
Chapter S-8
Solutions for Chapter 8

S-8.1 Poynting Vector(s) in an Ohmic Wire

For symmetry reasons, the magnetic field is azimuthal and depends only on the
radial coordinate r. Applying Ampère’s law to a circular path of radius r < a around
the wire axis yields

2πrB =
4π
c
(πr2J) , (S-8.1)

which leads to
B =

2π
c
rσEφ̂ , (S-8.2)

where φ̂ is the azimuthal unit vector. Thus, the Poynting vector at a distance r from
the axis is

S =
c
4π

E×B = −r σ
2
E2 . (S-8.3)
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Fig. S-8.1

The energy flux ΦS ≡ Φ(S) through the sur-
face of a cylinder of radius r < a and length h
and coaxial to the wire is thus

ΦS =

∮
S ·dA = −2πrhS (r)

= −πr2hσE2 , (S-8.4)

where dA is the vector surface element of the
cylinder. The energy flows inwards, and is entirely dissipated into Joule heating
inside the cylinder volume, as we can check by calculating

W =
∫

J ·EdV = πr2hJE = πr2hσE2 , (S-8.5)
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300 Chapter S-8 Solutions for Chapter 8

where the integral is extended to the volume the cylinder. The equality W = −ΦS

satisfies Poynting’s theorem since there is no variation in time of the EM energy.
Note that, in the approximation of an infinitely long wire, the electric field is

uniform also for r > a (in the case of a finite wire of length 2h� a, this is a good
approximation in the central region for r� h, see Problem 4.9), while the magnetic
field B = 2πJa2/rc. Within this approximation, S = −(a2σE2/2r)r̂ for r > a, so that
the energy flux is independent of r and it is still equal to minus the total dissipated
power:

ΦS = −2πrhS (r) = −πa2hσE2 (r > a) . (S-8.6)

b) We must show that ∇ · (S−S′) = 0, i.e., that S−S′ = ∇× f, where f is a vector
function of the coordinates. Let us substitute E = −∇ϕ into (8.7)

S =
c
4π

E×B = − c
4π
∇ϕ×B . (S-8.7)

Now from the vector identity

∇× (ϕB) = ∇ϕ×B+ϕ∇×B = ∇ϕ×B+ϕ
(
4π
c
J
)

(S-8.8)

we obtain
∇ϕ×B = ∇× (ϕB)−ϕ

(
4π
c
J
)
, (S-8.9)

which can be substituted into (S-8.7), leading to

S = ϕJ− c
4π
∇× (ϕB) . (S-8.10)

Thus, we are free to redefine the Poynting vector as

S′ = ϕJ, (S-8.11)

since
S−S′ = ∇×

(
− c
4π
ϕB

)
. (S-8.12)
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Fig. S-8.2

We can show that S′ is equivalent to S by
computing its flux through the same cylindri-
cal surface as above. Since S′ is parallel to
the wire axis, only the two base surfaces con-
tribute to the flux ΦS ′ ≡Φ(S′)

http://dx.doi.org/10.1007/978-3-319-63133-2_4
http://dx.doi.org/10.1007/978-3-319-63133-2_8
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ΦS ′ = πa
2[−S (z)+S (z+h)]

= πa2J[ϕ(z+h)−ϕ(z)] . (S-8.13)

Since ϕ = −Ez, we finally obtain

ΦS ′ = πa
2[−S (z)+S (z+h)] = −πa2hJE , (S-8.14)

which gives again minus the total dissipated power.

S-8.2 Poynting Vector(s) in a Capacitor

a) The magnetic field has azimuthal symmetry, i.e., B = B(r) φ̂, and can be evaluated
from the equation c∇×B = ∂tE, which, with our assumption E = E0 t/τ, leads to

B(r) =
r
2c
∂tE =

r
2cτ

E0 . (S-8.15)

b) The corresponding Poynting vector S is

S =
c
4π

E ẑ× (B φ̂) = − r
8π

(E∂tE)
(
ẑ× φ̂

)
= −1

2
∂t

(
E2

8π

)
r. (S-8.16)

We evaluate the flux of S through the smallest closed cylindrical surface enclosing
our capacitor, shown in Fig. S-8.3. Since S is radial, only the lateral surface of the
cylinder contributes to the flux, and we have

Φ(S) = −2πahS (a) = −πa2h∂t
(
E2

8π

)
. (S-8.17)
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Fig. S-8.3

Quantity (E2+B2)/8π is the energy density asso-
ciated to the EM field, and, since in our case B
does not depend on time, is also the total EM
energy density inside the capacitor. Thus, Φ(S)
equals minus the time derivative of the energy
stored in the capacitor. For a general dependence
of Ez(t) on time, B is also time-dependent, and
the flux of S equals the time derivative of the
electrostatic energy to the first order, within the
slowly varying current approximation.

c) The electric potential is ϕ = −Ez. By substituting E = −∇ϕ into (8.7) we obtain

S =
c
4π

(−∇ϕ)×B = − c
4π

[∇× (ϕB)−ϕ∇×B]
. (S-8.18)

http://dx.doi.org/10.1007/978-3-319-63133-2_8
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Thus, the vector

S′ ≡ c
4π
ϕ∇×B = 1

4π
ϕ∂tE = S+

c
4π
∇× (ϕB) (S-8.19)

equals S plus the curl of a vector function, and is thus another suitable Poynting
vector. Since S′ is perpendicular to the capacitor plates, its flux through our closed
cylindrical surface is (see Fig. S-8.3)

Φ(S′) = πa2
[
S ′(z+h)−S ′(z)] = −πa2h

(
E∂tE
4π

)
= −πa2h∂t

(
E2

8π

)
,

(S-8.20)

in agreement with (S-8.17).

S-8.3 Poynting’s Theorem in a Solenoid

a) We take a cylindrical coordinate system with the z axis along the solenoid axis.
Inside an infinite solenoid the magnetic field is uniform and equals B = B ẑ =
(4π/c)nI ẑ. According to Faraday’s law of induction, the rate of change of B = B(t),
due to the time dependence of I = I(t), generates an electric field E associated to the
induced electromotive force. For symmetry reasons, the field lines of E are circles
coaxial to the solenoid, i.e., we have E = E(r) φ̂. Applying Faraday’s law to a circle
of radius r < a, coaxial to the solenoid, we have

2πrE(r) = −πr2 1
c
∂tB = −πr2 4πnI0

c2τ
, (S-8.21)

from which E(r) = −2πnI0r/(c2τ).
b) The Poynting vector inside the solenoid (r < a) is

S =
c
4π

E×B = −2π (nI0)
2 rt

(cτ)2
(φ̂× ẑ) = −2π (nI0)

2t

(cτ)2
r . (S-8.22)

Thus, the flux of S = S(r) through the surface of a closed cylinder of radius r and
height h is nonzero only through the lateral surface, and we have

Φ(S) = 2πrhS · r̂ = −
(
2πnI0r
cτ

)2
ht . (S-8.23)
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The magnetic energy enclosed by the cylinder surface is

UM = uMV =
B2

8π
πr2h = 2π2r2h

(nI0 t
cτ

)2
, (S-8.24)

where V is the volume of the cylinder, thus

dUM

dt
= 4π2r2ht

(nI0
cτ

)2
= −Φ(S) , (S-8.25)

according to Poynting’s theorem, since the electric field is constant in time, and
J ·E = 0 for r < a, i.e., inside the solenoid.
c) Outside the solenoid (r > a) we have B = 0. Correspondingly, also S = 0 and
Φ(S) = 0. The rate of change of the magnetic energy is given by (S-8.25) with r = a,
and must equal the volume integral of J ·E, which is the work done by the induced
field on the current flowing in the coils (notice that this is different from the electric
field driving the current and causing Joule heating in the coils, see Problem 13.18).
In our representation, the current is distributed on the surface r = a, thus Jd3r is
replaced by nI dS = nIadφdz in the integral, and E is evaluated at r = a. We thus
obtain

∫
V
J ·Ed3r =

∫
S
nI E(a)dS = −2πah

(
nI0

t
τ

)(2πnI0 a
c2τ

)

= −4πa2ht
(nI0
cτ

)2
= − dUM

dt

∣∣∣∣∣
r=R
. (S-8.26)

S-8.4 Poynting Vector in a Capacitor with Moving Plates

a)We use a cylindrical coordinate system (r,φ,z), with the z axis along the symmetry
axis of the capacitor, and the origin on the fixed plate. Thus, within the limits of our
approximations, the electric field is uniform and parallel to ẑ inside the capacitor,
whose capacitance is

C =
πa2

4πh(t)
=

a2

4(h0+ vt)
. (S-8.27)

In the case of the isolated plates the charge is constant and equal to Q0, while the
voltage between the plates V and the electric field E between the plates are, respec-
tively,

V =
Q0

C
= Q0

4(h0+ vt)

a2
, E =

V
h
=
4Q0

a2
. (S-8.28)

http://dx.doi.org/10.1007/978-3-319-63133-2_13


304 Chapter S-8 Solutions for Chapter 8

In the case of constant voltage between the plates, V = V0, the charge Q of the
capacitor and the electric field E are, respectively.

Q =CV0 = V0
a2

4(h0+ vt)
, E =

V0

h0+ vt
. (S-8.29)

In the case of constant charge, the electrostatic force between the plates Fes is also
constant and equals

Fes = −Q E
2
= −2Q

2
0

a2
, (S-8.30)

while in the case of constant voltage we have

Fes = −Q E
2
= −V2

0
a2

8(h0+ vt)2
, (S-8.31)

in both cases the minus signs means that the force is attractive. In both cases the
applied external force Fmech must cancel the electrostatic force, i.e., we must have
Fmech = −Fes, for the plates to move at constant velocity.
b) The electrostatic energy can be written as

U =
1
2
Q2

C
=
1
2
CV2 , (S-8.32)

so that at constant charge we have

U = Q2
0
2(h0+ vt)

a2
,

dU
dt
=
2vQ2

0

a2
> 0 , (S-8.33)

while at constant voltage we have

U = V2
0

a2

8(h0+ vt)
,

dU
dt
= − a2vV2

0

8(h0+ vt)2
< 0 . (S-8.34)

c)At constant charge, the electric fieldE= E0 ẑ is also constant, with E0 =Q0/(πa2),
therefore the displacement current density JD = ∂tE/c is zero. Also the conduction
current density JC is zero between the plates (actually, there is a conduction current
localized on the moving plate, we shall come back to this point below), so that also
the magnetic field B is zero between the plates.
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At constant voltage, the electric field is E = ẑV0/h(t) = ẑV0/(h0 + vt), implying
the presence of a displacement current along ẑ. The magnetic field can be calculated
by taking the path integral of B over a circumference of radius r < a coaxial with,
and located between, the plates, which equals the flux of the displacement current
through the enclosed circle. Due to the cylindrical symmetry of the system, the only
nonzero component of B is azimuthal, B = B(r, t) φ̂, and calculating its path integral
over the circle of radius r corresponding to a field line we have for B = B(r, t)

2πrB = −πr
2

c
∂tE = −πr

2

c
V0 v

(h0+ vt)2
, (S-8.35)

so that

B = − r
2c

V0 v

(h0+ vt)2
. (S-8.36)

d) At constant charge we have B = 0, and the Poynting vector S = (c/4π)E×B is
also zero. In this case, (S-8.30) and (S-8.33) tell us that the rate of work done against
the electric force Wmech

Wmech = Fmech · v = −Fes · v =
2Q2

0v

a2
(S-8.37)

equals the rate of change the electrostatic energy dU/dt. This rate of work must
also equal minus the integral of J ·E over the whole space, according to Poynting’s
theorem. We verify this at the end of this answer.

At constant voltage, the Poynting vector is radial, S = S r̂, and, according to
(S-8.29) and (S-8.36), we have

S = − c
4π

EzBφ =
V2
0 vr

8π (h0+ vt)3
. (S-8.38)

Evaluating the flux of S through the minimum closed surface enclosing the capaci-
tor, of lateral surface 2πa (h0+ vt), we obtain

ΦS = 2πa(h0+ vt)
V2
0 va

8π (h0+ vt)3
=

a2V2
0 v

4(h0+ vt)2
. (S-8.39)

Through (S-8.31) and (S-8.34) we can verify that

−ΦS =
dU
dt
+Fv . (S-8.40)
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Note also that, in this case, ΦS equals the power absorbed by the voltage source. In
fact, the current flowing through the circuit is

I =
dQ
dt
= − a2v

4(h0+ vt)2
V0 , (S-8.41)

where we have inserted the first of (S-8.29), corresponding to a power absorption
by the source

W = −V0 I =
a2v

4(h0+ vt)2
V2
0 =Φs . (S-8.42)

We avoided so far to discuss the role of the conduction current circulating in the
plates [the following discussion will require some familiarity with the distributions
δ(x) and Θ(x), where Θ(x) is the Heaviside step function, defined by Θ(x) = 1 for
x > 0 and Θ(x) = 0 for x < 0; notice that dΘ(x)/dx = δ(x)]. Let us consider the
constant charge case. Since the upper plate has a charge Q0 distributed on the surface
z = −h0+ vt and moves with velocity v, there is actually a current density

JC =
Q0

πa2
vδ(z−h0− vt) . (S-8.43)

On the other hand, the electric field between the plates may be written as

E = −4Q0

a2
[Θ(z)−Θ(z−h0− vt)] ẑ , (S-8.44)

where Θ(z) is the Heaviside step function, defined by Θ(z) = 1 for z > 0 and Θ(z) = 0
for z < 0. This expression takes into account the fact that at each time t the field
exists only in the 0 < z < vt region, so it is actually a time-dependent field. Since
dΘ(z)/dz = δ(z), the displacement current is

JD =
1
c
∂tE = −4Q0v

a2c
δ(z−h0− vt) ẑ = −4πc JC , (S-8.45)

so that the source term for the magnetic field (4π/c)JC +JD is zero. It also follows
that

JC ·E = − 1
4π

(∂tE) ·E = − 1
8π
∂tE

2 , (S-8.46)
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which ensures energy conservation, since the work done on the current equals the
rate of change of the electrostatic energy. In detail, we have

∂tE
2 =

(
4πσup

)2
∂tΘ(z−h0 − vt) = −v

(
4Q0

a2

)2
δ(z−h0 − vt) , (S-8.47)

thus

∫
JC ·Ed3r =

v (4πσ)2

8π

∫
δ(z−h0− vt)d3r

= 2π2a2σ2v =
2vQ2

0

a2
=
dU
dt
. (S-8.48)

S-8.5 Radiation Pressure on a Perfect Mirror

cτ

x

A
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Fig. S-8.4

a) We consider the case of perpendicular inci-
dence first, and choose a Cartesian reference
frame with the x axis perpendicular to the mir-
ror surface. The incident plane wave packet has
duration τ (with τ� 2π/ω, the laser period), cor-
responding to a length cτ, and propagates along
x̂. We want to calculate how much momentum is
transferred to an area A of the mirror surface dur-
ing the reflection of the whole wave packet. The
momentum transferred per unit time and area is
the pressure exerted by the radiation.

The momentum density of an EM field is
S/c2, where S = cE×B/4π is the Poynting vector. Thus the total momentum deliv-
ered by the incident wave packet on the area A is

pi =
〈
Si
c2

〉
cτA = x̂

I
c
τA (S-8.49)

where the angle brackets denote the average over one cycle, Si is the Poynting vector
of the incident packet, and I = |〈Si〉| is the intensity of the incident pulse (the average
flux of energy per unit time and area), according to Poynting’s theorem of energy
conservation.

The reflected wave packet carries a total momentum, over the area A,

pr =
〈
Sr
c2

〉
cτA = −x̂ I

c
τA (S-8.50)
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where Sr = −Si is the Poynting vector of the reflected packet. The momentum trans-
ferred to the mirror over the surface area A during the time interval τ is thus

Δp = pi−pr = |Δp| x̂ (S-8.51)

and the corresponding pressure is

Prad =
|Δp|
τA
= 2

I
c
. (S-8.52)

Using a similar heuristic argument, it is quite straightforward to find the radiation
pressure for oblique incidence at an angle θ from the normal to the mirror surface.
In fact, in this case the momentum transferred to the mirror along the normal is

Δp = pi−pr = 2x̂ I

c2
cτAcosθ = 2x̂

I
c
τAcosθ , (S-8.53)

and the area of incidence is now A/cosθ. Thus

Prad = |pi−pr|
cosθ
τA
= 2

I
c
τAcosθ

cosθ
τA
= 2

I
c
cos2 θ . (S-8.54)

b) The mechanical force on a closed system of charges, currents and fields is given
by the following integral over the volume of the system

Fmech =
dpmech

dt
=

∫
V

(

E+

1
c
J×B

)
d3r. (S-8.55)

From now on, we shall consider the case of perpendicular incidence only, and leave
the case of oblique incidence as a further exercise for the reader. In the present case,

 = 0 everywhere and only the magnetic term contributes. Thus, in plane geometry
the time-averaged force on a planar surface of area A is

〈Fmech〉 =
∫
+∞

0

〈
1
c
J×B

〉
Adx (S-8.56)

and is directed along x̂ for symmetry reasons.
The current in a perfect mirror is localized on the surface, where the magnetic

field is discontinuous. Here we assume that the wave fields B and E are parallel to ẑ
and ŷ, respectively. Let Ei(x, t) = ŷEi cos(kx−ωt) be the incident electric field. The
total field E(x, t) is the sum of Ei and the field Er(x, t) = −ŷEi cos(−kx−ωt) of the
reflected wave, so that E(0, t) = 0. Thus the total fields for x < 0 have the form of
standing waves
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Ey(x, t) = 2Ei sin(kx) sinωt , (S-8.57)

Bz(x, t) = 2Ei cos(kx)cosωt . (S-8.58)

The discontinuity of Bz leads to a surface current Jy = Ky δ(x) where

Ky = − c
4π

[
Bz(0

+, t)−Bz(0
−, t)

]
=

c
4π

Bz(0
−, t) =

c
2π

Ei cosωt , (S-8.59)

where we have used Stokes’ theorem and Bz(0+, t) = 0. The force per unit surface,
i.e., the pressure, is given by the surface current multiplied by the mean value of the
field across the current layer (the argument is identical to the one used for calculating
the electrostatic pressure on a surface charge layer in electrostatics):

Prad =

〈
Ky

1
2c

[
Bz(0

+, t)+Bz(0
−, t)

]〉
=

c
8π

〈
B2
z (0
−, t)

〉

=
c
8π

(
1
2
4 |Ei|2

)
= 2

I
c
, (S-8.60)

since Bz(0−, t) = 2Ei cosωt, and I = (c/4π)
(
|Ei|2/2

)
. This is equivalent to evaluate

the integral in (S-8.56) as

∫ +∞

0−
JyBzdx = −

∫ +∞

0−

(
c
4π
∂xBz− 1

4π
∂tEy

)
Bzdx = − c

4π

∫ +∞

0−
1
2
∂xB

2
zdx

=
c
8π

B2
z (0
−, t), (S-8.61)

where we used the fact that Ey = 0 and ∂tEy = 0 for x ≥ 0−.
c) The momentum conservation theorem (8.8) states that, for a closed system of
charges, currents and EM fields bounded by a closed surface S, the following bal-
ance equation holds:

d
dt

(pmech+pEM)i =
∮
S

∑
j

Ti j n̂ j d
2r , (S-8.62)

where i, j = x,y,z, Ti j is the Maxwell stress tensor, and n̂ j is the j component of
the outward-pointing unit vector locally normal to S. Thus, the integral on the right-
hand side is the outward the flux of the vector T · n̂ through S. In (S-8.62), pmech

is the mechanical momentum of the system, while the momentum associated to the
EM field is

pEM =

∫
V
gd3r , (S-8.63)

http://dx.doi.org/10.1007/978-3-319-63133-2_8
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where g = S/c2 is the momentum density (8.9), and the integral is evaluated over
the volume bounded by S.

In our case, we take the front surface A of the mirror and close it by adding a
surface extending deep into the mirror, where the fields are zero. Thus, the amount
of EM momentum which flows into the mirror (and “transformed” into mechanical
momentum) is given by the integral

∫
A

∑
j

Ti j n̂ jd
2r = A

∑
j

Ti j(0
−, t) n̂ j . (S-8.64)

The radiation pressure on the mirror is the time-averaged momentum flow per unit
area,

Prad =
〈∑

j T1 j(0−, t) n̂ j

〉
= −〈T11(0−, t)〉, (S-8.65)

since, in our case, n̂ = (−1,0,0). Thus we actually need to evaluate T11(0, t) only:

T11(0, t) = − 1
8π

B2
z (0
−, t) . (S-8.66)

The radiation pressure is thus

Prad = −〈T11(0, t)〉 = 1
8π

〈
B2
z (0
−, t)

〉
=

1
4π
|Ei|2 = 2 Ic . (S-8.67)

S-8.6 Poynting Vector for a Gaussian Light Beam

a) The divergence of the electric field in vacuum is zero. With our geometry, this
means that, since we have assumed Ey = 0, we have

0 = ∇ ·E = ∂xEx +∂zEz . (S-8.68)

From (S-8.68) and (8.14) we obtain

∂zEz = −∂xEx = −2E0 xe
−r2/r20 cos(kz−ωt) , (S-8.69)

where the divergence is calculated in the generic point (x,y,z), and we have used
r2 = x2+ y2. Integrating with respect to z, we have

Ez = −E0
2x

kr20
e−r

2/r20 sin(kz−ωt) . (S-8.70)

Analogously, we obtain for the longitudinal component of B

http://dx.doi.org/10.1007/978-3-319-63133-2_8
http://dx.doi.org/10.1007/978-3-319-63133-2_8
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Bz = −B0
2y

kr20
e−r

2/r20 sin(kz−ωt) . (S-8.71)

Let us verify if these fields are consistent with Maxwell’s equations. First, we check
if ∂tEz = c (∇×B)z = c∂xBy holds. We have

∂xBy = −B0
2x

r20
e−r

2/r20 cos(kz−ωt) , (S-8.72)

∂tEz = −E0ω
2x

kr20
e−r

2/r20 cos(kz−ωt) , (S-8.73)

which implies B0 = (ω/kc)E0 = E0. Analogously we can check that ∂tBz = −c (∇×
E)z.
b) The Poynting vector is

S =
c
4π

E×B = c
4π

(
x̂EzBy− ŷExBz+ ẑExBy

)
, (S-8.74)

and its components overaged over one cycle are

〈
S x

〉
=

c
4π

2x

kr20
E2
0 e
−2r2/r20 〈sin(kz−ωt)cos(kz−ωt)〉 = 0 , (S-8.75)

〈
S y

〉
= − c

4π
2y

kr20
E2
0 e
−2r2/r20 〈cos(kz−ωt) sin(kz−ωt)〉 = 0 , (S-8.76)

〈
S z

〉
=

c
4π

E2
0 e
−2r2/r20

〈
cos2(kz−ωt)

〉
=

c
8π

E2
0 e
−2r2/r20 . (S-8.77)

Thus, we can define the local intensity and the total power of the beam as

I(r) = 〈S z〉 , P =
∫ ∞

0
I(r)2πrdr . (S-8.78)

c) We have

∇2Ex =
1
r
∂

∂r

(
r
∂Ex

∂r

)
− ∂

2Ex

∂z2
=

⎡⎢⎢⎢⎢⎢⎣ 4r20
⎛⎜⎜⎜⎜⎜⎝ r

2

r20
−1

⎞⎟⎟⎟⎟⎟⎠− k2
⎤⎥⎥⎥⎥⎥⎦Ex (S-8.79)

(see Table A.1 for the Laplacian operator in cylindrical coordinates; notice that here
the fields are independent of φ). We can easily check that (∇2 +ω2/c2)Ex � 0; the
“extra” terms being of the order of ∼ 1/(kr0)2. Thus we expect our approximate
expressions for the fields to be accurate as long as r0� 1/k = λ/2π, i.e., if the beam
is much wider than one wavelength.

It is known that a beam with finite width actually undergoes diffraction. The
width of a Gaussian beam doubles after a typical distance, called Rayleigh length,
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rR = kr20. This corresponds to an aperture angle

θd 
 r0
zR
=

1
kr0

 λ
r0
. (S-8.80)

It might be interesting to notice that this result may be inferred from the values
for the longitudinal field components obtained at point a). In fact, the beam may be
obtained as a linear superposition of plane waves of the same frequency but different
wavevectors. For the plane wave, the electric and magnetic field are perpendicular to
the wavevector k. Thus, the typical ratio Ez/Ey ∼ 2/(kr0) (at r = r0) also corresponds
to a typical value kx/kz ∼ 2/(kr0), which should determine the typical angular spread
of the wavevector spectrum, hence the spreading angle of the beam.

S-8.7 Intensity and Angular Momentum of a Light Beam

a) First, we define the shorthand symbols C = cos(kz−ωt), S = sin(kz−ωt), and
E′0 = ∂rE0(r), that we shall use throughout the solution of the problem. We have for
the intensity of the beam

I(r) ≡ S z =
c
4π

(ExBy−EyBx) =
c
4π

E2
0(r) [CC− (−S S )]

=
c
4π

E2
0(r)

[
C2+S 2

]
=

c
4π

E2
0(r) . (S-8.81)

b) The divergence of the fields in vacuum must be zero. For the electric field we
have

0 = ∇ ·E = ∂xEx +∂yEy+∂zEz , (S-8.82)

thus
∂zEz = −∂xEx −∂yEy = − xr E

′
0(r)C+

y
r
E′0(r)S ,

and, integrating with respect to z,

Ez = − 1
kr

E′0(r)
[
xS + yC

]
. (S-8.83)

Analogously, we can evaluate Bz:

∂zBz = −∂xBx −∂yBy = − x
rc

E′0(r)S −
y
rc

E′0(r)C ,

Bz = +
1
krc

E′0(r)
[
xC− yS ]

. (S-8.84)

c) The x and y components of the Poynting vector are
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S x =
c
4π

(EyBz −EzBy)

=
c
4π

{
(−E0S )

[
E′0
krc

(xC− yS )
]
−

[
−E
′
0

kr
(xS + yC)

]
1
c
E0C

}

=
c
4π

E0E′0
kr

(
−xSC+ yS 2 + xSC+ yC2

)
=

c
4π

E0E
′
0
y
kr
. (S-8.85)

S y =
c
4π

(EzBx −ExBz)

=
c
4π

{[
−E
′
0

kr
(xS + yC)

]
1
c
E0S − (E0C)

[
E′0
krc

(xC− yS )
]}

=
c
4π

E0E′0
kr

(
−xS 2 − yCS − xC2 + yCS

)
= − c

4π
E0E

′
0
x
kr

(S-8.86)

Since we have

c
4π

E0(r)E
′
0(r) =

c
8π
∂rE

2
0(r) =

1
2
∂rI(r) , (S-8.87)

the Poynting vector can be written

S =
( y
2kr
∂rI(r), − x

2kr
∂rI(r), I(r)

)
. (S-8.88)

Assuming a Gaussian beam, we have E0(r) ∝ e−r
2/r20 , and S x,y ∝ S z/(kr0) ∝ θd S z,

with θd the diffraction angle of (S-8.80).
d) We have

�z =
1

c2
(xS y− yS x) =

−x2− y2
2krc2

∂rI(r) = − r

2kc2
∂rI(r)

= − r
2cω
∂rI(r). (S-8.89)

We eventually obtain the total angular momentum by integrating the above expres-
sion by parts,

Lz =
∫ ∞

0
�z(r)2πrdr = −

∫ ∞

0

r
2cω
∂rI(r)2πrdr

=
1
cω

∫ ∞

0
I(r)2πrdr =

W
cω
. (S-8.90)
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S-8.8 Feynman’s Paradox solved

a
B(t)

z

Fig. S-8.5

a) We use a cylindrical coordinate system (r,φ,z)
with the cylinder axis as z axis. The induced elec-
tric field Eind has azimuthal symmetry, i.e., Eind =

Eφ(r, t)φ, and can be obtained from Faraday’s law by
equating its line integral over the circumference of
radius r to the temporal derivative of the magnetic
field flux through the circle:

Eφ = − r
2c
∂tBext(t) . (S-8.91)

(We assumed the slowly varying current approxima-
tion, whose validity is ensured by the t f � a/c con-
dition.)

On an infinitesimal surface element of the cylindrical surface dS = adφdz the
induced electric field exerts a force

df = φd f = φσEφ(r = a)dS = −φσ a
2c
∂tBext(t)dS , (S-8.92)

where σ = Q/(2πa) is the surface charge density. The corresponding mechanical
torque is dτ= ẑad f . By integrating over the whole surface of the cylinder we obtain
for the total torque

τ = −πa
3hσ
c
∂tBext(t) . (S-8.93)

The equation of motion for the rotation of the cylinder is

I dω
dt
= τ = −πa

3hσ
c
∂tBext(t) , (S-8.94)

with solution (the total time derivative being trivially equivalent to the partial deriv-
ative when applied to Bext(t))

ω(t) = −πa
3h
Ic σ

[
Bext(t)−Bext(0)

]
= −a

2Q
2Ic

[
Bext(t)−Bext(0)

]
. (S-8.95)

The angular momentum is Lc(t) = Iω(t). The final values depend only on the initial
value of Bext and not on its temporal profile,

ω(t f ) = − a2

2Ic QB0 . (S-8.96)
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b) The rotation of the charged cylinder leads to a surface current K at r = a,

K = σv = σaω φ̂ . (S-8.97)

This current generates a uniform magnetic field Bind inside the long cylinder (equiv-
alent to a solenoid where nI = K),

Bind =
4π
c
Kẑ =

4π
c
σaω . (S-8.98)

We now proceed as in point a) but adding the induced field Bind to the external field
Bext:

I dω
dt
= τ = −πa

3hσ
c
∂t [Bext(t)+Bind(t)]

= −a
2Q
2c
∂t

[
Bext(t)+

4π
c
σaω

]

= −a
2Q
2c
∂tBext(t)− a2Q2

hc2
dω
dt
, (S-8.99)

which can be rewritten as

I′ dω
dt
= τ = −πa

3hσ
c
∂tBext(t) , (S-8.100)

I′ = I+ a2Q2

hc2
. (S-8.101)

Equation (S-8.100) is identical to (S-8.94) but for the replacement I → I′, which
means that the effects of the rotation-induced magnetic field Bind are equivalent to
an additional inertia of the cylinder. The final velocity becomes

ω′(t f ) = − a2

2I′c QB0 . (S-8.102)

Notice that the total magnetic field does not vanish inside the cylinder at t = t f , being
equal to the induced field

Btot(t f ) = Bind(t f ) =
4π
c
σaω′(t f ) . (S-8.103)

c) For a magnetic field B = Bzẑ and a configuration with cylindrical symmetry the
density of EM angular momentum (8.18) becomes

� ≡ r×g = − 1
4π

rErBzẑ . (S-8.104)

http://dx.doi.org/10.1007/978-3-319-63133-2_8
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The contribution of the induced electric field Eφ vanishes in the vector product.
However, the angular momentum is not zero because of the radial electrostatic field
inside the cylinder, which is easily found from Gauss’s theorem:

Er(r) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2λ
r
= −2Q

hr
(r < a)

0 (r > a)
. (S-8.105)

Thus, � � 0 inside the cylinder (r < a). The total EM angular momentum is thus

LEM =
1
4π

Bz

∫ a

0
r
2λ
r
2πrhdr =

1
2
Bzλha

2ẑ =
Qa2

2
B . (S-8.106)

Notice that B represents the total field inside the cylinder and that the equation for
LEM is valid at any time. Now, (S-8.95) can be rewritten (using the total field) as

Iω(t)+ a2Q
2c

Bext(t) =
a2Q
2c

Bext(0) , (S-8.107)

which is equivalent to

Lc(t)+LEM(t) = LEM(0) , (S-8.108)

thus showing that the total angular momentum of the system is conserved, since
Lc(0) = 0. The “paradox” thus consists in ignoring that a static EM field can contain
a finite angular momentum. Similar considerations hold for Problem 6.6 where,
however, the EM angular momentum is more difficult to calculate.1

S-8.9 Magnetic Monopoles

a) We build a magnetic dipole m by locating two magnetic charges (magnetic
monopoles) +qm and −qm at a distance h from each other, so that m = qmh. The
magnetic field at distances r � h can be evaluated from (8.19), using the same
approximations as for the field of an electric dipole, obtaining

Bdip = α
(m · r̂) r̂−m

r3
. (S-8.109)

1The present explanation of Feynman’s “paradox” is taken from J. Belcher and K. McDonald
(http://cosmology.princeton.edu/∼mcdonald/examples/feynman cylinder.pdf) who further discuss
subtle aspects of this problem.

http://dx.doi.org/10.1007/978-3-319-63133-2_6
http://dx.doi.org/10.1007/978-3-319-63133-2_8
http://cosmology.princeton.edu/~mcdonald/examples/feynman_cylinder.pdf
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On the other hand, the field of a usual magnetic dipolem = IS, consisting of a small
circular loop of surface S carrying a current I, with the head of S pointing so that it
“sees” I circulating counterclockwise, is

Bdip = km
(m · r̂) r̂−m

r3
. (S-8.110)

Comparing the formulas, we obtain α = km, i.e., α = μ0/4π = 1/4πε0c2 in SI units,
and α = 1/c in Gaussian units.

The magnetic force on an electric charge qe, moving with velocity v in the pres-
ence of a magnetic field B, is fL = qe bm v×B. The force exerted by a magnetic field
B on a magnetic monopole of charge qm is fm = qmB. Thus the physical dimensions
of the magnetic charge qm are

[qm] = [qe bm v] =

{
[qe v] , SI
[qe] , Gaussian

(S-8.111)

i.e., the same physical dimensions as an electric charge in Gaussian units, and the
dimensions of an electric charge times a velocity in SI units.
b) In analogy with the equation ∇ ·E = 4πke 
e, where 
e is the volume density of
electric charge, Maxwell’s equation ∇ ·B = 0 is modified as

∇ ·B = 4πkm 
m =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
μ0 
m SI
4π
c

m Gaussian,

(S-8.112)

where 
m is the volume density of magnetic charge. Equation (S-8.112) can be
proved by first observing that, in the presence of magnetic charges, Gauss’s law
for the magnetic field is

∮
B ·dS = 4πkmQm = 4πkm

∫

m d3x , (S-8.113)

where the flux of B is evaluated through any closed surface, and Qm is the net mag-
netic charge inside the surface, then applying the divergence theorem.

The conservation of magnetic charge is expressed by the continuity equation

∇ ·Jm = −∂t
m . (S-8.114)

Maxwell’s equation for ∇×E (describing Faraday’s law of induction) must be com-
pleted in order to take the magnetic current density into account, by writing

∇×E = ηJm−bm ∂tB . (S-8.115)
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The constant η can be determined, for instance, by applying the divergence operator
to both sides of the equation, remembering the divergence of the curl of any vector
field is always zero,

0 = ∇ · (∇×E) = η∇ ·Jm−bm ∂t∇ ·B = η∇ ·Jm−4πkm ∂t
m,
(S-8.116)

from which η = −4πkm follows. We thus obtain

∇×E = −4πkmJm−bm∂tB =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
−μ0Jm−∂tB , SI

−4π
c
Jm− 1

c
B , Gaussian.

(S-8.117)

c) We choose a cylindrical reference frame (r,φ,z) with the z axis coinciding with
the axis of the beam. Because of the cylindrical symmetry of our magnetic charge
distribution, the only non-zero component of the magnetic field is Br. Applying
Gauss’s law to a cylindrical surface coaxial with the beam we obtain

Br =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2πkmnqmr , r � a
2πkmnqma2

r
, r � a .

(S-8.118)

The electric field E is solenoidal and can be obtained by applying Kelvin-Stokes
theorem to a circular path of radius r coaxial with the beam

∮
E ·d� = 2πrEφ =

∫
∇×E ·dS =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−πr24πkmnqmv , r � a

−πr24πkmnqm a2

r
v , r � a ,

(S-8.119)

leading finally to

Eφ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2πkmnqmvr if r ≤ a
2πkmnqmva2

r
if r ≥ a . (S-8.120)

Thus, for instance for r � a, we have

Eφ =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

μ0nqmvr
2

, SI
2πnqmvr

c
, Gaussian.

(S-8.121)
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