Chapter 16
Dynamics of Rigid Bodies

How do you spin a ball? And how do you jump-spin on skates? In this chapter
you learn what causes changes in rotational motion using Newton’s second law for
rotational motion.

You know how to describe the rotation of a wheel around a fixed or moving axis,
using the angle, the angular velocity, and the angular acceleration of the wheel. And
you know how to find the kinetic energy of a rotating rigid body. But what causes
changes in rotational motion? For translational motion we can use Newton’s second
law to determine the change in the translational state, in the translational momentum,
from the external forces acting on a body. We use this both to find the acceleration
of a body, and from the acceleration we can calculate the motion, and to find conser-
vation laws for the translational momentum. Can we find a similar law for rotational
motion? In this chapter we will introduce the rotational analogue to translational
momentum: rotational momentum or angular momentum; the rotational analogue to
force: torque; and the rotational analogue to Newton’s second law: Newton’s second
law for rotational motion. Armed with these tools you will see that you are ready
to solve any problem of moving and rotating rigid bodies, such as figuring out what
causes a ball to spin or how you jump-spin on skates.

16.1 Motivating Example—Spinning a Wheel

Increasing the Angular Velocity of a Spinning Wheel

Figure 16.1 shows how a wheel is spun by a force F applied to a pedal, which is
attached to a lever, which again is attached to the wheel. The wheel accelerates—it
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490 16 Dynamics of Rigid Bodies

increases its angular velocity from wog = Orad/s to w as the wheel rotates an angle 6.
We can find the angular velocity w as a function of 6 from the work-energy theorem.
The work done by F is:

t
W:/ F-vdt, (16.1)
fo

where v is the velocity of the point where the force is acting, that is, the velocity of
the pedal. The pedal rotates around a fixed axis, the axis of the wheel, and therefore
moves in the tangential direction:

vV =vir. (16.2)
We can similarly decompose the force in the tangential and normal direction
F = Frur + Fyuy, (16.3)
as illustrated in Fig. 16.1. It is only the tangential component that contributes to the
work. The normal component does no work since there is no motion in this direction.
If we apply a constant tangential force, Fr, and this is the only force acting, the work-
energy theorem gives:

W = Frs = Fr RO = K; — Ky, (16.4)

where the distance s = R6 moved by the pedal depends on the distance R from the
rotation axis to the point where the force is acting. The change in kinetic energy of

Nq
R0

Fig. 16.1 We spin up a bicycle wheel by applying a force F of constant magnitude to an arm
attached to the axis of the wheel. The wheel rotates around a fixed axis at its center, and the distance
from the axis to the point where the force is applied is R
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the rotating wheel is:

1 1
K — Ko = §1w2 — Ezwg, (16.5)

If we insert this into (16.4) and assume that we start from rest, wy = 0, we get:

» 2Fr RO

- (16.6)

Fr RO = %Ia)z = o
How does this compare with our intuition? We see that the rotational inertia, /,
plays an important role: If we increase I but keep everything else fixed, the resulting
angular velocity gets smaller: It becomes more difficult to get the wheel started if 7
is larger.

In addition, the angular velocity depends on how large the force Fr is and how
far, R, from the rotation axis it is applied. First, we notice again what we already
observed: It is only the tangential component of F that matters: We cannot accelerate
the rotation of the rod by pulling at it in the radial direction. Second, we see that it is
the combination T = Fr R that matters. This combination is often called the torque
of the force F. We can therefore increase the final angular velocity by increasing the
force Fr or by increasing the distance R from the axis where the force is applied.

Angular Acceleration of a Spinning Wheel

Can we use this approach to find the angular acceleration? Yes! By applying the
method to a very short time interval. As the interval becomes smaller and smaller,
we effectively introduce the time derivative of both sides of (16.4). For the rotational
system in Fig. 16.1, the work done by the constant, tangential force Fr is

1 1
W = Fy RAO = 51w2(t + Ar) — 5Iwz(z). (16.7)

when the wheel rotates an angle A6 during the short time interval A¢. We divide by
At on both sides:

A0 L1002t + An) — L1
FrR— = 2 ( )~ 2 (), (16.8)
At At

This becomes the time derivative as Ar becomes small:

R Z 4 (L2) = 1 (16.9)
™a Ta\27¢ ) T '
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where we have applied the chain rule and assumed that 7 is constant. Finally, by
dividing by w on both sides:

dw d
FrR=I1I—=Iao=—lw, (16.10)
dt dt
we have found the angular acceleration! This equation looks very much like Newton’
second law for translational motion:

dv d
F=m— =ma=—mv. (16.11)
dt dt
For rotational motion, we replace:
The force by the torque F — FrR
the translational inertia (mass) by the rotational inertia m — I
the acceleration by the angular acceleration a —> «

(We can derive Newton’s second law from the work-energy theorem in exactly the
same way). Equation (16.10) is indeed Newton’s second law for rotational motion.
This law is general, even though it was here derived for a special situation.

Interpreting Newton’s Second Law for Rotations

From Newton’s second law for rotational motion in (16.10), we interpret the torque
R Fr = 1 as the cause of the angular acceleration, just as we interpreted the force as
the cause of acceleration for translational motion. We see that / plays the role of a
rotational inertia. For a given torque, T = Fr R, a larger value of / means a smaller
angular acceleration. Also, we see that the torque T = F7r R depends on both the
tangential force, Fr and the distance to the rotation axis, R: If we apply the same
force F further out from the rotation axis, we get a larger torque and a larger angular
acceleration.

The top figures in Fig.16.2 illustrates how we must increase the force as the
distance R changes in order to keep the same torque and therefore the same angular
acceleration: If we increase R we have to decrease Fr by the same factor to keep the
acceleration the same. This is illustrated in the figure, where we have shown arms of
length R/2, R and 2R and the corresponding forces, 2F, F, and F/2.

The bottom figures in Fig. 16.2 shows what happens when we keep the torque the
same, but change the moment of inertia. If we assume that the mass is concentrated in
two weights attached to a thin rod, the moment of inertiais I = 2M r2, where r is the



16.1 Motivating Example—Spinning a Wheel 493

2F 1

Fig.16.2 Top All three wheels have the same torque, T = Frr, where r is the distance from the axis
to where the force acts, and Fr is the tangential component of the force. Bottom The same torque
is applied to three systems with different moment of inertia—changed by moving the positions of
the masses. The position of the object are shown at four times, #g, 1, t, = ﬁtl and 13 = \/gtl,
which are the same for all systems: The differences are due to differences in angular acceleration
due to differences in the moment of inertia

distance from the center of the rod to the center of each of the masses. From Newton’s
second law for rotational motion in (16.10), we find the angular acceleration:

FrR
o= % (16.12)

If the torque, F7 R is constant, the acceleration depends inversely on 7. We illustrate
this by showing the orientations of the object at three subsequent (but not equally
spaced) timesteps. All these systems have the same mass. It is how the mass is distrib-
uted around the rotation axis that matters. And as evident, changing the distribution
has a significant effect on the acceleration.

While Newton’s second law for rotational motion was introduced in the special
situation of a constant force, we will in the rest of this chapter see that the law is
general, and you will learn how to apply it to determine the rotational motion of a
system.



494 16 Dynamics of Rigid Bodies

16.2 Newton’s Second Law for Rotational Motion

In the introductory example we introduced the following law for the rotational motion
of an object subject to a single, constant force:

T=FrR=la, (16.13)

where T = F7 R is called the torque for the force F. The torque depends only on the
tangential component of F. This is the component that is normal to the vector from
the rotation axis to the point where the force acts, r, as illustrated in Fig. 16.3. You
may recall to have seen this before. We recognize the torque as the magnitude of the
cross product between r and F. This is easily seen by decomposing r and F in the
normal (radial) and tangential directions: r = riay and F = Frir + Fyiy. The
cross product is then:

rx F=riay x Friap +riuy x Fyiuy =rFrk, (16.14)
where tiy x tiy =0, and iy x a7 = K is a unit vector that point out of the plane,

in the z-direction. This allows a more general definition of the (vector) torque of the
force F around the point O:

Definition of torque:
To=r xF, (16.15)

where r is the vector from O to the point where F is acting.

The torque, Fr R, in (16.13) is therefore the z-component of the vector torque:
T, =FrR = Ioa. (16.16)

In the introductory example we discussed the effect of a single force, producing
a single torque. However, an object may be subject to several forces, all acting in
separate points, giving rise to separate torques. The work-energy theorem used in
the example depends on the net force. Hence we must insist on using the net torque
when formulating Newton’s second law for rotational motion. !

Notice that the torque 7 points in the z-direction, which is also the direction of the rotation
vector, ® = w k. This suggests a vector formulation of Newton’s second law for rotational motion:
> t; = la. Unfortunately, this is generally not correct. We will return to a vector formulation
later.
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Fig. 16.3 Illustration of how
the torque of the force F is
calculated: Only the
tangential component Fr
contributes

Newton’s second law for rotational motion (N2Lr): for a rigid body rotating
around a fixed axis (the z-axis) is:

VG =T = g (16.17)
j

where 7; = r; x F; is the torque of force j, r; is the position of the point
where force j is applied, and I, is the moment of inertia (the rotational inertia)
of the object around the rotation axis.

Structured Problem-Solving Approach

This law allows us to determine the rotational motion of a rigid body, just like we
previously have found the translational motion of an object using Newton’s second
law. We can follow the same structured problem-solving approach as we used for
translational motion, but with some modifications as illustrated in Fig. 16.4.

There are a few, but important differences between how we address problems
with translational and rotational motion. When we identify the relevant systems and
variables for rotational motion around a fixed axis, we must of course describe the
configuration of the object using the angle 6 and the angular velocity w. When we
model the system, we still start from a free-body diagram of the rotating object, but
we must now carefully specify the rotation axis and where each of the forces are
acting, because this is essential in order to calculate the torque. We find the torque
for each of the external forces acting, and add them all to get the net torque, which
we use in Newton’s second law for rotational motion. When we solve and analyze
the system, we follow the same structure as we have done before, now working with
angular coordinates.



496 16 Dynamics of Rigid Bodies

Identify Model Solve Analyse
What object is moving? Find the forces acting on Solve the equation: Check validity of 0(¢t) and
the object, and where 420 w(t).

How is the angle, 6(t), they are acting. — =a(f,w,t),

measured?  (Origin and dt? o Use 0(t) and w(t) the an-
positive direction). Introduce models for the with the initial conditions swer questions posed.

_, | forees. | 6(to) = 60 and wto) = |
Find initial conditions, wp using analytical or nu- Evaluate the answers.

Find the torque for each

merical techniques.
force.

0(to) and w(to).

The solution gives the an-
Apply Newton’s second .
. . gle and angular velocity
law for rotational motion

X as a function of time, 0(t),
to find a = a(f,w,t).

and w(t).

Fig. 16.4 Illustration of structured problem-solving approach for rotating objects

Torque

In order to apply Newton’s second law for rotation and solve rotational problems,
we must know how to calculate the torque:

To=rxF, (16.18)

of the force F around the point O. What are the properties of torque?

e The torque of a force depends on the point it is taken relative to—the origin. We
say that the torque is around the point O to show where the origin is when we
calculate the torque.

e The torque of a force F depends both on the force and on the position r where
the force is acting. For example, the torque around point O of the force F on the
hammer in Fig. 16.5 varies from 7 = F L k when the force is applied at the end of
the hammer to T = 0 when the force is applied at the rotation axis.

e The torque is given as a cross product: The torque is therefore normal to both

the position vector rand the force F. We find the direction of the torque using the

right-hand rule.

For a two-dimensional system in the xy-plane, the torque is always directed along

the z-axis. We often use the z-component 7, of the torque instead of the full vector

notation for the torque. The sign of t, indicates if the torque is in the positive or
negative z-direction.

The direction of the torque is normal to the position and force vectors, and its

magnitude is:

|t| = |F] |r| sing, (16.19)

where ¢ is the angle between the position vector r and the force vector F as
illustrated in Fig. 16.3.
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Fig. 16.5 Illustration of the torque 7 for a rigid hammer of length L for a force F = Fi applied at
various position, r = yj, where y < 0

e If the force is parallel to the position vector, the torque is always zero for this force.
For example, for a weight in a rope whirled in a circular path, the torque of the
rope tension around the center of the path is always zero, since the rope tension
acts in the direction of the position vector. Similarly, the torque of the gravitational
force from the Sun on the Earth (taken around the Sun) is also always zero.

e If the position vector r is zero, that is, if the force acts in the origin, the torque of
the force is zero. This is commonly used “trick” to solve problems: If we place
the origin at a force we do not know, its torque is zero independently of the force.

e Torques obey the superposition principle. The total torques of a force F; acting
at the point rj and the force F, acting at the point r; is:

T=11+12=r1 XF|+1r3 xF). (16.20)

Notice that you can only add torques that all are taken around the same point!

e To calculate the torque of a the gravitational force acting on a rigid body (when
gravity is a constant) you assume that the total gravitational force acts in the center
of mass:

7T =R x Mg, (16.21)
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where R is the position of the center of mass. This is found by summing all the
torques acting on each small element i of the rigid body:

t:Zr,-xm,-g:(me)xg:MRxg:RxMg. (16.22)

1 1

Test your understanding: Why does it require less force to close a door if you push far from the
hinge than if you push near it?

16.2.1 Example: Torque and Vector Decomposition

Figure 16.6a illustrates a force F applied to a wrench, at a point r relative to the
rotation axis, which is placed in the origin. While we can always find the torque
directly from

T=rxF, (16.23)

if we know r and F. However, it is often practical to decompose either the force F
or the arm, r, in order to simplify the calculation of the torque.

If you decompose the force, F into a component F,, = F}.ii, in the direction along
r and a component F,, = F},ii,, in the direction normal to r, the torque is

T=rxF=rx (Frﬁ, + Fnﬁn) =rx Fu,+r x F,u, =rF, k.  (16.24)

since the force component along r does not contribute to the torque—it is only the
component of F normal to the arm that contributes.

Alternatively, you could decompose the arm r into a component rz = rriiF in
the direction along F, and a component ry = ryiiy in the direction normal to F as
illustrated in Fig. 16.6b. The torque is then:

T=rxF= (rpﬁF —i—rNﬁN) xF=ryF, (16.25)

Fig. 16.6 a Torque of F by decomposing F. b Torque of F by decomposing r
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which shows that it is only the component of the arm that is normal to the force that
contributes to the torque. With experience you will learn to use the method that is
simplest in a given situation.

16.2.2 Example: Pulling at a Wheel

Problem: A force F is applied tangentially at the rim of a wheel made of a homoge-
neous cylinder of mass M and radius R. (You may think of this as pulling at a rope
with a constant force, where the rope is wrapped around the wheel and unwinds as
you pull). The wheel starts at rest and is attached to a frictionless axis at its center.
Find the angle 8 of the wheel as a function of time.

Approach: We use Newton’s second law for rotational motion since the wheel rotates
around a fixed axis: We find the forces and where they are acting, then we find the
torques, calculate the angular acceleration, and integrate to find the motion.

Identify: The rotational position of the wheel is described by the angle 6, with positive
direction shown in Fig. 16.7. The wheel starts at 8y = 0 with angular velocity wg = 0
attg = 0.

Model: The external forces acting on the wheel are: gravity, G, acting inrg = 0 at
the center of mass of the wheel; the contact force N from the axis on the wheel acting
in ry = O at the axis (notice that N has to balance the two other forces, because
the center of mass of the wheel does not move), and the force F = — F i, acting at
rr = R j at the rim of the wheel.

The torques of both gravity and the normal force are zero, since rg and ry are
zero. The torque of F around O is:

tr=rr XF=Rjx —Fi= RFK, (16.26)

which is the net torque around the origin. The z-component, the component along
the rotation axis, is 7, = RF. Newton’s second law for rotational motion around a
fixed axis gives:

™ = RF = La, (16.27)

Fig. 16.7 A wheel is
affected by a force F acting
on its rim. a A sketch of the
system. b A free-body
diagram for the wheel
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where I, is the moment of inertia of the wheel for rotation around the axis, which
goes through the center of mass of the wheel. We find I, from Fig. 15.5. We insert
this into (16.27), getting:

RF  2F
== (16.28)
IMR? ~ MR

which is a constant. The initial conditions for the motion are: @ (0) = wg = 0 and
6(0) =69 = 0.

Solve: We find the angular velocity by integrating the (constant) angular acceleration
from (16.28).

! 2F
t) —w(ty) = dt = —t. 16.29
(1) w\({oﬂ) A o MR ( )
-0 =2F/MR
Similarly, we find the angle by integrating the angular velocity:
! 12F ,
0(t) —0(ty) = w dt = ———1°, (16.30)
—— 0 ~—~— 2MR
-0 =QF/MR)t

which is the solution.

Analyze: Notice that the method used is exactly the same as the method we used to
solve problems with translational motion, but now we use Newton’s second law for
rotational motion instead of Newton’s second law for translational motion.

16.2.3 Example: Blowing at a Pendulum

Problem: A pendulum consists of a sphere of radius R and mass M. The center of
the sphere is attached at the end of a thin, massless rod of length L. The other end
revolves around a bolt, providing a fixed, friction-free axis for the pendulum. The
sphere is affected by air resistance, which you for simplicity can assume to act at the
center of the sphere. You can use a quadratic law for the air drag. Develop a method to
find the motion of the pendulum when affected by a horizontal wind, w(¢) = w(?) i,
which may vary in time, and explore the behavior of the pendulum for various types
of winds.

Approach: The pendulum is rotating around a fixed axis. We can therefore solve the
problem using Newton’s second law for rotational motion: From the forces acting
we introduce force models, find the torques, find the angular acceleration from the
net torque, and solve to find the motion.

Identify: We measure the position of the pendulum by the angle, 6, with the vertical
as shown in Fig. 16.8. We need to define initial conditions for the motion, and assume
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Fig. 16.8 a Sketch of the

motion of the pendulum. b A (a)
free-body diagram for the

pendulum

trrrrrrets

S ERREREE

that the pendulum starts at 6y = 0 and with initial angular velocity w(f)) = wg at
to =0s.

Model: We find the forces acting on the pendulum from the free-body diagram (see
Fig. 16.8). The pendulum is affected by gravity G = —M g j. To calculate the torque
of gravity, we assume it acts ate the center of the mass, which is at the center of the
sphere, since the rod is without mass. The gravitational force is therefore drawn in
the center of the sphere, at rg = r, where r is a vector pointing from the rotation
axis O to the center of the sphere.

From the figure, we see that

r=Lsinfi— LcosHj. (16.31)

The torque of gravity is:
76 =r x G, (16.32)

which we find by inserting the vector for G and r:
TG = (Lsinfi— LcosOj)x —Mgj=—MgLsinOKk. (16.33)

The air resistance, Fp = —D|v — w|(v — w), also acts at the center of the sphere,
rp = r. Here, v is the velocity of the center of the sphere and w is the velocity of the
air. When there is no wind, w = 0, and the air resistance reduces to the well know
form, Fp = —Dvv. What is v? We can find the velocity of any point on a rotating
rigid body using v = @ x r. The torque of Fp is:

Tp =TIp XFD, (1634)
where rp = r. For the general case where an external wind w is applied, we need to

calculate this based on the wind. However, it is useful to see that we get a simplified
result when w = 0 and F p consequently is directed along v. Then
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Tp =1 X —Dvv. (16.35)

Because r is normal to v, we getr X v = Lv k. (Ensure you get the same by applying
the right-hand rule). If we insert v = wL we get

T,.p = —DL?|w|o. (16.36)

This expression also ensures that we get the right sign for the torque both when
o > 0 and when @ > 0. Check that you also get this!

The pendulum is also affected by a contact force, N, from the attachment bolt.
In reality, the contact force is distributed along the contact between the bolt and the
rod, but here we assume that the contact force acts so close to the rotation axis, that
the distance ry =~ 0, and the torque of the force is zero.

For no wind (w = 0), the z-component of the net torque is therefore:
M = g4+ N+T.p=—MgLsind — DL?|w|w. (16.37)

Z

And Newton’s second law for rotational motion gives:

Joo=1"'= —MgLsin6 — DL*|w|w. (16.38)

Z

The moment of inertia, 7, can be related to the moment of inertia of a sphere around
its center of mass, I.,, = 2/5M R? (from Fig. 15.5) using the parallel-axis theorem:
I =1+ ML

Solve: While you may be able to solve the motion of the pendulum for a limited
range of motion for small 8, we concentrate here on the general numerical approach.

Without Wind

When there is no wind, the motion is determined from (16.38), giving

MgL | DL?
o=— 7 sinf — T|a)|a), (16.39)

with initial conditions 6(fy) = 6y = 0, and w(#p) = wy. We solve using Euler-
Cromer’s method (see (14.21)), implemented by:

rho = 7000.0; % kg/m"3
R =20.02; $m

L =1.0; $m

M = 4/3*pi*R"3*rho

I = 2/5*M*R"2 + M*L"2;
g =9.8; $ m/s"2

rhoair = 1.293; % kg/m"3
D = 12*rhoair*R"2
omegal = 8.0; % rad/s
time = 20.0; % s
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Fig. 16.9 Plot of 6(¢) for a 20 T : :
simulation of the pendulum
with no applied wind

dt = 0.001; % s
n = ceil (time/dt) ;
theta = zeros(n,1);
omega = zeros(n,l);
t = zeros(n,1l);
theta(l) = 0;
omega (1) = omegal;
for i = 1:n-1
tauz = -M*g*L*sin(theta(i))-D*L"3*omega (i) *abs (omega(i)) ;
alpha = tauz/I;
omega (i+l) = omega (i) + alpha*dt;
theta(i+l) = theta(i) + omega (i+1) *dt;
t(i+l) = t(i) + dt;
end
The resulting motion is shown in Fig. 16.9. Here, you see that the system first
rotates completely around the axis, before damping limits the motion to an oscillation.
For the presented simulation we used L = 1m, R = 0.01 m, mass density p,, =

7000 kg/m3, and D = 12, R? (from (5.20)) as seen in the program.

With Wind

What happens if we want to include an external wind field, w = w(¢) i, which may
vary with time? Then the torque of the air resistance force becomes more complicated:

Tp =TIp XFD, (1640)
where rp = r, which is given in (16.31), and
Fp = —D|v—w|(v—w), (16.41)

where v = w x r, and @ = o(¢) k. Fortunately, it is simple to implement this
numerically by calculating the cross-product directly in the numerical implementa-
tion. We must only remember to extract the z-component of the calculated torque
and use this to calculate the angular acceleration. Let us start by assuming that the
wind is described by the function wind (t), which returns the value of w(r) for
a given time. We start by assuming that the wind blows with a constant velocity,


http://dx.doi.org/10.1007/978-3-319-19587-2_5
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w(t) = wop = 20.0m/s, and let the pendulum start at rest, w(tp) = Orad/s. This is
implemented by:

function [w] = wind(t)
w0 = 20.0; % m/s

w = w0;

end

and the integration loop of main program is now:

G = [0 -M*g 0];

for i = 1:n-1
r = [L*sin(theta(i)) -L*cos(theta(i)) 0.0];
tauG = cross(r,G);
$ F.D=-D|v - w|(v
omegavec = omega (i) *
v cross (omegavec, ¥

w wind(t(i))*[1 O

dv = v - w;

FD = -D*dv*norm(dv) ;

tauFD = cross(r,FD);

tau = tauG + tauFD;

tauz = tau(3);

alpha = tauz/I;

omega (i+l) = omega (i) + alpha*dt;

theta(i+l) = theta(i) + omega (i+1)*dt;

t(i+1) (i) + dt;

if (mod(i,10)=
plot ([0 x(
xlabel ('x
yvlabel ('y
axis equal
axis([-L L -L LJ]);
drawnow

end

w)
[0 0 1];
)
0

7

0
]
+
+

end

where we also have included an animated plot to show the motion of the pendulum.
The test for mod (1, 10) ==0 is a test to check if the counter i is divisible by 10.
This means that what is inside the i f-statement will only be executed every time i
is increased by 10. This is a standard way to speed up the animation by only plotting
some of the results. You need to select an appropriate number here depending on
your computer to get a smooth motion. If it is moving too slowly you need to increase
the number 10 to a large value. If it is moving too fast you should lower the number.
The resulting behavior is illustrated in Fig. 16.10, where we see that the pendulum
now does not return to 6 = 0, but rather reaches a stationary situation with 6 =,
which corresponds to the equilibrium configuration, that is the configuration where
the net torque is zero. You may solve to find the value of 6 corresponding to zero
torque for yourself.

What happens if we now blow in a more complicated way, such as by blowing
periodically, but always in the positive direction. We can model this using the cosine:

w(t) = % (1 + cos(2r1/T)), (16.42)
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Fig. 16.10 Plot of 6(¢) for a 1.5 T T :
simulation of the pendulum
with a applied wind velocity = Ir ]
that is constant g
< 05F 1
0 1 1 1
0 5 10 15 20
t(s)
Fig. 16.11 Plot of 6(¢) for a 4 : : :
simulation of the pendulum
with a applied, periodic wind = 2r 1
velocity, w(t) = g
(w1/2) (cos(2mt/T)), with < 0 W/ 7 7 7t
wi; =20m/sand T = 0.5,
1.0,2.0,and 4.0s 2, 5 0 s 20

where wy is the maximum wind velocity and 7 is the period of the wind. This is now
implemented by changing the wind (t) function:

function [w] = wind(t)

wl = 20.0; % m/s

T =1.0; % s

w = 0.5*wl* (1.0 + cos(2*pi*t/T));
end

Now, we start the pendulum from 6(zy) = 0 and w(#p) = Orad/s, corresponding to
the case where it hang straight down at rest before you start blowing periodically at
it. The resulting behavior for 7 = 0.5, 1.0s, 2.0 s and 4.0 s is shown in Fig. 16.11.
What happens here? Play around with the model yourself to find out what happens.

16.3 Rotational Motion Around a Moving Center of Mass

Figure 16.12 shows a rod being thrown across the lecture hall. After it has been
thrown it is just affected by gravity and air resistance. We know that the motion of
the center of mass of the object only depends on the external forces acting on the
object—its motion is determined from Newton’s second law of motion. But what
about the rotational motion around the center of mass? The rotational motion around
the center of mass for a rigid body (rotating around a fixed axis) is determined from
Newton’s second law for rotational motion around the center of mass. (A proof is
found in Sect. A.11)

Newton’s Second Law of Translational Motion

The motion of the center of mass of a rigid body, such as the rotating rod in
Fig. 16.12 is determined from Newton’s second law for translational motion:
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! ! ! ! ! !
0 2 4 6 8 10 12
2 [m]

Fig. 16.12 Left The motion of a rigid rod thrown through the air, showing the motion of the center
of mass and the rotational motion around the center of the mass. Right Free-body diagram for the
rod

ZF;’“ = MA. (16.43)
j

This is true irrespective of how the system moves relatively to the center of mass.
This means that the motion of the center of mass of the rod in Fig. 16.12 would be
the same if the rod rotated or if it moved with the same angle all the time. But only if
the external forces are the same! If we include the effects air resistance, the external
forces depend on whether the rod is rotating or not, and the motion would not be
exactly the same in the two situation.

Newton’s Second Law for Rotational Motion Around the Center of Mass

For a system rotating around a fixed axis through the center of mass, the rotational
motion is determined by Newton’s second law for rotational motion around the center
of mass, which is just like Newton’s second law for rotation around a fixed axis, but
now all the torques must be taken around the center of mass:

Tem =Tem X F, (16.44)
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where r.,, is a vector from the center of mass to the point where the force F acts.
Using this notation, we get:

Newton’s second law for a rigid body rotating around a fixed axis through
the center of mass (the z-axis) is:

zfz,cm,j = T;,itm = Iz,cmazs (16.45)
J

where T, ; is the torque of force j around the center of mass, and I ., is
the moment of inertia (the rotational inertia) of the object around the fixed
rotational axis through its center of mass.

It may be confusing to call the axis fixed if it is moving along with the center of mass.
What we mean is that the axis has a fixed direction: The direction of the rotation axis
does not change during the motion, but the position of the axis follows the center
of mass. The application of the law is illustrated in Fig. 16.13. Here, we follow a
rod thrown across the lecture hall also during its collision with the floor. The small
insets at the bottom shows the forces acting on the rod at five different time steps.
When the rod is not in contact with the floor, the only external force acting is gravity
(we ignore air resistance), and since gravity acts in the center of mass, the torque of
gravity around the center of mass is zero, and the angular acceleration is therefore
zero: The rod rotates with a constant angular velocity. However, when the rod is in
contact with the floor, as illustrated in the middle three insets, the contact force F
from the floor on the rod gives rise to a net torque around the center of mass, which
leads to an angular acceleration during the contact. The force F acts at the point r.,,
relative to the center of mass of the rod, giving rise to a torque: T = r,,, X F around
the center of mass. We address the motion of a bouncing rod in Sect. 16.3.

16.3.1 Example: Kicking a Ball

Problem: You are kicking a stationary football lying on the ground. The ball is
spherical, with a mass M, radius R, and moment of inertia / around the center of
mass. You kick the ball with a constant force F = F i for a short time interval At.
hitting the ball at a distance y from its center, as illustrated in Fig. 16.14. Find the
motion of the ball during and after the kick. You may neglect the effects of friction
and air resistance.

Approach: We plan to use Newton’s second law of motion to find the motion of
the center of mass from the external forces acting, and Newton’s second law for
rotational motion around the center of mass to find the rotational motion around the
center for the ball during and after the kick.
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Fig. 16.13 Top The motion of a rigid rod thrown through the air, showing the motion of the center
of mass and the rotational motion around the center of the mass. The rod hits the floor, and bounces
back up. Bottom Free-body diagram for the rod at five different times. When the rod is not in contact
with the floor (the first and the last inset) only gravity acts. When the rod is in contact with the floor
(middle three insets) both gravity and a contact force from the floor act

Top view Side view

Fig.16.14 You are kicking a ball—exerting a constant force F = F, i for a small time interval Az.
The force is acting at a distance y from the center of mass

Identify: We assume that the ball behaves as a rigid body and describe its motion by
the position, R(¢) of its center of mass and its angle 0(¢) around the z-axis. The ball
starts from rest: R(0s) =0 and 6(0s) = 0.

Model: The translational and rotational motion depends on the external forces acting.
The ball is affected by gravity, G = —MgKk, acting at the center of mass, hence
rG.cm = 0; the normal force N = N k from the ground, acting at ry ¢, = —RK;
and the force F = F'i from the foot, acting at rp ., = —x i+ yJ, where x and y
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are given. All the positions are relative to the center of mass, since the acting points
of the forces will move with the center of mass as the ball starts moving. The forces
are illustrated in Fig. 16.14.

We apply Newton’s second law to find the motion of the center of mass:

Zijt =—-Mgk + Nk + Fi= MA. (16.46)
j

Since the applied force F only acts in the x-direction, we assume that the ball does
not move in the y or z-directions. Therefore, the acceleration in the z-direction is
zero and N = Mg. The motion in the x-direction is given by:

MA, =F, = A, = E (16.47)
M
starting from V, = Om/s and X = Om at r = 0s. Notice that the motion of the
center of mass does not depend on the rotational motion of the ball, since (16.47)
and the time, At, the force is acting does not depend on either the angle € or the
angular velocity w of the ball!

The rotational motion of the ball is found from Newton’s second law for rotational
motion around a fixed axis around the center of mass. (How do we know the ball
rotates around a fixed axis? We know, since the direction of the torque does not
change during the motion—this is an advanced point we will return to later in the
chapter. For now you should consider this an assumption):

Z Tz,em,j = la, (16.48)
J

where the net torque around the center of mass is:

Zrcm,j =TIG,em X G+rN,cm XN+rF,cm x F
J
=0xG— Rk x Nk + (—xi+ yj) x Fi
=0-NR(kxk)—xF({ixi)+Fy(jxi
— —— —

=0 =0 =-—k
= —yFKk, (16.49)
which inserted in (16.48) gives:
F
= _yF =la = o= —yT’“, (16.50)

where 6(0s) = 0 and w(0s) = Orad/s.
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Solve: Both the translational and the rotational motion occur with constant accelera-
tions. We can therefore solve by direct integration to find the positions and velocities.
First, we find the velocities:

t tF F
V(@) =V, (0 Aydt = —dt = —t, 16.51
(1) = Vi >+/0 ; /0 Tar= 1 (1651)

and

t t yF yF
w(t)=w(0)+/ otdt:/ ——dt = ——t. (16.52)

— Jo 0 1 1

=0

We integrate once more to find the positions:

X(t)—X(O)+/lV(t)dt—/tFtdt—lFt2 (16.53)
=y " oM T T 2M :
=0
and
! ryF 1yF ,
9(l)=9(0)+/ a)(t)dtz/ —tdt = —=——1t". (16.54)
—— 0 0 1 21

However, this solution is only valid as long as the ball is affected by the force F,
which only is for a time interval Az. After that, the ball is not affected by the force
F, and the net force in the x-direction is zero and the net torque is zero. Therefore
the translational and the rotational accelerations are zero, and the ball continue with
the same translational and rotational velocities:

F
V(i) =V(At) = Mm when t > Af, (16.55)
and
yF
w(t) = w(At) = —TAt when t > At. (16.56)

Since the motion for# > Ar occurs with constant translational and angular velocities,
it is easy to find the position at a time ¢ > At by integration:

X(t) = X(At) + V(Ar)(t — At) whent > At, (16.57)

and
6(t) = 0(Ar) + w(At)(t — At) whent > At. (16.58)

Analyze: We notice that the motion of the center of mass does not depend on y —
the position where the force is acting. For any choice of y, the effect on the motion of
the center of mass is the same. But the rotational motion depends on y. In particular,
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we notice that when y = 0, that is when the force acts on an axis through the center
of mass, the net torque is zero, and the ball does not start to rotate. We also notice
that if we kick the ball on the left side, with y > 0, the ball rotates in the negative
direction, whereas if we kick the ball on the right side, with y < 0, the ball rotates
in the positive direction, which is consistent with our experience with kicking balls.
This is how you give them spin.

Comment: Notice that the translational and rotational motions are independent in
this case. Why? Because the force acts at a constant distance y from the center
of mass throughout the motion. Therefore the torque of F does not depend on the
position of the ball, and similarly, the direction or magnitude of F does not depend
on the rotation of the ball. This is not always the case: In many cases the two motions
are coupled because the force acting on the object depend either on the position of
the object or on its rotation. But in this particular case—as well as in many cases in
typical mechanics exam problems—the two motions are not coupled.

16.3.2 Example: Rolling Down an Inclined Plane

(This problem is a classic in mechanics.)

Problem: A round object is placed on an inclined plane. The object has radius R,
mass M, and moment of inertia / around the rotation axis through the center of
mass. Find the acceleration of the object and the friction force on the object. Discuss
various angles of inclination ¢, various objects, and various initial conditions for the
object.

Approach: We plan to find the external forces and use Newton’s second law of
translational and rotational motion to find the acceleration, using the rolling condition
as long as the object is rolling.

Identify: We choose a coordinate system with the x-axis oriented along the inclined
plane, so that there is no motion in the y-direction (see Fig. 16.15). The object is
described by the position X (¢) of its center of mass, and the rotational angle, 0(¢),
around the center of mass. The object starts at the position X(0s) = Om, and
0(0s = 0 with initial velocities Vy = Vj, and w(0s) = wy.

Fig. 16.15 a Illustration of a (a) (b)

round object moving along ®
an inclined plane. b . \
Free-body diagram for the
object

J=
Tl
=
Ql S
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Model: The object is affected by a normal force, N = N j, acting at ry ¢y = —R j;
afriction force, f = — f'i, acting atr 7., = —R j; and a gravitational force G acting
at the center of mass, r¢ .» = 0. We decompose the gravitational force in the chosen
coordinate system:

G =Mgsingpi— Mgcosej. (16.59)

We apply Newton’s second law to determine the translational acceleration:

D FM=G+N+f=MA. (16.60)
j

In the x-direction:
> F. = Mgsing — f = MA,. (16.61)

Since there is no motion in the y-direction, we get
ZFy =N —Mgcos¢p — f =MA, =0, (16.62)

which gives N = Mg cos ¢.
Newton’s second law for rotation around the center of mass gives:

Z Trem,j = 1, (16.63)
J

where the net torque around the center of mass is:

Zrcm,j =0xG+ryemx N T+ T fem X\_f_/

j =0 _"gj =Ni __g; =—fi
=—RNjxj—R(—f)jxi=—RfKk, (16.64)
~—— ——
=0 =—k

which inserted in (16.63) gives:

rznet =—Rf = la. (16.65)
We now have 2 equations (16.61) and (16.65), but 3 unknowns, A,, «, and f. How
do we proceed?

The main challenge in this problem lies in the friction force. In the case where
the friction is dynamic, that is, if the object is sliding relative to the surface, the
magnitude of the friction force is simply proportional to the normal force, and the
direction is determined from the local relative velocity of the two surfaces in contact.
However, if the object does not slide, the friction force is a static friction force, and
its magnitude must be determined from other principles.
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Let us first assume that the object is not sliding relative to the surface. This means
that the object is rolling without slipping. The rolling condition is that there is no
relative velocity at the contact point, P, vp = 0, where

Vvp=V+vVvp =V4+woxrpe =Viitokx (—Rj)=(Vx+wR)i, (16.66)

and the condition v, = 0 therefore gives Vy = —wR, which is usually called
the rolling condition. Taking the time derivative gives a similar expression for the
accelerations: A, = —Ro, which we insert this into (16.65), getting:

f= Ly L4 _ T, (16.67)
TR TR R TR ’

The static friction force must have this value to ensure that there is no slipping
between the object and the surface. We insert this result into (16.61), giving:

Mgsing — f =MA,

=(I/RM)A;
. 1

Mgsing = (1+W) MAy, (16.68)

and .
A= S0 (16.69)
1+ %

We introduce ¢ = I /(M R?) to simplify the expression:

Ay gsing. (16.70)

=1+c

The number ¢ depends on the distribution of mass around the rotation axis. For a
sphere, ¢ = 2/5, for a cylinder ¢ = 1/2, and for aring, c = 1.
The friction force is:

)i

1 WRZ c
:FszMgsinqu—Rzlegsinqb .
I+ 5e

f 14+c¢

(16.71)

It is clear that the friction force f increases with ¢, and at the same time N decreases
with ¢. When will the friction force reach the static friction threshold? The objects
starts to slip at the critical angle ¢ when f = usN, where we now insert the values
we found for f and N, getting:

1+c¢

Mg sin g g— = Mg cos g = tange = i (16.72)
C
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The critical angle ¢, depends on the number c—it will therefore depend on the type
of object rolling. For a few characteristic objects we have:

Object 1 tan ¢,
Sphere (2/5)mR? (7/2) 115
Cylinder (1/2)mR? 3us
Ring mR? 2

A sphere will therefore roll down a steeper slope than a cylinder, which will start
slipping at a lower angle than the sphere.

What happens if the slope is steeper than ¢.? In this case the object will still
rotate, but it will not roll without slipping. This means that the rolling condition is
no longer valid. Instead the friction force is now the dynamic friction force, which
only depends on the normal force:

f=uaN = pugMgcose. (16.73)
We insert this into Newton’s second law for translational motion (16.61), getting:
Mgsing — ugMgcos¢p = MA,, (16.74)
which allows us to determine A, independently of the rotational motion:
Ay =g (sing — pugcos). (16.75)
However, the object will still rotate, since the torque around the center of mass is:
7, =—Rf = —RugMgcos¢p = la. (16.76)
The angular acceleration is therefore:

Rf RMg cos ¢

16.77
] Hd 7 ( )

o =

16.3.3 Example: Bouncing Rod

In this example we will develop a model for a bouncing rigid rod. The model will
be similar to the bouncing an rotating dumbbell model in Chap. 13, but we will now
model a rigid rod, so there are no internal vibrations, and we will use our newly
gained knowledge of how to model rotating rigid object for our model.

The rod is of length L = 1 m, mass M = 0.5kg, and has a moment of inertia
I = (1/12)M L? around its center of mass. We describe the rod by the position R(f)
of its center of mass and the angular orientation 6(¢), where we assume that the rod
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Fig. 16.16 Illustration of the rod bouncing on the floor and free-body diagram for the rod

moves in the xy-plane and rotates around an axis through the center of mass directed
along the z-axis.

The motion of the rod is determined by the forces acting on it. The rod is affected
by gravity, G = —Mgj, acting at the center of mass, rg,.n» = 0. In addition the
rod will bounce on the floor. We model the force between the floor and the rod as
a spring force, representing the deformation of the floor and the rod. If either end
of the rod is pressed into the floor, that is, if the y-coordinate of either end is below
y = 0, which is the position of the floor, there will be a spring force acting normal
to the floor, in the positive y-direction, which depends on how far the end of the rod
has been pressed down into the floor. The two ends of the rod are at positions:

ra =R+ (L/2)a, (16.78)
rg =R — (L/2)a, (16.79)
where & = cos6 i + sin 6 j is a unit vector pointing along the rod, as illustrated in

Fig. 16.16. The normal force, N 4, due to the interaction between end A of the rod is:

| —kya whenys <0
Na = [ 0  whenys > 0. (16.80)

and similarly for end B:

(16.81)

N» — —kyp when yp <0
B = 0 whenyg > 0.

Here, £ is the spring constant for the interaction between the rod and the floor.
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The motion of the rod is determined from Newton’s second law for translational
and rotational motion:

> Fj=G+Ns+Np=MA, (16.82)
J
and
Z Toomj = la, (16.83)
J
where
D Temj=0xG+racm x Ng+rgem x Np. (16.84)
J
Here, rg ¢y = (L/2)d and rp .y, = —(L/2)i. Notice that both the net force and

the net torque depends on both the position of the center of mass and on the angle,
since the contact force between the rod and the floor depends on the position and
orientiation of the rod.

Numerical: It is not simple to solve these equations analytically, but it is straight
forward to implement a numerical solution. We use an Euler-Cromer scheme to
integrate both the translational and the rotational motion, simultaneously:

V(t+ At) =V () + A, R(@),0(1)) At
R(t + At) = R(t) + V(r + At) At
ot + At) = w(t) + a(t,R(1), 0(1)) At
O(t + At) =0(t) + w(t + At) At,

(16.85)

This scheme can be implemented directly into the code, using Newton’s second laws
to calculate A and « at each time-step:

m = 0.5; $ kg

g = 9.8; % m/s”2
hOo = 4.0; % m

L =1.0; % m
time = 10.0; % s

dt = 0.001; % s

k = 1000.0; % N/m
v0 = 2.0; % m/s

I = (1.0/12.0)*m*L"2;
n = ceil (time/dt) ;

r = zeros(n,3);

v zeros(n,3);
theta = zeros(n,1);
omega = zeros(n,1l);

t = zeros(n,1l);

r(l,:) = [0 hO 01;
v(l,:) = [v0O 0 0];
theta(l) = 2*pi*rand(1l);

1
for i = 1:n-1
% Find force acting on each edge



16.3 Rotational Motion Around a Moving Center of Mass

fnet = [0 0 0];

tnet = 0.0;

u = [cos(theta(i)) sin(theta(i)) 0];
% Position of edge A

rr = r(i,:) + 0.5*L*u

% Collision with bottom wall

dr = rr(2);

f = -k*dr*(dr<0.0)*[0 1 0];
fnet = fnet + £;

torque = cross((rr-r(i,:)),f);
tnet = tnet + torque;

% Position of edge B

rr = r(i,:) - 0.5*L*u;

% Collision with bottom wall
dr = rr(2);

f = -k*dr*(dr<0.0)*[0 1 0];
fnet = fnet + £;

torque = cross((rr-r(i,:)),f);
tnet = tnet + torque;

% Add gravity

fnet = fnet - m*g*[0 1 0];

% Integration step - Euler-Cromer

a = fnet/m,

v(i+l,:) v(i,:) + a*dt;

r(i+l,:) r(i,:) + v(1i+1, :) *dt;
alphaz = tnet(3)

omega (i+l) = omega( ) + alphaz*dt;
theta(i+l) = theta(i) + omega (i+1) *dt;
t(i+1l) = t(i) + dt;

if (mod(i,20)==0)
% Plot p051tlon of rod with tracer

rl = r(i,:) + 0.5*L*u

r2 = r(i,:) - O.5*L*u;

x1 = [r1(1l) r2(1)1;

yl = [rl(2) r2(2)];
plot(r(1l:1,1),r(1:1i,2)," x1,v1 ) ;
xlabel ('x [m]’);

ylabel ('y [m]’);

axis equal
axis ([0 time*v0 0 hO]);
drawnow
end
end
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The resulting path of the rod is shown in Fig. 16.17. Use the program to experiment

and see what happens as you change parameters.

4 o T T T T T T T T T
2, A
> ; =
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Fig. 16.17 Plot of the path of the rod
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16.4 Collisions and Conservation Laws

If a meteor collides with a planet (see Fig. 16.18), the planet may gain both transla-
tional and rotational motion after the collision. We have already found that conser-
vation principles, such as the conservation of translational momentum, allow us to
determine the translational motion of the planet after the collision without knowing
the details of the interactions during the collision. Can we find similar concepts and
conservation laws for rotational motion—a rotational momentum and a conservation
law for rotational motion—which we can use to address the rotational motion of a
system during a collision? Here, we introduce the concept of rotational momentum
first for a point particle, then for a system of many particles, and finally for a rotating
rigid body, before we put all the pieces together and formulate a set of general prin-
ciples allowing us to address collisions between several rigid, rotating object—such
as during a meteor impact or during a pirouette.

Rotational Momentum for a Point Particle

We have already found that the translational momentum, p, is a useful concept to
address collisions. This is based on the prominent place of translational momentum
in Newton’s second law:

dp
E Fi=—. 16.86
7 / dt ( )

Fig.16.18 A meteor impact on a planet may change both the translational and the rotational motion
of the planet. The arrows show the translational momentum and the blue dot shows the rotational
state of the planet after the collision
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It is indeed this law that justifies the conservation law: When the net external force
is zero, the time derivative of the translational momentum is zero and therefore

conserved throughout the process. Let us see if we can justify a similar concept for
rotational motion, based on Newton’s second law for rotational motion:

™ =>"r; xF;. (16.87)
j

If we study the motion of a point particle, all the torques act in the same point, r, and
the net torque is:

r“et=erFj=rXZFj=er“et, (16.88)
J J

where we can insert F™®! from Newton’s second law in (16.86):
= x —. (16.89)

In order to get something that looks like Newton’s second law in (16.86), we try to
move the time derivative out in front of r x p: What does this give?

d d d d d
Z(rxp)zd—:xp—}—rxd—l;:vxmv—i—rxd—l;:rxd—l;. (16.90)
=0
Yes! Success! We can therefore rewrite (16.89) as:
d d
™= _—_(rxp=—L (16.91)

dt dt

This equation looks just like Newton’s second law—we have found what we have
looking for, 1 = r x p is the rotational analogue for translational momentum. We
call 1 the rotational momentum or the angular momentum :

lo=rxp (Rotational momentum) , (16.92)

where we use the subscript O to show that the rotational momentum is found with
respect to the point O, and the vector r is found relative to O. We say that 1o is the
rotational momentum around the point O or around an axis z (if the particular point
along the axis is not important).
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Fig. 16.19 Illustration of rotational momentum I = r x p for circular motion and motion along a
straight line

Properties of Rotational Momentum

e Rotational momentum is a vector. For planar motion, the rotational momentum
is normal to the plane.

e The rotational momentum is calculated relative to a point—just like torque. It will
be different if we choose a different point.

For a particle moving in a circle with radius r, in the xy-plane, as illustrated in
Fig. 16.19, the velocity v is always normal to the position r, and the rotational momen-
tum around the origin at the center of the rotational motion is:

l=r xmv=rmvk. (16.93)
The rotational momentum can be defined for any moving point particle, not only for
arotating point particle. For example, the rotational momentum of a particle moving
along a straight line at x = b, r = bi+ y(¢)j, is:
I=rxmv=>bi+y@)j) xvyj=bvyk. (16.94)
Asillustrated in Fig. 16.19 this means that it is only the component of r that is normal
to v that contributes to the rotational momentum, similar to what we previously found
for torques.

Newton’s Second Law for Rotational Motion of a Point Particle

‘We have found an alternative formulation of Newton’s second law for a point particle,
most useful for rotational motion, but valid for any motion:

A — (16.95)
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Conservation of Rotational Momentum

Based on Newton’s second law in (16.95) we see that for a point particle, the rotational
momentum, 1, is conserved if the net external torque is zero! While this can be used
to address problems with a single particle, it first becomes really useful when we
introduce similar concepts for a rigid body or a system of many particles.

16.4.1 Example: Block on a Frictionless Table

Problem: A block of mass m is attached to a thin, massless rope passing through a
hole in a frictionless table. The block starts with the angular velocity wy at a distance
ro from the hole. We pull slowly in the rope until it reaches the radius r with the
angular velocity w. Find w.

Identify: As long as the rope is tight, the block moves in a circular path with radius
r. We describe the position of the block by the radius » and its angle 6, as illustrated
in Fig. 16.20.

Model: First, we find the forces acting on the block. The block is affected by gravity,
G, and the normal force, N, from the table. Since the block is not moving in the
vertical direction, the net vertical force is zero, and since two forces are acting in
the same point, the net torque of the two forces (around any point) is also zero. In
addition, the block is affected by the rope tension, T.

We use Newton’s second law for rotational motion to determine the motion of the
block. The torque around the origin of the rope tension is:

tr=rxT=0, (16.96)
because the force and the position vector are parallel. This means that the net torque

around the origin is zero. Newton’s second law for rotational motion therefore gives
that:

dl
Z—7=0, 16.97
pimi ( )

@ (b) 0

Fig. 16.20 A sketch of the motion of the block sliding on a frictionless table (a) and a free-body
diagram for the block (b)
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the rotational momentum is therefore constant throughout the motion. The rotational
momentum for the block is:
l=r xmy, (16.98)
where the velocity is normal to the radius vector at all times, therefore:
1=rmv, (16.99)
We can replace the velocity by the angular velocity, using v = Rw:

1= mrzwz (16.100)

which is what we found above for circular motion.

Analyze: Since the rotational momentum is conserved, we can relate the initial and
final states. Initially, the rotational momentum is:

ly = mrdwo, (16.101)
When the radius is r and the angular velocity w:
1= mrlw, (16.102)
Since I = 1y we find w:

2

2 2 _ "
mrywo = mr'w = = -—5w. (16.103)

r

This demonstrates the use of the conservation principle for rotational momentum.

Rotational Momentum for a System of Particles

The rotational momentum of a system of particles around a fixed point, O, is the
sum of the rotational momentum of each particle. For a system consisting of point
masses, m;, located at points, r;, the total rotational momentum is:

LO = Zlo’,‘ = Zl‘,‘ X PpPi = Zl‘,’ X m;iv;. (16.104)
i i i

Similarly, we define the rotational momentum of a system of particles around their
center of mass as

Lem = 210»1' = Zrcm,i X Pi = Zrcm,i X m;vj, (16.105)
i i i
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where r,, ; is the position of mass m; relative to the center of mass. The rotational
momentum of a system around a fixed axis O can also be decomposed into the
rotational momentum of the center of mass around O, assuming the center of mass
moves as a point particle, and the rotational momentum of the system around its
center of mass:

Lo =R xP+L,, (16.106)

where R is the position of the center of mass (relative to O), and P is the translational
momentum of the whole system. (You can find a proof of (16.106) in Sect. A.10).

Newton’s Second Law of Rotation for a Multiparticle System

Also for a multiparticle system, we find a general form for Newton’s second law for
rotational motion:

Newton’s second law for rotational motion of a system of particles around
a fixed point O :

dLy &

d—to => r x FX =18, (16.107)
i=1

where only the external forces are included. The internal forces cancel as long

as they are central forces.

(You can find a proof in Sect. A.8). We can also derive a completely analogous law
for the rotational momentum around the center of mass of a system:

Newton’s second law for rotational motion of a system of particles around
its center of mass, cm :

cm?

N
dL.
d—;’" = Z‘rm x F&Xt = ¢t (16.108)

where the positions r.,, ; are the positions of each mass m; relative to the center
of mass of the system.

(You can find a proof in Sect. A.11). This law is general and powerful. You will find
it used frequently both theoretically, as basis for derivations, and practically, as a
basis for the use of conservation laws. The law also demonstrates that as long as the
torque of the external forces are constant, around a fixed point O or the center of
mass, the corresponding total rotational momentum does not change. This is the law
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for rotational motion we have been looking for. However, in order to apply it to the
collision of rigid bodies, we need to find a simplified expression for the rotational
momentum of a rigid object, both around a fixed axis and around its center of mass.

Rotational Momentum for a Rigid Body

We know that the translational momentum of a rigid body can be written as P =
MV, where V is the velocity of the center of mass. Can we find a similarly simple
expression for the rotational momentum, L of a rigid body around a fixed axis?

The rotational momentum for a rigid body is rotating around a fixed axis z through
the point 0.2

Lo =Y 1 xmv;, (16.109)
i

For a rigid body rotating around the axis z with an angular velocity @ = wk, each
mass m; at r; has a velocity:
V; = ® X Tj. (16.110)

To simplify the expression, we introduce cylindrical coordinates to describe the

position of mass i, where the cylindrical axis follows the z-axis, as illustrated in
Fig.16.21. The position is decomposed as:

ri=p; +z,k=piti, +z; Kk, (16.111)

where i, is a unit vector in the xy-plane pointing from the z-axis to the point r;, as
shown in Fig. 16.21. We insert this into (16.110), getting:

Vi=wxri=wkx (pi+ziK) =wkx p;+okxk=wx p;. (16.112)
——
=0

We find the rotational momentum by inserting this into (16.109):

Lo = Zri X m;V; = Zmiri X (@ X p;) . (16.113)
i i

Hmm. How do we simplify this equation? If we only are interested in the z-component
of the rotational momentum (which we typically are when we use Newton’s second

Notice that O must be a point on the rotation axis.
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Fig. 16.21 Illustration of a
rigid body rotating around
the z-axis with an angular
velocity . We describe the

[0}
position r using cylindrical g
coordinates, so that
of T
—

\

r=p+zk=pi, +zKk,
where p is in the plane
normal to the axis of rotation

7

law for rotational motion of a rigid body), we see that it is only the p; component of
r; that contributes to the z-component of Lo:

Lo k= Zmi,oi x (wk x p;) = Zmi,oizwk, (16.114)

1 1

because the vectors p; and v; are normal to each other, and the vectors p; and @ are
normal to each other. Therefore:

Lo:=\D mip} |o=rLo. (16.115)

1

where we recognize the moment of inertia (rotational inertia), /,, around the z-axis.

The rotational momentum, L ¢ ;, of a rigid body rotating around a fixed axis
is:
Lo =Ilw, (16.116)

where I, is the moment of inertia of the object around the z-axis, and o is the
angular velocity around the z-axis.

We can use this result also for a rigid body rotating around a fixed axis through its
center of mass. We notice that if we insert this into Newton’s second law for rotational
motion of a multi-particle system around a fixed axis in (16.107) or (16.108), we
recover Newton’s second law for rotational motion:

et _ 4 _ 4 _ e _ 16.117
Zrz,o,,»—ELO,Z—Z(Izw)—IZE—IZa, (16.117)

J
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which was the result we started this chapter with. Notice the nice similarity between
the translational and rotational momentum of a rigid body:

Translational Rotational

Inertia M I,

Momentum P=MV Lo.=1Iw

N2L Fret = MA o =lLa
Limitations

We have previously noted that Newton’s second law for rotations of rigid bodies
only are valid for rotations around a fixed axis. Similarly, the expression Lp ; = I;®
is only valid for rotation around a fixed axis, and it is only valid in the z-axis. But
would it not be nice if the expression was completely general:

Lo = lo. (16.118)

As you will learn later, we can formulate the relation in this way, but then [ is a more
complicated quantity than a mere scalar. However, this expression is not generally
correct if I is interpreted as a scalar such as /. (You can see a proof in Sect. A.9). We
can only use the expression in (16.118) when the rigid body is rotationally symmetric
around the z-axis. However, our results for the z-component, Lo ; = I;w, of the
rotational momentum of a rigid body are always true—as long as the body is rotating
around a fixed axis.

Putting It All Together

Finally, we want to put all these results together to address processes where we can
use conservation of rotational momentum to solve a problem without determining
the details of the motion.

Redistribution of Mass

An example of a typical process where we can use conservation of rotational momen-
tum, is the redistribution of mass within a rotating system. For example, if a skater
performing a pirouette pulls in his arms, he changes the distribution of mass, and
therefore the moment of inertia around the rotation axis. Since the external forces
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have no significant torque around the rotation axis, the rotational momentum is con-
served throughout the process:

Lo (10) = I:(to)w(to) = Lo (1) = I (t)w(11). (16.119)

If you change the distribution of mass, you change 7. To keep the rotational momen-
tum constant, you must change the angular velocity correspondingly. Pulling your
arms in while spinning reduces I;. As a result the angular velocity will increase.

Collision with Rotation Around a Fixed Axis

Another example of a typical process where we can use conservation of rotational
momentum is a collision where the bodies after the collision rotate as one rigid body
around a fixed axis. If the external torques acting on the bodies are insignificant, the
rotational momentum around the fixed axis is conserved:

Lo (to) = Lo, (t1) = L,(tDw(t), (16.120)

which allows us to find the angular velocity after the collision. A typical example of
such a process is where a bullet is shot into a rigid body: Such as a meteor impacting
on a planet or a bullet shot into a rigid pendulum, as illustrated in Fig. 16.22.

Since Newton’s second law for rotational motion comes in two forms: for rotation
around an axis that is fixed in space and for rotation around the center of mass, we
must be careful to check what version is relevant in a given case. Notice that for a
fixed axis, a typical error is to assume that the net force is zero because the net torque
is zero. Unfortunately, this is generally wrong. In the case illustrated in Fig. 16.22
you cannot ignore the force from the axis on the rotating object, and the translational
momentum is therefore not conserved, while the rotational momentum is conserved.
However, if the bodies are free to move, such as when a planet is hit by a meteor as
illustrated in Fig. 16.22, the net external force is zero, and the translational momentum
is conserved. You must therefore carefully address the net external force and the net
external torque in each situation.

16.4.2 Example: Changing Your Angular Velocity

Problem: How can you control your angular velocity if you are (a) spinning around
a pole (b) spinning while diving.

Solution: A rotating plate with a pole at its center can often be found on children
playgrounds. You jump onto the plate and hold the pole, and spin the plate up with
your feet. Then you can change your angular velocity by pulling yourself in towards
the pole as illustrated in Fig. 16.23. How does this work?
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Fig. 16.22 Left A collision between a bullet and a rigid body hanging from the point O. Right A
collision between a meteor and a planet

Fig. 16.23 Left A person on a spinning disk increases his angular velocity by pulling himself closer
to the rotation axis. Right A diver changes her angular velocity around the center of mass by curling
up, but that does not affect the path taken by the center of mass significantly

The only external forces acting on the system consisting of you and the plate
are gravity and the forces acting on the axis of rotation, but the z-component of
the torques of these forces are zero. The rotational momentum around the z-axis
is therefore conserved. When you pull yourself towards the rotation axis, you are
changing how the mass is distributed. You moment of inertia around the rotation axis
is approximately I, = M R?, where R is the distance from you to the axis (if you
were a single point). Conservation of rotational momentum then gives:

L,(to) = I;(to)wo = L (t1) = I, ()1, (16.121)

MR3wy = MR} w;. (16.122)
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where wy is your initial angular velocity when you are at a distance R from the pole,
and

w] = —wy, (16.123)

is the angular velocity you getting. Pulling yourself towards the pole, makes R} < Ry
and therefore w; > wp: You speed up!

Similarly, if you start your dive with a small angular velocity w( around your
center of mass when your body is approximately stretched out in its full length, you
can increase your angular velocity, by pulling your body closer towards the center
of mass, decreasing your moment of inertia around the center of mass:

Iem 2 (t0)w(t0) = Iem,z (1)@ (11). (16.124)

By stretching out again, you can decrease your angular velocity, effectively allowing
you to determine how fast you spin. However, you cannot control the motion of
your center of mass: The path taken by your center of mass is determined by the
external forces acting on you, gravity and air resistance, and gravity is not affected
by your redistribution of mass. Therefore you will typically follow the same path
irrespectively of how you spin during your dive. (There may be small differences
because air resistance will depend both on your spin and on how your body is
curled up).

16.4.3 Example: Conservation of Rotational Momentum

Problem: A fly of mass m lands at the outer rim of a spinning DVD. The disk has
mass M and radius R, and rotates with the angular velocity wq before the event. Find
the angular velocity of the plate after the fly has landed. (You can assume that the fly
is able to grip onto and remain attached to the plate.)

Solution: The system consists of two objects: The DVD and the fly, as illustrated in
Fig. 16.24. We choose the fixed rotational axis through the center of the DVD as the
origin.

We plan to use conservation of rotational momentum to solve the problem. The
external forces on the system consiting of the DVD and the fly, are the gravitational
forces on the disk and the fly, and the force on the disk acting in the attachment
point at the center of the disk. The gravitational force on the disk and the forces on
the disk from the attachment point in the axis do not contribute to the net torque
around the axis, since the “arm”, r, is zero for these forces. The torque due to the
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Fig. 16.24 A fly lands on a Before
spinning DVD. The

illustration shows the

situation before (top) and

after (bottom) the fly has '
landed =

After

gravitational force on the fly acts in the xy-plane, and its z-component is therefore
zero. The z-component of the net torque on the system is therefore zero, and rotational
momentum is conserved:

Lo (to) = Lo (1), (16.125)

Immediately before the bug landed, the rotational momentum of the disk was

Lo(t0) = Lwo+ 0 , (16.126)
disk fly

where the z-component of the rotational momentum of the fly is zero since the fly is
only moving vertically when it is landing.

After the landing, the fly is moving with the same velocity as the disk. The fly has
therefore effectively changed the moment of inertia of the spinning disk, by adding
a mass m at a distance R from the axis:

L(t) = L(to) + mR?, (16.127)
and the rotational momentum of the disk-fly system is:
Lo (1) = (I + mR})wy, (16.128)

Now, we can find the final angular velocity, since the rotational momentum is con-
served:

Lwy = (IZ + mRz) wi, (16.129)
I

w| = —= o).
T L mr2Y?

(16.130)
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Since the disk is a cylinder, we know that the moment of inertia around the center of
the disk (the center of mass) is: I, = M R?/2. The final angular velocity is therefore:

I MR?wy M
w] = 2 = w,
mR2+ IMR> M +2m

0. (16.131)

16.4.4 Example: Ballistic Pendulum

This problem is a classic in mechanics. It illustrates the conservation of angular
momentum during a collision.

Problem: A thin rod of length L and mass M is hanging from a point O at one end
of a the rod. A bullet of mass m is shot horizontally into the rod, and hits the rod
with the horizontal velocity v at the lower end of the rod. The bullet is stuck in the
rod. Find the angular velocity of the object immediately after the collision.

Approach: We divide the problem into two parts: The collision and the subsequent
motion. During the collision we try to use conservation of rotational momentum to
find the angular velocity after the collision. For the subsequent motion we use energy
considerations to find how high the pendulum swings.

Identify: We use the rotation axis as the origin. The bullet has an initial velocity
vo = vi, and the rod is initially hanging straight down, with no angular velocity. The
system is shown in Fig. 16.25.

Model: The net external force is not zero throughout the collision, since the rod
is affected by forces acting in the axis. What about the net torque around O? The
external forces acting on the system is the force, N, acting on the axis, ry = 0;
the gravitational force, G of the rod; and the gravitational force G of the bullet.
We assume that the rod does not move much during the collision. Consequently,
the gravitational force on the rod acts approximately in the point r¢ = —L/2j
throughout the collision, and similarly that the gravitational force on the bullet acts
in r, = —Lj. Also, we assume that the rod is thin, so that the bullet is at x;, = 0
throughout the collision—therefore, we do not have to address the horizontal position
of the bullet when we calculate the torques. The net external torque is therefore:

™ =0xN+rg xG+r1p x Gp, (16.132)

where all the terms are zero! Hence the net torque is zero, and the rotational momen-
tum around the point O is conserved throughout the collision.

We find the z-component of the total rotational momentum using the superposition
principle, summing the z-component of the rotational momentum of the rod and the
bullet. For the rod, Lg’ .= I, w, which is zero before the collision when the rod
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Fig. 16.25 Tllustration of a

L y y
collision between a bullet

(red) and a rod (grey). The X X
bullet is small compared with 0 O:

the rod and remains stuck on i

the rod after the collision. 0

The rod rotates around an
axis through the origin O

starts at rest. Immediately before the collision, the angular momentum of the bullet
around the point O is:

LY =rp, x mv=—Ljx mvwi=Lmvk, (16.133)
and the z-component is:
LY . = Lmy. (16.134)

The total z-component of the angular momentum of the system immediately before
the collision is therefore:

Lo, =Lmv+ Iwy = Lmv. (16.135)
bullet rod

After the collision, the bullet is attached to the rod and the bullet-rod system rotates
as a rigid body around the axis. The z-component of the rotational momentum of
arigid body is L, = Iiow, where I is the moment of inertia. We find the moment
of inertia of the bullet-rod system using the superposition principle, summing the
moment of inertia of the rod, /, and the bullet, which we consider to be a particle of
mass m at a distance L from the rotation axis:

Lot =1 +mL>. (16.136)
The rotational momentum after the collision is therefore:

Lo, = (1 n mL2) , (16.137)
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Solve: Conservation of angular momentum gives:

Lmvy

L =(1 L2) N cia
my +m w w T+ mL2

(16.138)

Analyze: The subsequent motion of the rod-bullet pendulum can be determined from
Newton’s second law for rotation around the axis O.

16.4.5 Example: Rotating Rod

Problem: A thin rod of length L and mass M is lying at rest on a frictionless surface.
A bullet of the same mass, M, is shot horizontally into the rod, and hits the rod with
the horizontal velocity v at a distance y from the center of the rod. The bullet is stuck
in the rod. Find the translational and angular velocity of the object immediately after
the collision.

Approach: Since the system is not affected by any external forces, the translational
and rotational momentum is conserved, and we can use conservation laws to relate
the motion before and after the collision.

Identify: The system consists of the rod and the bullet. We describe the motion of the
system by the motion of its center of mass and by the rotation of the system around
its center of mass. The system is illustrated in Fig. 16.26.

Model: The motion of the system is determined by the external forces acting on the
system. Since we can ignore frictional forces in the plane of motion, the only external
forces acting are the gravitational force and the normal force from the surface. Since
the rod is not moving vertically, the net external forces are zero. From Newton’s
second law for translational motion, this means that the (translational) momentum
is conserved throughout the collision and during the motion afterwards:

d
ZF;’“: EP:MA:O. (16.139)
j

The center of mass of the system therefore moves with a constant velocity—before,
during, and after the collision! Notice that the translational motion does not depend
on where the bullet hits the rod—the velocity of the center of mass is the same
independently of where the bullet hits, although the position of the center of mass of
course will depend on where the bullet hits.

The velocity of the center of mass before the collision depends on the velocity of
the objects: The velocity of the rod is, v, = 0, and the velocity of the bullet is v,
hence:

M+M)YV=Mv+M0=Mv, (16.140)
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Fig. 16.26 Illustration of a
collision between a bullet
(red) and a rod (grey). The
bullet is of the same mass as
the rod, and the bullet i
. y ;
remains stuck on the rod ]_’J 3
after the collision. The center 0 ¢ L o f
of mass during the collision e

is illustrated PO TR i

and therefore:
V=-v=—-vi (16.141)
2 2

Since the system has no velocity component in the y-direction, the y-position of the
center of mass remains constant, with the following value:

M+M)Y=MO—My = Y =—y/2, (16.142)

as illustrated in Fig. 16.26.

Second, we determine the motion relative to the center of mass. The rod may start
rotating, depending on where the bullet hits the rod. The rotational motion around
the center of mass is related to the torque of the external forces around the center
of mass. But, since there are no external forces acting in the plane of motion, the
z-component of the external torque is zero:

=t =0. (16.143)

We apply Newton’s second law for rotational motion around the center of mass:

d
&t = ELC,,, =0, (16.144)

and find that there is no change in the rotational momentum around the center of mass:
The rotational momentum around the center of mass of the system is conserved. This
is also the case for the z-component of the rotational momentum around the center
of mass:

d
TZeXt = ELC’"-,Z = O (16145)
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Since we know the rotational momentum around the center of the mass before the
collision, we can use this to find the rotational momentum around the center of mass
after the collision, and from this we find the angular velocity of the object around
the center of mass.

The rotational momentum around the center of mass is the sum of the rotational
momentum for each of the components—around their common center of mass,

Lcm = Lrod + Lbullet~ (16146)

Before the collision, the rotational momentum of the rod around the center of mass
is 0, since it is not rotating initially. The rotational momentum of the bullet depends
on the position rp, ., of the bullet relative the center of mass:

Lultet = Tp,em x Mvi= (xb,cm i+ Ybem .]) X Mvi=—ypen MvK. (16.147)

Notice that only the y-component of r¢p, contributes. Since the position of the bullet
is —y, and the position of the center of mass is —y/2, we find that the y-component

of Th.em iS ypem = —y — (=y/2)) = —y/2, and

1
S —— (—%) My = Mvy. (16.148)

cm,z

After the collision, the whole object, consisting of the bullet and the rod, is rotating
around the center of mass with a rotational momentum:

Lin. = Lo. (16.149)
The total moment of inertia is:
Iz = Irod,z + Ibullet,za (16150)

where both moments of inertia must be around the same axis: The axis going through
the center of mass of the rod-bullet system.

For the rod, the moment of inertia around its own center of mass is given in
Fig.15.5:

1
Lrod,z,cm = EMLZ. (16.151)

The axis through the rod-bullet center of mass is a distance s = y/2 from the center
of mass of the rod, which we use in the parallel-axis theorem to find:

L\’ 1 2 y2
Irod,z = Irod,z,cm +M E = EML + MZ (16.152)
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For the bullet, we assume it is a point particle, located at a distance s = y/2 from
the center of mass, hence the parallel-axis theorem gives:

2 1
Ibullet,z =M (%) = ZMyz, (16153)

The total moment of inertia is therefore:

1 2 1 2 1 2 1 2 1 2
L=—ML2 4+ -My2+ -My2 =M (—1%+ =y2). 16.154
e = pME A My My n Ty ( )

Finally, we find the angular velocity after the collision from:

1 1
Jlens oMW v ¢ (16.155)
YL T ML+ L) T 2 '
z (L% +35%) y(%) +6

After the collision, the net external force is zero, and the rod-bullet system moves in
a straight line with constant translational and angular velocity.

16.5 General Rotational Motion

So far we have only addressed motions where the axis of rotation does not change
direction. But Newton’s second law for rotations around a fixed point or around the
center of mass has general applicability, it is also valid in cases where the torque
is not parallel to the angular momentum. Let us address what happens in this case
through two examples.

A Rotating Wheel

Let us assume that you are holding a spinning wheel—such as the wheel of a bike.
You are holding onto a rod through the axis of rotation, and you want to rotate the
axis by applying a pair of forces, F and —F, at the two ends of the rod. Let us find
the motion of the wheel due to the force pair.

The system is illustrated in Fig. 16.27a. Initially, the wheel is rotating with the
angular velocity w around the x-axis, so that the initial angular momentum around
the origin is:

Lo = lwi, (16.156)
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Fig. 16.27 a You try to change the rotation axis of a spinning wheel by applying a pair of forces F
and —F at symmetric positions around the center of mass of the wheel. b An illustration of the front
wheel of a bike rolling in the positive z-direction. The wheel is rolling, rotating around the x-axis.
As you lean towards the right, you apply a pair of forces on the axis of the wheel, as illustrated. The
resulting torque acts in the z-direction, causing the angular momentum to tilt towards the z-axis,
rotating the wheel so that the bike turns left

since the object is symmetric around this axis.
We apply a pair of forces to the axis. A force F{ = — F K is acting at the position
r; = xi, and a force F, = F k is acting at the position ry = —x i. In addition, the
wheel is affected by gravity, W = —mg j, and the axis is supported by two forces
balancing the gravitational force, Ny = No = mg/2j. The gravity and the two
balancing forces have no net torque around the center of mass of the wheel.
What is the net torque around the center of mass of the system? We find:
™ = xFi4+rmxF,=xix —Fk—xix Fk=—-2xFj. (16.157)

cm —

Newtons’ second law for rotational motion gives:

Lo _ = _2xFj. (16.158)
dt

The initial angular momentum is along the x-axis, in the i direction. After a small
time interval At, the applied forces will have lead to a small tilting of the spin axis,
but the axis is tilting in the direction of the y-axis, while the forces are applied along
the z-axis. Is this strange? No, this is entirely consistent with the experience you
gain while riding a bike. Consider the motion of the front wheel of your bike. Let us
assume that while you are riding forwards, the wheel is spinning around the x-axis
as illustrated in Fig. 16.27b. If you lean towards the left, you are transferring a pair
of forces to the axis of the wheel. Leaning to the left, you pull up on the negative
side (the side in the negative x-direction), and you push down on the positive side of
the spinning axis. As a result, you apply a torque acting in the backward direction—
along the z-axis on the figure, but backward. The rotational axis will therefore tilt in
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Q

L sin y—

Fig. 16.28 An illustration of a spinning wheel balancing on the point O. The wheel rotates rapidly
around its own axis with the angular velocity wy, in addition, the axis rotates slowly around the
vertical axis with the angular velocity £2

this direction, causing the wheel to turn to the left! Leaning on your bike therefore
leads to the front wheel turning, as you surely have experienced while cycling.

A Spinning Top

A spinning top is a common child’s toy. You spin it up by you hand (or by a string
or similar device), and the top starts spinning rapidly, balancing on its bottom tip.
The wheel not only rotates around its axis, in addition, the axis of rotation starts
rotating slowly around the vertical axis. As the spinning wheel spins slower and
slower around its own axis, its rotates faster and faster around the vertical axis. What
is happening?

Let us make a simplified physical model of the spinning wheel. We consider the
wheel to be a symmetric object rotating around its axis of symmetry with an initial
angular velocity wy, as illustrated in Fig. 16.28. The spinning wheel is standing on a
tip located on the symmetry axis, and we assume that it rotates approximately without
friction. In addition, the rotation axis of the spinning wheel is rotating slowly, with
an angular velocity £2, around the vertical z-axis. Can we find a relation between wj
and 27

We start by analyzing the situation in order to determine the motion of the spinning
top. Its motion is determined by the forces acting on it. The spinning top is affected by
gravity, G, and the normal force, N, as illustrated the free-body diagram in Fig. 16.28.
We apply Newton’s second law for the motion of the center of mass:

D F.=N-Mg=MA. =0, (16.159)

where we have assumed that the top does not move in the vertical direction, hence
A; = 0. This means that the normal force is:

N = Mg. (16.160)
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We apply Newton’s second law for rotation around the point O—the contact point
for the axis of the spinning top. This point is stationary—it does not move throughout
the motion. We find the net torque around this point at a time when the center of
mass of the spinning wheel is located along the x-axis, at the position

r=Ri= Mlsinyi, (16.161)
where we see that R = [ sin y from Fig. 16.28. The net torque around O is therefore:

net __ — s _ — 1) — i
75 =0xN+rx & =Rix (—MgKk) = —-MgR(—j) = MgRj. (16.162)
=—Mgk

What is the angular momentum of the spinning top? We notice that there are two
contributions to the angular momentum: The spinning top is rotating around its axis
of symmetry, and the center of mass is moving in a circle around the vertical axis.
We use the general expression for the angular momentum for a rigid body

Lo=RxM V +Ln=RMQRKk+ Lem=MR*QKk+ Iemws, (16.163)
=2kxR

where we have used that since the spinning top is rotating around its center of mass,
the angular momentum around the center of mass is L¢m = Iem®s, Where g points
along the axis of the spinning top. In addition, we will now assume that the angular
momentum of the rotation of the center of mass is much smaller than the angular
momentum of the rotation of the spinning mass around its center of mass:

I
MR’Q < Iemws = 2 < ﬁa)s, (16.164)

where the prefactor is of the order one, since the mass is typically located a distance
smaller than R from the center of mass. Consequently, we have assumed that:

2 < s, (16.165)

that the spinning top is rotating much faster around its own axis, than the axis is
rotating around the vertical axis. Our approximation is therefore:

Lo >~ Icmws. (16.166)
Newton’s second law for angular motion around a fixed point states:

dLo
net — 2 16.167
T0 dr ( )

Now, since we know that the axis of the spinning top is rotating around the vertical axis
with an (approximately) constant angular velocity, we know the change in angular
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momentum around the center of mass over a small time step Ar—itis simply found by
the change in the angular momentum vector L, which is (approximately) parallel to
the angular momentum around the center of mass. The change in angular momentum
is:

ALp = Lo(t + At) — Lo(2). (16.168)

From Fig. 16.28, we see that the angular velocity vector @, and therefore also the
angular momentum Lo, rotates an angle A¢ around the vertical axis during the time
interval At. Since the “radius” in this circle is Lo sin y, we see that the change in
angular momentum is approximately equal to the arc length along the circle:

ALop = (Lpsiny) Ag¢. (16.169)
We divide by At, getting:
AL A
Ato —Lo sinyA—(f — Losiny Q. (16.170)

From Newton’s second law for rotational motion, we know that

dLo

T ot = Mglsinvy, (16.171)
hence
Lo$2 = Mgl, (16.172)
and since Lo >~ I.,mw; we find:
o= Msl Mgl (16.173)

Lo N Icmws.

We have found a relation between the angular velocity w; of the spinning top
around its center of mass, and the angular velocity £2 of the spinning axis around the
vertical axis.

We notice that §2 increases as wg decreases, which “explains” the behavior of
a spinning top running on the floor: It wobbles faster as the spinning wheel slows
down.

However, when wg — 0, our assumption that M RIQ « I.mw; breaks down, and
our theory is no longer valid. Our solution therefore only has limited applicability,
and we should make a rule to always check such assumptions at the end, to find if
we have violated them.
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Summary

Torque:

e The torque of the force F acting at the point r relative to the point O is: T =r x F

e Torques of several forces can be added to find the net torque around a given point.

e The torque of the gravitational force on a rigid body is T = R x G, where R is
the position of the center of mass of the body.

N2L for rotational motion around a fixed axis:

e For a rigid body rotating around a fixed axis (the z-axis) Zj ;=1 = La
where 7; = r; x F; is the torque of force j acting in point r;, and I, is the
moment of inertia of the object around the z-axis.

e This law is only true for a rigid body rotating around a fixed axis or for a rigid

body rotating around a fixed axis through its center of mass.
N2L for rotational motion around the c.m.:

e For a rigid body rotating around a fixed axis (the z-axis) through the center of

mass, the acceleration of the center of mass is: > ; F; = F*t = MA and the
angular acceleration around the center of mass is: T = " = Lo where
T = Iem,j X Fj is the torque of force j acting in point r,,, ; measured relative to
the center of mass, and I, is the moment of inertia of the object around the z-axis
through the center of mass.

e This law is only true for a rigid body rotating around a fixed axis or for a rigid

body which is spherically symmetric around the center of mass.
Rotational momentum for a system of particles:

e The rotational momentum (or angular momentum) of a point particle with
(translational) momentum p at the position r relative to the point O is: 1 =r x p

e Newton’s second law for the motion of a point particle can be written as: > T =

et = dl/dt

The rotational momentum (or angular momentum) of a multiparticle system

around the point O is: Lo = Zi r; X m;v;

Newton’s second law for rotational motion of a multiparticle system around the

fixed point O is: dLo/dt = 3, r; x F*' = %!

e The rotational momentum (or angular momentum) of a multiparticle system
around its center of mass is: L., = Zi Tem,i X MV

e Newton’s second law for rotational motion of a multiparticle system around its

L. — . ext __ ext
center of mass is: dL¢y /dt = 3 Yep i x FO = 18

Rotational momentum of a rigid body:

e The rotational momentum (or angular momentum) of a rigid body rotating
around a fixed axisis Lo ; = Ip ;0

e If the net external torque around a fixed point is zero, the rotational momentum of
the system around the same fixed point is conserved.
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e The rotational momentum (or angular momentum) of a rigid body rotating
around a fixed axis through the center of mass is Loy, ; = Iem ;@

e If the net external torque around the center of mass is zero, the rotational momen-
tum of the system around the center of mass is conserved. This is true also when
the center of mass is moving.

Collisions and conservation laws:

e If the net torque around a fixed point O is zero (or very small) throughout a
collision, then the angular momentum around this point is conserved throughout
the collision.

— If the net torque around the center of mass of a system is zero (or very small)
throughout a collision, then the angular momentum around the center of mass is
conserved throughout the collision—independently of the motion of the center
of mass.

Exercises

Discussion Questions

16.1 Opening a door. If you can push with a maximum force F', how should you
push a door to open it as quickly as possible?

16.2 Opening a jar. Why does it help to use an extending shaft to open a stuck lid?

16.3 Revolving door. A friend of yours is claiming that it is easier to open arevolving
door than a single door of the same size as one half of the revolving door, because the
swing door has a weight on the other side that balances the movement. Is he right?

16.4 Summersaulting. Explain the principle of doing a summersault on a trampo-
line.

Problems

16.5 Motion of rod during a collision-like process. In this problem we will study
the motion of a thin rod that falls and attaches itself to a hinge. We will look at both
the motion of the center of mass of the rod and how the rotation of the rod changes
in the process (Fig. 16.29).
The moment of inertia of the rod about an axis through the center of mass is
1 2

ILem=—=ML

16.174
B ( )
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Fig. 16.29 Illustration of L
rod attachment

where M is the mass of the rod, and L its length. We hold the rod horizontally
oriented with one of the ends of the rod a height 4 directly above a fixed point O
where a hinge is located. We release the rod from rest. You can ignore air resistance.
(a) What is the velocity of the center of mass vy of the rod when it has fallen a
distance #? What is the angular velocity wg about the center of mass of the rod when
it has fallen this distance?

When the end of the rod hits the hinge in point 0, it attaches itself, and the whole
rod starts rotating about 0. We can view this process of attachment as a collision.
You can assume all movement is in the plane as shown in the figure. You can also
neglect air resistance and any friction in the hinge.

(b) Show that the moment of inertia of the rod about an axis normal to the rod through
the point O is I, = ML?/3.

(c) Find the angular velocity of the rod about the point O immediately after the rod
becomes attached. You can assume that the rod doesn’t rotate during the process of
attachment and that the torque from the gravity can be disregarded.

(d) Find the momentum of the rod immediately after the rod becomes attached. Is
the momentum conserved? Explain.

The hinge is spring-loaded and affects the rod with a torque 7p ; = —«6. The
potential energy related to this interaction is U = (1/2) « 6.

(e) Find an expression for the angular acceleration of the rod when it has rotated an
angle 6 about the point O.

(f) It is possible to find the angle of the rod as a function of time using numerical
methods, finding an analytical expression is more difficult. We can instead use a
different method to find the maximum angle the rod rotates. Find an equation that
decides the maximum angle 6 of the rod. Note that you don’t have to solve this
equation.

(g) After reaching the maximum angle, the rod will change it’s direction of rotation
and swing back. What is the angular velocity, w,, of the rod about the point O the
moment the rod is horizontal again? (i.e. when the angle 6 is 0.)

(h) What is the velocity, v2, of the center of mass when the rod is horizontal again?

The moment the rod reaches the horizontal orientation, the hinge in point O
breaks, releasing the rod so it is no longer attached. You can assume the rod is not
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affected by any external forces during this process and that the kinetic energy of the
rod is conserved.

(i) Show that the velocity of the cm and the angular velocity about the cm immediately
after the attachment fails is v3 = —(3/4) vo and @3 ¢y = (3/2) (vo/L)

(j) Describe the motion of the rod after the attachment breaks.

(k) How high does the center of mass of the rod reach?

16.6 Collision between a rod and a block. In this problem we will study an impact
between a rod and a small block. The rod is homogeneous with the mass M and
length L. The rod is attached with a frictionless hinge in the point O so it can rotate
as shown in the Fig. 16.30. The block is small compared to the rod. The block has
the mass m and is initially at rest on a frictionless surface. The rod starts from rest
at an angle 6y and is released. The rod hits the block when it is hanging straight
down (i.e. when & = 0). The rod’s moment of inertia about its center of mass is
Iy = ML?/12.

(a) What is the rod’s moment of inertia about the point O?

(b) Find the rod’s kinetic energy as a function of the angle 6. You can disregard air
resistance.

(¢) Find the angular velocity of the rod, wg, immediately before it hits the block.
Let us first assume that the collision is perfectly elastic.

(d) Show that the velocity of the block immediately after the collision is v; =
Qawo L)/(1+ (mL?)/10).

(e) Show that the angular velocity of the rod immediately after the collision is w; =
wo(1=@)/(1+ 1o/ (mL?))).

(f) Discuss the motion of the block and the rod after the collisions for the cases
m>>Mandm << M.

(g) What happens in the case m = M /3?

Let us now assume the collision is perfectly inelastic.

(h) Find the angular velocity of the rod and the velocity of the block immediately
after the collision.

16.7 A model of two rods colliding. We will in this problem look at a collision
of two long and thin rods. This could for example be a model of how two long
and linear molecules collide. The two rods are identical and remain stuck together
after the collision. Each rod has a mass M and length L. For each rod the moment of
inertia about its center of mass is Io = M L?/12. The rods are gliding on a horizontal,
frictionless surface as illustrated in Fig. 16.31.

The rods are parallel before the collision. One of the rods is at rest, while the
other has the velocity vy. After the collision they stick together like one rigid body,
as illustrated in the figure. The starting position is characterized by the distance d as
in the figure. You can neglect the width and height of the rods.

(a) Show that the moment of inertia around the center of mass for the body of the
two rods stuck together is 7 = (M/2) (d* + L?/3)

First assume d = 0.

(b) Find the velocity v; of the center of mass of the system after the collision.
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Fig. 16.30 Illustration of
rod hitting a block

Fig. 16.31 Illustration of

o After v, P N
two rods colliding

Before

(c) What is the angular velocity about the center of mass of the body of the two rods
stuck together after the collision? Justify your answer.

Let us now look at the case 0 < d < L.

(d) Find the velocity v; of the center of mass of the system after the collision.

(e) Find the angular velocity w; of the entire system about its center of mass after
the collision.

(f) What is the loss of energy in the collision? For what d is the loss of energy the
least? Comment the result.

(g) Describe the motion after the collision.

16.8 Studying friction on a wheel. In this problem we will study the behavior of a
spinning wheel that is lowered onto a flat, horizontal surface. The wheel has a mass
m, aradius R, and a moment of inertia about its center of mass /. We let the x-axis
be parallel with the surface and choose the direction of rotation to be positive in the
clockwise direction, as illustrated in the figure. The coefficient of dynamic friction
between the surface and the wheel is . The acceleration of gravity is g. The wheel
is lowered onto the surface at a time ¢+ = Os at the position x(0) = xo = 0. The
initial velocity of the wheel is v(0) = vo = 0 and the initial angular velocity is wq
(Fig.16.32).
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Fig. 16.32 Illustration of a
spinning wheel

Fig. 16.33 Illustration of the
motion of Tarzan and the
vine: when Tarzan jumps (at
to), immediately before he
grabs the vine (1),
immediately after he is
attached to the vine (), and
when he reaches his highest

point (#3)

Je)
*O

16.9 Tarzan’s swing. Tarzan jumps from a cliff and grabs a vine. He jumps hor-
izontally from the cliff with initial velocity vy at the time 9. The vine has mass
M and length L. Initially, the vine is hanging straight down and is attached at its
highest point, O. Tarzan jumps from a height 4 above the lowest point on the vine,
as illustrated in Fig. 16.33. After the “collision” Tarzan remains attached to the vine,
with his center of mass at the lower edge of the vine. Tarzan’s mass is m. The vine
behaves as a rod attached without friction to the point O. The moment of inertia of
a rod around its center of mass is I = (1/12)M L?. You can neglect air resistance.
(a) Find Tarzan’s velocity immediately before the collision with the vine (at #1).

(b) What is the moment of inertia of the vine about the point O?

(c) Show that the angular velocity of the vine (with Tarzan) immediately after the
collision is w» = m/ ((M/3) + m) (vo/L).

(d) How far up does Tarzan swing?

(e) How high would Tarzan swing if he jumped from twice the height?

16.10 Rolling up a slope. In this problem we study the motion of the rotating wheel
placed on a slope. The wheel has mass M and radius R. The wheel consists of
three homogeneous cylinders rotating around the same axis. The middle cylinder
has radius R and mass M /2. A cylinder with radius R/2 and mass M /4 is glued
on each side of the middle cylinder, as shown in Fig. 16.34. The moment of inertia
around the symmetry axis for a cylinder of mass m and radius r is I = (1/2)mr?.
(a) Show that the moment of inertia around the z axis for the wheel is I =
(5/16)M R?.
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Fig. 16.34 Illustration of a

wheel consisting of three : M72
cylinders that are glued R |M/A ;
together LR
z z

The wheel starts with an angular velocity wg and is placed on a slope as shown in
Fig. 16.34, where the positive rotational direction is shown. The wheel starts without
translational velocity. The coefficient of friction between the wheel and the floor is
w. The slope makes an angle 6 with the horizontal. You can neglect air resistance.
(b) Draw a free-body diagram for the wheel and name the forces acting on it.

(¢) Show that the acceleration of the center of mass of the wheel in the x-direction
becomes a, = g (1 cos6 — sinh).

You can assume that ;t cos & —sin 8 > 0. In the following, we will only study the
motion of the wheel before it starts rolling without slipping. You can assume that the
wheel is moving upward until it starts rolling.

(d) Find the velocity, v(#), of the center of mass of the wheel.

(e) Find the angular acceleration, «(t), of the wheel.

(f) Find the angular velocity, w(¢), for the wheel.

(g) Find the time it times until the wheel starts rolling without slipping.

(h) Describe the motion after the wheel starts rolling and explain your answer.

Projects

16.11 Snow crystal. In this project you will apply your knowledge of linear and
angular momentum to study the aggregation of small droplets of ice to form large
grains of snow.

As snow crystals form in clouds they start falling through the cloud. Due to air
resistance, larger particles fall faster than smaller particles. A large particle will there-
fore overtake smaller particles. When a smaller particle is overtaken, it will stick to the
larger particle, adding further to the size. This process forms aggregate snowflakes,
which is one of the most common types of snowflakes.?> This mechanism is often
called differential sedimentation, and is a process important for pattern formation in
many natural systems, and it is also a process important for many industrial processes.
An example of a complex aggregate formed by a related aggregation process called

3You can learn more about this process, and look at how aggregate flakes look in the PhD thesis of
Christopher David Westbrook at (http://www.met.rdg.ac.uk/sws04cdw/thesis.pdf).
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Fig. 16.35 Image of a
(fractal) cluster formed by
diffusion limited aggregation
of 10000 particles. (Goold,
2004)

Diffusion Limited Aggregation in Fig. 16.35 shows the complex geometries typically
found in aggregate grains.

In this project, we will study the aggregation process in detail. We will study an
approximately spherical grain of ice of mass M and radius R, hitting and sticking to
an identical grain of ice.

First, let us address why large particles fall faster than small particles. The mass
of an ice grain of radius R and mass density p,, is

4 5

M = p,,—R

16.175
3 ( )

We will assume that air resistance can be modeled using the approximation:
F, = —kv, (16.176)

where
ky, >~ 20.4Rn (16.177)

is a constant depending on the viscosity n of the fluid.

(a) Find the forces acting on an ice grain with radius R, and write down Newton’s
second law of motion for the grain.

(b) Show that the acceleration of the grain is

20.4
a—g— Tnzv, (16.178)
Pm 3 R
where g = —gj and g is the acceleration of gravity. Can you now explain why larger

grains fall faster than smaller grains?
We will now study a collision between two identical ice grains. One grain is at
rest relative to the reference system and the other grain has a velocity vo downwards.



16.5 General Rotational Motion 549

(a) Before collision (b) Before collision

Fig.16.36 Illustration of a collision between two identical ice grains. The lower grain is not moving,
and the top grain is moving downwards with a velocity v as illustrated. In (a) the top grain hits at
the top of the stationary grain, and in (b) the top grain hits the lower grain when the angle between
the line connecting the centers of the grains and the horizontal is 6

When the two grains collide, they stick together at the point of contact, and remain
stuck together. We call this combination of two grains a compound grain.

(¢) The moment of inertia of one ice grain around its center is I, = %M RZ. Show that
the moment of inertia, /, around the center of mass for a compound grain consisting
of two grains sticking together is I = (14/5) M R>

First, we consider a linear collision where the upper grain hits the lower grain
directly in the center, as illustrated in Fig. 16.36a. We assume the collision to be
instantaneous, so you can ignore the effect of air resistance and gravity during the
collision.

(d) What is the velocity, vy, of the center of mass the compound grain after the
collision?

(e) What is the angular velocity, @i, around the center of mass of the compound
grain after the collision?

Let us now consider the more general case illustrated in Fig. 16.36b. When the
two grains touch, the line between the centers of the two grains forms the angle 0
with the horizontal. The upper grain still has the initial velocity vo downwards before
the collision, and the lower grain is at rest.

(f) What is the velocity, vi, of the center of mass of the compound grain after the
collision?

(g) What is the angular velocity, @, around the center of mass of the compound
grain after the collision?

(h) What is the loss of energy in the collision?

Let us now address the motion of the compound grain after the collision. Initially,
it is rotating with the angular velocity w;.

(i) If we ignore air resistance, find w(r) as a function of time for the subsequent
motion.

In the following we will not ignore air resistance, but rather develop a simplified
model for the air resistance. In order to determine the force acting on the compound
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object due to air resistance, we either need to perform experiments on such objects,
or we can use numerical simulations of the fluid flow around the object to determine
the forces.

Here, we will use a strong simplification: We assume that we may consider the
compound object to consist of two separate spheres. The force on each of the spheres
due to air resistance is described by (16.176), where the corresponding velocity, v,
in (16.176) is the velocity of the center of the sphere, and the force acts in the center
of the sphere.

The compound object has velocity v, and angular velocity .

(j) Argue that the velocities, v4 and vp, of each of the ice grains A and B are
VA =Vem +@ xXrandvp = v, —® X 1, where r describes the position of grain
A relative to the center of mass of the compound grain.

(k) Show that the net force on the center of mass of the compound object is > F =
2Mg — 2k,V¢y, Wwhere g = —gj and g is the acceleration of gravity.

(I) Show that the torque around the center of mass of the compound object due to air
resistance is T = —2k,@R? (Hint: Use Lagrange’s formula).

(m) Show that the angular acceleration « of the compound object around its center
of mass can be written as « = dw/dt = —(1/ty)w, and find the characteristic time
10.

(n) Describe (with words) the motion of the compound object.

(0) Sketch the time development of the velocity v, and the angular velocity @ of
the compound object, and discuss how the behavior would change if you changed
the radius, R, of the grains.

(p) How would our argument change if we instead studied large particles, where the
air resistance force depends on the square of the velocity?

Final comment: Notice that the result above for the net force on the compound
grain indicates that small and large grains have the same acceleration, which is not
consistent with our initial result. This is due to our (incorrect) simplification of adding
the air resistance force for each of the grains together to get the air resistance force for
the compound grain. For a real ice crystal formed by aggregation, the dependence
of the air resistance on the size of the compound grain is more complicated, and
will also depend on the complex geometry attained by a compound grain after a few
hundred collisions with smaller grains.

16.12 Collision with rotation. In this project we address a collision between two
identical atoms. You will learn how to determine external and internal motion of
a diatomic molecule after a collision using a combination of analytical techniques,
such as conservation laws, and numerical methods to determine the motion of the
molecule.

We want to address a collision between two identical atoms of mass m, and we
assume that we may consider the atoms to be point particles. The atoms are not
affected by any external forces.

Here, we will first analyze a simplified model for the collision—a one dimensional
model—before we analyze the full collision process.
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Fig. 16.37 Illustration of a

Lot - Before y
simplified collision model: Vv,
Atoms A and B collide on X
the x-axis -O A
A B
After y
v,
X

First, we address a simplified model. The system we consider consists of two
atoms: atom A moves along the x-axis with the velocity vg, and atom B is at rest in
the origin as illustrated in Fig. 16.37. The atoms do not interact before they hit each
other. After the collision they are stuck to each other.

(a) Find the velocity of the center of mass for the system before the collision.
(b) Find the velocity of the center of mass of the system after the collision.
(c) What is the change in the system’s kinetic energy through the collision.

Let us make the model slightly more realistic by introducing a simplified model
for the interactions between the two atoms. We will here not use a full model for
the interatomic interaction, but instead assume that we can model the interatomic
interaction using a spring force model. When atom A reaches a distance b from atom
B, the two atoms become attached by a massless spring with spring constant k and
equilibrium length b. The atoms remain attached with this spring throughout the
collision and the subsequent motion.

(d) Whatis the velocity of the center of mass immediately after the atoms are attached
with the spring, that is, when atom A is at the distance b from atom B? What is the
change in kinetic energy for the system before and immediately after the collision?

Let us now address the motion of the atoms after the attachment. The positions
of the atoms are x4 and xp.

(e) Show that the force on atom Ais: F = k((x4 —xp)—b), and find a corresponding
expression for the force on atom B.

(f) Find expressions for the acceleration for atom A and B, and formulate the dif-
ferential equations you need to solve to find the motion of the atoms, including the
initial conditions.

(g) Write a program to determine the positions and velocities of atom A and atom B
as a function of time. Assume m = 0.1,k = 20,b = 0.2,vg = 1.0, and Ar = 0.001.
(h) Plot the position as a function of time for the center of mass of the system and
for each of the atoms.

(i) What is the maximum distance between the two atoms?

The collision we have addressed so far is a special case—the case of a central
collision. Let us now address a non-central collision.

First, we address a simplified model for a non-central collision, as illustrated in
Fig.16.38. Atom A moves in the x-direction along the line y = b with velocity vy,
and atom B is at rest at the origin. The atoms do not interact until they hit each other,
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Fig. 16.38 Illustration of a Before
simplified collision model: Vo y
Atoms A and B collide in a "
non-central collision O
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which occurs when atom A reaches x = (. After the collision, the atoms form a
diatomic molecule, and the atoms remain attached at a fixed distance b from each
other. (We are not studying a model without the spring force, but with a non-central
collision. We will add the spring force again further on to get a complete, but still
simplified model).
(j) What is the velocity of the center of mass and the angular velocity around the
center of mass immediately after the collision?

Let us now introduce a more advanced model for this collision: When atom A
is in the position x = 0, y = b, and atom B is in the position x = 0 and y = 0,
the two atoms become attached with a massless spring with spring constant k and
equilibrium length b. The atoms remain attached throughout the subsequent motion.
(k) Rewrite your program to model the motion of the atoms in this case.
(1) Plot the motion of the atoms and the center of mass after the collision.
(m) Discuss the motion of the angular velocity for the rotation about the center of
mass for the motion after the collision.

16.13 Modelling a Bouncing Ball. In this project we will study a ball that bounces
on a flat surface. We will only look at a single collision between the ball and the
surface, but we will use different models for the interactions during the collision.

Both the ball and the surface are deformed during the collision, but you can
assume that this deformation is small, this means that the forces from the surface on
the ball will only act in a single point on the ball throughout the collision, and that
the distance from this point to the center of mass of the ball does not change. The ball
slips against the surface during the collision and the coefficient of dynamic friction
between the ball and the surface is the constant ©. You can neglect air resistance.
The ball has a mass m and a radius R, the acceleration of gravity is g, the moment
of inertia of the ball about its center of mass is /.

You throw the ball from a height # with only a horizontal velocity. The velocity
immediately before the collision with the surface is v(fg) = voy i + voy j, Where vo,
is positive and vg, is negative.

(a) Draw a free-body diagram for the ball while it is in contact with the surface.
Identify the forces.

Let us first assume that the normal force from the surface on the ball is constant,

No.
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(b) Find the vertical component of the velocity, vy (7), and the vertical position, y(z),
of the ball while it is in contact with the surface.
(c) How long is the ball in contact with the surface?
(d) Find the horizontal component of the velocity of the ball as a function of time,
vy (1), while it is in contact with the surface. What is the horizontal component of the
velocity of the ball, vi,, immediately after the collision?
(e) Find the angular velocity as a function of time, w(#), as well as the angular
velocity, w1, of the ball immediately after the collision. Describe the motion of the
ball after the collision.
(f) Is the energy of the ball conserved during the collision? Does the ball bounce
back to the height 4 after the collision? Justify your answers.

Now assume that the force from the surface on the ball is N = k(R — y)3/> when
the ball is in contact with the surface, i.e. when y < R.
(g) Find expressions for the accelerations a, and ay of the ball while it is in contact
with the surface.
(h) Find an expression for the angular acceleration a, of the ball while it is in contact
with the ground.
(i) Write a program that finds the motion of the ball’s centre of mass as a function of
time.
(j) Use your program to plot the motion and the velocities of the ball as a function of
time from r = Os to ¢ = 1s when the ball has a radius of R = 0.15 m and is released
from a height 4~ = 1 m with an initial velocity voy = 3 m/s. The spring constant is
k = 10000 N/m, the dynamic friction is u = 0.3, the mass of the ball m = 1kg, the
acceleration of gravity g = 9.8 m/s?, and the moment of inertia I = (2/3) kgm?.
Use a timestep of dr = 0.001 s.
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