Chapter S-6
Solutions for Chapter 6

S-6.1 A Square Wave Generator

a) The motion is periodic, and we choose the origin of time, r = 0, at an instant
when the coil surface is completely in the x > 0 half of the xy plane. With this
choice, the flux of the magnetic field through the coil, &(7), increases with time
when 2nm < wt < (2n+ 1), with n any integer, and equals @(¢) = B(wt mod 27) a?/2.
Here, (x mod y) stands for the remainder of the division of x by y with an integer
quotient. When (2n+ 1) < wt < (2n+2)r, the flux decreases with time and equals
&(f) = B [27 — (wt mod 27)] a* /2. The electromotive force in the coil, &(7), is thus

da(r)
— _p, 220 5-6.1
&) i ( )
B 2
= b2 Sion[x - (wr mod 27)],

where sign(x) = x/|x| is the sign function.

Thus, & reverses its sign whenever wt =

nm, with n any integer. The current cir-

culating in the coil is / = &/R. As shown

in Fig.S-6.1, I (as well as &) is a square

wave of period T = 2rr/w, and amplitude
&Eo Bwad?

Ip=—=bn——. S-6.2
0 R m R ( )

b) The external torque applied to the coil
in order to keep its angular velocity con-
stant must balance the torque exerted by
the magnetic forces. The magnetic force

on a current-carrying circuit element d¢ is
df = b, 1d¢ xB, and is different from zero
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230 S-6 Solutions for Chapter 6

only in the x < 0 half plane. The corresponding torque dr =rx df = brznlr X (d€xB),
where r is the distance of the coil element df from the z axis, is always equal to zero
on the circumference arc of the coil because the three vectors of the triple product
are mutually perpendicular here. Thus, dr is different from zero only on the half of
the straight part of the coil inside the magnetic field, where d¢ = dr. Here we have
dr = —bﬁllorB dri, as shown in Fig. S-6.2, and the total torque on the coil, 7, is

B2 2 a B2 4
‘r:fd‘r:—bzmwz—;2f rdr:—bzma)%i, (5-6.3)
0

corresponding to a power dissipation

, B2a*

T RIZ, (S-6.4)

Pdiss =T W= brzna)
that equals the power dissipated by Joule heating. The power dissipation is con-
stant in time, neglecting the “abrupt” transient phases at r = n/w, where [ instantly
changes sign. Thus, the external torque must provide the power dissipated by Joule
heating.
¢) If we take the coil self-inductance L into account, the equation for the current in

the coil becomes

drs

&E(t)—-L— =RI, (S-6.5)

dr
where &(7) is the electromotive force (S-6.1), due to the flux change of the external
field only. However “small” L may be, its contribution is not negligible because, if
I were an ideal square wave, its derivative d//dt would diverge whenever ¢ = nr/w
(instantaneous transition between —/Iy and +1). The general solution of (S-6.5) is,
taking into account that &(¢) is constant over each half-period,

&
I=2+ Ke ' (S-6.6)

I where 7y = L/R is the characteristic
time of the loop, and K is a constant

1 —
! to be determined from the initial con-
ditions. If L is small enough, we can
T 2T . >
0 . assume that at time ¢t = 0~ we have
\ | \\ E@) = +&p and I(r) = +1p. At time
i t = 0, &) switches instantaneously

from +&y to —&p, and the constant K
is determined by the initial condition
Fig. $-6.3 1(0) = I(07) = Iy = &/R, leading to
K =2&y/R. Thus, for0 <t <n/w,
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1) =Ip(2e™"0 ~1). (S-6.7)

At t = (n/w)” we have &(t) = -&g I
and we can assume that /() = —Ip. At ;|
t = m/w &(1) switches instantaneously /v~
from —&y to +&y, and, for m/w < t <
27 /w, we have

0 T T

_[Mf

1) = —Ip(e™ M0 _ 1), (S-6.8) iy ~f---mrmmemmmoemmnnee oo

and so on for the successive periods. Fig. §-6.4

The self-inductance of the coil prevents the current from switching instantaneously
between +1 and —1: the change occurs following an exponential with characteristic
time fo = L/R.

The behavior described by (S-6.7) and (S-6.8) is valid only if 1o < T =27/ w, as
in Fig. S-6.3, representing the case of 1o = 0.04 T. If 1y is not negligible with respect
to T, the current oscillates between two values +1y; and —1Iyy, with Ip; < I. Let us
consider the time interval 0 < ¢ < 7/w. We must have 1(0) = Iy and I(n/w) = —1y;.
Replacing I by (S-6.6), we obtain

1 —e-T/20

Iy =1y (S-6.9)

1+e-T/200°
The plot of I(#) can no longer be approximated by a square wave, as shown in
Fig. S-6.4 for the case 1o = 0.257T.

S-6.2 A Coil Moving in an Inhomogeneous Magnetic Field

a) With our assumptions, the flux of the magnetic field through the coil can be
approximated as

20

+ vt
Dp(t) = Dylz()] ~ ma*By 7 = na*By S

, S-6.10
I ( )
where zp is the position of the center of the coil at t = 0. The rate of change of this
magnetic flux is associated to an electromotive force &, and to a current / = E/R
circulating in the coil

do %
E=RI= —bma = —bma’ By 7 (S-6.11)

b) The power dissipated by Joule heating is

&2 b2 (ma®Byv)?
—=pr

P=RI*=
R I2R

(S-6.12)
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Thus, in order to keep the coil in motion at constant speed, one must exert an external
force fex; on the coil, whose work compensates the dissipated power. We have

(ma®Byv)?
fext~v=P=bﬁIT, (S-6.13)
and the coil is submitted to a frictional force proportional to its velocity
(ma® By)*
frrict = —~fexe = _brzn V. (§-6.14)

L?R

¢) The force fi¢( is actually the net force obtained by integrating the force dffic =
by 1d¢ X B acting on each coil element d¢:

ferict = me9§ d¢xB. (§-6.15)
coil

The contribution of the z component of B is
a radial force tending to shrink the coil if
0;® > 0, or to widen it if 9,9 < 0, accord-
ing to Lenz’s law; the case represented in
Fig. S-6.5 corresponds to the latter case. Thus
~_ dé fexi, directed along z, is due only to the radial
1 component B, of B. The component B, is
Fig. S-6.5 not given by the problem, but, as we saw at
answer a) of Problem 5.4, it can be evaluated
by applying Gauss’s law to a closed cylindri-

cal surface of radius r and height Az. According to (S-5.25)

B(r,2)

B Boa
By~—5rr. thus dfiie = bnldl = (5-6.16)

and by substituting (S-6.11) and integrating over the coil we obtain

. Boa 2., V
frce = 2by ] 950“ ac 2 = zbm(bmna BOL)(27ra ZL)

2p 32
B
Z brzr1 —(na 0) v

) S-6.17
TR ( )

in agreement with (S-6.14).

S-6.3 A Circuit with “Free-Falling” Parts

a) We choose the x axis oriented downwards, with the origin at the location of the
upper horizontal bar, as in Fig. S-6.6. The current / in the rectangular circuit is


http://dx.doi.org/10.1007/978-3-319-63133-2_5
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&, 1do®)  Badx
"R "R & ™R dr

Bav
=—bn R (S-6.18)

where x is the position of the falling bar, and v = x its velocity. The velocity is
positive, and the current / is negative, i.e., it circulates clockwise, in agreement with
Lenz’s law. The magnetic force on the falling bar is fz = by, Bal X, antiparallel to the
gravitational force mg, and the equation of motion is

d Ba)®
md—: =mg+bmBal = mg —brzn % V. (S-6.19)

The solution of (S-6.19), with the initial condition

. R/2
v(0) =0, is 0 —
v(t) =vi(1-¢7"") (S-6.20)
! ®B
where gl
R/2
R R
1= and v=gr= 8 (S-621) X | e—
(bmBa)® (bmBa)? l
As t — oo, the falling bar approaches the terminal
velocity v;.
b) When v = v;, the power dissipated in the circuit by
Joule heating is
a
(bmBav)?* _( mg \? *
P;=RI? = = R, (S-6.22 Y
4 ! R bmBa ( )

Fig. $-6.6

where I, = —by,Bav; /R is the “terminal current”. On
the other hand, the work done by the force of gravity per unit time is

PG =mg-v,=m Py, (5-6.23)

mgR
* omBay
in agreement with energy conservation for the bar moving at constant velocity.

¢) When both horizontal bars are falling, we denote by x| the position of the upper
bar, and by x; the position of the lower bar, as in Fig. S-6.7, with v; = X and v, = X,.
The current / circulating in the circuit is

s 1 d&(B) Ba d
[=—=— — = — _ —
R™mr m R g
a

B
= —bn ® (va—vy), (5-6.24)
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0 — circulating counterclockwise (I > 0) if v{ > v», and
clockwise (I < 0) if v; < vo. The magnetic forces
acting on the two falling bars are fp; = by BalX

x| — R/2 and fp, = by, Bal %, respectively. Independently of the

v lg sign of 1, we have fp; = —fp,, so that the net magnetic

force on the system comprising the two falling bars
is zero. The equations of motion are thus

dv (Ba)?

m P g+by, (va—v1) (§-6.25)

Xo —
dvy (Ba)?
v m—= = mg — b2, o (v, (S-6.26)

- - with the initial conditions v;(0) = vg and v,(0) = 0.
X a The sum of equations (S-6.25) and (S-6.26) is
Y
Fig. S-6.7 % (v1+vp)=2g, with solution VitV -0 +gt,
(§8-6.27)

meaning that the center of mass of the two horizontal bars follows a free fall, inde-
pendent of the magnetic field B. On the other hand, the difference of equations
(S-6.25) and (S-6.26) is

d 2
5 (v —v) = - (v —v2), with solution vy —vy =voe 27, (S-6.28)

where T = mR/(bm Ba)?. For the velocities of the two horizontal bars we obtain

v = %0 (1+e72/)+gt, v = %0 (1-e72/7)+gt. (S-6.29)

At the steady state limit (¢ > 1) we have

lim vy = lim v, = %0 +gr and lim/=0, (5-6.30)

1—00

since, for v{ = v, the flux of B through the loop is constant.

S-6.4 The Tethered Satellite

a) To within our approximations, we can assume that the magnetic field is constant
over the satellite orbit, and equal to the field at the Earth’s equator, Beq ~ 3.2 X
1075 T. The field is parallel to the axis of the satellite orbit, and constant over the
tether length. The electromotive force & on the tether equals the line integral of the
magnetic force along the wire,
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Re+h—(
E= bmf dl-v(r)XBeg = bmf drwrBeg , (§-6.31)
tether

Rg+h

where w = v/r is the angular velocity of the satellite. To within our approximations
we can also assume that also v(r) ~ v(Rg) ~ 8000m/s is constant over the wire
length, and obtain

8000x 1000x3.2x 107> ~ 250V, SI,

&= byvlBeg =1 1
mVePea =Y L 8% 109 10°%0.32 ~ 0.85statV,  Gaussian.
C

(S-6.32)

b) Neglecting the resistance of the ionosphere, the current / circulating in the wire,
and the corresponding power dissipated by Joule heating Pyg;ss are, respectively,

s vEB szsz
I=2=bn Req, and Py = RI* = b2, = A, (5-6.33)

The power dissipated in the tether by Joule heating must equal minus the work done
by the magnetic force on the wire. This can be easily verified, since the magnetic
force acting on the wire is

B.?
F = by l{E X Beq = —b2, "; v, (S-6.34)
and the corresponding work rate is
BZ 52
P=F.y=-b% e; V2 = —Pgiss - (S-6.35)

If we assume that the tether is a copper wire (conductivity o ~ 107 Q~'m~! SI,
o ~9x10's~! Gaussian) of cross section A=1 cm?, the magnitude of the magnetic
drag force on the system is

(3.2x 1079)2 x 1000
B2.? T 10-3
Faa = b2 - = 1/(102>< 105 )
RRICE0) L M x8x10° ~8.2x10° dyn, Gaussian.
2 1/(9%x1016) ’
(S-6.36)

x 8000 =~ 8.2N, SI

This problem gives an elementary description of the principle of the “Tethered
Satellite System”, investigated in some Space Shuttle missions as a possible gener-
ator of electric power for orbiting systems.
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S-6.5 Eddy Currents in a Solenoid

a) The time-dependent current in the solenoid generates a time-dependent magnetic
field which, in turn, induces a time-dependent contribution to the electric field. The
induced electric field is associated to a displacement current density, and, in a con-
ductor, also to a conduction current density J = cE. Both current densities, in turn,
affect the magnetic field. According to our symmetry assumptions, in a cylindrical
coordinate system (r, ¢, z), with the solenoid axis as z axis, the only non-zero com-
ponent of the magnetic field is B, and the only non-zero component of the electric
field is E, therefore the only non-zero component of the conduction current density
is J4. Both B; and Ey4 depend only on r. In principle we must solve (6.1) and (6.5)
which in cylindrical coordinates yield (see Table A.1 of the Appendix),

1
—-0,(rEy) = —bm 0,B; , (5-6.37)
p

k,
—0,B, = 4tk 0Ey + k—m E . (S5-6.38)

€

Finding the complete solution to (S-6.37) and (S-6.38) is possible but somewhat
involved. However, if the angular frequency w of the driving current is low enough,
the slowly varying current approximation (SVCA) provides a sufficiently accurate
solution of the problem.

In the SVCA, we start by calculating B as in the static case. Neglecting boundary
effects, a DC current / would generate a uniform magnetic field B = Z4xkpy, ynl
inside our solenoid, and B = 0 outside. Thus, inside the solenoid, we would have
B = Zpuopnl in SI units, and B = Z4nunl/c in Gaussian units. If we replace I by

Iy cos wt we obtain
B© = 245k, penly cos wt, (S-6.39)

which we assume as our zeroth-order approximation for the field inside the solenoid.
In the next step of SVCA, we evaluate the first order correction by calculating the
electric field E(V induced by (S-6.39), and its associated current densities. These
current densities, in turn, contribute to the first order correction to the magnetic
field. A posteriori, our procedure will be justified if the first order correction to
the magnetic field, B(", is much smaller than B, And so on for the successive
correction orders. For additional simplicity, we neglect the displacement current,
i.e., the last term on the right-hand side of (S-6.38), although its inclusion would not
be difficult.

Using (6.1) and the symmetry assumptions, the first-order electric field E(V(r) =
HED(r) can be found from its path integral over the circumference of radius r,

56 ED .- de = 22rED(r) = ~bpmr?8,BO (5-6.40)


http://dx.doi.org/10.1007/978-3-319-63133-2_6
http://dx.doi.org/10.1007/978-3-319-63133-2_6
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Iy cos wt

which yields

EV(r) = kmbm 2nuernly wsinwt

KOl i owsinwid, SI,

=41 . (S-6.41)
— 2npernlo w sinwt¢, Gaussian.
c

Notice that the induced electric field also generates
an electromotive force & in the solenoid coils. We
assume the generator producing the current /(#) = Fig. S-6.8

Ipcoswt to be an ideal one, which maintains the

same current against any effect occurring in the cir-

cuit (the appearance of &1 will require extra work

to maintain the current).

b) Due to the conductivity o of the solenoid core, the

electric field EV(r) originates an azimuthal current density JOG) = cED () (eddy
currents) in the material. The corresponding Joule dissipation heats up the material.
The energy turned into heat per unit volume at each instant ¢ is

IV -ED ) = 0'[E(1)(r)]2 = 0 (kmbm 27T,urrnlowsina)t)2 , (5-6.42)
with a time average
(3D EO()) = 20 (kybm mpternl w)? (S-6.43)

The total dissipated power is found by integrating (S-6.43) over the volume of the
cylindrical core

R
P;= f <J(1)(r) . E(l)(r)> dx = 20 (kmbm muenly w)zf r202rrdr
cylinder 0

opgur
2
=onl (kmbm mucnly a)Rz) = 16

i o c)',ufnzléa)zt’R4 ,  Gaussian.
c

nnzl§w2€R4 s SI,
(S-6.44)

¢) The induced current density J' Oy = cED(r) generates a magnetic field BY(r)
in the cylindrical volume enclosed by the surface of radius r. Each infinitesimal
cylindrical shell between r and r + dr of Fig. S-6.9 behaves like a solenoid of radius
r, generating a magnetic field whose value is obtained by replacing the product n/
by the product J(V(r)dr. Thus, the contribution to the magnetic field in r of the
infinitesimal shell is

dB{)(r) = 24nknmpy o EV(r). (S-6.45)
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Iy cos wt

Also all infinitesimal cylindrical shells between 7’
and ¥’ +dr’, with r < ¥ < R, contribute to the field in
r, and the resulting first-order correction to the field
in ris

R R
BV () = f B (1) = drkopirr | EV()ar
' (S-6.46)

Fig. $-6.9 If we replace (S-6.41) into (S-6.46) we obtain

R
B (r) = 87%k2 bl onlpwsin wtf ¥ dr’ = 247% 42 b 2 only (R* = P wsinwt
r

1
Z —u%y%(rn[o (R2 - rz)a)sinwt, SI,
=] 4 2 (5-6.47)

;4 . )
21— ufo’nlo (R2 - r2) wsinwt,  Gaussian.
P

Thus, B(V(#) is maximum for r = 0, where all infinitesimal cylindrical shells con-
tribute, and zero for r = R. Our treatment is justified if BD(0) < BO for all r <R
and for all ¢, i.e., if

( B(l)(0)>

where the angle brackets denote the average over time. This gives the condition on
w

= Tkmbm prowR? < 1, (S-6.48)

4
| oo’ b
v _Jhono (5-6.49)
ﬂkmbmﬂrO—R s Gaussian.
o R2

Thus, for materials with a high value of the product .o, the frequency must be
very low. For instance, iron has a relative magnetic permeability w ~ 5000, and a
conductivity o~ ~ 10" @ 'm~! in SI units. Assuming a solenoid with R = 1 cm, we
obtain the following condition on the frequency v of the driving current

4
— <
27 82 x 1077 x5x103x107 x 10~

~(.10Hz, (S-6.50)

V=

which is a very low value. Iron is a good material as the core of an electromagnet,
due to its high magnetic permeability, but a poor material as the core of a trans-
former or of an inductor, due to its high conductivity, which gives origin to high
eddy-current losses. On the other hand, manganese-zinc ferrite (a ceramic com-
pound containing iron oxides combined with zinc and manganese compounds) also
has a relative magnetic permeability p =~ 5000, but a much lower conductivity,
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o ~50 "'m~!. The condition on the frequency of the driving current is thus

4
< ~2x10°Hz, S-6.51
S X107 x5x 10° x5 % 10~ z ( )

and ferrite is used in electronics industry to make cores for inductors and transform-
ers, and in various microwave components.

Itis also instructive to compare the energy dissipated per cycle, Ugiss = (271/w) Piss,
to the total magnetic energy stored in the solenoid,

(5°)
b (BO) < 5 >7rR2€, S
Um = <—>7rR2£ =\ “HoHy (5-6.52)
2kt ( B(0)>
< >7TR2£’, Gaussian.
8y,
The ratio is U
i T
UL;S ~ kabmurasz. (5-6.53)

Thus, the condition (S-6.49) is also equivalent to the requirement that the energy
loss per cycle due to Joule heating is small compared to the total stored magnetic
energy.

S-6.6 Feynman’s “Paradox”
a) The mutual inductance M between the charged ring and the superconducting ring
is, assuming a < R (see Problem 6.12),

7T612

M = 4nkymbm R (S-6.54)

Thus, when a current /(¢) is circulating in the smaller ring of radius a, the magnetic
flux through the charged ring is

&) = MI(t) = dnkmbm 1(;) (5-6.55)

If & is time-dependent, it gives origin to an induced electric field E;, whose line-
integral around the charged ring is

9515, Al = ~by — = ~4nk b2 2L R 6,1(1‘) (5-6.56)


http://dx.doi.org/10.1007/978-3-319-63133-2_6
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Due to the symmetry of our problem, field E; is azimuthal on the xy plane, and
independent of ¢. Its magnitude on the charged ring is thus

1
E;= E;-df = —kp b2 c'),I(t) (S-6.57)
27TR

and the force exerted on an infinitesimal element d¢ of the charged ring is

df = E;Adt = —pkn, b2 /ldfc?,](t) (S-6.58)
corresponding to a torque dt about the center of the ring

, na?

dr =rxdf = -Zknby, = AdCO(1). (S-6.59)

The total torque on the charged ring is thus
2
A 2 Ta 2
= fd‘r = —Zkmb;, = A2nRO,I(t) = —Zkmby, Qatl(t) (S-6.60)

where Q = 27RA is the total charge of the ring. The equation of motion for the
charged ring is thus

d
mR2 d—(;) =7T= —kmb2 — Qatl(t) (5-6.61)

where mR? is the moment of inertia of the ring. The solution for w(?) is

w(t)z—kmbfn i Q f 8,17t = ke b2 a Q[Io 1], (5-6.62)

and the final angular velocity is

poa*Q SI
4mR3 " ’
= kmb?, QIO =\ ra0 (S-6.63)
—-— Gaussian
AmR ’
corresponding to a final angular momentum
2
a
220 "ORQIO, SI,
Li = mR*wr = kmbp, 0= 120 (S-6.64)
Iy, Gaussian,
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independent of the mass m of the ring.

b) The rotating charged ring is equivalent to a circular loop carrying a current
Lot = Qw/2n. Thus, after the current in the small ring is switched off, there is still a

magnetic field due to the rotation of the charged ring. The final magnetic field at the

center of the rings is

B = pkm fo _ hn Qor
“'2 R " R
12a? 0>
, Hya @
b2 a20? 2———1Iy, SI,
_ g Kmbma@ 07 ) | 64m2mR? (S-6.65)
4mR* . a?Q? .
z——— 1y, Gaussian,
4c*mR*

parallel to the initial field By = 2k Ip/(2a), in agreement with Lenz’s law. We further
have
na*Be = Ml (S-6.66)

where M is the mutual inductance of the rings (S-6.54).

¢) As seen above at point b), the rotating charged ring generates a magnetic field all
over the space. This field modifies the magnetic flux through the rotating ring itself,
giving origin to self-induction. Let £ be the “self-inductance” of the rotating ring.
The magnetic flux generated by the rotating ring through itself is

1
Dot = — Lot = L % (§8-6.67)
bm 21
Correspondingly, (S-6.56) for the line integral of the electric field around the
charged ring is modified as follows:

d®;  dd,y 4’ knb a? 0 dw
9§E dt = —bn - -r2& 6.
1-df ( @ ) w L (5-6.68)

The torque on the ring becomes

N kmbzmnaZQ Qza2 dw
e _z( e L L (S-6.69)
and the equation of motion (S-6.61) becomes
do  knb27ma*Q 0%a* dw
R> — = - A — —,
" R LS
ot 2 2 2_ 2
d kmb
(mR2 +L sz )d—f = —mmT’mQ o, (S-6.70)
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which is equivalent to (S-6.61) if we replace the mass of the charged ring by an

effective value

Q2a2
=m+L——. S-6.71
Mefy = m+ L R ( )
Thus we obtain for the dependence of w on I(¢)
2 natQ
w(t) = kmbiy, ——= [lo—1(D)], (5-6.72)
Mg R3
and for its final value )
wr = kb, 2L (S-6.73)
m, ffR‘
corresponding to a final angular momentum
2
Lt = mR2wr = knb? na Q I
e Ot O e L2 02/ (2nmR)
Ho na*Q I
- 2 2 0 b 9
_ )4t R+ La Q2 /(2nmR) (S-6.74)
1 na-Q .
— Iy, Gaussian.
3 R+ La?Q?/(2nmR)
The final magnetic flux through the charged ring is
1 Quy La*Q?
b= — L = Iy, S-6.75
o T 2 TOmR3 + LO2a’R /R 0 ( )
and the approximations of point a) are valid only if
2 2
B < By = dtkobm — Iy, or L0 <1 (S-6.76)

2R Ar’mR? + 2n LO%a? '

S-6.7 Induced Electric Currents in the Ocean

a) We choose a Cartesian coordinate system with
the y axis parallel to the velocity v of the fluid and
the z axis parallel to the magnetic field, as shown
in Fig.S-6.10. Due to the motion of the fluid, the
charge carriers (mainly the Na* and CI~ ions of the
dissolved salt) are subject to a force per unit charge
equal to by, v X B, parallel to the x axis. This is equiv-
alent to an electric field E¢q = by, v X B. The induced
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current density is thus
J=0E¢ =bnovxB. (S-6.77)

b) Inserting the typical values given in the text into (S-6.77) we obtain

4x1x5%x107° =2x10~* A/m?, SI,
~ 100 S-6.78
3.6x 100 % — X 0.5 = 60statA/cm>, Gaussian. ( )

¢) We evaluate the force on a fluid element of cylindrical shape, with area of the
bases 0S5 and height |0€], where ¢ is parallel to J and to the x axis. The current
intensity in the cylinder is / = J6S, and the force acting on it is thus 6F = b, [66 XB =
—bBJ 0S8t = —by BJ6V§, where 0V is the volume of the cylinder. The mass
of the cylinder is 6m = p&V, with p = 103kg/m> (1 g/em? in Gaussian units), for
water. Both v and ¢F are parallel to the y direction, and the equation of motion can

be written in scalar form d
v
om— =6F. S-6.79
m ( )

Replacing the values of ém and §F we obtain

d
pafvd—: = —bmBJ 5V,

d
o = b2 B, (5-6.80)
dr
where we have divided both sides by 6V and replaced J by its expression (S-6.77).
The solution is a decreasing exponential v = voe ™"/ with a time constant

P

r7=— — ~10"s=3x10 yr. S-6.81
ob’ B? Y ( )

S-6.8 A Magnetized Sphere as Unipolar Motor

a) We recall from Problem 5.10 that the magnetic
field inside a uniformly magnetized sphere is uni-
form and equals

2uo
81 k —M, SI,
B=— mM={3 (5-6.82)
3 bm ?M, Gaussian.
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Outside of the sphere we have the same magnetic field that would be generated by
a magnetic dipole of moment m = M4xra®/3, located at the center of the sphere.
When an electric current / flows in the circuit, the magnetic force on an element
d¢ of the “meridian” wire BP is df = Id¢ x B, directed out of paper in Fig. S-6.11.
Since the component of B perpendicular to df is continuous across the surface of
the sphere, there is no ambiguity. The torque dr on the wire element df is

dr=rxdf = Irx(d¢ xB) =Zlasinfadfd Bcosb
=21a’*Bcosfsinfdo, (S-6.83)

where r is the distance of df form the rotation axis of the sphere (r = asin6), and
we have used adf = d¢. The total torque on the meridian wire BP is thus

71'/2 l
T= de = ilazBf sinfcosfdf =2 3 1a°B, (5-6.84)
0

while the torque on the current-carrying portion AB
of the “equatorial” wire is zero, because the mag-
netic force is radial, as shown in Fig. S-6.12. Thus,
(S-6.84) is the total torque on the sphere.

b) When the sphere rotates, the total electromotive
force &y in the circuit is the sum of the electromo-
tive force of the voltage source and the electromotive
force &E;o; due to the rotation of the of the wires

+ M\‘\ !

do
St =V+Eo=V- bma s (5-6.85)

where @ is the flux of the magnetic field through any
surface bounded by the closed path ABPCDEA in
Fig.S-6.13. Lines PC, CD, DE and EA are copla-
nar lines, lying on a plane containing also the rota-
tion axis OP of the sphere and the meridian arc PA,
while AB is an equatorial arc, and BP a meridian arc,
both lying on the surface of the sphere. The flux of
B through any surface bounded by the closed path
Fig. $-6.13 ABPCDEA is the same, because V- B = 0. For sim-
plicity, we choose a surface comprising two parts:

1. the planar surface PCDEA, its perimeter being closed by the arc AP, through
which the flux is zero, and
2. the spherical polar triangle PAB shaded in Fig. S-6.13.
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The flux through PAB can be easily calculated remembering that the flux of B
through any closed surface is zero. Consider the closed surface formed by PAB
and the three circular sectors OAP, OBP and OAB. The flux through OAP and OBP
is zero, thus the flux @pyp through PAB and the flux @oap through OAB must be
equal (Poap must be taken with the minus sign when evaluating its contribution
to the flux through the total closed surface, since the magnetic field enters through
OAB and exits through PAB), and we have

1
Dpap = PoaB = EBa2¢, (S-6.86)

where ¢ is the angle AOB. We thus have

do Ba® d¢ Bd®
Stot—v—bma—V—meE—V—me(D, (S-687)

and the current flowing in the circuit is

1

V_me(U .

1 Bad?
:8;;‘ R( a ) (S-6.88)

The torque on the sphere is zero when I = 0, thus the terminal angular velocity of
the sphere is

2V
w | gz Sb
=2~ (S-6.89)
bmBa? 2v )
m —— ¢, Gaussian,
Ba?

independent of the moment of inertia of the sphere 7 and of the resistance R of the
circuit. The equation of motion for the sphere is

dw 1, Bd Ba?
E—T—EBQ I—W(V—mew s (S-690)
which, using (S-6.89), can be rewritten as
dw (Ba?)? 2V 1
I—=—p - =_-"(w- , S-6.91
a =R @ ) T RO (5-651)
where ATR
=\ S-6.92
"7 bu(Ba)? (5052

Assuming that the sphere is at rest at # = 0, the solution is

w(t) = w(1-e77) . (S-6.93)
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S-6.9 Induction Heating
a) When the displacement current is neglected, (6.5) can be written as

V X B = 4rkn(Js + Jm) = 47k pie J5 (S-6.94)

where Jr is the free current density and J, is the magnetization current density.
Now, using (A.12),

VX (VXB)=-V2B +V(V-B) = drkmu; VX J¢ , (5-6.95)

and recalling that V-B = 0 and Js = cE we obtain

—V?B = 47tk V XE . (S-6.96)

Finally, using VXE = —by, 0,B we have

0B = (4ntkmbm )" 'V’B = ¢ V?B (S-6.97)
where 1
. , SI,

(o

o= — =) HO (S-6.98)
Antkybm pro c .
,  Gaussian.
druo

b) The tangential component of the auxiliary vector H must be continuous through
the x = 0 plane, thus, the tangential component of B/y, must be continuous. In the
vacuum half-space (x < 0) we have B = § By cos(wt), correspondingly, the field at
x =07" (just inside our medium) is

B(0*,£) = §u: By cos(wt) . (5-6.99)
In one dimension, (6.6) is rewritten
9B =ad’B, (S-6.100)

and, as an educated guess, we look for a solution of the form B(x,f) =Re [B(x) gmiwt ]
The differential equation for the time-independent function B(x) is

—iwB=adB, (S-6.101)
and we look for an exponential solution of the form B(x) = B(0)e”*, with B(0) and
¥ two constants to be determined. The boundary condition gives B(0) = u; By, and,

by substituting into (S-6.101), we have

—iwuBye" = ay*uBoe’" (5-6.102)
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which leads to ay2 = —iw, so that

LW L1
Yy== E = \/_ \/7 +(1 —I)Z (S-6103)

where (1 —i)/ V2 = Vi, and the quantity

2
2 2 » Sb
e _ ] Nwouwow _
b= w 47tk bty W - \/ c2 (5-6.104)

3 ,  Gaussian,
U0 W

which has the dimension of a length, is called the (resistive) skin depth. We dis-
regard the positive value of vy, which would lead to a magnetic field exponentially
increasing with distance into the material, and obtain

B=9§Re [prBo e—“—")x/"-v—iw’] = §uBoe b cos(% - wt) . (S-6.105)

N

Thus the magnetic field decreases exponentially with distance into the material, with
a decay length £5. A slab of our material can be considered as semi-infinite if its
depth is much larger than ¢;.

¢) The electric field E(x) inside the material can be evaluated from VXE = —b,, 0;B.
Assuming E(x,7) = Re [E(x) emiwt ] we have

(VXE), = -0,Re|E-(x)e ] ,
9,B =Re [—ia)yrBo e—“—i)x/"s—"wf] , (S-6.106)

thus E(x,) =  Re | E(x)e™ |, with 9, Ez = —i bpawpiBoe™17)¥/% Integrating with
respect to x we obtain

. i .
E; = - bmwpirls By eI/t =
1

1-i ~
1 —Tl b bsBye TG (526.107)

The dissipated power per unit volume, due to the free currents only, is thus

_OE2_0 2 2 20 oyt _ 9 52 2470’ By “ox/ts
<Jf.E>_§E” —me,ura) {;Bge —meme
2 “rwBo e/t gL
= bml%km0 e b = 2“; (S-6.108)
Hr% e 2t Gaussian,

302
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where we have substituted (S-6.104) for £ in the fraction. The total dissipated power
per unit surface of the slab is

) wBZ BZ b o
E)dx = by —0 ¢, = 0 [ZmH& $-6.10
f Jr-Bydv=bnTem 6= 76, \ 2o ( %)

One might wonder if there is also a contribution of the magnetization volume and
surface current densities, J, and Ky, to the dissipated power. In the presence of the
magnetic field (S-6.105), our medium of relative magnetic permeability y, acquires
a magnetization M

bm ,ur_l N bm —(1-i —i
= B= ~DRe|B Dxfbs—ier | S-6.110
yrrm Tnic (= DRe[Boe | ( )
which corresponds to
1
Jn="—"—VxM. (S-6.111)
by

Taking the symmetry of the problem into account, and introducing the complex
amplitudes J,, and Ji, z such that J,, = Re (jm et ) =7Re (fm ze_i“”>, we have

~ I.lr—l ~ ﬂr_l 1-1 —(1-i)x/¢
Jnz= d.B=- —B Dx/ts S-6.112
™ gty dnkn € 0 ( )

The corresponding power per unit volume is

1 .. wB?
(UmE) = 5 Re(JnzE?) = b (e - )% ko e 2 = (4 — 1)(Jr By, (S-6.113)

and the total power per unit surface is

00 00 yrwB(Z)
f <Jm'E>dx=(/1r_1)f Je-E)dx =bm (e — 1) . (5-6.114)
0 0 167k,

However, we also have a surface magnetization current density Ky, flowing on the
x = 0 plane, given by

A1
K =—M0Jr
m (07)xn =

bm TTKm

Re(Boe ") = 2 Ky zcos(wr) , (S-6.115)

where fi = —X is the outward-pointing unit vector on the x = 0 boundary plane. This
surface current density corresponds to a power per unit surface

,u

0
16 T — s, (S-6.116)

(Ko E0,1) = 5 Re [ K 2E:(0)] = (e -
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which cancels out the contribution (S-6.114). Thus, the total dissipated power in
the medium is due to the free current only, and given by (S-6.109). Note that the
parallel component of the electric field must be continuous at the boundary between
two media, so that E,(0, ) appearing in (S-6.116) is a well defined quantity.

S-6.10 A Magnetized Cylinder as DC Generator

a) We can consider the magnetic field as due to the azimuthal magnetization surface
current density K,,,, flowing on the lateral surface of the cylinder. We have K, = M x
/by, where i is the outward unit vector normal to the surface. Thus, the magnetized
cylinder is equivalent to a solenoid of the same sizes, with n turns per unit length,
current / per turn, and the product n/ = Ky,. Far from the two bases we have an
approximately uniform field By, independent of the radius and height of the cylinder,

By ~ 47tk Kin 2

km
e

HoM,  SI,
47M, Gaussian. (5-6.117)
The field at, for instance, the upper base, can be
evaluated by considering an “extended” cylinder,
obtained by joining an identical, coaxial cylinder, at

the base we are considering, as shown in Fig. S-6.14. T
The total field at the base is now due to both cylin- M
ders, and, being far from both bases of the extended !
cylinder, its value is By =~ 47(ky, /bm) M. Both cylin- !
ders contribute to this field, and, for symmetry rea- )
sons, the z components B. of both contributions A &=t -
are equal, while the radial components cancel each ‘ \\
other. The dashed lines of Fig. S-6.14 represent three ‘

B field lines for each cylinder, one along the axis and  Fig, S-6.14

two off-axis. Thus, the z component of the field gen-

erated by the single cylinder at its base is

k
B.=2n" M= (S-6.118)
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b) We apply Faraday’s law of induction to the
flux of the magnetic field through the closed path
AEFGBCDA, represented by the thick line in
Fig. S-6.15. Points A, E, F, G, and B are fixed in the
laboratory frame, while points C and D rotate with
the magnetized cylinder. We have

E=-by e (5-6.119)
where & is the electromotive force around the closed
path, measured by the voltmeter V, and @ is the flux
of the magnetic field through any surface bounded
by the closed path. We choose a surface consisting
of three parts:

Fig. S-6.15

1. the plane surface bounded by the path AEFGBHA, fixed in the laboratory frame,
through which the flux of B is zero;

2. the surface bounded by the path BCDHB, lying on the lateral surface of the
cylinder; and

3. the circular sector AHD on the upper base, where points A and H are fixed, while
point D is rotating.

The flux of B through the two surfaces BCDH and AHD can be calculated analo-
gously to the flux through the polar spherical triangle PAB of Fig. S-6.13, Problem
6.8. We consider the closed surface comprising, in addition to BCDH and AHD, the
circular sector OBC and the two rectangles COAD and BOAH. The flux must be
zero through the total closed surface, and is zero through the two rectangles because
B is parallel to their surfaces. Thus we have

DPaup + Ppcpu + Posc =0, (5-6.120)

and |
DPanp + Ppcpn = —Popc = 5 Bya*¢, (S-6.121)

where ¢ is the angle BOC = HAD, and the sign accounts for the fact that the mag-
netic field is entering the closed surface through OBC. The electromotive force is

Mo 2
—Maw, SI
do 1 d ’ ’
&= bl - bty omkuMw =1 2
dt 2 dr —Mazw, Gaussian.
c
(S-6.122)
The same result can be obtained by evaluating the electromotive force & as the

integral of by, (v X B) - df along the path AOB
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0] B a
8=bmf (vXB)~d€+bmf (va)-dt’:bmf wrBydr
A 0 0

1
= meBoazu) = 2mkmMa*w, (S-6.123)

since v = 0 along the path AO, which lies on the rotation axis of the cylider.

S-6.11 The Faraday Disk and a Self-sustained Dynamo

a) The magnetic force on the each charge carrier of the rotating disk is gby,v X B,
where ¢ is the charge of the carrier (—e for the electrons), and v = w X r is the
velocity of a charge-carrier at a distance r from the rotation axis, at rest relative to
the disk. At equilibrium, carriers must be at rest relative to the disk, and the magnetic
force must be compensated by a static electric field E such that E + by, v XB = 0. This
corresponds to an electric potential drop V between the center and the circumference
of the disk

a a 2
V =p(a)—¢0) = —f E~dr:bmf a)rBdr:bma)B%. (S5-6.124)
0 0

The rotating disk is thus a voltage source, known as a Faraday disk.

b) In the presence of the brush contacts at points O and A of Fig. 6.9, the electromo-
tive force & of he circuit equals the voltage drop V of (S-6.124). The total current /
circulating in the circuit is thus

(S-6.125)

The power dissipated in the circuit by Joule
heating is Pq = I’R = & /R, and there must an
external a torque T providing a mechanical
power P = Tex¢ - @ = Pgq in order to maintain
a rotation at constant angular velocity. Thus,

wB2d*
4R

Text = 2, (8-6.126)
Alternatively, the external torque must com-
pensate the torque of the magnetic forces
on the disk. Since the current exits the disk
through the brush contact A, it is difficult to
make assumptions on the symmetry of the current density distribution. However, the
problem can be tackled as follows. The torque on an infinitesimal volume element,
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rd¢drdz in cylindrical coordinates (Fig.S-6.16), is dt = by r X (J X B)rd¢drdz,
and the total magnetic torque on the disk is obtained by integrating dr over the disk

volume
a h 27
TB=bmf drf dzf rdgrx(JxB). (S-6.127)
0 0 0

The vector triple product in (S-6.127) can be rewritten
rx(JxB)=J@-B)-B(r-J)=-ZBrJ,, (5-6.128)
since (r-B) = 0 because r and B are orthogonal to each other, and J, is the r

component of J. We further have

h 2n
fdzf rdgJ, =1, (5-6.129)
0 0

independently of r, since the double
integral is the flux of J through a
lateral cylindrical surface of radius r
and height &, as shown in Fig. S-6.17.
Thus we have for the torque exerted
by the magnetic forces on the disk

a
TB =—imeIf rdr, (S-6.130)
0

and finally, substituting (S-6.125) for I,

wB%d*
4R

2
Th = —2bp Bl% = 2% = —Text. (S-6.131)

¢) If the disk acts as the current source for the solenoid we must have

B 2
B = 4rtkyynl = ko by n% , (S-6.132)

from which we find that the frequency must be a function of the circuit parameters

2R
5 SI9
0= it = | e (0139
KmBm nd T Gaussian,
mna

independently of the intensity of the magnetic field B.
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S-6.12 Mutual Induction Between Circular Loops

a) We can assume the magnetic field generated by the current / circulating in loop
B to be uniform and equal to ByZ = 227k, I/b all over the surface of loop A, since
a < b. The angle between the axis of loop A and the z axis is 6 = wt, and the flux of
the magnetic field through the surface of loop A is

Teml 2wtk
ind a2 coswt = MTm coswr. (S-6.134)

b= Boﬂa2 coswt =

Thus, according to Faraday’s law of induction, there is an induced electromotive
force & on loop A
do  2rn’a’kml
d b

wsinwt, (S-6.135)

and the current circulating in loop A is

_ 27202k I

A= wsinwt. (S-6.136)

b) The power dissipated into Joule heating is

drtat W k2 I

7 sin® w . (S-6.137)

Piiss = RI% =

¢) The torque acting on loop A is 7 = m x By, where m = fil47a® is the magnetic
moment of loop A, and 1 is the unit vector perpendicular to its surface, directed so
that its tip sees I4 circulating counterclockwise. Thus

2ma* kil 2tk ] dn*atwk? I?
r= LI sinwrna® 0 sinwr = —— o G2, (S-6.138)
Rb b Rb?

and the corresponding mechanical power is

drtat k2 I?

T sin*wt = Pgigs (S-6.139)

Prech =T-w =

and all the mechanical power needed to keep loop A rotating at constant angular
velocity is turned into Joule heating.

d) The flux through the surface of loop B of the magnetic field generated by the
current / circulating in loop A is

Dp=Mypl, (5-6.140)
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where Myp is the coefficient of mutual induction between loop A and loop B. We
know that Mg = Mpa, and from (S-6.134) we have

2m2a2k
Map = Mpy = % coswt, (S-6.141)
thus ) 5
2m2aky ]
5= % coswt, (S-6.142)
and

dd  2n%a’kyl

=3 b

wsinwt, (S-6.143)

as (S-6.134) and (S-6.135).

S-6.13 Mutual Induction between a Solenoid and a Loop

a) Neglecting boundary effects, the magnetic field inside the solenoid is uniform,
parallel to the solenoid axis z, and equal to

B =4nknnlZ. (S-6.144)
Thus, its flux through the surface S of the rotating coil is
D, (1) = B-S(t) = 4ntknlna® cos wt = 4n’a*kpnl coswt = Mg(H)1,  (S-6.145)

where
My (1) = 4n’a*kmn cos wt (S-6.146)

is the coefficient of mutual inductance between solenoid and loop, time dependent
because the loop is rotating. The coefficient of mutual inductance is symmetric,
Mg = M, i.e., the inductance by the solenoid on the loop equals the inductance by
the loop on the solenoid, we shall use this property for the answer to point c).

b) The electromotive force acquired by the loop equals the rate of change of the
magnetic flux through it,

do
E= -5 = A’ kynlwsin wt, (S-6.147)

and the current circulating in the loop is

_ An2 a2kl w

1, = R sinwt. (S-6.148)
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The loop dissipates a power Pgiss due to Joule heating

Arla*kgnlw)? 2

R

Pgiss =RI} = sin? wr. (S5-6.149)
This power must be provided by the work of the torque 7 applied to the loop in order

to keep it in rotation at constant angular velocity. The time-averaged power is

4m*a*kmnlw)?
(Pgiss) = %, (S-6.150)

since (sin2 wt> =1/2.

¢) The magnetic field generated by a magnetic dipole m is identical to the field
generated by a current-carrying loop of radius a and current /; such that by, wa*l, = m,
at distances r > a from the center of the loop. The result of point a) is valid, in
particular, in the case a < b. In this case we can replace the magnetic dipole by a
loop, and use the symmetry property of the mutual-inductance coefficient. The flux
@, generated by the dipole through the solenoid is thus

k
&, = My(0) I = 4n’ a*knl; cos wit = 47rb—mnmcos wt. (S-6.151)

m

S-6.14 Skin Effect and Eddy Inductance in an Ohmic Wire

Assuming a very long, straight cylindrical wire, the problem has cylindrical sym-
metry. We choose a cylindrical coordinate system (r,¢,z) with the z axis along the
axis of the wire, and expect that the electric field inside the wire can be written as

E=2E(r.1) =2Re|E(r)e'], (5-6.152)

where E(r) is the static complex amplitude associated to the electric field. We start
from the two Maxwell equations

1

VXE = -b,9,B, VXB =4nky J+
bmc?

OE, (8-6.153)

where we have assumed &, = 1 and u, = 1 inside copper. If we substitute J = cE
into the second of (S-6.153) we obtain
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1 L
VXB = 4k E + —— &, = 4nknoE +2—— Re[iE(re|
bmc? bmc?
s W B iwt
pooE+2= Re[iE(re|,  SL
C
=14 o (S-6.154)
T E+32%Re [iE (r)e'! ] , Gaussian.
C C

In SI units, the conductivity of copper is o = 5.96x 10’ 2-'m~!, and the product

Hooc? is

uooc? =6.77x 10871 (S-6.155)

Alternatively, in Gaussian units, the conductivity of copper is o = 5.39 x 107 s~/

and the product 47o is 6.77 x 10'8s~!. Thus the displacement current is negligible
compared to the conduction current J for frequencies v = w/(2n) < 1018Hz, i.e.,
up to the ultraviolet. In other words, the displacement current can be neglected
compared to the conduction current for all practical purposes in good conductors,
and we can rewrite the second of (S-6.153) simply as VX B = 4rk, o E. Evaluating
the curl of both sides of the first of (S-6.153) we have

VX(VXE) = b0,V X B) = —4xkmbmo 0:E, (S-6.156)
which, remembering that

Vx(VXE)=V(V-E)-V’E, (S-6.157)

and assuming V- E = 0, turns into a diffusion equation for the electric field E

V2E = 4ntkybmo O,E . (S-6.158)

Introducing our assumption (S-6.152), we have the following equation in cylindrical
coordinates for the complex amplitude E(r),

V2E(r) = % 3,1r0,E(r)] = iwdnkmbm o E(r) (5-6.159)

or
! 6r[' arE(’ )] =i E~() )’ (S-6160)
r 52

where we have introduced the skin depth

/ 2
A /—1 HooTw’ St 1
= = 0 - 1
0 2nknbmow c (5-6.161)

,  Gaussian.
V2now
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Equation (S-6.160), multiplied by r?, is Bessel’s differential equation with n = 0.
However, in this context, we prefer to find the approximate solutions for the two

limiting cases & > ry and 6 < rg, where r is the radius of the wire. For the weak
skin effect, i.e., for ¢ > rg, we write the solution of (S-6.160) as a Taylor series

E(r) = Eoian(g)n (S-6.162)
n=0

which, substituted into the left-hand side of (S-6.160) gives

1 . apn ! aynr
~0,1ra, B = - rEoZ " an Z :
2 n-1 2,n-2
an-r" a,nr
=;E025—H=EOZT, (S-6.163)
n=0 n=0
while the right-hand side is
1— E(r)=2iE, Z el (S-6.164)

Comparing the coefficients of the same powers of 7 in (S-6.163) and (S-6.164) we
obtain the recurrence relation

2i

apy2 = m ay, (S-6165)

which leads to .

i

ay = W and Ap+l = O, (S-6166)

for all n > 0 and n € N. We thus have

2n
E(r) EOZ 2"(}1')2 ( )
irr 14 i r6 in g2

=Efl+=-——-—— et ———— ... S-6.167
0O T35 " T65% 4800 Tz o T ( )

The complex amplitude / associated to the total current through the wire is
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0 n
1 =f J2rrdr = 27T0'f E(r)rdr
0 0

o E " 1_'_irz 1A i r6+ N i” r2”+ d
=znoLboy | |t oS-~ 0= ot ——— — +...|rdr
°J, 267 166 486 21(n1)? 62

B r3+ i r‘O1 1 rg i rg . i ,,(2)n+2
= LTTO" _ —_—_——_——— ..
012 7852 965* 230405 T nhr@n+2) o
) 4 . 6 . 2n
2 irg 171 17 i" 0
—aroEy|[l+-2—-—0 0.~ 0, S-6.168
TOTE T 452 T 48 6% T 1152 66 2i(n+ Din! 62 ( )

We can define the impedance per unit length of the wire, Zy = Ry +iwL, (Where Ry
is the resistance per unit length, and L, the self-inductance per unit length), as the
ratio of the electric field at the wire surface to the total current through the wire,

i.e., as
1 1 }’02 1 1’04 1 r06
e - ) )
"mg(r 2\s) “16\s) a8\
A
1 r02 1 r04 1 r06 -1
1 -(—) ——(—) - (—) : $-6.169
“1'72\S) Tw\S) T\ T ( )
B_l

where A and B are Taylor expansions in even powers of ry/d < 1, which we have
truncated at the 6th order. The first four expansion coefficients of B!, i.e., 1, by, b,

and b3,
’ ro ro\* r0\°
I = 1+b1( ) +b2( ) +b3( ) ...

B , S-6.170
5 5 ( )

can be evaluated by requiring that the product BB~! equals 1 with a remainder of
the order of (r9/6)3, i.e.,

_ i r02 1 i 0

vt =g (3) - 5 () s (3)

“2\5) TS T11:2\%
|1 b( ) (—0) b(—o) $-6.171
+ b 5 +b3 5 ( )

leading to
bi=—t by=—t and by= D (5-6.172)
=7y T Ty 371152 '
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Thus we have for Z,

1 i(r )2 1(r0)4+ 7i (r0)6+
4\ 0 24\ 8§ 1152\ 6

1+i(r_0)2+i(@)4 ; 23 (’0)6+...]. (S-6.173)

152\

The zeroth-order term of the expansion,

1

2 b
71'7’00'

RY = (S-6.174)

is simply the direct-current resistance per unit length of the wire. The third term

2 2122 2 Iu(z)m(z)a_wz
m_ Ty knbymrgow® o7 SL, ($-6.175)
¢ = 4~ - 2 )? -
48106 12 nryow .
, Gaussian
12¢4

is the lowest order contribution of the weak skin effect to the resistance increase.
The second-order term of the expansion can be interpreted as

i (VY . o
47”20(3) —iwL?, (S-6.176)
0
leading to
Ho
1 2 —, SI,
LO = _z(r_O) = kb =1 5F (S-6.177)
dnowrg \ 6 2 S Gaussian,
c

which is the DC self-inductance per unit length of a

straight cylindrical wire, while the sixth-order term

is the lowest order contribution of the weak skin-

effect to the self-inductance of the cylindrical wire. r
Thus, at the low-frequency limit, the current depends

on the radial coordinate, but no true skin effect

is observed. According to (S-6.168), the current is

actually stronger on the axis of the wire than at its Fig. S-6.18

surface.
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Things are different at the high-frequency limit. As the frequency increases, the
skin depth becomes progressively smaller. When 6 < a, the fields will be varying in
space on a distance much smaller than the wire radius, so that we expect the effect
of the curvature to be negligible. For a strong skin effect, i.e., for ¢ < a, the electric
field is significantly different from zero only close to the wire surface. Thus, we
introduce the variable x = a —r, shown in Fig. S-6.18, and assume r ~ a in (S-6.160).
Using 9, = -0, we get

PE=1=FE. (S-6.178)

Substituting E = Ege®*, we have

2 1+
o= iJiE - i%, (S-6.179)

and the solution corresponding to a field decreasing for increasing x (increasing
depth into the wire) is

E ~ Ege 0 e™¥/0 = Ee=(a71/0 gmila=n)/5 (S-6.180)

where Egel’ is the electric field at the wire surface. The complex amplitude corre-
sponding to the total current current through the wire is thus

a a a ) .
1= f J2rrdr = 27T0'f E()rdr= 27r0'E0f e~(@N/8 gmila=n/d giwt . 4.
0 0 0

= 2 Ege (Do +wr f * 0, g (S-6.181)
0

Remembering that
1
fxe‘”dx - e“(f - —2) , (5-6.182)
a a

and neglecting terms in 62, we obtain finally
I =nado(1-1)Ey. (5-6.183)
The impedance per unit length of the wire, Z;, can again be defined as

) Ey 1 1 i
Zr=Rp+1Xp = —

= = + , S-6.184
I  rmado(1-1) 2madoc 2rado ( )

so that the magnitudes of the resistance per unit length Ry, and of the reactance per
unit length X, are equal at the high frequency limit:

1

R =X,= .
t ¢ 2nado

(S-6.185)



S-6.14 Skin Effect and Eddy Inductance in an Ohmic Wire 261
The value of R, shows that the current actually flows through a thin annulus close
to the surface (the “skin” of the wire), of width ¢ and approximate area 2nad. The

reactance per unit length can be considered as due to a self-inductance per unit
length L,, according to X; = wL,, with

" 2radow N 2ndlow 1
P Gaussian.
2ncrarow

S-6.15 Magnetic Pressure and Pinch Effect for a Surface Current

L¢ (S-6.186)

Mo
S 0 9 SI9
1 [ kmbm | N 8r2d?ow

a) We use a cylindrical coordinate system (r,¢,z), with the cylinder axis as z axis.
The field lines of B are circles around the z axis because of symmetry. Thus, By(r)
is the only nonzero component of B. According to Ampere’s law we have

0, r<a,

By(r) = I -6.187

D=V op L akn k4. rsa (5-6.187)
r r

b) First approach (heuristic). The current d/ flowing in an infinitesimal surface strip
parallel to z, of width ad¢, is dI = Kad¢. The force df exerted by an azimuthal
magnetic field B = (0, Bg,0) on an infinitesimal strip portion of length dz is

df = by dzdI2x B = by KaBy dgdz (S-6.188)

directed towards the axis, i.e., so to shrink the conducting surface (pinch effect).
However, here we must remember that Bs(r) is discontinuous at the cylinder sur-
face, being zero inside. Therefore, we replace the value of By in (S-6.188) by its
“average” value Bgver =[By(a*)— By(a)]/2 = 2mky K (the point is the same as for
the calculation of electrostatic pressure on a surface charge layer). Thus, the absolute
value of the force acting on an infinitesimal area dS = ad¢dz is

%szs, SI
|df = 2mkmbmK>dS =4 5 (S-6.189)

—2K2 dS, Gaussian,
c
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and the magnetic pressure on the surface is

, pol?
_ldfl 2 _ " _ ] 2@2ra)?’
P= K = 27Tkmme = kmbmﬁ = 1 12 . (5-6190)
a3 Gaussian.
c* 2na

Second method (rigorous). The magnetic force per infinitesimal volume d3r,
where a current density J is flowing in the presence of a magnetic field B, is

&t = b JxBd’r. (S-6.191)

Due to the symmetry of our problem, the term (B - V)B appearing in (6.7) is
1
(B-V)B:(B¢—6¢)B=O, (S-6.192)
r

where we have used the gradient components in cylindrical coordinates of Table
A.1, and the fact that the only nonzero component of B, i.e., By, is independent of
#. The infinitesimal volume element in cylindrical coordinates is d*r = rdrde¢dz,
thus

bm
8k

axE &*f = - —[9,B}(r)| rdrdgdz.  (S-6.193)

Now we integrate (S-6.193) with respect to dr
between r = a — & and a + &, obtaining the force d*f
acting on the small shaded volume of Fig.S-6.19,
delimited by the two cylindrical surfaces r = a—¢
Fig. S-6.19 and r = a + &, with infinitesimal azimuthal aperture
d¢, and longitudinal length dz. Integrating by parts
we have

a+&

fi +g[5r33>(r)]rdr=[rBé(r)]th- f i B3(rdr, (S-6.194)

At the limit & — 0, the first term on the right-hand side equals de)(zf'), because
Bé(r) =0 for r < a. At the same limit € — 0, the integral on the right-hand side

approaches zero because, according to the mean-value theorem, it equals 2585)(7‘),
with 7 some value in the range (a — &,a + €). We thus have

b
d’f = - Sﬂ‘]‘; Bj(a)adgdz . (5-6.195)
m
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where ad¢dz is the infinitesimal surface element on which d>f is acting. The pres-
sure is thus

P:gb Bi(a") = —(4k K)? = 27hmkm K>, (S-6.196)
7T

in agreement with (S-6.190). Now we prove (6.7):

0B, 0B
Ak (I xB); = [(VxB)xB]; = Eijk (Sjlm ox; )Bk 8ijk<9jlm_m By

0x;
9B, OB; _ OBy
= (81O im — Smdit) B -Bi— B
(OxiOim — OmOir) T L
1 (BB 1
=(BXV)B;~ > (ak K _(BxV)Bi—zV,»BZ, (5-6.197)

where the subscripts i, j,k,I,m range from 1 to 3, and x;23 = x,y,z, respectively.
The symbol &;j is the Levi-Civita symbol, defined by ;jx = 1 if (i, j, k) is a cyclic
permutation of (1,2,3), & jx = —1if (i, j, k) is an anticyclic permutation of (1,2,3),
and g; j; = 0 if at least two of the subscripts (7, j,k) are equal.

¢) The magnetic energy AUy stored in the infinite layer between z and z+ Az equals
the volume integral

b
AUy = f umd’r = f I B2(rd3r
layer layer8 Ttkm

=2mAz f 2 ‘Zm B(r)rdr, (5-6.198)

which, involving the integral fa “r~1dr, is infinite. However, if the radius of the
cylinder increases by da, the integrand does not change for r > a + da, while the
integration (Fig. S-6.20) volume decreases. Correspondingly, the (infinite) value of

the integral decreases by the finite value A
| i l
— b 20 + | ,,»»i——\\ ‘
d(AUm) = -Az By(a™)2nada . 7+ Az |- L g "~lda
8k N DR
(8-6.199) LN LS
Thus, an expansion of the current e :\ T

carrying surface leads to a decrease !
of the magnetic energy. If the sys- !
tem were isolated, the force df acting Fig. S-6.20

on the surface element dS = ad¢dz

would be directed radially outwards,

leading to an expansion of the cylinder. However, the system is not isolated, because
a current source is required to keep the current surface density K constant. An
increase of the radius da leads to a decrease of the magnetic flux in the layer equal
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to d(A®D) = B¢(a+)Az da (see figure), which, in turn, implies the appearance of an
electromotive force AE. In fact, in order to keep K constant during the time inter-
val dr in which the cylinder radius increases by da, the source must provide to the
layer the energy d(AUsource), that compensates the work d(AW) = AE1dr done by
the electromotive force AS = —by, d(A®)/dt, so that

d(AUsource) = —bml d(A®) = 27baK By(a*) Azda

= by 2na Bé(a+)Az da = -2d(AUn). (S-6.200)

1
Ak
Thus, the total energy balance for the layer is given by

d(AUio) = d(AUsource) + d(AUp) = —d(AU ) , (5-6.201)

and the force per unit surface is

__ 1 dAUw _, 1 dAU)
" 2raAz da  2maAz da

(S-6.202)

in agreement with (S-6.190).

S-6.16 Magnetic Pressure on a Solenoid

a) The magnetic force df on an infinitesimal coil arc of length d¢, carrying a current
1, is

df =bpIdéxB. (S-6.203)

Thus, the force dF on the surface element dS = df X dz of the solenoid, of width
de, is
dF = by, IBndf xdz = by, IBndS, (5-6.204)

since the surface element comprises ndz coil arcs, each of length df. The force dF
is directed towards the exterior of the solenoid, and the solenoid tends to expand
radially.

The magnetic field B is discontinuous at the surface of the solenoid, due to the
presence of the electric current in the coils. At the limit of an infinitely long solenoid
we have

uonlz, SI,
B =By =4nknnlz=14 47 ) (§-6.205)
—nlz, Gaussian,
c
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inside, where Z is the unit vector along the solenoid
axis, and B = 0 outside. Thus we substitute the aver-
age value

B(a")+B(a~) By

5 =5 =2k nl
for B in (S-6.204), obtaining
dF = 2nbykm n212dS . (S-6.206) Fig. S-6.21

The pressure P on the solenoid surface is obtained by dividing dF by dS, thus
BZ

Ho 22 0
dF g2 | ==, sl
P= o = 2bukn n2 P = Smko -2 égo (5-6.207)
T
" 2an’ 1% = 8—0, Gaussian.
T

b) The magnetic energy of the solenoid can be written in terms of the magnetic
energy density uy associated to the magnetic field By

Bj
bm 2u0’ SL
Upm = o By = B%O (5-6.208)
" U s Gaussian.
8

Neglecting the boundary effects, we obtain the total magnetic energy of the solenoid
Uw by multiplying uy by the solenoid volume

azhme(z)

=212 a? hbkeyn® 12, (S-6.209)
8km

Um = ﬂaZhuM =

thus, if the solenoid radius a increases by da the energy Uy increases by
dUy = 4n* ahbyknn® I da,, (-6.210)

while By, given by (S-6.205), and thus uy;, remain constant. This implies an increase
in the flux @ of By through each coil of the solenoid

d® = 2raByda = 8n*kmanl da, (S-6.211)
corresponding to a total electromotive force (the solenoid comprises An coils)

d(b 2 %) da
=-by— =- I"— -6.212
& bm ” bkm 8°ahn ” (S-6 )
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that must be compensated by the current source in order to keep I constant. The
work dWgource done by the current source is thus

AWiource = —EI1dt = bk 87°an*hI* da. (5-6.213)
Thus the total energy of the system solenoid+current source changes by
dUtor = AUyt — dWsouree = —4n°ahbpkyn*1* da. (S-6.214)

The pressure on the solenoid surface is P = —dU,y/dV, where V = na?h is the vol-
ume of the solenoid. Thus

dUyot I dU 22
_ —_— =2 I -6.21
dv 2rah da 7omkin 71", (5-6:215)

P=

in agreement with (S-6.207).

S-6.17 A Homopolar Motor

The motor is schematized in the diagram of
Fig. S-6.22, that displays only one “half” of the cir-
cuit because of the symmetry of the problem. We use
cylindrical coordinates (r,¢,z) with the origin O at
the center of the cylindrical magnet, of radius b and
length [. The z axis coincides with the axes of the
magnet and of the cell, which here is represented by
the voltage source V. The circuit ACDEF is closed
by brush contacts (white arrows in the figure) to the
magnet at points A = (0,¢,1/2) and F = (b, ,0), so
that the current / can flow through the conducting
magnet. The circuit is free to rotate around the z axis.
Let a > b and h be the horizontal and vertical sizes of
the circuit, respectively. We denote by B = B(r, ¢, z)
the magnetic field generated by the magnet, indepen-
Fig. S-6.22 dent of ¢, and with B4 = 0. Some field lines of B are

sketched in Fig. S-6.22. The magnetic field on the
z = 0 plane is parallel to the z axis, directed upwards for r < b, and downwards for
r > b. For simplicity, we approximate B(r,¢,0) = By Z for r < b, with By independent
of r, even if this approximation is valid only for [ > b.
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The voltage source drives a current I through the
circuit. When the circuit is at rest we simply have
I = V/R, but, when the circuit rotates, we must take
into account the motion of the circuit in the presence
of the magnetic field. Since the magnetic field B lies
on the plane of the circuit, the force df = 7/df xB on
an infinitesimal segment of the circuit df is perpen-
dicular to the plane of the circuit (out of paper in the
case represented in Fig. S-6.23). The corresponding
infinitesimal torque relative to the z axis is thus

dr = rxdf = by It X (A X B), (8-6.216)

. . . Fig. S-6.23
where r is the distance of df from the z axis. The &

torque dr is always parallel (or antiparallel) to 2, independently of the circuit ele-
ment df we are considering. For the vector product df X B we have

df xB = —¢ Bdlsing = —¢p Bdlcosys
=—¢B-ndl, (S-6.217)

where 6 is the angle between df and B, fi is the
unit vector perpendicular to df, and ¢ = 0 —1/2 is
the angle between B and fi, as shown in Fig. S-6.24.
Since t is perpendicular to ¢ (unit vectors of the cor-
responding cylindrical coordinates), we have for the
total torque acting on the circuit

F F Fig. S-6.24
T:bmlf rx(dt’xB):—imef B-nrdl.
A A

(S-6.218)
The last integral of (S-6.218) can calculated, within our approximations, if we

first demonstrate that the line integral of B -7 around the closed path OCDEO of
Fig. S-6.22 is zero, i.e., that

F 0 A
éB-ﬁrdf:f B-ﬁrd€+f B-ﬁrdt’+f B-nrdf=0. (5-6.219)
A F o

First, we note that the integral along the whole OC path is zero, both because r is
zero, and because B is parallel to d¢, thus perpendicular to fi. Thus, the integral of
(5-6.219) becomes
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D E 0
SEB-ﬁrdf:f B~ﬁrdr—f B-ﬁrdz—f B-firdr
C D E

D D E
=f B~ﬁrdr+f B~ﬁrdz+f B-nrdr, (5-6.220)

E o

since d¢ = dr along CD, d¢ = —dz along DE, and d¢ = —dr along EO.
As a next step, we generate a cylinder by rotating

1 T~ the CDEQO path around thez axis, as in Fig. S-6.25.
N o The outgoing flux of the magnetic field B through
A | the total surface of the cylinder is

)/ f B~ﬁdS+f B'ﬁdS+f B-ndS =0,

I upper lateral lower

A base surface base
(5-6.221)
@E since V-B = (. Equation (S-6.221) can be rewritten

Fig. S-6.25 a h
0= f B(r,¢,h)-ﬁ27rrdr+f B(a,¢,z) -i2nrdz
0 0

a
+f B(r,¢,0)-227rdr = 27r9§B -fird¢, (S-6.222)
0
which demonstrates (S-6.219). For the last integral appearing in (S-6.218) we thus

have
F 0] b Bobz
fB-ﬁrdfz—f B-ﬁrdﬁszordrz s (S-6.223)
A F 0 2

where we have remembered that the line integrals are zero on the z axis, that d =
—dr on the FO line, and that, within our approximations, B - fi = — B, independently
of r, on the FO line. The torque on the rotating circuit is

F 2
1 Bob
‘r:—ibmlf B-ﬁrdfz—imeE(V+bmon). (5-6.224)
A

This is why sliding contacts are needed in a homopolar motor. If the line segment
FO were rotating with the rest of the circuit, the total torque on the complete circuit
around the z axis would be zero, because the torque acting on FO would compensate
the torque on the rest of the circuit.
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If we denote by 7 the moment of inertia of the rotating circuit and for the
moment, neglect frictional effects, the equation of motion is

dw Bo b2
I —=1=-bpl— —nw, S-6.225
dar T m 3 nw ( )
where we have assumed the presence of a frictional torque 7 = —njw proportional
to the angular velocity. The current / is determined by the voltage source and by
the electromotive force &, due to the rotation of the circuit in the presence of the
magnetic field B,

F F F
8=bmf (wxr)xB-df:bmf wn}st-dt:—bmwf r¢-dfxB
C C C

F B()b2
=bmwf rB-ﬁdfzbmwT, (S-6.226)
C

where we have used (S-6.217) and (S-6.223) in the last two steps. The current is
thus

1 Byb?
I= E(V+bmwOT), (S-6.227)
and the equation of motion is
dw 1 Byb*\ Byb?
IE = —me(V-i-bmon) 02 —nw
VB b* B} b*
= —bm —w[bfn rranidk (S-6.228)
with solution
2bmV By b? 4RT
w = —% (1 —efl/T) s where T = T (S-6229)
bnBib* +4Rn bnB;b* +4Rn

If we assume negligible frictional torque, i.e., n < b, Bib*/(4R), (S-6.229) reduces

to
2V
w= ——(1 —e_’/T) , where T =
bmBo b?

4RT
—— (5-6.230)
b3, B2 b

however, inserting “reasonable values” into (S-6.230), such as V = 1.5V, By =
100Gauss = 1072 T and b = 0.5cm we obtain for the steady state solution

2V

—m:—IZOOrad/s, ie, vp=~190s7!, (S-6.231)
mBO0

wo =
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which is indeed a very fast rotation! In the absence of friction, the steady state is
reached when V +& =0, so that I = 0 and there is no torque acting on the circuit.
The final steady-state kinetic energy of the rotating circuit in these conditions is

1. 4v? 2V21
Y e TP EaRE R s (S-6.232)
2" bhBIb*  bLBYb

The current flowing in the circuit is

1 bumBob*w\ Vg
(1) = E(VJFT =z (8-6.233)

and the total energy provided by the voltage source is

2 4v:ir
U = L‘ Vldt = —f _[/Tdt = R b2 BZ b4 2Kss ) (S—6234)

or twice the final kinetic energy. An amount equal to K is dissipated into Joule heat.
More realistically, we must take the frictional torque into account. For instance,
the steady-state angular velocity is reduced by a factor 10 if we assume 4Rn =
9by, Byb?. This, assuming R = 1 Q, means

7 =~6x107 Nms. (S-6.235)

In the presence of friction the steady-state angular velocity is

2bmVByb?
U TR 4Ry (5:6:250
mDy n
and the power dissipated by friction is
26 VBy b
Piy = Ty = nw? = | 0" $-6.237
fr fr Wt 77 f n[b%nB(z)b4+4R)7 ( )
The voltage source drives a current
2 p2pd
Lo Vo bmBbT ) 4va (5-6.238)
=% 2 p2pd T2 ’ :
bnBb* +4Rn ) by Bib*+4Rn
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and provides a power

P VI, 4V
source — VIf = 5 ——— —.
b%,B3b* +4Rn
The power dissipated into Joule heat is
2
4v
Py =RI2 =R(—2 = J
bnBib* +4Rn

and we can easily check that

Py + Pty = Psource -

271

(S-6.239)

(S-6.240)

(S-6.241)
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