Chapter S-3
Solutions for Chapter 3

S-3.1 An Artificial Dielectric

a) According to (S-2.6) of Problem 2.1, a metal sphere in a uniform external field E
acquires a dipole moment
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where V = 4/, na’ is the volume of the sphere. The polarization of our suspension
is

3n
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In ST units we have P = gy yE, and y = 3f, while in Gaussian units we have P = yE,
and y = 3f/(4r). In both cases f = nV is the fraction of the volume occupied by the
spheres. Since the minimum distance between the centers of two spheres is 2a, we
have
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leading to y < /2 in SI units, and y < 1/8 in Gaussian units.
b) The average distance £ between two sphere centers is of the order of n~!/3. The
electric field of a dipole at a distance ¢ is of the order of

a3

En=dEn. (S-3.4)
ke
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Thus, the condition Eq;, < E requires n < 1 /a’.
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S-3.2 Charge in Front of a Dielectric Half-Space

We denote by A the z < 0, vacuum, half-space,
containing the real charge g, and by B the z > 0,
dielectric, half-space, containing no free charge.
We shall treat the two half spaces separately,
making educated guesses, in order to apply the
uniqueness theorem for the Poisson equation. We
use cylindrical coordinates (r,¢,z), with the real
charge located at (0, ¢, —d). All our formulas will
be independent of the azimuthal coordinate ¢,
which is not determined, and not relevant, when
r=0.

a) We treat the field in the half-space A assuming vacuum in the whole space,
including the half-space B. As ansatz, we locate an image charge ¢’, of value to
be determined, at (0,0, +d), in the half space that we are not considering, as in Fig.
S-3.1. Now we evaluate the electric field E©) in a generic point P = (r,¢,07) of
the plane z = 0~. The distance between P and g is Vd? +r2 and forms an angle
0 = arccos(d/ Vd? + r?) with the z axis. Also the distance between P and ¢’ will be
Vd2 + r2. The field at P, E©, is the vector sum of the fields E due to the real charge
g, and E’ do to the image charge ¢’. The components of E(), perpendicular and
parallel to the z = 0 plane are, respectively

’
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We treat the half-space B assuming that the
whole space, including the half-space A, is
filled by a dielectric medium of relative per-
mittivity &.. We are not allowed to introduce
charges or alter anything in B, but, as an edu-
cated guess, we replace the real charge g,
located in the half-space A that we are not treat-
ing, by a charge ¢”, of value to be determined
(Fig. S-3.2). We evaluate the field E® at the
same point P as before, but on the z = 0" plane.
Fig. S-3.2 The components of E*) perpendicular and par-
allel to the z = 0 plane are
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If our educated guesses are correct, the dielectric boundary conditions must hold at
z = 0. This implies E(l_) = er(f) and EI(I_) = E|(|+), corresponding to the equations

1’

g-¢ =¢", and gq+q =L, (S-3.7)
Er
with solutions
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We can easily check that, at the limit &, — 1 (vacuum in the whole space), we have
¢’ = 0 and ¢” — ¢, i.e., in the whole space we have the field of charge ¢ only. At
the limit &; — oo (dielectric — conductor limit) we have ¢ — —g and ¢" — 24, i.e.,
the field of the real charge ¢ and its image —q in the half-space A, and zero field in
the half space B, as at point a) of Problem 2.2. The finite value of ¢” is irrelevant
for the field in the half-space B, because of the infinite value of &;.

Notice that we can also write equations (S-3.6) without &; in the denominators,
thus including the dielectric bound charge into ¢”’. This leads to the equations

q-¢ =&q”, and qg+q =q" (S-3.9)
with solutions | )
’ Er— 7"
= , d = s S-3.10
4 &+1 9 and 4 e+1 1 ( )

which give the same expressions for the electric field as for the choice (S-3.6).
b) The polarization charge density on the z = 0 plane, o (r), is
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The total polarization charge on the z = 0 plane is
00 -1 T2
qp = f ov(r)2rrdr = — qf cosfdd =¢q’, (S-3.12)
0 e+l 0

where we have substituted cosd = d/ Vd? + 12, r = d/ cos8 and dr = ddf/ cos? 6.
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¢) The polarization charge of the z = 0 plane generates an electric field equal to the
field of a charge ¢’ = —g (e — 1)/(&; + 1) located at (0,0, +d) in the half space z < 0,
and equal to the field of a charge ¢’ located at (0,0, —d) in the half space z > 0.

S-3.3 An Electrically Polarized Sphere

a) Since the polarization P of the sphere is uniform, we have no volume bound-
charge density, according to g, = V- P. If we choose a spherical coordinate system
(r,6,¢) with the azimuthal axis parallel to P, as shown in Fig. S-3.3, we see that the
surface bound-charge density of the sphere is o, = Pcos#é, according to o, = P -fi.
Thus, in principle, we can evaluate the electric field everywhere in space as the field
generated by the bound-charge distribution on the sphere surface.

However, it is easier to consider the polarized sphere as the superposition of two
uniformly charged spheres, both of radius a, one of volume charge density o, and
one of volume charge density —p. The centers of the two spheres are separated by a
small distance 4, as in Fig. 1.1 of Problem 1.1. Thus, two initially superposed infini-
tesimal volume elements d®r of the two spheres, of charge +od>r, respectively, give
origin to an infinitesimal electrical dipole moment dp = §od’r after the displace-

ment.

This corresponds to a polarization dp/dr = 08, we
must have P = 06, and are interested in the limit
[6] = 0, p — oo, with o = P = constant. Now we
can follow the solution of Problem 1.1. According to
(S-1.1), the electric field inside the sphere is uniform
and equals

. Ark Ark
Fig. S-3.3 Ep= -2 p5=_"Xep (S-3.13)

The problem of the field outside the sphere is solved at point b) of Problem 1.1,
we have

3t(p-B)-p

Eex(r) = ke 3 5
r

(S-3.14)

where p = P(47a®/3) is the total dipole moment of the sphere.

b) The problem can be solved by the superposition
principle. The hole of radius b can be regarded as a
sphere of uniform electrical polarization —P super-
posed to the sphere of radius a and polarization P.
The sphere of radius b generates a field

4nk,
Fig. S-3.4 E=—"P (S-3.15)
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at its interior. Thus, the total field inside the spherical hole is E;Z”’) = 0. The field
inside the spherical shell b < r < a is the sum of the uniform field (S-3.13) and the
field generated by an electric dipole of moment p’ located at the center O, with

3
p® = _4’;’7 P (S-3.16)

Finally, the external field (r > a) equals the field generated by a single dipole p@+?
located in O with
4z (a®- 1)

3

pleth = P. (S-3.17)

S-3.4 Dielectric Sphere in an External Field

a) As an educated guess. Let us assume that the external field induces a uniform
electric polarization P in the sphere. We have seen in Problem 3.3 that a sphere of
uniform

electric polarization P generates a uniform elec-
tric field EPY' = —(4nk./3)P at its interior. The
difference is that in the present case P is not per-
manent but it is induced by the local electric field,
and

&1 il

P= ,
Arke

(S-3.18)
Fig. S-3.5

where E%¢! is the field inside the dielectric

sphere, which is the sum of the external and the induced fields:

EY = E) + EP°! (S-3.19)
We thus have
Edel = K, - % P=E- &1 paie , (S-3.20)
which can be solved for Edi!:
el _ 3 E . (S-3.21)

&+2

Since & > 1, the field inside the dielectric sphere is smaller than Ey.
The electric field outside the sphere E°" will be given by the sum of Eq and the
field of a dipole
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Ara’ _ @ & —1
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p= Eo (S-3.22)

located at the center of the of the sphere. Thus

3(p-P)F— 3 e—1
3RDOT-p _p g BoE. (53.23)
r3 3ke &0 +2

E°Ut = E() + ke
It is instructive, and useful for the following, to check that the above solution
satisfies the boundary conditions at the surface of the sphere. Let us then restart the
problem by assuming that the field E4®! inside the sphere (r < @) is uniform and
parallel to the external field Eg, and that the field E®* outside the sphere (r > a)
is the sum of the external field and that of a dipole p located at the center of the
sphere and also parallel to Ey. Thus we can write Ediel = oK and p = nEo, with the
constants « and 7 to be determined by the boundary conditions at » = a. Choosing
a spherical coordinate system with the origin O at the center of the sphere, and the
polar axis z parallel to Eg, we have

‘ 2cosb
E?lel = aEycosf E;’m = EycosO+kenEy 3
;
4 . . siné
Eglel = aEysinf E;’“t = Eysinf—kenEy En
Egiel =0 Egut =0. (S—324)

The boundary conditions at the surface of the sphere are erdliel = E{" and E“Ihel =
El‘l)llt which yields, in spherical coordinates,

EM (r=a)=E™r=a")  E¥Gr=a)=EMr=a").  (S-325)

Using (S-3.24) and deleting the common factors we obtain

2k k
ga=1+=371, a=1-=7, (S-3.26)
a a
whose solutions for @ and n are
3
-1
a=3/(e+2), np=LH"" (S-3.27)
ke & —2

and we eventually recover (S-3.21) and (S-3.22).

b) We make an educated guess analogous to the one of the previous point, i.e., we
assume that the field inside the cavity, E°?, is uniform and parallel to E4, and that
the field in the dielectric medium, E%€! is the sum of E4 and the field of an electric
dipole p, located at the center of the cavity and parallel to Eq. Thus we can write
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E“ =aEq, pc=nEq; (5-3.28)
where, again, « and 7 are constants to be determined by the boundary conditions.

Using again spherical coordinates with the origin at the center of the spherical cavity
and the z axis parallel to Eq, the expressions analogous to (S-3.24) are

ES = aEcosd E™ = Ecos0+kenEq 20:;56
ESY = aE;siné EP®d = Egsinf—kenEq 5%9
E§™ =0 Ey=0, (S-3.29)
with the boundary conditions
ES(r=a") = & E™(r = a¥) ESV(r=a") = E;}ned(r:a+). (S-3.30)

The values for @ and n may thus be easily obtained by solving a linear system
of two equations as in point a). However, we can immediately obtain the solution
by noticing that (S-3.29) and (S-3.30) are identical to (S-3.24) and (S-3.25) but
for the replacements E; & Eg, ESY « Ediel pmed o, pout and &, o 1/g,. Thus,
the solutions for E°® and p, are obtained from those for E4¢! and p, (S-3.21) and
(S-3.22), by substituting E4 for Ej and 1é&; for &;:

3 3g
E® = Eq = " Eq, S-3.31
e+2 ¢ 1128 ¢ ( )
@ 1/e—1 @ 1-g

- - E,. $-3.32
P S a2 47 3k 1425 @ ( )

Thus E“Y > Ey4, i.e. the field inside the cavity is stronger than that outside it, and p,
is antiparallel to Eq.

S-3.5 Refraction of the Electric Field at a Dielectric Boundary

a) First, we note that the electric field E( outside the Lﬂ
dielectric slab equals the field that we would have Eo
in vacuum in the absence of the slab. Neglecting the e 7T T0b

L. T (oY h
boundary effects, the bound surface charge densities :
of slab are analogous to the surface charge densities E/
of a parallel-plate capacitor. These generate a uni- 6

form electric field inside the capacitor, but no field
outside. Thus, the electric field inside the slab is the Fig. §-3.6
sum of Ey and the field generated by the surface
polarization charge densities. If we denote by E’ the
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internal electric field, the boundary conditions at the dielectric surfaces are

Ey, = ErE . Eq =g E|

f (5-3.33)

where the subscripts L and || denote the field components perpendicular and parallel
to the interface surface, respectively. In terms of the angles 6 and ¢’ of Fig. S-3.6

we have
& Z Epcost = g.E’ cost
Eosinf = E’sin€’ . (S-3.34)
If we divide the second of (S-3.34) by the first we
Fig. S-3.7 Obtain
1 /
—tanf’ =tand, (S-3.35)
Er
and, since &; > 1, we have ¢’ > 6.
b) From Gauss’s law we obtain
1 , 1
op = T, Eor = El)— ke Egcoso 1—‘9—r (§8-3.36)
¢) The electrostatic energy density inside the slab is
§2
_ & o O .2
ues_gke _8 +E 2y = ( 2 +sin 6)
_ 1 2 (.2 -2
= mEO [(gr —1sin®0+ 1] , (S-3.37)

so that ueg increases with increasing 6, and we expect a torque 7 tending to rotate the
slab toward the angle of minimum energy, i.e., 8 = 0. Neglecting boundary effects,
the total electrostatic energy of the slab is Ues = Viues, where V is the volume of the
slab, and the torque exerted by the electric field is

L U, 1 2 e
ey rEov(sr—l)smza<o. (S-3.38)
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S-3.6 Contact Force between a Conducting Slab and a Dielectric
Half-Space

a) Neglecting boundary effects at the edges of the —
slab, the electric field is parallel to the x axis in all E, Eq
the regions of interest because of symmetry reasons.
Thus, we can omit the vector notation, and we shall

use positive numbers for vectors whose unit vector “ el e
is X, negative numbers otherwise. g Sl
According to Gauss’s law, a uniformly charged
plane with surface charge density o, generates uni- ]
X

form fields at both its sides, of intensities E, =

+04/2¢&, respectively. In our problem we have three  Fig, 5.3.8
charged parallel plane surfaces: we denote by o the

surface charge density on the left surface of the slab,

by o charge the density on its right surface, and by o the bound surface charge
density of the dielectric material on its surface, as shown in Fig. S-3.8. Since the
total free charge on the slab is O, we have

o1+0o = % = 0ot - (§-3.39)
At any point in space the total electric field is the sum of the fields generated by
the three surface charges. Now, the electric field must be zero inside the conducting
slab. Thus the sum of all surface charge densities (including both free and bound
charges) at the left of the slab must equal the sum of all surface charge densities at
the right, so that their respective fields cancel out inside the slab. This conclusion
holds both when the slab is in contact with the dielectric, and when there is a vacuum
gap between them. Thus, we have

01=02+0p. (S-3.40)

The electric field E4 inside the dielectric medium is Eq = 4mke (072 + o). This
implies for the dielectric polarization of the medium P

B & —1
" dnk,

P Eq=(-1)o;. (S-3.41)

Since we also have o, = —P-X = —P, we obtain the additional relation
op=—(&—D)(02+0p), (S5-3.42)

that leads to

g —1

Op =— agy. (S—3.43)

Er
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From (S-3.39), (S-3.40) and (S-3.43) we finally obtain

1 &r &—1
01 = —"—"70tt> 02 = Ttot Op =—
e+1 © &+1 o &+1

Ttot - (8-344)

The magnitudes of the electric field at the left of the slab E, and of the electric field
inside the dielectric medium Ejy4, can be evaluated from Gauss’s law, recalling that
the field is zero inside the slab. We have

4rck
E| = —4nkeor) = —8”+"'1 0w and  Eq=4nke (2 +0p) = —E;.  (S-3.45)

T

In the case of a vacuum gap between the conducting slab and the dielectric medium,
as shown in Fig. S-3.9, the field E; in the gap is

Ej = 4rtke 0y = drtke % Ot = —&:E5 . (S-3.46)

Er

The values of E| and E4 are not affected by the presence of the vacuum gap.
As an alternative approach we can assume, following Problem 3.2, that the free
charge layers 0| and o7 induce image charge layers 07| and ¢} in the dielectric,

, &e—1 , &—1
= , = , S-3.47
71 &+1 a1 72 e+1 72 ( )
h_ & with the image planes located in position symmet-
rical with respect to the dielectric surface. Due to
E Ei Ei, Gauss’s law the bound surface charge density is the
sum of the image charge densities,
“ Q Er ’ ’ & — 1 Q
. ; O'p=0'1+0'2=—m§. (S-3.48)
b b 5
The free charge densities can be now found by
requiring the field to vanish inside the slab: omitting
X a common multiplying factor we have
Fig. $-3.9 ot — o
O=c1—0a—0 —0h=2""1"22  (S-3.49
O1—02—0] =0, et l ( )

from which we obtain .01 = 0, and we eventually recover the free and bound
surface charge densities of (S-3.44).

b) In order to evaluate the electrostatic force acting on the conducting slab, we first
assume the presence of a small vacuum gap of width & between the slab and the
dielectric medium, as shown in Fig. S-3.9.
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We can evaluate the total electrostatic force F acting on the conducting slab in
three equivalent ways:

(i) We can evaluate the variation of the total electrostatic energy Ues when the
slab is displaced by an infinitesimal amount dx toward the right, thus decreas-
ing the gap. In this case Ugg increases by E%S dx/(8nk.) at the left of the
slab, because the width of region “filled” by the field E; increases by dx,
and correspondingly decreases by E%S dx/(8nk.) at its right. Thus, dU =
(E? - E3)S dx/(8mke), from which we obtain the force per unit surface

AU s 4rke | (Q)2
— = -2 (2-1 =
dx 8nk gni E1~E2) Sk, )(sr+1) S
e—1 Q2
=2k (S-3.50)

We have F > 0, meaning that the slab is attracted by the dielectric medium.
(i) We can multiply the charge of the slab Q by the local field, i.e., by the field
generated by all charges excluding the charges of the slab. In our case the local
field is the field E), generated by the bound surface charge density o,. We have
&1 10
E, = -2nkeop = 2nke —— 0ot , and F =2 ke . (S-3.51)
e+1 +1 S

(iii)) We can evaluate the force on the slab by summing the forces F; on its left
and F, on its right surface. These are obtained by multiplying the respective
charges Q1 = So1 and Q> = S0 by the average fields at the surfaces

QO 2nke &Q &2nke

E E,
F=F1+F,=01—+0),—=- +
1HR =015+ O = P T Tt T T T

! Q2_2 " &-10°

et S e+l S

(S-3.52)

The force F is independent of &, thus the above result should be valid also at the
limit & — 0, i.e., when there is contact between the metal slab and the dielectric.
One may argue, however, that in these conditions the field at x = 0%, i.e., at the right
of the slab, is given by E; = —E1, so that following the approach (iii) one would
write

F = F1+F2—Q1—+Q2—¢Q1— Q2— (S-3.53)

This discrepancy comes out because actually the average field on the free charges
located on the right surface of the slab is not E;/2, which is the average field across
the two merging layers of free and bound charges; however, the force on the slab
must be calculated by taking the average field on free charges only.
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0 To illustrate this issue, let us assume for a
moment the free charges at the slab surfaces
to be distributed in a layer of small but finite
width, so that we can localize exactly where
free charges are without merging them with
bound charges. In particular, let the free sur-
face charge layer have thickness ¢, and vol-
ume charge density 0>(x) such that

Conductor &

0
Fig. S-3.10 f{ o2dx =0, (S-3.54)
)

as shown in Fig. S-3.10. The electric field is
still directed along the x axis for symmetry
reasons. Gauss’s law in one dimension gives
0E = 4nk.o. Since E(—{;) = 0 (as deep into
the conductor the field should vanish) we have
for the electric field in the —¢> < x < 0 region

E(x) = 4nke f 02(x)dx’. (S-3.55)
¢
Fig. S-3.11 2

The total force on the free charges only can
thus be evaluated as

0
F2=Sf E(x)02(x)dx

%)

s s .,

= E(x)0,E(x)dx = d.E*(x)d
Ik, I . (x)0,E(x)dx Sk j: . E“(x)dx
S S (4rtkeor)?

= E?
8rke 2 8rke

=2nke S o3, (8-3.56)

the electric field at x = 0™ is E», as shown in Fig. S-3.11, and the resulting elec-
trostatic pressure is py = F»/S = 2nk. 02, independent of the particular distribution
02(x), and in agreement with the previous result (S-3.52). However, the electric field
at x = 0" is Eq because of the presence of the surface bound charge. !
¢) If the dielectric medium is actually a slab limited at x = w, as shown in Fig.
S-3.12, a further bound surface charge density —o,, opposite to the density o, at
x =0, appears at its x = w surface. This charge distribution is identical to that of
a plane capacitor, so that the bound charges generate no field outside the dielectric

'We might assume that also the polarization charge fills a layer of small, but finite width £4 at the
surface of the dielectric. However, this would only imply that the field becomes E; at x > {4, and
would not affect our conclusions on the forces on the conductor.
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slab. As trivial consequences the surface charge densities on the conducting slab are
o1 =-0p = Q/2S, the field inside the dielectric is E /& = Q/(2&p&:S ), and there is
no force between the slab and the dielectric. Moreover, this result is independent of
w, and therefore should be valid also in the limit w — co.

The apparent contradiction with the results

of points a) and b) is that, in two attempts h w
to approximate real conditions by objects
of infinite size, we are assuming different ﬁ Eis:

boundary conditions at infinity. To discuss
this issue let us look again at Fig. 3.5, show-
ing the slab of charge Q located in front of a
dielectric hemisphere of radius R. At the limit
R — oo, the field in the dielectric half-space
approaches the field that we would have if
the dielectric medium filled the whole space, X

and the surface S had surface charge density

0" = 2&0 /(& + 1), see Problem 3.2. Thus, Fig$-3.12

the field, the polarization, and the polariza-

tion surface charge density all approach zero at the hemispherical surface. Part b)
of Fig. 3.5 is an enlargement of the area enclosed in the dashed rectangle of part
a) of the same figure, and the vanishing charge density on the hemisphere surface
does not contribute to the field in this area, according to the result of Problem 1.11.
This motivates the boundary condition assumed in points a) and b). In contrast, in
point ¢) the bound surface charge density does not vanish at infinity and generates
a uniform field, which in vacuum cancels out the field generated by the dielectric
surface at x = 0.

gl
(%)
Op
-

S-3.7 A Conducting Sphere between two Dielectrics

a) We use a spherical coordinate system (7,6, ¢) with the origin O at the center of
the sphere, and the zenith direction perpendicular to the plane separating the two
dielectric media, as shown in Fig. S-3.13. The electric field inside the conducting
sphere is zero. The electric field outside the sphere, E(r,6,¢), is independent of
¢ because of the symmetry of our problem. Since the sphere is conducting, the
electric field E(R",60,¢) must be perpendicular to its surface, and its only nonzero
component is E,. If we write Maxwell’s equation VX E = 0 in spherical coordinates
over the spherical surface r = R* (see Table A.1 of the Appendix), we see that the
r and 6 components of the curl are automatically zero because E4 = 0, Eg = 0, and
all derivatives with respect to ¢ are zero. The condition that also the ¢ component
of the curl must be zero is

OgE, = 0,(rEg) = Eg+r0,Ey . (8-3.57)
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The right-hand side of (S-3.57) is zero
because Eg(R™) = Eg(R*) = 0, implying that

&n also 9,Eg(R) = 0. Thus, dyE.(R*) = 0, and
E.(R") does not depend on @ (and, conse-
quently, on the dielectric medium). If we
denote by oo the sum of the free surface

ez charge density o and the bound charge den-
sity o, the relation

Fig. $-3.13 _ E(R*,6,¢) ER")

(S-3.58)

Otot =

Arke  Arke

shows that o is constant over the whole surface of the sphere. Thus the electric
field in the whole space outside the sphere equals the field of a point charge Qi
located in O, with Oyt = O + Oy , Where Qy, is the total polarization (bound) charge:

R2
E,6,¢) = E(r) = 4nke oot - r, r>R, (§-3.59)
r

since the field depends on r only. The polarization charge densities on the surfaces
of the two dielectrics in contact with the sphere are, respectively,

. & —1
b = 0-Pp = —Z——ER) = —(&r — 1) T
Ak,
~ ep—1
Oy =0 Py =~ ER) = —(gn— 1) 0ot (S-3.60)
A7k,

where the unit vector fi points toward the center of the sphere. The free surface
charge densities in the regions in contact with the two dielectrics, o, and o7,, are,
respectively,

Of1 = Otot —Ob1 = &r10tot

Of2 = Otot —0b2 = €r20tot - (S-3.61)

Since 27R?(07f, + 071,) = Q, we finally obtain

R E(r)= 2k — 2 i
277'R2(¢‘5r1 +é&n) (&r1 +é&n) r?
opy = &en Q o = &n 0
I 27R% (g1 + &) : 2nR% (g1 + &)
-1 -1
N 1Y S o 11/ HE,

B 2nR2 (g1 + &) B 27R%(gr + &)
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b) The electrostatic pressures on the two
hemispherical surfaces equal the electrostatic
energy densities in the corresponding dielec-
tric media, and are, respectively,

2
2rk 2rk i
Pri = e ot = - e[ 28nQ o
o &ri | 2nR(&r +é&n)
2
Eri Q
=k —= S-3.63 .
€ 27R (&4 + )2 ( ) Fig. S-3.14

with i = 1,2. Thus P > P, because & > &,

and the pressure pushes the sphere towards the medium of higher permittivity. The
force on the sphere surface element dS = R? sinfdfd¢ is dF = £ Py;dS, withi =1 if
6>n/2,andi=2if 6 < /2. The total force acting on the upper hemisphere (6 < 7/2)
is thus

27 /2 &n Q2
F, = if d¢f doR? sinfcosfky ———————
0 0 2r(en + 8r2)2R4

én Q2
2(en + 51‘2)2R2 '

én Q2

= 3Ry —— 2%
“2n(er +£m)2R4

=2nR* P> = 2ke (S-3.64)

directed upwards, since the force components perpendicular to the z axis cancel out.
Note that F, simply equals %, times the section of the sphere 7R?. The total force
acting on the lower hemisphere (6 > 7/2) is, analogously,

2
F =ik, (S-3.65)
2(en + 8r2)2R2
The total electrostatic force acting on the conducting sphere is thus
_ 2
Fu = F) +F, = 2k, o =629 (S-3.66)

“2(er +&n)2 R

If the sphere is at equilibrium when half of its volume is submerged, F plus the
sphere weight must balance Archimedes’ buoyant force

(&1 — &r) 02 27R3
ez(; +;)2QR2=g 3 (@+e-20), (5-3.67)
Tl 12
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where g is the gravitational acceleration. Thus, at equilibrium, the electric charge on
the sphere must be

Q= \/ 4nR (en +en) (01 +02-20)8 (S-3.68)

- 3ke (&r1 — &)

S-3.8 Measuring the Dielectric Constant of a Liquid

The partially filled capacitor is equivalent to two capacitors connected in parallel,
one with vacuum between the plates, and the other filled by the dielectric liquid.
The two capacitors have the same internal and external radii, a and b, but different
lengths, £ —h and h, respectively. The total capacitance is

_ t-h .\ eh  C+(&—Dh
" 2keln(b/a)  2keln(bja)  2keIn(b/a) ’

(S-3.69)

and the electrostatic energy of the capacitor is

(+(E=Dh o

1 2
Ues=5CV? = :
e 2 4k In(b/a)

(S-3.70)

If the liquid raises by an amount d/ the capacity increases by

(&= D)dh

dc = 2%
€= b/’

(S-3.71)

and, if the potential difference V across the capacitor plates is kept constant, the
electrostatic energy of the capacitor increases by an amount

1,2 (81” -1 ) dh 2
dUes = 7 V7dC = ————V~. S-3.72
s 2 4k In(b/a) ( )
Simultaneously the voltage source does a work
(er—Ddh _,
dW = VdQ = V3dC = - ———V?, S-3.73
Q 2keIn(b/a) ( )

because the charge of the capacitor must increase by dQ = VdC in order to keep the
potential difference across the plates constant, and this implies moving a charge dQ
from one plate to the other. The energy of the voltage source changes by

(er—1)dh

2
S T Y2 2 U, 3.74
TR AU (S-3.74)

dUsource =
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We must still evaluate the increase in gravitational potential energy of the liquid.
When the liquid raises by d an infinitesimal annular cylinder of mass dm = on(b*> —
a*)dh is added at its top, and the gravitational energy increases by

dU, = gon(b* —a*)hdh. (S-3.75)

The fotal energy variation is thus

dUtot = dUes + dUsource +dUg = —dUes +dU,

=V + b —a“)hdh, S-3.76
Moo In(bja) | T8eTETma) ( )
and the total force is
_ aUtot Er— 1

F= = V2 —gon(b*—a*)h. (S-3.77)

Oh ~ 4keln(b/a)

At equilibrium we have F = 0, which corresponds to

-1HV? 4tk 2_bM)In(b
h= & -1 and &, = 1 4 Thegola” ~b)InG/a) - o 500
4rke go(a® —b%)In(b/a) V2
For the electric susceptibility y, we have in SI units y = & — 1, and

go(a® —b*»)In(b/a)

XY= h, (S§-3.79)
80V2

while in Gaussian units we have y = (& — 1)/4nx, and

go(a®—b*In(b/a)
X= h. (S-3.80)

V2

S-3.9 A Conducting Cylinder in a Dielectric Liquid

a) We choose a cylindrical coordinate system (r,¢,z) with the longitudinal axis z
superposed to the axis of the conducting cylinder, and the origin O at the height
of the boundary surface between the dielectric liquid and the vacuum above it. The
azimuthal angle ¢ is irrelevant for the present problem. The electric field E(r, ¢,z) is
perpendicular to the surface of the cylinder, thus we have E(r, ¢,z) = [E.(7,2),0,0].
The field is continuous at the dielectric-vacuum boundary surface, since it is parallel
to it. We thus have E,(r,z) = E,(r), independently of z. Let us denote by 0| and o
the free-charge surface densities on the cylinder lateral surface for z > 0 and z < 0,
respectively. Quantities oy and o are related to the electric field at the cylinder
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surface, E.(a), to & and Q by

_ E(a) _ &k (a)
TN ke TP Tanke
Q=2naloh+oy(L-h)] . (§-3.81)
We thus have
2ke
Efa)=Q—
@ =0 e =]

2k

= el (- Dl (S-3.82)

b) The electric field E,(r) in the region a <
r < b can be evaluated by applying Gauss’s law
to a closed cylindrical surface of radius r and
height ¢ <« L, coaxial to the conducting cylinder.
Neglecting the boundary effects, the flux of the
electric field through the bases of the Gaussian
surface is zero, and we have

2nr CE,(r) = 47tke Qint

2ke Qint
re

E(r) = (S-3.83)

Fig. S-3.15

where Q,, is the total charge inside the Gaussian
surface, including both free and polarization
charges. If we let r approach a keeping ¢ constant, Qi remains constant and we
have
2keQim
at

limE, =
r—a

— E,(a), sothat E,(r):E,(a)c;l (S-3.84)

and, inserting (S-3.82),

2k.Q

E = ==

(S-3.85)

¢) The electrostatic energy of the system is
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L—h
Ues = 8 T [ f dzf Ez(r)27rrdr+f dzf Ez(r)andr]
2%.0 :
Snke[[erL (sr—l)h]] {[SI(L h”h]fa _d’}

_ 0 ? b
- ke[[grL_ oo l)h]} [sr(L—h)+h] 1n(;l)

_, 0’ In/a)
=ke m , (S-3.86)

i.e., the electrostatic energy of two cylindrical capacitors connected in parallel, with
total charge Q. Both capacitors have internal radius a and external radius b, one
has length L — /4 and is filled with the dielectric material, the other has length 4 and
vacuum between the plates. The electrostatic force, directed along z, is

dUes _ ( - — DIn(b/a) 0*
dn % [eL— (& — ) h]?

<0. (S-3.87)

The electrostatic forces tends to decrease 4, i.e., to sink the cylinder into the liquid.
d) The sum of the gravitational and buoyant (due to Archimedes’ principle) forces
on the cylinder is

Fy=-Mg+og(L—h)na*, (S-3.88)

and the cylinder is in equilibrium when Fes + F, = 0, i.e., when

(&= DIn(b/a) Q*

L-hna®—Mg =k, .
08( )ma g ol — (&~ DI

(S-3.89)

Given L, h and &, we have equilibrium for

B og(L—h)yna?— Mg
O =[&L—(&—1)h] \/ re—Din/a) (S-3.90)

S-3.10 A Dielectric Slab in Contact with a Charged Conductor

a) Within our approximations, the

electric fields are perpendicular to X

the conducting surface. We choose TEz o

a Cartesian reference frame with the - Las

origin on the conductor surface and hI &r TEI oo-| o

the x axis perpendicular the surface,as =~~~ conductor T

in Fig. S-3.16, so that the only nonzero

component of the electric fields is Fig- 5-3.16
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their x component. We denote by E; the electric field field inside the dielectric
slab, and by E, the electric field in vacuum, while the field will is zero inside the
conductor.
The fields E| and E; can be evaluated by applying equation V- (&, E) = 4nk. of to
two Gaussian “pillboxes”, crossing the x = 0 and the x = & surfaces, respectively,
as in Fig. S-3.17. We see that & E is

X T discontinuous at x = O surface, and
= E o, continuous at x = h:
h P> T
o [— r E o o &E =4nk. o,
~— conductor E, = &E;, (S-3.91)
Fig. S-3.17
which lead to
A7k,
Ei=220, E)=dnkeo. (S-3.92)
Er

b) We denote by o,- and o, the surface polarization charge densities at x = 0
and x = h, respectively. These quantities can be calculated by applying Gauss’s law
V-E = 4rk(of + 0p) to the two “pillboxes” of Fig. S-3.17, and obtaining

E| =4rnk(c+0v-), Ey—E|=4nkeop,, (S-3.93)

introducing (S-3.91) into (S-3.93) we finally have

1 -1
Ty = 0. = (1 - —) c="""¢. (S-3.94)

Er Er

¢) In the vacuum region between the conductor and the dielectric slab the field is
E = 4rk. o = E,, independent of s. The electric field inside the dielectric slab, and
above the slab, are E| and E;, respectively, as in the case of s = 0, thus independently
of s.

The net electrostatic force on the

slab is zero, independently of s, since

o o ? E oy, the forces on the upper and lower sur-
hI e T E faces of the slab are exactly opposite.

. ! ! Ob- Further, if we evaluate the electrosta-

s ?Ez o tic energy of the system as the vol-

. . : 2
conductor ume 1ntegre.11 of er /(.87r.ke), we see
that also this quantity is independent
Fig. §-3.18 of s, within our approximations.
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S-3.11 A Transversally Polarized Cylinder

We choose a cylindrical coordinate system (r,¢,z), with the cylinder axis as z
axis, and the reference plane (the plane from which the angle ¢ is measured) parallel
to P. We have translational symmetry along z, so that, mathematically, the problem
is two-dimensional. The surface charge polarization density of the cylinder is o(¢) =
P -fi, where i is the outgoing unit vector perpendicular to the cylinder surface, thus

o(¢) = Pcose . (S-3.95)

Similarly to Problem 1.1, our transversally polarized cylinder can be considered as
the limit for # — 0 and o — oo of two partially
overlapping cylinders, of volume charge den-
sity +p, respectively. The two cylinder axes
are the straight lines x = +h/2, both out of
paper in Fig. S-3.19. The product ph is con-
stant, and equals the polarization P of the
original cylinder. The electrostatic potential
¢SX'(A), generated by each charged cylinder
at an external point A = (r,¢,2), equals the
potential of an infinite line charge of linear
charge density A, = +ma’o, located on the
cylinder axis,

I+

¢§X‘(A)=¢2kena2,gln(R ) (S-3.96)

+
where
h

re ~r¥F 3 cos¢ (§-3.97)

are the distances of A from the axes of
the two cylinders, see Fig. S-3.20. Quanti-
ties R, are two arbitrary constants, such that
gaf_,’“(n_,,¢,z) = 0 on the cylindrical surfaces
r+ = Ry. It is convenient to choose R, = R_,
so that In(R,/R_) = 0 will cancel out in the
following computations, leaving the poten-
tial equal to zero at r = co. The electrostatic
potential generated by both cylinders is thus
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_ R
¢YA) = ¢2YA) + ¢™Y(A) = 2kema’oln (:—) + 2ke7razgln(R—+)
+

r+(h/2)cos¢
r—(h/2)cos¢

= 2ke.na’o [ln(l + ﬁ cos ¢) —In (1 - ﬁ cos ¢)]
2r 2r

~ 2k.a’oln = 2kea’oln

1+(h/2r)cos¢}
1—(h/2r)cos¢

P P.i
2 Cjw = Dk Tr , (5-3.98)

h
=~ 2k ma*o— cos ¢ = 2k.na
r
where t is the unit vector of the cylindrical coordinate r. Thus, the potential of our
two-dimensional electric dipole decreases as r~!, while the potential of the ordinary
electric dipole decreases as 2. In Cartesian coordinates we have

Px

X xy,7) = 2kema® —— | S-3.99
¢ (x,y,2) = 2kemma e ( )

where the x and y axes are the ones shown in Fig. S-3.19.
The external electric field is obtained by evaluating E®*' = —V**!, The cylindrical
components are, from Table A.1 of the Appendix,

P
Eim — _argoext — 2](671'612 %Sgb ,
r
1 , Psing
E;’“ = —;[)(z,goe“ = 2k.ma V—2 s
Ezext — _8z‘pext =0 , (S-3100)

the field decreases proportionally to =2, while the field of the usual electric dipole
decreases as 7~ !. The Cartesian components of the field are

ext ext 2 x2 _y2
Ex = _8x90 = 2ke7ra Pm .
2xy
ES = —9,¢% = 2kema’ P ———— |
y g e (2122
EXN= 9,0 =0. (S-3.101)

The electric field generated by each cylinder
at its interior is, according to Gauss’s law,
EM = +27k.or., where r. is the distance
from the respective axis, see Fig. S-3.21. The
two contributions sum up to a uniform inter-
nal field

Fig. S-3.21

EM(A) = 27tkeo (rs —1_) = —2nkeo hk = — 27k P.. (S-3.102)
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The electrostatic potential inside the cylinder, in Cartesian and cylindrical coordi-
nates, is thus

goim =2ntke x+C = 2nkercos¢p+C (S-3.103)

where C is an arbitrary constant. Since the potential most be continuous, we must
have, in cylindrical coordinates,

¢"(a,¢,2) = ¢*(a,$,2) , (S-3.104)

which is verified if we choose C = 0.
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