x < 0. The electric field at t = 0 can
be evaluated by integrating the equation
∇ ·E = ∂xEx = 4πke�(x), with the bound-
ary condition E(0) = 0, obtaining

E(x) = 4πke

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
qn0x , x <

a
2
,

qn0
a
2
, x >

a
2
.

(S-1.49)
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Since the particles are at rest at t=0, and the electric field increases with increasing
x, the particles cannot overtake one another. The motion of a particle initially at x0
is described by an equation xs = xs(x0, t). Let us consider a parallelepiped of base S
lying on the x = 0 plane and height xs(x0, t). The charge inside our parallelepiped is
constant in time since no particle can cross the moving base. We can apply Gauss’s
law to evaluate the electric field on the particle located at xs(x0, t)

E[xs(x0, t), t]S = 4πkeQin(t) = 4πkeQin(0) = 4πkeqn0x0S . (S-1.50)

Thus, the field accelerating each particle is constant in time, and equals

E(x0) = 4πkeqn0x0 , (S-1.51)

where x0 is the particle position at t = 0. The equation of motion is thus

m
d2xs(x0, t)

dt2
= qE(x0) = 4πkeq

2n0x0 , (S-1.52)

with the initial conditions xs(x0,0) = x0 and ẋs(x0,0) = 0. The solution is

xs(x0, t) = x0+2πke
q2n0x0

m
t2 = x0

⎛⎜⎜⎜⎜⎜⎝1+ ω
2
p t

2

2

⎞⎟⎟⎟⎟⎟⎠ , (S-1.53)

where ωp =
√
4πkeq2n0/m is the “plasma frequency” of the infinite charged layer

at t = 0 (see Problem 1.4). Thus, the acceleration of an infinitesimal plane layer of
thickness dx is proportional to its initial x coordinate, and more external layers are
faster than more internal ones. The velocity, and the kinetic energy, of each layer
grow indefinitely with time, which is not surprising since the system has an infinite
initial potential energy (Fig. S-1.6).

If we introduce the dimensionless variable ξ = xs/x0, its equation of motion

m
d2ξ

dt2
= qE(x0) = 4πkeq

2n0, ξ(0) = 1 ,
dξ(0)
dt
= 0 , (S-1.54)

is independent of x0. Thus the position of any particle can be written in the form

xs(x0, t) = x0 ξ(t) , (S-1.55)

which shows that the particle density, and the charge density, remain uniform during
the explosion.
b) The case of the Coulomb explosion of a system of charged particles initially
confined, at rest, inside an infinite cylinder of radius a, is similar. We use cylindrical
coordinates (r,φ,z), and assume that the initial particle density is uniform and equal
to n0 for r < a, and zero for r > a. All particles have massm and charge q. According
to Gauss’s law, at t = 0 the field at position (r0,φ,z), with r0 < a, is

http://dx.doi.org/10.1007/978-3-319-63133-2_1
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E(r0) = 2πke n0qr0 . (S-1.56)

Again, the particles cannot overtake one another because the electric field increases
with increasing r0. A particle initially at r0 will move along the r coordinate accord-
ing to a law rs = rs(r0, t), with rs(r0,0) = r0. The field acting on the particle at time t
is

E(r0, t) =
2πke n0qr20
rs(r0, t)

, (S-1.57)

and its equation of motion is

m
d2rs(r0, t)

dt2
= q

2πke n0qr20
rs(r0, t)

. (S-1.58)

It is not possible to solve (S-1.58) for rs(r0, t) in a simple way, however, we can
multiply both sides by drs(r0, t)/dt, obtaining

m
drs(r0, t)

dt
d2rs(r0, t)

dt2
= 2πke n0 q

2r20
1

rs(r0, t)
drs(r0, t)

dt
. (S-1.59)

Equation (S-1.59) can be rewritten

m
2
d
dt

[
drs(r0, t)

dt

]2
= 2πke n0 q

2r20
d
dt

ln[rs(r0, t)] , (S-1.60)

which can be integrated with respect to time, leading to

m
2

[
drs(r0, t)

dt

]2
= 2πke n0 q

2r20 ln[rs(r0, t)]+C

= 2πke n0 q
2r20 ln

(
rs(r0, t)

r0

)
, (S-1.61)

where the integration constant C has been determined by the condition that the
kinetic energy of the particle must be zero at t = 0, when rs(r0, t) = r0. The first
side of (S-1.61) is the kinetic energy K(rs) at time t, when the particle is located at
rs(r0, t), which we can simply denote by rs. Thus we have the following, seemingly
time-independent equation for the kinetic energy of a particle initially located at r0

K(rs) = 2πke n0 q
2r20 ln

(
rs
r0

)
. (S-1.62)

At the limit rs→∞, t→∞ , the integral diverges logarithmically. Again, this is due
to the infinite potential energy initially stored in the system.
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S-1.8 Collision of two Charged Spheres

a) The electrostatic energy of a uniformly charged sphere of radius R and total
charge Q is, according to the result of Problem 1.3,

U0 =
3
5
ke

Q2

R
, (S-1.63)

so that the initial energy of our system of two spheres is

Utot = 2U0 =
6
5
ke

Q2

R
. (S-1.64)

b) Let us denote by x the distance between the centers of the two spheres. When x
is such that the interaction energy Uint(x) is no longer negligible with respect to U0,
but still larger than 2R, the total potential energy Upot(x) of the system is

Upot(x) = 2U0+Uint(x) . (S-1.65)

As long as x � 2R the force between the spheres is identical to the force between
two point charges ±Q located at the centers of the spheres, and

Uint(x) = −ke Q
2

x
. (S-1.66)

Both the total momentum and the total energy of the system are conserved. Thus,
the velocities of the two sphere are always equal and opposite. As long as x � 2R
the total energy of the system Utot = 2U0 equals the sum of the potential and kinetic
energies of the system

Utot = 2
1
2
Mv2(x)+2U0+Uint(x) , (S-1.67)

where M is the mass of each sphere, and ±v(x) are the velocities of the two spheres.
Thus

6
5
ke

Q2

R
= Mv2(x)+

6ke
5

Q2

R
− ke Q

2

x
, and v(x) =

√
ke

Q2

Mx
. (S-1.68)

When x = 2R, the velocity is

v(2R) =

√
ke

Q2

2MR
. (S-1.69)

c)When the two spheres overlap completely, the charge density and the electrostatic
field are zero over the whole space, so that also the electrostatic energy is zero. This
means that all the initial energy has been converted into kinetic energy, i.e.,

http://dx.doi.org/10.1007/978-3-319-63133-2_1
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2
1
2
Mv2(0) = 2U0 , (S-1.70)

from which we obtain

v(0) =

√
6
5
ke

Q2

MR
. (S-1.71)

S-1.9 Oscillations in a Positively Charged Conducting Sphere

a) At equilibrium, the remaining (1− f )N conduction electrons must be subject
to zero electric field. For symmetry reasons, this is possible only if they occupy a
spherical volume of radius b < a concentric with the conducting sphere, where the
where e is the elementary electric charge, and ne and ni are the conduction-electron
density and the ion density, respectively. Thus, we must have ne = ni, with total
charge density � is zero. We thus have

�(r) = e(ni−ne) = 0 for r < b , (S-1.72)

a

b
= 0

O

Fig. S-1.7

where

ni =
3N

4πa3
and ne =

3(1− f )N

4πb3
,

(S-1.73)
and we get

b = a 3
√
1− f , (S-1.74)

and

�(r) =
3Ne

4πa3
for b < r < a . (S-1.75)

O δ

r
r

P

O

Ec

Fig. S-1.8

Note that the electric field is nonzero in the
spherical shell b< r < a. However, this region
is not conducting, since the conduction elec-
trons are confined in the inner region r < b
(Fig. S-1.7).
b) Now the conduction electron sphere is
rigidly displaced by an amount δ relative to
the metal sphere centered inO, so that its cen-
ter is in O′, as in Fig. S-1.8. The electric field
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in any point of space can be evaluated by superposition, adding the field generated
by the ion lattice, of charge density �i = eni and the field generated by the conduc-
tion electrons of charge density �e = −ene. The electric field Ec in a point P inside
the conduction-electron sphere, of vector position r relative to O, and r′ relative to
O′, is

Ec =
4πke
3

(�ir−�er′) = 4πke
3

3Ne

4πa3
(r− r′) = keNe

a3
δ , (S-1.76)

spatially uniform uniform and parallel to δ.
c) Each conduction electron is subject to the force

Fc = −eEc = −keNe
2

a3
δ , (S-1.77)

proportional to the displacement from its equilibrium position. The equation of
motion for each electron is thus

me
d2δ

dt2
= Fc = −keNe

2

a3
δ = −meω

2
M δ , (S-1.78)

where me is the electron mass, and ωM the oscillation frequency for the resulting
harmonic motion. The oscillation frequency is thus

ωM =

√
keNe2

mea3
, (S-1.79)

i.e., the Mie frequency of (S-1.26).

S-1.10 Interaction between a Point Charge and an Electric Dipole

The potential energy of an electric dipole p in the presence of an external electric
field E is

U = −p ·E = −pE cosθ , (S-1.80)

and, in our case, we have

E = ke
q

r2
r̂ , and U = −ke qpcosθ

r2
. (S-1.81)

a) The force acting on the dipole is thus

F = −∇U = −2ke qpcosθ
r3

r̂ . (S-1.82)
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Assuming that the point charge q is positive, the force is attractive if cosθ > 0,
repulsive if cosθ < 0.
b) The torque acting on the dipole is

τ = −∂θU ẑ = −ke qpsinθ
r2

ẑ , (S-1.83)

where ẑ is the unit vector perpendicular to the plane determined by the vectors r and
p, pointing out of paper in Fig. 1.5. If q > 0, the torque tends to align p to r.

q

h

h
r1

r2

θ

r

q

−q

ψ1

ψ2

r

f1

f2

α1

Fig. S-1.9

Alternatively, we can think of
the dipole p as the limit approached
by a system of two opposite
charges q′ and −q′, at a distance 2h
from each other (as in Fig. S-1.9),
as h → 0 and q′ → ∞, the prod-
uct 2hq′ = p being constant. We
assume that the point charges q and
q′ are positive. The distances r1 of
q′ from q, and r2 of −q′ from q,
can be written, as functions of r, h,
and θ,

r1 =
√
r2+h2+2rhcosθ , r2 =

√
r2+h2−2rhcosθ , (S-1.84)

where we have used the law of cosines. The force f1 acting on the positive charge
q′ of the dipole is

f1 = ke
qq′

r21
r̂1 = ke

qq′

r2+h2+2rhcosθ
r̂1 , (S-1.85)

and the force f2 acting on −q′ is

f2 = −ke qq
′

r21
r̂2 = −ke qq′

r2+h2−2rhcosθ r̂2 , (S-1.86)

the minus sign meaning that the force is attractive for q > 0. Both angles ψ1 and ψ2
approach zero as h→ 0, and therefore

lim
h→0

r̂1 = r̂ , and lim
h→0

r̂1 = r̂ . (S-1.87)

Thus, the total force F acting on the dipole can be written

http://dx.doi.org/10.1007/978-3-319-63133-2_1
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F = lim
h→0
q′→∞
2hq′=p

(f1 + f2) = lim
h→0
q′→∞
2hq′=p

r̂ke qq′
(

1

r2 +h2 +2rhcosθ
− 1

r2 +h2 −2rhcosθ
)

= lim
h→0
q′→∞
2hq′=p

r̂ke qq′
−4rhcosθ

(r2 +h2 +2rhcosθ)(r2 +h2 −2rhcosθ)

= −2ke qpcosθ
r3

r̂ , (S-1.88)

in agreement with (S-1.82).
As h→ 0 and ψ1 → 0, the angle α1 approaches θ, and the limit of the torque of

f1 on the dipole is

τ1 = −ẑ lim
h→0
q′→∞
2hq′=p

h f1 sinα1 = −ẑ lim
h→0
q′→∞
2hq′=p

ke
qq′hsinα1

r2+h2+2rhcosθ
= −ke qpsinθ

2r2
ẑ , (S-1.89)

analogously, the limit of the torque of f2 is

τ2 = −ke qpsinθ
2r2

ẑ , (S-1.90)

and the total torque on the dipole is

τ = τ1+τ2 = −ke qpsinθ
r2

ẑ , (S-1.91)

in agreement with (S-1.83).

S-1.11 Electric Field of a Charged Hemispherical surface

a
λ

xxO
dEx

dE

d

r

dE

θ P

Fig. S-1.10

We start from the electric field generated by
a ring of radius a and linear charge density λ
in a generic point P on its axis, at a distance x
from the center O of the ring. With reference
to Fig. S-1.10, the infinitesimal ring arc d�,
of charge λd�, generates a field dE in P. The
magnitude of dE is

dE = ke
λd�

a2+ x2
. (S-1.92)
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The field dE has a component dEx parallel to the ring axis, and a component dE⊥
perpendicular to the axis. We need only the parallel component

dEx = cosθdE = ke
λd�

a2+ x2
x√

a2+ x2

= ke
λxd�(

a2+ x2
)3/2 , (S-1.93)

because the perpendicular component cancels out because of symmetry when we
integrate over the whole ring. When we integrate, θ and r do not depend on the
position of d�, and the total field in P is

Ex = ke
λx(

a2+ x2
)3/2
∫ 2πa

0
d� = ke

2πaλx(
a2+ x2

)3/2

=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1
4πε0

2πaλx(
a2+ x2

)3/2 SI

2πaλx(
a2+ x2

)3/2 Gaussian,
(S-1.94)

which can be rewritten

E = x̂ke
Qx(

a2+ x2
)3/2 , (S-1.95)

where Q = 2πaλ is the total charge of the ring.

E

R
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R d

θ

θ

θ

σ

Fig. S-1.11

The charged hemispherical surface can be
divided into infinitesimal strips between “par-
allels” of colatitude θ and θ+dθ with respect
to the symmetry axis of the hemisphere, as in
Fig. S-1.11. Each infinitesimal strip is equiv-
alent to a charged ring of radius Rsinθ and
total charge dQ = σ2πR2 sinθdθ. The curva-
ture center of the hemisphere is located on the
axis of the rings, at a distance x=Rcosθ from
the center of each ring. Thus, the contribution
of each strip to the field at the center is

dE = ke
σ2πR2 sinθdθRcosθ(
R2 sin2 θ+R2 cos2 θ

)3/2

= ke
σ2πR3 cosθ sinθdθ

R3
= keσ2πcosθ sinθdθ , (S-1.96)
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and the total field is

E = keσ2π
∫ π/2

0
cosθ sinθdθ = ke πσ, (S-1.97)

independent of the radius R.
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