
Chapter S-9
Solutions for Chapter 9

S-9.1 The Fields of a Current-Carrying Wire

a) In the S reference frame the wire generates an azimuthal magnetic field B =
Bφ(r) φ̂. In cylindrical coordinates we have Bφ = Bφ(r) = (2I/rc). The Lorentz force
on the charge q is

F = q
v
c
×B = r̂Fr = −r̂qBφ(r) vc = −r̂

2qIv

rc2
. (S-9.1)
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The S ′ frame moves with velocity v with
respect to S . Applying the Lorentz transfor-
mations, in S ′ the force on q is F′ = r̂F′r =
r̂γFr (where γ = 1/

√
1−β2, and β = v/c with

v = |v|), see Fig. S-9.1. Since q is at rest in S ′,
the force F′ is due to the electric field E′ only,
with E′ = r̂E′r = r̂F′r/q. This corresponds to
the transformation E′⊥ = r̂E′r = −r̂γβBφ or, in
vector form,

E′⊥ = γ (β×B) , (S-9.2)

where the subscript “⊥” refers to the direction
perpendicular to v. At the limit |v| � c (for
which F = F′) we get E′⊥ � β×B, which is
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320 S-9 Chapter Solutions for Chapter 9

correct up to first order in β = v/c, and may be called the “Galilei” transformation
of the field. The electric field1

E′r = −γβBφ(r′) = −2γβI/(r′c) (S-9.3)

is generated by a uniform linear charge density λ′ = −βγI/c on the wire, as can be
easily verified by applying Gauss’s law. Thus the wire is negatively charged in S ′.2

Since the force is purely magnetic in S and purely electric in S ′, at this point we
cannot say much about the magnetic field in S ′.
b) We know that J = (ρc,J) is a four-vector. The cross-section W of the wire is
invariant for a Lorentz boost along the wire axis, thus the linear charge density
λ =Wρ and the electric current I =WJ transform like ρ and J. Therefore the linear
charge density of the wire in S ′ is

λ′ = γ
(
λ−β I

c

)
= −γβ I

c
, (S-9.4)

which, according to Gauss’s law, generates the radial electric field E′r = 2λ′/r, in
agreement with our result of point (a). We also obtain the current intensity in S ’,

I′ = γ(I−βcλ) = γI , (S-9.5)

which generates the magnetic field B′φ = 2I
′/(r′c) = γBφ.

The same results can be obtained through the transformation of the four-potential
(φ,A). In S , we have obviously φ = 0, since there is no net charge, while the vector
potential A satisfies the equation

∇2A = −4π
c
J (S-9.6)

1In general, the complete transformation is E′⊥(r′, t) = γβ×B[r(r′, t′), t(r′, t′)], where r = r(r′, t′)
and t = t(r′, t′), according to the Lorentz transformations of the coordinates. Since in cylindrical
coordinates Bφ depends on r only, and for the coordinates in the plane transverse to the boost
velocity r′⊥ = r⊥, in the present case we have the trivial transformation r′ = r.
2It might seem that the law of charge conservation is violated in the transformation from S to
S ′. Actually, this a consequence of the somewhat “pathological” nature of currents which are not
closed in a loop, as in the case of an infinite wire. In fact, strictly speaking, the infinite current-
carrying wire is not a steady system, since charges of opposite sign are accumulating at the two
“ends” of the wire, i.e., at z = ±∞. If we introduce “return” currents to close the loop in S , e.g.,
if we assume the wire to be the inner conductor of a coaxial cable, or if we add a second wire
carrying the current −I at some distance, we find that the return currents would appear as opposite
charge densities in S ′, as required by charge conservation.
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Thus, A is parallel to the wire and its only non-zero component is Az, which can be
evaluated from the equation

∇2Az = −4πc I δ(r) . (S-9.7)

This is mathematically identical to the Poisson equation for the electrostatic poten-
tial of a uniformly charged wire, thus the solution is

Az = −2Ic ln
( r
a

)
, (S-9.8)

where a is an arbitrary constant. It is straightforward to verify that Bφ = −∂rAz.
The scalar potential in S ′ is

φ′ = γ(φ−βAz) = −γβAz = −2γβIc
ln
( r
a

)
,= −2λ′ ln

( r
a

)
, (S-9.9)

where λ′ = −βγI/c. The electric field is evaluated from E′ = −∇φ′, obtaining the
same result of point a). For the vector potential in S ′, trivially A′z = γ(Az−βφ) = γAz

from which we get B′φ = γBφ again.
These results are in agreement with the explicit formulas for the transformation

of the EM field (9.3), which, in our case, lead to E′ = γβ×B and B′ = γB.
c) Let us first consider the linear charge densities of both ions (λi = ZeniW) and elec-
trons (λe = −eneW) in S , where 	 and ne are the ion and electron volume densities,
respectively. Since there is no net charge on the wire in S , we have λi = −λe.

Let us evaluate the charge densities λ′i and λ
′
e in S ′ from relativistic kinematics.

In S , a wire segment of length ΔL carries an ion charge ΔQ = λiΔL. In S ′, the
segment has the same charge as in S (the charge is a Lorentz invariant), but the
length undergoes a Lorentz contraction, ΔL′ = ΔL/γ. Thus we have a higher charge
density λ′i = ΔQ/ΔL

′ = γλi. This is a quite general result: in a frame where a fluid
moves at velocity v, the fluid has a higher density (by a factor γ) than in its rest
frame.

On the other hand, the electrons are not at rest in S : they move along the wire
with a velocity ve < 0 such that I = −eneveW = λeve = −λive. Thus, their density is

already higher by a factor γe = 1/
√
1− v2e/c2 than the density λe0 in the rest frame

of the electrons: we have λe0 = λe/γe. In S ′, the electrons drift with a velocity v′e

v′e =
ve− v

1− vev/c2 , (S-9.10)

http://dx.doi.org/10.1007/978-3-319-63133-2_9
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according to Lorentz transformations. Thus, the electron density in S ′ is

λ′e = γ′eλe0 =
γ′e
γe
λe , (S-9.11)

where γ′e = 1/
√
1− v′2e /c2. The expression for γ′ can be put in a more convenient

form by some algebra:

γ′e =
1

√√√√√
1− (ve− v)2

c2
(
1− vev

c2

)2

=

√√√√√√√√√√

(
1− vev

c2

)2

(
1− vev

c2

)2
− (ve− v)2

c2

=

(
1− vev

c2

) 1
√

1−2 vev
c2
+
v2ev

2

c4
− v2e
c2
+2

vev

c2
− v2

c2

=

(
1− vev

c2

) 1
√(

1− v2e
c2

)(
1− v2

c2

)

=

(
1− vev

c2

)
γeγ . (S-9.12)

We thus obtain for the total charge density in S ′

λ′ = λ′i +λ
′
e = λi

(
γ− γ

′
e

γe

)
= λiγ

(
1−1+ vev

c2

)
= λiγ

vev

c2

= −γv I

c2
, (S-9.13)

as previously found on the basis of Lorentz transformations for the forces, charge
and current densities, and EM fields.

It might be interesting to remark that there is an issue of charge conservation
already in the S frame. The wire is electrically neutral, thus its ion and electron
charge densities are exactly equal and opposite when it is disconnected from any
voltage or current source, and in the absence of external fields. Now assume that we
drive a steady current I through the wire, keeping the conduction electrons in motion
with a velocity ve along the wire axis. If the wire is still electrically neutral, as we
assumed, the absolute values of the charge densities of ions and electrons must still
be equal and opposite. However, while the charge density of the ions, at rest, has
not changed, the charge density of the moving electrons undergoes a “relativistic
increase” by a factor γe. If the total charge density does not change (the wire must
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still be neutral), some electrons must have left the wire.3 We can explain where
the missing electrons have gone only by recalling that the wire is not “open”, but
must be part of a closed current loop, with specific boundary conditions and how
the circuit is closed.

S-9.2 The Fields of a Plane Capacitor

a) We choose a Cartesian coordinate system with the y axis perpendicular to the
plates, so that the lower plate is at y = 0 and the upper plate at y = h, and the x axis
parallel to v, so that v = βc x̂. The only non-vanishing component of the EM field in
S is Ey = 4πσ. By applying a Lorentz transformation we find for the fields in S ′

E′y = γEy = 4πγσ , B′z = −βγEy = −4πβγσ . (S-9.14)

b) In S ′ the electric field E′y is generated by the surface charge densities ±σ′ =
±E′y/4π = ±γσ on the capacitor plates. Similarly, the magnetic field B′z is generated
by the two surface current densities ±K′ = ±K′x x̂ with K′x = cB′z/(4π) = −βγσc,
flowing on the two capacitor plates.

These results are in agreement with the Lorentz transformation of the four-vector

Kμ = (cσ,K) . (S-9.15)

We can check that Kμ is actually a four-vector, by imagining two volume four-
current densities Jμ = (cρ,±J) distributed over the two thin layers, |y| < δ/2 and
|h− y| < δ/2, around the capacitor plates, such that σ = ρδ and K = Jδ. Since δ is
invariant for transformations with velocity parallel to J, it follows that also Kμ ≡ Jμδ
transforms as a four-vector:

σ′ = γ(σ−βKx/c) = γσ , K′x = γ(Kx −βcσ) = −βγσc . (S-9.16)

c) In S there is a perpendicular force per unit surface p = σEy/2 = 2πσ2 on the
internal surfaces of the plates, such that the plates attract each other. In S ′, the
force per unit surface is the sum of two terms of electrostatic and magnetic nature,
respectively,

p′ =
1
2
σ′E′y+

1
2
K′xB′z = 2πσ2γ2−2πσ2β2γ2 = 2πσ2γ2(1−β2) = 2πσ2

= p . (S-9.17)

3Of course, the effect is negligibly small for ordinary conduction in metals, for which the typical
electron velocities ve are of the order of 10−10 c. On the other hand, this issue if very important for
relativistic hydrodynamics, i.e., for contexts where fluids move at velocities close to c.
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The invariance of p is also proven from the equivalent expression

p′ =
1
8π

E
′2
y −

1
8π

B
′2
z =

1
8π

(E
′2−B′2) , (S-9.18)

which is a Lorentz invariant.
In S , the total force is F = pA. In S ′, due to the Lorentz contraction of lengths,

A′ = (L/γ)L = A/γ, so that F′ = p′A′ = pA/γ = F/γ.

S-9.3 The Fields of a Solenoid

a) We choose a Cartesian reference frame with the solenoid axis as z axis, and the
x axis such that v = vxx̂. In addition, we shall also use a cylindrical reference frame
sharing the z axis with the Cartesian frame, and with the azimuthal coordinate φ
such that the φ = 0 plane coincides with the xz plane. In S , the magnetic field inside
the solenoid is longitudinal and uniform, B = B ẑ, with B = 4πnI/c, and the force on
q is F = qv×B/c = −qβB ŷ.

In the S ′ frame the charge q is at rest, thus the force on it must be due to an
electric field only. According to the Lorentz transformations of the fields we have

E′x = Ex = 0 , B′x = Bx = 0 ,

E′y = γ(Ey−βBz) = −γβB , B′y = γ(By+βEz) = 0 ,

E′z = γ(Ez+βBy) = 0 , B′z = γ(Bz−βEy) = γB , (S-9.19)

and the force on q is thus F′ = qE′y ŷ = −qγβBz ŷ = γF.

b) Since we are assuming β� 1, we have γ = 1/
√
1−β2 = 1+β2/2+ · · · � 1 up to the

first order in β, and we can neglect the relativistic contraction of lengths. Thus the
cross-section of the solenoid remains circular in S ′ to within our approximations.
The electric field outside the solenoid is zero (we discuss this point further below),
thus the electric field component perpendicular to the solenoid winding surface is
discontinuous, implying the presence of surface charge density σ′. We have from
Gauss’s theorem

σ′ =
E′⊥
4π
=

E′y
4π

sinφ = −β B
4π

sinφ = −βn I
c
sinφ , (S-9.20)

where the subscript ⊥ means perpendicular to the solenoid winding surface.
This result is in agreement with the transformation laws for the four-vector Kμ =

(cσ,K), where K is the surface current density on the walls of the solenoid (see
Problem 9.2). In S we have K = nIφ̂ = nI(−x̂ sinφ+ ŷ cosφ), and in S ′

σ′ = γ
(
σ−βKx

c

)
� −βKx

c
= βn

I
c
sinφ . (S-9.21)

http://dx.doi.org/10.1007/978-3-319-63133-2_9
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A surface charge density varying as sinφ on the lateral surface of an infinite
cylinder generates a uniform electrostatic field inside the cylinder, as seen in
the solution of Problem 3.11. But there we also saw that surface charge density

E

φ

a

B

− b

C

Fig. S-9.2

generates a “two-dimensional dipole” field out-
side the cylinder. This might seem in contradic-
tion with the fact that, since the external EM
field is zero in the S frame, it must be zero
in S ′ as well. But there are not only static
fields in S ′, because the transverse motion of
the solenoid generates a time-dependent mag-
netic field, which, in turn, is related to a non-
conservative electric field and to boundary con-
ditions which are different from the static case.
We start by noting that an electric field that is
uniform (and nonzero) inside the solenoid, and
zero outside, is not conservative. Let us choose a rectangular path C of sides a and b
crossing the solenoid winding as in Fig. S-9.2. The path C is at rest in S ′, while the
solenoid moves toward the left with velocity −v. At t = 0 the upper side of length
a is tangent to the winding at its central point, and a is sufficiently small for the
enclosed winding arc to be well approximated by a straight line segment. We also
have b� a. The field E′ is not conservative because the line integral of E′ along C
does not vanish:

∮

C
E′ ·d� = E′‖ a = E′y acosφ . (S-9.22)

This is consistent with the fact that the flux of B′ through the rectangle enclosed
by the path C is time-dependent. The winding arc enclosed by the rectangle moves
towards the lower side of length a with velocity vcosφ, and the flux of B′ through
the rectangle is

ΦC(B′) =
∫

C
B′ ·dS = B′a[b− (vcosφ) t] , (S-9.23)

corresponding to a line integral

− 1
c
dΦC(B′)

dt
=
v
c
B′acosφ = E′yacosφ , (S-9.24)

in agreement with (S-9.22).

S-9.4 The Four-Potential of a Plane Wave

a) The fields of the plane wave may be written in complex notation as

http://dx.doi.org/10.1007/978-3-319-63133-2_3
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E = ŷE0 e
ikx−iωt , B = ẑB0 e

ikx−iωt , (S-9.25)

with E0 = B0. A vector potential of the form A = ŷA0 eikx−iωt generates an electric
field along ŷ and a magnetic field along ẑ given by

E = −1
c
∂tA−∇ϕ, B = ∇×A . (S-9.26)

In the absence of electric charges we have ϕ ≡ 0, and we obtain from (S-9.26)

A0 = − ic
ω
E0 , A0 = − ik B0 , (S-9.27)

which are equivalent since ω = kc. The vector potential A = ŷA0 eikx−iωt obviously
satisfies the wave equation in vacuum, and also respects the Lorenz gauge condition.
b) The Lorentz transformations from S to S ′ give ω′ = γω (transverse Doppler
effect), and k′x = kx = k, k′y = −ω′v/c2 = −γβkx. The nonzero components of the
fields in S ′ are E′y = Ey, E′x = γβBz, and B′z = γBz. We may thus write

E′ = (x̂γβ+ ŷ)E0 e
i(k′xx′+k′yy′−ω′t′) , B′ = ẑγB0e

i(k′xx′+k′yy′−ω′t′) , (S-9.28)

The polarization is linear and directed along the unit vector ε = βx̂+ ŷ/γ.
c) Assuming ϕ′ = 0, we have in S ′

E′ = −1
c
∂′tA′ , B′ = ∇′ ×A′ , (S-9.29)

which are both satisfied if we choose

A′ = − c
ω′

E′ =
(
x̂β+ ŷ

1
γ

)
A0 e

i(k′xx′+k′yy′−ω′t′) , (S-9.30)

being ω′ = γω.
d) The Lorentz transformation from S to S ′ for the four-potential Aμ = (ϕ,A) =
(0,0,Ay,0) gives

Ā′μ = (−γβAy,0,γAy,0) ≡ (ϕ̄′,0, Ā′y,0) . (S-9.31)

The fields derived from this four-potential are
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Ē′x = −∂′xϕ̄′ = −ik′xϕ̄′ = ikcγβAy = γβ(iωAy) = γβEy = E′x , (S-9.32)

Ē′y = −
1
c
∂′t Ā′y−∂′yϕ̄′ = i

ω′

c
Ā′y− ik′yϕ̄′ = i

(
γ
ω

c

)
γAy− i(−γβk)(−γβc)Ay

= i
ω

c
γ2
(
1−β2

)
Ay = Ey = E′y , (S-9.33)

B̄′z = ∂′xĀ′y = ik′xĀ′y = ikγAy = γBz = B′z , (S-9.34)

in agreement with the results of point c).
e) The expressions A′μ = (0,A′) and Ā′μ = (ϕ̄′, Ā′) are two possible choices for the
four-potential. Thus they must differ at most by a gauge transformation, i.e., there
must be a scalar function f = f (x′, t′) such that

A′ = Ā′+∇′ f , ϕ′ = ϕ̄′ − 1
c
∂′t f . (S-9.35)

Since ϕ′ = 0 we find ∂′t f /c = ϕ̄′, i.e.,

f =
c
ω′
ϕ̄′ = − ic

ω′
γβAy , (S-9.36)

Now, since

∇′ f = (x̂ ik′x + ŷ ik′y) f =
(
x̂β− ŷγβ2

)
Ay , (S-9.37)

we also have that

Ā′+∇′ f =
[
x̂β+ ŷ

(
γ−γβ2

)]
Ay =

(
x̂β+ ŷ

1
γ

)
Ay = A′ . (S-9.38)

S-9.5 The Force on a Magnetic Monopole

a) In the reference frame S ′, where the magnetic monopole is at rest (v′ = 0), the
magnetic field is

B′ = −γ v
c
×E , (S-9.39)
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thus the force on the monopole is F′ = qmB′. On the other hand we must have
F′ = γF, since F is perpendicular to v, so that in the laboratory frame S we have

F =
qm
γ

B′ = −qm v
c
×E , (S-9.40)

which proves (9.8).
b) The equation of motion for a magnetic monopole in the presence of a uniform
electric field E = ẑE alone is identical to the equation of motion at for a an electric
charge in the presence of a uniform magnetic field B = ẑB, after replacing −qmE
by qB. The solution is a helicoidal motion, with a constant drift velocity parallel
to E, and a constant angular velocity ωm = ẑqmE/mc. (Notice that, for a magnetic
monopole, the angular velocity vector is parallel to E, while it is antiparallel to B in
the case of an electric charge.)

In the case of crossed electric and magnetic fields, the condition E > B ensures
that there is a reference frame S ′ where the magnetic field vanishes. In fact, taking
a Lorentz boost with β = (E×B)/E2 we have

B′ = γ(B−β×E) = γ
(
B+

E2B− (E ·B)E
E2

)
= 0 , (S-9.41)

since E ·B = 0. Thus, in the boosted frame there is only the electric field

E′ = γ(E+β×B) = γ
(
E− B2

E2
E
)
=
E
γ
, (S-9.42)

since γ = 1/
√
1−β2 = 1/

√
1−B2/E2. Thus the motion in S ′ is a circular orbit with

angular frequency ω′ = (qmE/γc). By transforming back to the laboratory frame S
we add a drift velocity −cβ, and the trajectory in S is a cycloid.

S-9.6 Reflection from a Moving Mirror

a) As an ansatz, we write the total electromagnetic field as the sum of the fields
of the incident wave and the fields of a reflected wave of the same frequency and
polarization, but opposite direction

E(x, t) = ŷEy(x, t), B = ẑBz(x, t) ,

Ey(x, t) = Re
(
Ei e

ikx−iωt +Er e
−ikx−iωt) , (S-9.43)

Bz(x, t) = Re
(
Ei e

ikx−iωt −Er e
−ikx−iωt) . (S-9.44)

http://dx.doi.org/10.1007/978-3-319-63133-2_9
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The amplitude of the reflected wave Er must be determined by the boundary
condition at the mirror surface x = 0. We may already know that the electric

b
B

E

x

y

O−a a

Fig. S-9.3

field component parallel to the bounding surface
between two media is continuous across the surface,
i.e., that E‖(0−)= E‖(0+). However, here we prefer to
derive this result in detail, because this will help the
discussion of the reflection at the surface of a mov-
ingmirror, which we shall consider in the following.
Evaluating the line integral of E over a closed rec-
tangular loop across the boundary, as in Fig. S-9.3,
yields

∮
E ·d� = [Ey(a, t)−Ey(−a, t)]b

= −1
c
dΦ(B)
dt

= −b
c

∫ 0

−a
∂tBz dx

=
iωb
c

∫ 0

−a
Bz dx =

iω
c
B̄z ab , (S-9.45)

where B̄z is the mean value of Bz in the (−a,a) interval. If Bz is finite, the “rightmost
RHS” of (S-9.45) vanishes at the limit a→ 0, and Ey(0+, t) = Ey(0−, t).

For a perfect mirror we must have Ey(0+, t) = 0, and the boundary condition
implies that also Ey(0−, t) = 0. Thus we obtain

Ey(0, t) = (Ei+Er) e
−iωt = 0, Er = −Ei. (S-9.46)

The total electric field for x � 0 is thus a standing wave

Ey = Ei

(
eikx−iωt − e−ikx−iωt

)
= 2iEy sin(kx)e

−iωt, (S-9.47)

with nodes where sinkx = 0 and maximum amplitude 2Ei. Recalling that ω/k = c,
the magnetic field of the wave is

Bz = 2Ei cos(kx)e
−iωt . (S-9.48)

Thus, Bz is discontinuous at the x = 0 surface. This implies the presence of a surface
current density K = ŷKy(t) at x = 0, corresponding to a volume current density J =
Kδ(x) = ŷKy(t)δ(x). By evaluating the line integral of B over a closed path crossing
the mirror surface we find the boundary condition

Bz(0
+, t)−Bz(0

−, t) =
4π
c
Ky(t), (S-9.49)
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and the surface current density on the surface of a perfect mirror is

Ky(t) = − c
4π

Bz(0
−, t) = −cEi

2π
e−iωt . (S-9.50)

b) Let β = v/c (in what follows v, and, consequently, β, may have both positive or
negative values, depending on whether the wave and the mirror velocity are parallel
or antiparallel, respectively). We know that (ω/c,k) is a four-vector, and that k is
parallel to v. Thus the frequency of the incident wave in S ′ is

ω′i = γ(ω−k · v) = γω(1−β) , (S-9.51)

where k = ω/c has been used. The magnitude of the incident wave vector in S ′ is
k′i = ω

′
i/c. If v > 0 (v < 0) we have ω

′
i < ω (ω′i > ω).

The Lorentz transformations give the following amplitudes for the fields in S ′

E′iy = γ
(
Eiy−βBiz

)
= γ(1−β)Ei , (S-9.52)

B′iz = γ
(
Biz−βEiy

)
= γ(1−β)Ei , (S-9.53)

since Biz = Eiy. In the S ′ frame the reflected wave has frequency ω′r = ω′i , and field
amplitudes E′ry = −E′iy, B′rz = B′iz.
c) The frequency ωr of the reflected wave in the laboratory frame S can be evaluated
by applying the inverse transformation from S ′ to S

ωr = γ(ω
′
r +kr · v) = γ(ω′r − krv) = γω′r(1−β) = ωγ2(1−β)2

= ω
1−β
1+β

. (S-9.54)

The electric and magnetic field amplitudes of the reflected wave in S ′ are E′r =−E′i =−γ(1−β)Ei and B′r = B′i = γ(1−β)Ei. We thus have in S

Ery = γ
(
E′ry+βB′rz

)
= −γ(1−β)E′i = −γ2(1−β)2Ei = −1−β1+β

Ei , (S-9.55)

Brz = γ
(
B′rz+βE′ry

)
= γ(1−β)E′i = γ2(1−β)2Ei =

1−β
1+β

Ei . (S-9.56)



S-9.6 Reflection from a Moving Mirror 331

If β < 0 we have |Er| > |Ei|: in S the reflected wave has a higher amplitude than the
incident wave.

b
B

E

xA x(t) = t

2a

y

Fig. S-9.4

d) The complete expressions for the fields in S are

Ey(x, t) = Ei e
ikx−iωt − 1−β

1+β
Ei e
−ikrx−iωrt , (S-9.57)

Bz(x, t) = Ei e
ikx−iωt +

1−β
1+β

Ei e
−ikrx−iωrt , (S-9.58)

thus, also Ey has a finite value at the mirror surface
x(t) = vt, and is therefore discontinuous:

Ey[x(t), t] =
2β
1+β

Ei e
−i(1−β)ωt, (S-9.59)

Bz[x(t), t] =
2

1+β
Ei e
−i(1−β)ωt. (S-9.60)

This can be seen by considering again the line integral of the electric field E along
a closed rectangular path of sides 2a and b, at rest in S . We assume that the left
vertical side of the path is on the x = A line, that at time t the mirror surface cuts the
two horizontal sides, as in Fig. S-9.4, and that a� λ, where λ is the wavelength in
S . The flux of the magnetic field through the rectangular path at time t is thus

Φ(t) � Bz[x(t), t][x(t)−A]b = Bz[x(t), t)] (vt−A)b, (S-9.61)

so that

− 1
c
dΦ(t)
dt
� −1

c

[
∂tBz[x(t), t] (vt−A)b+Bz[x(t), t]vb

]
. (S-9.62)

At the limit a→ 0, A→ vt, the first term of the right-hand side vanishes, and we are
left with

− 1
c
dΦ(t)
dt
� −1

c
Bz[x(t), t]vb = −Bz[x(t), t]βb . (S-9.63)

On the other hand, the line integral of E along the closed rectangular path of
Fig. S-9.4 is

∮
E ·d� = −Ey[x(t), t]b = − 2β

1+β
bEi e

−i(1−β)ωt = −Bz[x(t), t]βb . (S-9.64)
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S-9.7 Oblique Incidence on a Moving Mirror

a) We choose a Cartesian reference frame S where v is parallel to the x axis, the
mirror surface lies on the yz plane and the wave vector ki of the incident wave lies
in the xy plane. The Lorentz transformations to the frame S ′ give

k′ix = γ
(
kix −ω v

c2

)
= γ
ω

c
(cosθi−β) , (S-9.65)

k′iy = kiy , (S-9.66)

ω′i = γ(ωi− kxv) = γωi(1−βcosθi) , (S-9.67)

tanθ′i =
k′iy
k′ix
=

kix tanθi
γ(ωi/c)(cosθi−β) =

kix sinθi
γkix(cosθi−β) =

sinθi
γ(cosθi−β) , (S-9.68)

where, as usual, β = v/c and γ = 1/
√
1−β2. In S ′ the reflection angle θ′r equals the

incidence angle θ′i , thus

k′rx = −k′ix , k′ry = k′iy , ω
′
r = ω

′
i . (S-9.69)

b) By performing the Lorentz transformations back to the laboratory frame S we
obtain

kry = kiy , (S-9.70)

krx = γ
(
k′rx +ω′

v

c2

)
= −γ2

[
kix
(
1+β2

)
−2ωi βc

]

= −2γ2ω
c

[(
1+β2

)
cosθi−2β

]
, (S-9.71)

ωr = γ(ω
′
r + k

′
rxv) = γ

2
[
ω
(
1+β2

)
−2kixv

]
= γ2
ω

c

(
1+β2−2βcosθi

)
, (S-9.72)

from which

tanθr ≡ −
kry
krx
=

sinθi
γ2
[
2β− (1+β2)cosθi] , (S-9.73)

For cosθi = v/c = β the denominator of the “rightmost right-hand side” of
(S-9.68) is zero, and the incidence angle θ′i in S

′ is a right angle. This means that, in
S ′, the incident wave propagates parallel to the mirror surface, without hitting the
mirror, and no reflection occurs. For incidence angles such that cosθi > β, all the
above formulas are meaningless, since they would imply k′ix < 0, i.e., that the wave
is incident on the other side of the mirror.
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S-9.8 Pulse Modification by a Moving Mirror

a) The number of oscillations in the wave packet is a relativistic invariant, and the
Lorentz transformations are linear in the EM fields. Thus, in the reference frame S ′,
where the mirror is at rest, the incident wave packet is still square and comprises the
same number of oscillations. On the other hand, as already seen in Problem 9.6, the
frequency ω′i and the amplitude E′i are

ω′i = γ(1−β)ωi , E′i = γ(1−β)Ei , (S-9.74)

where β = v/c. In S ′, the reflected packet has the same shape, duration, and fre-
quency of the incident packet, but opposite amplitude and direction.

E′r = −E′i , ω′r = ω′i , τ′r = τ′i = N
2π
ω′i
= N

2π
γ(1−β)ωi =

τi
γ(1−β) . (S-9.75)

Back-transforming to S (see also Problem 9.6) we have

Er = −1−β1+β
Ei , ωr = γ(1−β)ω′r = γ2(1−β2)ωi =

1−β
1+β

ωi (S-9.76)

The duration of the reflected wave packet is thus

τr = N
2π
ωr
= N

2π
ω

1+β
1−β =

1+β
1−β τi . (S-9.77)

If β > 0, i.e., if the mirror velocity is parallel to the packet propagation direction, the
reflected packet has a longer duration than the incident packet, while the reflected
packet is shorter if the mirror velocity is antiparallel.
b) The energy per unit surface of each packet is given by its intensity I times its
duration τ. The intensity is proportional to the square of the electric field amplitude,
thus the relation between the reflected and incident intensities is

Ir =

(
1−β
1+β

)2
Ii , (S-9.78)

and the relation between the energies per unit surface of the whole reflected and
incident packets is

Ur = Irτr =

(
1−β
1+β

)2
Ii
1+β
1−β τi =

1−β
1+β

Iiτi =
1−β
1+β

Ui . (S-9.79)

We see that Ur � Ui, hence some work per unit surface is needed in order to keep
the mirror moving at constant velocity, namely

http://dx.doi.org/10.1007/978-3-319-63133-2_9
http://dx.doi.org/10.1007/978-3-319-63133-2_9
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W = Ur−Ui = − 2β
1+β

Ui . (S-9.80)

Thus a mirror with β < 0, i.e., moving in the direction opposite to the incident wave
packet, transfers some energy to the packet.
c) As a first step, we determine the distribution of the current density J. Since all
the fields are null inside the mirror, i.e., for x > x(t) = vt, the current must be local-
ized on the mirror surface, J(x, t)=K(t)δ(x−vt). We can evaluate the surface current

b
E

xA x(t) = t

2a

B

z

Fig. S-9.5

evaluate the surface current density K(t) on the
mirror surface by considering the fields close to
the surface. By calculating the line integral of B
over a closed rectangular path, fixed in S , of sides
b, parallel to B and to the mirror surface, and 2a,
perpendicular to, and crossing the mirror surface,
as in Fig. S-9.5, we obtain

∮

path
B ·d� = 4π

c
Φ(J)+

1
c
dΦ(E)
dt

, (S-9.81)

where Φ(J) and Φ(E) are the fluxes through the
surface delimited by the path Jv and E, respec-
tively. At the limit a→ 0 and A→ vt, we have

∮

path
B ·d� � B(vt)b , Φ(J) = K(t)b , (S-9.82)

dΦ(E)
dt

� ∂tE(vt) (vt−A)b+E(vt)bv � E(vt)bv . (S-9.83)

From the knowledge of E and B at the mirror surface (Prob. 9.6) we obtain

K(t) =
c
4π

[
B(vt)− v

c
E(vt)

]
=

c
4π

(
1−β2

) 2Ei

1+β
e−i(1−β)ωt

=
cEi

2π
(1−β)e−i(1−β)ωt . (S-9.84)

Thus, K and E are in phase. In order to evaluate the total mechanical work per unit
surface on the mirror, we first switch back to the real quantities

K(t) =
cEi

2π
(1−β)cos[(1−β)ωt] , (S-9.85)

E(vt) =
2β
1+β

Ei cos[(1−β)ωt] , (S-9.86)

and evaluate the integral over the mirror depth

http://dx.doi.org/10.1007/978-3-319-63133-2_9
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∫ ∞

vt
J ·Edx =

1
2
K(t)E(vt) =

cE2
i

2π
β(1−β)
1+β

cos2[(1−β)ωt] . (S-9.87)

We have inserted the factor 1/2 to account for the discontinuity of E at x = vt (see
also Prob. 2.12). Equation (S-9.87) gives the mechanical power per unit surface
exerted on the mirror. To find the mechanical work, (S-9.87) must be integrated over
the time interval for which K(t) � 0, i.e., for the time needed by the wave packet to
undergo a complete reflection. If the front of the wave packet reaches the mirror at
t = 0, the end of the packet will leave the mirror at t = τ/(1−β), which is different
from the pulse duration τ because the mirror moves while the wave train is reflected.
We thus need the integral

∫ τ/(1−β)

0
cos2[(1−β)ωt]dt = 1

ω(1−β)
∫ ωτ

0
cos2 xdx =

πN
(1−β)ω,

(S-9.88)

since ωτ = 2πN, and the integral of cos2 x over one period equals π. We thus obtain

W =
∫

1
2
K(t)E(vt)dt =

cE2
i

2π
β(1−β)
1+β

πN
(1−β)ω =

cE2
i

4π
β

1+β
τ (S-9.89)

= 2Iiτ
β

1+β
=

2β
1+β

Ui , (S-9.90)

in agreement with (S-9.80).
The workW. divided by the reflection time gives, the mechanical power per unit

surface

P =W 1−β
τ
=
2β(1−β)
1+β

Ii =
2(1−β)
1+β

Ii
v
c
, (S-9.91)

which must be equal to the the pressure exerted on the moving mirror times its
velocity v. We thus obtain that the radiation pressure on a moving mirror is

Prad =
P
v
=
2Ii
c

1−β
1+β

, (S-9.92)

a result which can also be obtained in different ways (see Problems
13.7 & 13.8).

S-9.9 Boundary Conditions on a Moving Mirror

a) We can assume the wave to be linearly polarized along y, without loss of gener-
ality. We choose the origin of the frame S ′, where the mirror is at rest, so that the
mirror surface is on the x′ = 0 plane. In S ′ the total fields at the mirror surface are

http://dx.doi.org/10.1007/978-3-319-63133-2_2
http://dx.doi.org/10.1007/978-3-319-63133-2_13
http://dx.doi.org/10.1007/978-3-319-63133-2_13
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E′s(t′) = ŷ′E′s(t′) ≡ 0 ,
B′s(t′) = ẑ′B′s(t′)e−iω

′
i t
′
= −ẑ′ 2E′i e−iω

′
i t
′
, (S-9.93)

respectively, where

E′i = γ(1−β)Ei , ω
′
i = γ(1−β)ωi , (S-9.94)

are the amplitude and frequency of the incident wave in S ′, as seen in Problem 9.6.
Notice that E′ is continuous at x′ = 0, while B′ is not. By transforming the field
amplitudes at the mirror surface back to S we obtain

Es = γ(E
′
s+βB

′
s) = γβB

′
s = −2γ2β(1−β)Ei ,

Bs = γ(B
′
s−βE′s) = γB′s = −2γ2(1−β)Ei , (S-9.95)

where β = v/c and γ = 1/
√
1−β2. Thus, in general, in S we have both Es � 0 and

Bs � 0, while the fields are zero inside the mirror.
b) The EM fields are related to the vector potential by

E = −1
c
∂tA , B = ∇×A. (S-9.96)

Thus, the only nonzero component of the vector potential is Ay, and we have

Es = −1c ∂tAy , Bs = ∂xAy . (S-9.97)

The total derivative of A appearing in (9.9) can be rewritten

dA
dt

∣∣∣∣∣
x=x(t)

=
[
∂tAy+ v∂xAy

]
x=x(t)

= cEs− vBs = c (Es−βBs) = 0 , (S-9.98)

according to (S-9.95). Thus the equations (S-9.93) and (S-9.95) imply dA/dt
= 0 on the mirror surface in S .
c) The total vector potential in S is the sum of the vector potentials of the incident
and the reflected waves,

A(x, t) = ŷ
[
Ai e

ikix−iωit +Are
−ikrx−iωrt] = ŷ

[
Ai e

iki(x−ct) +Ar e
−ikr(x+ct)] ,

(S-9.99)

http://dx.doi.org/10.1007/978-3-319-63133-2_9
http://dx.doi.org/10.1007/978-3-319-63133-2_9
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where Ai = icEi/ωi, ki = ωi/c, and kr = ωr/c. The boundary condition gives

0 = Ay(vt, t) = Ai e
−iki(c−v)t +Ar e

−ikr(c+v)t . (S-9.100)

This equation is satisfied if

Ar = −Ai ,
kr
ki
=
ωr
ωi
=
c− v
c+ v

=
1−β
1+β

. (S-9.101)

For the total electric field we find

Ey = −1c∂tAy = i
ωi
c
Ai e

ikix−iωit − iωr
c
Ar e
−ikrx−iωrt

= Ei e
ikix−iωit − 1−β

1+β
Ei e
−ikrx−iωrt . (S-9.102)
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