Chapter 13
Multiparticle Systems

So far we have studied the motion of objects, but we have not been very precise
in defining an object. What we really have studied is the motion of mass-points,
particles, or extended objects that move as a particle. What does it mean to move
as a particle? It means that all the points in the object move with the same velocity
and the same acceleration, the whole object is translated as a stiff (rigid) body: The
various parts of the object are not moving relative to each other.

But this does not seem to be a good description of everyday phenomena around us.
If you are running, you are surely not moving both your arms and your legs with the
same velocity and acceleration all the time. And if you throw a ball, it may wobble
and spin on its path. Even on the microscopic level objects are not only translated:
Molecules may vibrate, spin, or wobble as they move. When the world is so complex,
can we still use the simple descriptions and models we have developed so far, or do
we have to describe the motion of each small part of the object independently?

Fortunately, we are saved by Newton’s third law: If we only define the position
of the object in a particular way, by defining the position of the object as its center
of mass, Newton’s second law is valid for any system of particles, and therefore for
any object. This wonderful consequence of Newton’s second and third laws allows
us to use the force models and the concepts we have developed so far also to address
extended objects. The motion of an object is further simplified if the object is a rigid
body: An object where the relative positions of any two points do not change, that
is, the object is only translated and rotated, but does not change shape, stretch, or
otherwise deform during its motion.

In this chapter, we discuss the motion of systems of particles—multiparticle sys-
tems. Before we proceed to describe the motion of rigid bodies in Chap. 15 and
Chap. 16, we first introduce a general description of rotational motion in Chap. 14.
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402 13 Multiparticle Systems

13.1 Motion of a Multiparticle System

Let us start describing a system of many particles. For most practical purposes,
two particles are many particles, but we are ambitious and start with a system of
N particles. We number the particles using the index j running from 1 to N as
illustrated in Fig. 13.1. The position of each particle is given in a coordinate system
S as illustrated. The position of particle 1 as a function of time is ry (¢), and its mass
is m. Similarly, the position of particle j is r; and its mass is m ;.

All the quantities we have defined so far are easily extended to each of these
particles. For example, the velocity and acceleration of particle j is found from the
derivatives of the position vector:

V‘—ﬁ a‘—ﬁ (13.1)
e T T A '
and the momentum of particle j isp; =m;v;.

The motion of each particle is determined from the forces acting on it. In our
discussion of momentum, we already discussed that the forces acting on particle j
may be either from one of the other particles in the system, or from the environment.
Forces from other particles in the system are called internal forces, and forces from
the environment are called external forces. Newton’s second law for particle i is
therefore:

d
F?et _ F?Xt + ZFj,i — Epi’ (13.2)
J#L

where F; ; is the force from particle j on particle i.

In order to find the motion of one of the particles inside the system, we need to
know both the external forces acting on this particle and the forces from the other
particles in a system. This may require a complicated force model, for example,
consider the forces acting between two parts of a tennis ball as the ball wiggles
and rotates. Often, we are not interested in the detailed motion of particles inside
a system, but only in the motion of the system as a whole. We can address this by
adding together (13.2) for each particle i, getting:

Fig. 13.1 The motion of a
system of particles is
described by the position r
of each of the N particles in
the system. Here, the system
consists of 5 particles
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D =>"F"+> > Fji= %Pis (13.3)
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=0

As we noticed when we discussed the total momentum of a system of particles, the
sum of all the internal forces will always contain both the force F;; and the force
F; ;. Since these two forces are action-reaction pairs, they are equal, but oppositely
directed. Therefore, every such pair will cancel. The sum of all the internal forces is
therefore zero!

If we introduce P = Zi p: as the total momentum of the system, we find:

d
ZF?“ = —P, (13.4)
- dt

This looks a lot like Newton’s second law, but now for the system of particles. We
can make this similarity even stronger by introducing the velocity V of the system
so that:

P=MV=> p=> mv, (13.5)
i i

where M = ) ; m; is the total mass of the system.

Notice that this is a definition of the velocity V of the system. We define it this
way to be able to write the total momentum, P, of the system in the intuitive way
P = MV. From (13.5) we find:

Z-mivi 1
V=L —=— m;vi. (13.6)
2. mi M,Z o

What is the acceleration of the system? It is natural to define the acceleration, A, of
the system as the time derivative of the velocity V of the system:

d 1
A= V= MZmia,-. (13.7)
l
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Similarly, we define the position of the system, R, as:

Center of mass: The effective position of the system, or the center of mass of
the system, is defined as

1
R = o Zmiri, (13.8)
1

The velocity and acceleration of the center of mass are defined in the usual way:

dR d’R
V=—, A:W. (13.9)

With these definitions:

Newton’s second law for a system of particles: is system as:

d
ZF;?’“ = EP = MA. (13.10)

1

where M = >, m; and P = > p;.

(Where we have assumed that the masses of the particles are constant).

This law, Newton’s second law for a system of particles, is what we have been
looking for. Equation (13.10) shows that if we define the position of the system in this
particular way, we can use Newton’s law exactly as we are used to, just remembering
that we are not describing the motion of each particle separately, but instead we
describe the motion of the effective position R of the system.

This law is powerful and surprisingly beautiful. It is the theoretical justification
for why we do not have to care too much about whether we describe the motion of
an object as a point or as a system of particles. We can describe the motion of any
system of particles as a point: The center of mass R of the system.

In the next sections we build our intuition about the center of mass R of a system
and we learn to apply Newton’s second law for a system of particles.

13.2 The Center of Mass

Why do we call the effective position R the center of mass? Let us start by address
this in a two-particle system. The effective position, R, of the two-particle system is:
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1
R=— . 13.11
’ (mr; + mary) ( )

If the two masses are identical, we see that:

miry + mar; mri + mry 1

R r +12), (13.12)

mi1 + my m-+m _5

which is the midpoint between the two points.
We get a similar result for the N-particle system: When all the masses are the
same, the effective position R is:

1
R = NZ”’ (13.13)
l

as illustrated in Fig. 13.1. This is simply the arithmetic mean of the position vectors.

As long as all the masses are the same, the center of mass is what we typically
would call the geometric center of the points. What happens when the masses are not
equal? In this case, we weigh in the masses in the average, so that the center of mass
is the mass-weighed average of the positions of the particles—which is the natural
definition of the center of mass of an object.

Notice that the center of mass R is a vector. We can therefore calculate the center
of mass for each component, along each axis, independently of the other axes.

The Subdivision Principle

If we combine two systems A and B, where we know the center of mass for each
these systems, how can we find the center of mass for the whole system?

The situation is illustrated in Fig. 13.2. Each of the systems could be a rigid body,
or just a collection of point masses. System A has total mass M4 and a center of
mass at R4, and system B has a total mass Mp and center of mass at Rp.

Let us enumerate all the particles using the index i. The first k particles are in
system A, and the last N — k particles are in system B. What is the center of mass,
R, of the whole system with mass M = M4 + Mp?

Fig. 13.2 A system consists i=1k i=k+1,N
of two objects A and B. We - -~

find the center of mass of the e O\ N // @ -__ -
whole system ) 10) 5 E /; ® (Ol
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The definition of R is:
k N
MR:Zmil‘i szil‘i—i- Z miri = MaRs + MgRp , (13.14)
i i=1 i=k+1
and therefore: MiRx + MsR
R= ARATVERE (13.15)
Ma + Mp

We can therefore find the center of mass of a system of two objects A and B, by
assuming that object A and B are point masses with the whole mass of each object
located in the center of mass of each object. This means that if we want to find the
center of mass of two solid bodies, we can find the center of mass of each object,
and then find the center of mass of the combined object by assuming each object to
be a point mass.

Solid Bodies

So far we have only defined the center of mass of a system of a finite number of
particles. How can we find the center of mass of a solid body?

The definition of the center of mass for a continuous object follows directly from
the definition for a system of many particles. We divide the solid body into small
volumes AV; = Ax; Ay; Az; at the position r;. The center of mass is:

1
R = MZmiri, (13.16)
1

where the mass of the volume element AV; depends on the local mass density, p(r;).
When the size of the volumes goes to zero, the sum approaches the integral of the
mass density of the volume, V, of the solid body:

1
R = M///Vrp(r)dV. (13.17)

In physics, we often write this as an integral over the mass elements dm instead:
1
R=—/ rdm. (13.18)
M Jy

In order to calculate the integral, we calculate the values for each of the components
separately:

MX:///xp(x,y,z)dxdydz, (13.19)
1%

and similarly for the ¥ and Z components.
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13.2.1 Example: Points on a Line

Problem: Find the center of mass R for the system of three particles illustrated in
Fig.13.3.

Solution: We want to determine:

_2imiTi
2. mi

Since all the masses are equal, m; = m. We find the x- and y-components indepen-
dently:

R (13.20)

X 12 1( + 2a + 3a) Loa =2 (13.21)
= — X = — (a a a) = -0a = Za, .
34 T3 3

V=1 = t@rata=13 (13.22)
[ = — (a a a) = —ixa=a .
34773 3

The center of mass is therefore:

R=3ai+aj. (13.23)

13.2.2 Example: Center of Mass of Object with Hole

Problem: Find the center of mass of a homogeneous disk with radius R, with a
circular hole of radius r touching the outer edge of the disk, as illustrated in Fig. 13.4.

Solution: This examples demonstrates that the subdivision principle also can be used
in reverse to remove a part of an object, such as a circular hole in a circular disk. We
start from a homogeneous disk, object AB, and remove a smaller circular portion,
object B, and is left with a disk with a hole, object A.

The mass of the complete disk is Msp = 7 R%p, where p is the mass (area)
density, and the mass of the small disk is Mp = 7r2p. The subdivision principle

Fig. 13.3 A system of three y
particles with identical
masses, m
m m m
a o @) @)
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Fig. 13.4 Illustration of the y
circular disk of radius R with
a circular hole of radius r

states that the center of mass of the whole disk (object AB), which is at the origin,
R = 0, can be written as:

Msp R =M R4+ MpRp . (13.24)
=0

We solve this equation to find R 4, the unknown center of mass for object A.

R Ms » 7rp (R —r)i rk (R —r)i (13.25)
=——Rp=-— —ri=—-——= (R —-r)i, .
AT M BT T aR% R2

Notice the simplicity of this approach. We did not have to perform any integration.
This use of symmetries is a characteristic of physics that you will meet many times
during your career.

13.2.3 Example: Center of Mass by Integration

Problem: Find the center of mass of a thin, homogeneous triangular plate with sides
of length a and b, as illustrated in Fig. 13.5. (You must be able to solve double-
integrals to understand this example).

Solution: The center of mass for a continuous, homogeneous object is defined as:

MR:/ rdm, (13.26)
m
Fig. 13.5 Illustration of a y
homogeneous triangle with
sides of length a and b
b
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where we have written the integral over the mass. Instead, we may integrate over
space and use the mass (area) density, p:

MR =// rp DA. (13.27)
A

We need to find both the mass, M, and the position R. Both are found by integration
over the area A, which is the area of the triangle. First, we find the mass by inte-
grating over the area A. We integrate x from 0 to a, and y from 0 and up to the line
corresponding to the upper boundary of the triangle. This is a line going through the
points x = 0,y = b and x = a, y = 0. The straight line through these points has
the equation y = b(1 — x/a).

a pb(l—x/a) a 1
M://pdA:,o/ / dydx:,o/ b(l —x/a)dx = —~pab,
A o Jo 0 2

(13.28)

which, of course, is the well know formula for the area of a triangle multiplied with
the mass density p of the triangle.

Now, we find the position of the center of mass by calculating the integral for MR
for each component:

a rb(l—x/a) a
MX:// x,odA:p/ / xdde=p/ xb(1 —x/a)dx
A 0 Jo 0

1 1 1 1 1
=p (§a2b — §a3b/a) =p (zazb — gazb) = pgazb, (13.29)

The center of mass in the x-direction is therefore:

_MX _p(/6)a*h 1
X == e = 3% (13.30)

We use the same method in the y-direction:

a rb(l1—x/a) a
MY:// ypdA:,o/ / ydydxzp/ = (b1 —x/a)? dx
A 0o Jo 0 2

0
= phzl/ u?(—1/a)du = pbzllbza, (13.31)
2 /i 23

which gives
MY 1/6) b* 1
y MY _pd/Oba 1, (13.32)
M~ p(/2)ab 3
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The center of mass is therefore:

1 1
R=—-ai+ -bj. 13.33
3a1+3 J ( )

13.2.4 Example: Center of Mass from Image Analysis

The center of mass is often used to describe the center of an object in an image . It
may be because we are taking pictures of an object we want to track, such as the
wandering behavior of a small grain of dust dancing through the air or the motion
of a asteroid seen on the sky, or it may be to determine the center of mass of an
irregularly shaped object.

How can we find the center of mass from an image? First, we need to read the image
so that we can access it. The image is taken from a classroom experiment, where we
have extracted a smaller part of the image for analysis (see Fig.7.4, Figs. 13.6 and
13.7). We read the image ballimage02 .png using:
z=imread (‘ballimage02.png’) ;

Let us immediately display it to see if we got the right image:

subplot(1,2,1);

imagesc(z) ;

axis equal

axis tight

where the axis commands are to clean up the plotted image. Notice that matlab
uses position (1, 1) for the upper left part of the image, and that the first coordinate
is the vertical coordinate and the second coordinate is the horizontal coordinate, so
that (iy, ix) is position (ix,iy) in the image. We call each (x, y) position for
a pixel . We find the size of the image using size:

>> size(z)

ans =
411 559 3

The image is stored as the matrix z(y, x, j) which contain values of red (R, j = 1),
green (G, j = 2), and blue (B, j = 3) . However, we cannot use these color values
directly to find the center of mass. Instead, we need to know if a pixel at (x, y) is a
part of the object or not. We therefore set a threshold on the image, so that all pixels
that are brighter than this threshold is included (set to value 1), and all the rest of the
pixels are set to zero:

z2 = 1-im2bw(z,0.5);
subplot(1,2,2);
imagesc (z2) ;

axis equal

axis tight

The resulting images are shown in Fig. 13.7. The left image is the original image and
the right image shows the filtered image, where all the pixels that are part of the ball
are colored red.


http://dx.doi.org/10.1007/978-3-319-19587-2_7
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Fig. 13.6 Image from video from classroom demonstration. The inset shows the image used for

analysis
53]
100 ® 100
200 200
300 300
400 T : : 400 ]
100 200 300 400 500 100 200 300 400 500
Fig. 13.7 (Left) Image of ball (cut) (Right) Filtered image of ball
Now, we are ready to find the center of mass:
(13.34)

1 1
XZMZXi’ Yzﬁzl:yl

These formulas can be directly converted into an algorithm: For each pixel i, if the
pixel is a part of the object, that is if z(x;, y;) = 1, we include the positions x; and

Vi

s = size(z2)

x = 0;

y = 0;

m = 0;

for iy = 1:s(1)

for ix = 1:s5(2)
if (z2(iy,ix)==1)
X = x + 1x;

in the sum for the center of mass and include the pixel in the sum for the mass.
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y =y + 1y;
m=m + 1;
end
end

end xXcm = x/m;

ycm = y/m;

hold on

plot (xcm,ycm, ‘kx’) ;

hold off

where we also plot the center of mass as an “x”. The last three lines ensure that empty
pixels, pixels where z(x, y) = 0, are shown as white. (We set all three R, G, B values
to 1 to generate a white entry in the colormap).

This method is used for motion tracking of an image. If we are able to automatically
filter the image so that we only get the object of interest, we can use this method to
find the center of mass of the object for each frame in a movie and thereby find the
center of mass as a function of time. Usually this requires careful positioning of the
camera and a good choice of background for the filming.

13.3 Newton’s Second Law for Particle Systems

We have found that if we measure the position of a system of particles using the
center of mass, R, of the system, the system behaves according to Newton’s second
law:

ZFC’“ = MA, (13.35)

where A is the acceleration of the center of mass of the system of particles, and the
sum is over all external forces. This is true for any system of particles, from a galaxy
consiting of starts, to the solar system, to a rigid body consiting of a large number
of individual atoms, down to a molecule or even an atom: The acceleration of the
center of mass is given by the external forces acting on the system.

It is this law that allows us to use the techniques we have developed so far on any
system, a solid body or a system of particles. In the previous chapters we have strictly
speaking only discussed the motion of point-particles with a mass. We have always
assumed that every part of a solid body has been moving with the same velocity. We
have not allowed the object to oscillate, vibrate, change shape, or rotate. We have not
allowed it to do any of the things that real objects do. However, we have now been
saved by Newton’s second law for particle systems: If we measure the position of
an object as the center of mass of the object, we can still use Newton’s second law
to find its motion, even if the object is vibrating, oscillating, rotating, or displaying
other types of internal motion.

If T throw a ball through the room, we have previously found that the motion of
the ball can be found from Newton’s second law for the ball:

> F=G=-mgj=ma. (13.36)
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The beauty of Newton’s second law for particle systems is that we can use exactly
the same analysis for a spinning or oscillating ball. The motion of the center of mass
of the ball only depends on the external forces acting on the ball:

> F=G=-mgj=mA. (13.37)

It does not matter what happens internally in the ball—if it is deformed, spinning,
or vibrating—the motion of the center of the mass is the same as for a point particle
as long as the external forces acting are the same.

However, you might argue that the external forces acting on a spinning ball are
different because of air resistance: It is the interaction with the air that causes a
spinning ball to move sideways, which is called curving the ball. This is a valid
objection. The motion of the center of mass is determined by the external forces
acting on the object. But, if we can neglect the effects of air resistance, the motion
of the center of mass of a rod when you throw it is the same when it is rotating as
when it is not rotating. This may be surprising, but it is a result of Newton’s second
law for particle systems.

13.3.1 Example: Ballistic Motion with an Explosion

Problem: A projectile is fired from the ground. Its initial velocity in the horizontal
direction is vo. When it reaches its maximum height of /4, a charge is set off, splitting
the projectile into two equal parts. One part moves forward with the velocity v;. Find
the trajectory of each of the parts, and the trajectory of their center of mass. You may
neglect air resistance.

Solution: We have illustrated the process in Fig. 13.8. The process has three stages.
In stage one, the projectile moves to its maximum height only under the influence of
gravity. In the second stage, the explosion takes place, after which the projectile is
split into two projectiles. In the third stage, each part propagates to the ground only
affected by gravity.

Model: First, let us address the explosion. During the explosion, each part of the
projectile is subject to large forces. But the only external force acting on the parts is
gravity. Consequently, there is no external horizontal force acting on the system. The
horizontal momentum is therefore conserved at all times. In particular, the momen-
tum is the same immediately before and immediately after the explosion. We use
conservation of momentum to determine the horizontal velocities of the parts after
the explosion.
Before the explosion, the horizontal momentum of the system is:

po = mvo, (13.38)
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Fig. 13.8 A projectile explodes at the fop of its path, splitting into two equal pieces. We track the
position of each part until they hit the ground

and after the collision, the horizontal momentum is:

m m
p1 =mava +mpvp = A + VB (13.39)
Conservation of momentum gives:
! + ! (13.40)
Vo= <V —vg, .
0= 5VATt VB

where vp = vy is the velocity of part B after the explosion, and v 4 is the velocity of
part A, which we need to find:

va =2vg —vp =2y — Vy. (13.41)

We therefore know the initial conditions for the motion in the third stage. Each part
is affected by gravity alone: G4 = —magj, Gp = —mpgj.

Finding the motion of part B: First, we find the motion of part B. Newton’s second
law in the x-direction gives:

> F=0=mpas. (13.42)
The velocity in the x-direction is constant. The position is therefore:

xp(t) = xp(ty) + vpt = vot, (13.43)
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where we have placed the origin at the ground directly below the explosion. Therefore
xp(10) = 0.
The motion in the y-direction corresponds to the motion of a falling object, hence:

1
yp(t) =h — Egtz. (13.44)

Finding the motion of part A: Similarly, we find the position of part A:
1 2
xA(t) =vat = Qvog —vi1)t, ya(t) =h — Egt . (13.45)

We notice that the motion in the y-direction is the same for the two parts, which is
as expected. The two parts will therefore strike the ground at the same time.

Finding the motion of the center of mass: We use these results to find the center

of mass:
_2imiri

B Zimi-

We find the x- and y-components independently:

R (13.46)

S m;Xx; Zxs+ Zxp 1 1
=Z£”ll.l= 2m+,3, =E(XA+XB)=5((2V0—V1)I+V1t)=vm.
;i 7+t3
’ (13.47)

X

This is what we get if we apply Newton’s second law for a particle system. There are
no external horizontal forces acting on the system, therefore the horizontal component
of the center of mass moves with constant velocity:

Zpextz —mgj=mA = A, =0 = X = vr. (13.48)

We see that Newton’s second law for particle systems gives the same result as
when Newton’s second law is applied to each object.
Similarly, we find the y-position of the center of mass:

o 2umiyi 3yat3yel

Y = = — (A +yB) (13.49)
2 mi 7+7 2
_ 1 h ! 2+ h ! 2)=nh ! t2 (13.50)

We could also have found this directly from Newton’s second law for particle systems:

ext __ _ . _ _ _l 2 _ _l 2
D FNM=mA=-mgj = Ay=-g = Y()="Y() Sett =h— el

(13.51)
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Analyze: We have demonstrated that we can find the motion of the center of mass
either by calculating the motion of each of the parts of the system, or we can find the
motion of the center of mass by applying Newton’s second law for particle systems
directly. The results are of course the same. However, there are many questions
we only can answer if we know the motion of each part. For example, in order to
determine how far apart the two parts are when they hit the ground, we need to find
the motion of each of the parts.

13.4 Motion in the Center of Mass System

Newton’s law for multiparticle systems gives us the tool to determine the motion of
the center of mass of a complex object based on the external forces acting on the
system. The law is surprisingly robust. If you throw a rod through the air, and you
neglect the effects of air resistance, the motion of the center of mass of the rod does
not depend on how the rod is moving relative to its center of mass: The motion of the
center of the mass is the same if the rod is moving as a ridig body without rotating,
as in Fig. 13.9a; if the rod is rotating around its center of mass, as in Fig. 13.9b; or if
the rod is rotating and wobbling. The motion of the center of mass of the rod does
not depend on internal forces in the rod. Therefore, the motions of individual parts
relative to the center of mass do not affect the motion of the center of mass.

However, in many cases we are interested in both the motion of the center of
mass and of the motion of the individual parts relative to the center of mass. For
example, we may be interested in the rotation of the rod, or its wobbling, or in how
it is vibrating. Then it is useful to split the motion of the system into the motion of
the center of mass and the motion of a particle relative to the center of mass.

Laboratory and Center of Mass Systems

We have already discussed how we always measure the motion of a system relative
to some reference system. For example, we may characterize the motion of the
rod relative to a point on the ground. We call this system the laboratory system.
In addition, we introduce a coordinate system located in the center of mass of the
system of particles, as illustrated in Fig. 13.10. This system is called the center of
mass system.

The position of a particle i is r; in the laboratory system, and the position of
the center of mass of the system is R in the laboratory system. The position of
particle i in the center of mass system is I¢m,;:

ri = R+ rem, (13.52)
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(3)5, ‘ ]

Fig. 13.9 The motion of a rod thrown through the air a without rotation, and b rotating around its
center of mass

Center of Mass in the Center of Mass System

What is the center of mass of the particles measured in the center of mass system?
The center of mass is:

1 1 1
Rem = MZmircm’i = M(Zri —ZR): MZ“‘ —R=R-R=0.
1 l 1 l
(13.53)
Not surprisingly, the center of mass measured in the center of mass system, is in the

origin of the center of mass system. This was indeed the whole point of the center
of mass system.
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Fig. 13.10 The position of a point on the rod r; can be written as a sum of the position of the
center of mass, R, and the position of the point relative to the center of mass, rem,;

Total Momentum in the Center of Mass System

What is the total momentum, Py, of the system in the center of mass system? The
total momentum is defined as:

d d
P = Zmivcm,i = Zmiarcm,i = E Zmircm,i =0. (13.54)
i i i

———
=MRn=0

The total momentum of the system in the center of mass system is always zero! This
result does not depend on the sum of external forces being zero. This is always true.
Independently of what is done to the system, it only depends on the definition of the
center of mass.

13.5 Energy Partitioning

We can describe the motion of (the center of mass of) multiparticle systems using
the concepts we developed in our studies of Newton’s laws of point particles. What
about the concepts of mechanical energy we used to address the behavior of single
particles, can we still use energy concepts for multi-particle systems?
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Kinetic Energy of a Multi-particle System

What is the kinetic energy of a system of particles? The total kinetic energy is the
sum of the kinetic energy of every particle in the system:

K—ﬁ:lm(vf—ilm dri )" (13.55)
_i=12 ’_izlz dr ) ’

Now, we want to divide the motion into the motion of the center of mass (the motion
of the whole system), and the motion relative to the center of mass:

ri=R+rem,;, (13.56)
and similarly for the velocities:
Vi =V + Vem.i. (13.57)

We use this to rewrite the total kinetic energy of the system, getting
1 . >
K= EM (V)2 + > Zl:m (Vem,i)™ - (13.58)
i

(You find a proof in Sect. A.3). This shows that the total kinetic energy can be divided
into two terms: The kinetic energy for the motion of the center of mass, the external
kinetic energy.

1
Kem = EMV2, (13.59)

and the kinetic energy due to the motion of the particles relative to the center of mass,
which we call the internal Kinetic energy:

N
1
Kaem = 5 -21 mi (Vem,i)” - (13.60)
i=
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The total kinetic energy is therefore partitioned into a sum of the internal
(K Acm) and external (K ) kinetic energies:

N
1 1
K = E114v2+izm,.v§m. (13.61)
—— =1
Kcm —f~
KAcm

If the whole object is translated, as illustrated in Fig. 13.9a, there is no motion relative
to the center of mass. Then the total kinetic energy is simply the kinetic energy of
the center of mass. What we have done previously is therefore correct as long as we
assume that the object is translated!

But what if parts of the system are moving relative to the center of mass? Then we
must also include the internal kinetic energy: The energy related to the motion relative
to the center of mass. For example, if a diatomic molecule is vibrating, we must also
include the kinetic energy of the vibrating motion of the atoms. This means that for
a system of particles we have more degrees of freedom—there are many possible
ways that kinetic energy can be realized inside the system. Hence, the kinetic energy
of a system may be conserved, even though the kinetic energy of the center of mass
is not conserved.

This means that we need a simplified way to describe the internal motion, the
motion relative to the center of mass, of a particle system. For example, as we will
see later, for rigid bodies we do not allow vibrations or other deformations of the
object. The only motion possible relative to the center of mass is a rotation the whole
body. In this case, we need to introduce a kinetic energy term related to the rotation
of the body, and this is indeed one of the main focus areas when we discuss the
dynamics of rigid bodies.

Potential Energy of a Multi-particle System

For a multi-particle system, the kinetic energy is partitioned into the external and
internal Kinetic energy. What about the potential energy of a multi-particle system?

First, we need to be more precise. The potential energy related to what force? The
rod in Fig. 13.9 has a potential energy due to the gravitational force, which is the sum
of the potential energy of every particle in the rod. But in addition, parts of the rod may
be compressed or stretched, and as a result the rod has an internal potential energy
just as a in a diatomic molecule. We therefore need to discern between external
potential energy, the potential energy of an external force, and internal potential
energy, the potential energy due to interactions within the system.
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Potential Energy Due to External Forces
If a conservative external force acts on all the particles, we can describe the interaction

through a potential energy, U, (r;), of particle i at position r; due to the external force.
The total potential energy of the system due to the external force is then:

N
Uror = ZUi(ri)- (13.62)
i=1

If the force is constant, such as for gravity near the Earth’s surface, this expression
can be further simplified. In this case, the potential energy of particle i is:

Ui(r;) = m;gyi, (13.63)
and the total potential energy is:
N N
Uror = D _migyi = g »_miyi = MgY, (13.64)
i=1 i=1

where Y is the Y -coordinate of the center of mass of the system. We can therefore use
the well-known formula, U = mgy, also for the potential energy of a multiparticle
system, we only need to use the center of mass position for y. Again, we find that
we can use the concepts developed for point particles also for particle systems.

Notice that this conclusion is only true for a constant force. For a force that
depends on the position of each small part of the multi-particle system, the total
potential energy cannot always be expressed as a function of the position of the
center of mass alone. We may have to calculate the full sum (or integral) in (13.62).
But if the external force is approximately constant over the multi-particle system we
may approximate the potential energy by a function that depends only on the center
of mass position.

In addition, a multi-particle system may have internal degrees of freedom and a
corresponding internal potential energy.

Potential Energy Due to Internal Forces

The net force acting on a particle i in a multi-particle system includes both external
and internal forces:
F=F+ > F;, (13.65)
J#
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where F?’“ is the net external force acting on particle i, external here meaning that
it has its origin outside the system. The force F; ; from particle j on particle i is an
internal force.

If all forces, external and internal, acting on the system are conservative, we
can introduce a potential energy for every force. The total potential energy of the
system is the sum of all the potential energies for each of the forces. We divide the
total potential energy into the external potential energy, the potential energy due to
external forces, and the internal potential energy, the potential energy due to internal
forces:

Utor = Uext + Uint. (13.66)

The external potential energy was found in (13.62):

Uei = D _Uj (r;) . (13.67)

The internal potential energy is a sum over all potential energies for all the interactions
in the system:
Uint = ZUi,j (ri,rj). (13.68)

i<j

Notice that we include a given interaction, a pair of particles 7, j, only once in this
sum! Here, we will not develop a general theory for this, but instead illustrate the
principle by an example: The conservation of energy in a bouncing dumbbell as
discussed in Sect. 13.5.

Conservation of Energy in a Multi-particle System

If all the forces, both internal and external, acting on a particle system are conserv-
ative, the total mechanical energy of the system is conserved:

Etor = Ktor + Uror, (13.69)
where
Ktor = Kem + Kaem- (13-70)
and
Uror = Uext + Uint, (13.71)

which gives:
Etor = Kem + Uext + Kacm + Ulnt. (13'72)
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Fig. 13.11 A football in flight filmed using a high-speed camera: The football rotates and wobbles
as it moves

Based on this result we realize that in order to apply the principle of energy con-
servation when solving problems in mechanics, we need to have expressions for the
two terms K pocm and Uiy for the system. Unfortunately, these terms are not always
simple. For example, if you kick a football, the football will both rotate and wobble
during its flight, as illustrated in Fig. 13.11. The kinetic and potential energy associ-
ated with the wobbling represent internal degrees of freedom, and we do not know
how to quantify these without a detailed model for the deformation of the football.
For a detailed study of the motion of the football, energy concepts are therefore of
limited value as means for calculation. However, the energy concepts are still useful
theoretical techniques that provides us with concepts and methods to discuss the
motion. In many cases, energy consideration are also the theoretical starting point,
for example, for determining the deformation of the football.

For a particular type of object, what we call a rigid body, we assume that the
internal deformation and the energies associated with these are negligible, and that
the object moves a rigid body. In this case we neglect the internal potential energy
of the system, but we still need to develop expressions for the kinetic energy of a
rotating rigid body. We return to this in Chap. 15 after a discussion of rotation in
Chap. 14.

13.5.1 Example: Bouncing Dumbbell

In this example we will demonstrate the main principles of energy partitioning
through a simple model system.

In this example we will address a two-particle system, where the two particles
interact through a spring (see Fig. 13.12). This can be a model of a diatomic molecule
consisting of two identical atoms, or for an elastic body that deforms and vibrates.
Here, we simplify the problem by assuming that the that the particles move along
a line, so that the motion is one-dimensional. In the next example, we extend our
discussion to two-dimensional motion, opening for rotation in addition to vibrations.

Identify and Sketch: We address a system of two particles, each with mass m,
connected with a spring of equilibrium length b and spring constant k. Particle A
starts on top and particle B starts on bottom, their positions are x4 (z) and xp(t)
respectively. We place particle B at a height i above the floor: xp(2y) = hg, and
particle A is a distance b above particle B:x4(f9) = xp(fp) + b. When a particle
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Fig. 13.12 Illustration of x
the dumbbell. Two identical x,(t)
particles of mass m are
connected by a spring with
equilibrium length b and
spring constant k. The
system is lifted to a height
above a flat floor and
released. When the bottom :
particle hits the floor its B P vi(t,) vi(t)
velocity is reversed, as we : l l
know happens in an elastic
collision with a wall

Xy(1,)

D —— — lvm Tvsm)

collision

hits the floor the collision is elastic, which means that the velocity of the particle is
reversed after the collision.

Model: We find the motion of each particle from the forces acting on it. Particle A
is affected by two forces: Gravity G4 = —mg j and the spring force F 4. The spring
force depends on the position of both particle A and B:

Foa=—k(xa—xp—D>)j, (13.73)
Similarly, the forces acting on particle B are Gp = —mg j and Fp:
Fp=—-Fs=k(xa—xp—D>)j. (13.74)

Is it sufficient to study the motion of the center of mass alone? No, since we do not
have models for the external forces acting on the system, and we do not know when
or where they are acting without finding the motion of the individual particles. The
center of mass of the system is at:

X = — Xj = — (mxp +mx = —(xqa+x . 3.7
M Ei i ) A B ) A B

Since the system collides with the wall when one of the particles hits the wall, and
not when the center of mass hits the wall (which it never will), we must find the
motion of each particle individually.

Newton’s second law: We apply Newton’s second law to each particle to find its

acceleration: L
ag=——(xa—xg—>b)j, (13.76)
ma
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k .
ap = —(xA—xB —b) J- (13.77)
mp

where we also have to include a possible collision between particle B and the floor.

Numerical solution: We determine the motion of the particles numerically using
a Euler-Cromer method. We need to include all forces acting on each particle, and
we execute a collision step whenever particle B collides with the wall. When does a
collision occur? Since we are determining the positions only at discrete time intervals
At, we do not expect the position of particle B ever to be exactly at the wall. Instead,
the particle will be outside the wall at one time, 7, and then inside the wall at a later
time, ¢ + At, and the only thing we know is that a collision occurred at some time
during the time interval from ¢ to ¢ + Af. We could try to improve our estimate
of when the collision occurs, but here we will simply assume that the result of a
collision is to reverse the velocity at the first time step the particle is “inside” the
wall. The most important part of our collision algorithm is that is conserves energy,
and this is indeed achieved by this method. Because the particle is not moved during
the collision, the potential energy is conserved. And since only the direction of the
velocity is changed, the kinetic energy is conserved.

m = 0.1;
k = 200.0;
b =10.2;
hOo = 1.0;
g = 9.8;
time = 2.0;

dt = 0.00001;

n = round(time/dt) ;
t = zeros(n,1);
XA = zeros(n,l); VA = zeros(n,1l);
xB = zeros(n,1l); vB = zeros(n,1l);
xA(1l) = h0 + b; wvA(1l) = 0.0;
xB(1l) = ho; vB(l) = 0.0;
for i = 1:n-1
f = k*(xA(i) - xB(1i) - b);
fA = -f - m*g;
fB = £ - m*g;
aA = fA/m;
VA(i+1l) = vA(i) + aA*dt;
xA(i+1) = xA (1) + VvA(i+1)*dt;
aB = fB/m;
vB(i+l) = vB(i) + aB*dt;
xB(i+1l) = xB(1i) + vB(i+1)*dt;
t(i+1l) = t(i) + dt;
if (xB(i+1)<0.0)&&(xB(1i)>=0.0)
vB(i+l) = abs(vB(i+l));
end
end

xcm = (xA+xB)*0.5; vem = (VvA+vB)*0.5;

Kecm = 0.5*(2.0*m) *vem. "2;

Kcmdelta = 0.5*m* (VA - vcm) . 2+0.5*m* (vB-vem) .72
Ug = xcm* (2.0*m) *g;

Uk = 0.5*k*(xA - xXB - b)."2;

E = Kcm + Kcmdelta + Ug + Uk;

subplot(2,1,1)
plot(t,xA,'-b’,t,xB,'-r’,t,xcm, ‘:k’)

xlabel (‘t[s]’); ylabel(‘x [m]’);

subplot(2,1,2);
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Fig. 13.13 Illustration of the motion of the dumbbell. Here we have illustrated the path of the
center of mass (dashed line) and the path of each of the particles. We have drawn in a system of
two blocks and a spring to help your intuition

plot(t,Kcm, ‘-b’, t,Kcmdelta, ‘-r’,t,Uk, -y’ ,t,E, *:k")
xlabel (‘t [s]’); ylabel(‘E [J]');

Visualization of motion: A visualization of the motion of the system for the first
two collisions is shown in Fig. 13.13. Here, we have illustrated the positions of the
two particles at a few selected times. Before the first collision, the two particles
move without relative motion. After the second collision, the relative motion is
significant. (Notice that we have drawn the particles as small blocks, but they should
be interpreted as point-particles.)

Motion of the center of mass: The dashed line in Fig. 13.13 shows the motion of the
center of mass. We know that the motion of the center of mass only depends on the
external forces acting on the system. During the collision with the floor, the system
is affected by both gravity and the contact force, but between collisions, the system
is only affected by gravity. Consequently, we expect the center of mass to behave as
a single object of mass 2m falling under the effect of gravity. That is, we expect:

1
A=—-g = X(1)=Xo+ Vot — Eth, (13.78)

which is seen as the parabolically shaped motion of the center of mass in Fig. 13.13.
Even though the particles are oscillating back and forth, the center of mass does not
display any oscillations, but shows a smooth, parabolic shape (as a function of time).

Energy partitioning: We notice that after the second bounce, the center of mass
does not bounce up to its initial level even though the total energy in the system is
conserved. If our system was a rigid ball, and the collision with the floor was elastic
(and we neglected air resistance), we would expect the ball to bounce up to its initial
level. Why do we expect this? Because at the top of the path, when X is maximum,
the velocity is zero. For a rigid ball, this would also imply that the kinetic energy
is zero, and that the total mechanical energy is equal to the potential energy, which
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only depends on the height. For the rigid ball, the height of each bounce must be
the same. But for the dumbbell system, there are also internal degrees of freedom.
The kinetic energy is not zero at the top of the path, even though the velocity of the
center of mass is zero, because the particles are still moving relative to the center of
mass. Similarly, the total potential energy is not only equal to the potential energy in
the external gravitational field, but also depends on the relative positions of the two
particles.
We can use the concept of energy partitioning to analyze the behavior. The total
kinetic energy consists of:
K = Kem + Kacms (13.79)

where the kinetic energy of the center of mass is:
1 2
Kem = EMV , (13.80)

and the kinetic energy due to the motion relative to the center of mass is:
L 2 1 2, 1 2
Kaem= ) SMiVem = 5 (A = V)P £ Sm (vp = V)% (13.81)
i

The kinetic energies are plotted in Fig. 13.14. Notice that before the bottom particle
hits the floor, there is no relative motion, and the internal kinetic energy (K acm) is
zero. Each of the particles moves with the same velocity and the center of mass. Imme-
diately after the collision, the internal kinetic energy increases discontinuously—it
jumps to a high level. What happened? After the collision, the velocity of the bot-
tom particle is reversed. This has two effects. First, the center of mass now has zero
velocity. But the magnitudes of the velocities of each of the particles are unchanged.
The result is that each of the particles suddenly has a velocity relative to the center
of mass equal to the velocity they have before the collision. As a result, there is a
jump in the internal kinetic energy.

Another interesting observation is the oscillation in the internal kinetic energy
due to the oscillation of the particles around the center of mass.

The total potential energy of the system is the sum of all the potential energies:

. 1 5
Uror = D U+ > UM = "migxi + Sk (ra —xp —b)%, (13.82)
————

i i<j

=Uext =Uint

The two potential energies are plotted in Fig. 13.15. The potential energy of the center
of mass only follows the center of mass movement, and the internal potential energy
is related to the energy stored in the spring as the the spring is compressed. A fine
analysis of Figs. 13.14 and 13.15 shows that the internal kinetic and potential energies
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Fig. 13.14 Illustration of the motion of the dumbbell and the kinetic energy of the system, parti-
tioned into the kinetic energy of the center of mass and the internal kinetic energy

are oscillating with opposite phases—as we expect—so that when the internal kinetic
energy is maximum, the potential energy is at its minimum and vice versa.

Discussion: From this example we learn that mechanical energy is conserved only
if we include all the forms it may take. The mechanical energy corresponding to
the kinetic and potential energy of the center of mass is generally not conserved. In
addition we must take into account the many possible internal modes of motion and
associated potential energies. However, if we simplify our system so that vibrational
modes are not present, such as for a rigid body that does not deform, is it then
sufficient only to use the kinetic and potential energy of the center of mass? No! We
have looked at a too simple system! Real, two- and three-dimensional systems can
be rotated without deforming. We must therefore also include the effect of rotations.
This is the subject of the next chapters.
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1.5

Fig. 13.15 Illustration of the motion of the dumbbell and the potential energy of the system,
partitioned into the potential energy of the center of mass and the internal potential energy

13.6 Energy Principle for Multi-particle Systems

There are several ways to view energy conservation. So far, we have mainly used
energy conservation as a tool to determine the velocity of an object as a function of
position. In this case, we include all external and internal conservative forces in the
total energy of the object:

Etor = Kem + Kaem + Uext + Ulng, (13.83)

As a method for calculation this worked very well as long as we could ignore
the internal potentials and motion relative to the center of mass. Fortunately, this
represents a whole class of problems, the motion of ridig bodies, where there are
no internal vibrations and no internal potential energies, although the object may
rotate, as we will see further on. This approach is therefore a useful approach from
a practical point of view.

However, there is a different view on energy conservation which is very useful
from a theoretical point of view, while not that useful for direct calculations. In
this view, we consider all conservative interactions to be internal interactions. This
is done by including all the interacting objects in the system. For example, if we
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study the motion of a ball falling towards the Earth under gravity, we include both
the ball and the Earth in the system. The potential energy of the ball relative to the
Earth is then an internal potential energy in a multi-particle system. Similarly, we
would treat the solar system as a system consisting of all the objects in the solar
system. We could also take a similar approach on an atomic scale. Indeed, we could
consider any object to consist of a large set of atoms, and since all the atoms interact
through position-dependent forces, usually central forces, all the internal forces are
conservative and the total energy of the system should be conserved. Unless there
are other, external forces acting on the system.

Internal Energy:

If all the internal forces are conservative, the only way we can change the total energy
of the system is by the work done by an external force. For a system of a book lying
on the floor, a system of the book and the Earth, we would increase the total energy
of the system if we lifted the book by an external force. External work leads to a
change in the total energy. We often call the total energy of such a system the internal
energy of the system. We write this as:

Wex = AE . (13.84)

The work done by external force is the change in internal energy, AE. This formu-
lation is call the first law of thermodynamics, and is considered a fundamental law
in physics.

How can we then interpret the work done by an internal force, such as the work
done by gravity in the system of the book and the Earth? In this case, the work done by
gravity is given as a change in the internal potential energy of the book-Earth system.
For example, if we release the book from a height # above the ground and the let it
fall, the book has gained a kinetic energy corresponding to the change in potential
energy when book reaches the ground. This is not a change in the total energy. There
is no change in internal energy. But it is an energy transfer between different forms
of internal energy: It is an energy transfer from potential to kinetic energy inside the
system. Since we have assumed that all internal forces are conservative, all internal
processes can be considered as transfers of energy.

The Arrow of Time

Hmmm. What about internal forces that are not conservative? How can we treat such
processes in this view? If we take the atomic view: All our systems consists of atoms
and interatomic interactions are conservative, any system should therefore only have
conservative forces. Where does the non-conservative interactions come from? For
example, if I take the book and slide it along an inclined surface from its initial
height &, there will also be a frictional force, and friction is not a conservative force.
Is the total energy still conserved in the book-Earth system in this case? Yes! What
happens is that as the book slides, the potential energy of the book-Earth system is
transfered to kinetic energy of the book, as well as many internal kinetic and potential
energies: The atoms in the book and the floor starts vibrating. This corresponds to
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an increase in the temperature of both book and Earth, which again corresponds
to an increase in the internal energy. Thus, the total energy is conserved, but it is
now hidden in different internal energies inside the system. So why do we then call
the friction force conservative? Because it is conservative on a microscopic level:
The total energy is conserved, but it is not conservative on a macroscopic level: The
friction force depends on the relative velocities of the moving objects.

This transfer of energy from macroscopic kinetic energy, the kinetic energy of a
sliding book, to microscopic kinetic and potential energies in the various vibrations
of the atoms, effectively introduces the arrow of time. If we release the book with an
initial velocity downward, it will slide down the slope and eventually come to rest. The
total internal energy of the system is conserved (if we ensure that it does not interact
with any external forces). It is then fully possible that the book instantaneously starts
to slide upwards, back to its original position. If by accident the atomic vibrations
every time pushed the book in the right direction, it could happen. None of the
individual processes would be against the laws of physics. Such a processes would
not change the total energy of the system. But it would be extremely unlikely. And
this is the reason why it is not happening. And it is the reason why we laugh when we
play movies backwards. You will learn more about this later, when you learn about
statistical physics.

Summary

Center of mass: The center of mass R of a particle system consisting of N particles
with masses m; located at positions r; is defined as:

1 N N
RZMZWQI’,’, M:Zmi'
i=1 i=1

Center of mass is a vector: The center of mass is defined in a vector equation which
is valid for each of the coordinates:

1 < 1 < 1 <
X = MZmix,-, Y = Mzmiyi, Z = MZM,’Z;‘.

i=1 i=1 i=1

Velocity of center of mass: The velocity of the center of mass is:

N
dR 1
V= T u T
1=
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Acceleration of center of mass: The acceleration of the center of mass is:

PR 1Y
A:_dt2 :MZmiai.

i=1

Center of mass for a solid body: The center of mass of a solid body is:

1 1
R:—/rdm:—///rpdv.
M/, M

Newton’s second law for a particle system: Newton’s second law for a particle
system relates the external forces to the acceleration of the center of mass of the

system:
Z FX' — MA.

Motion in center of mass system: We relate the position r; of a particle in the
laboratory system to a position r¢m ; in the center of mass system by:

ri=R+rcm,;.

In the center of mass system, the positions are measured relative to the center of
mass.

Partitioning of kinetic energy: The kinetic energy, K, of a system consist of two
terms: The kinetic energy of the center of mass, K.n, and the kinetic energy of the
motion relative to the center of mass, K acm:

N
1
K = Kem + Kaem = fracl2MV? + > Emivgm,,.
i=1

Partitioning of potential energy: Similarly, the potential energy is partitioned into
potential energy due to external forces, Uex; and potential energy due to internal
forces, Ujnt:

Uror = Uext + Uint,

Potential energy of a particle system in constant gravity: For a particle system in
a homogeneous gravitational field, the potential energy is the same as the potential
energy of a point particle with the total mass of the system located in the center of
mass of the system:

U=MgY,

where Y is the vertical position of the center of mass.
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Exercises

Discussion Questions

13.1 Balance center. If you want to balance a thin rod on a needle, why should you
place the needle at the center of mass?

13.2 Jumping people. If all the people on Earth come together in one place and
jump, what happens with the center of mass of the Earth-people system?

13.3 Rectangle. You have to place arectangle of area A fully inside the first quadrant.
How would you place it in order to make the distance from the origin to the center
of mass the smallest?

13.4 Thor’s hammer. You throw a hammer across the lecture hall (don’t try this,
please). Discuss its trajectory if you (i) threw it without any rotation or (ii) threw it
so that it rotated during its flight.

Problems

13.5 Two-particle system. A 2 kg particle is placed at x = 2m and a 4 kg particle
is placed at x = 6 m.
(a) Where is the center of mass of this two-particle system?

13.6 Center of mass of Earth-Moon system.
(a) Estimate the position of the center of mass of the Earth-Moon system. Give your
answer in units of the Earth’s diameter.

13.7 Carbon-monoxide. For a Carbon-monoxide molecule, the mass of the Carbon
atom is 12.0107 g/mol, and the mass of the Oxygen atom is 15.9994 g/mol, and the
typical distance from the Carbon to the Oxygen is 112.8 pm.
(a) Find the center of mass of a Carbon-monoxide molecule.

13.8 Three-particle system. Three particles of equal mass are placed as shown in
Fig.13.16.

(a) What is the center of mass of this system?

(b) How can you add another particle to the system without changing the center of
mass?

13.9 Tetrahedron. A tetrahedron consists of four points (vertexes) connected by
six lines of equal length, with three lines originating from each vertex, as seen in the
figure. A particle of mass m is placed on each vertex. The coordinates of the corners
are (1,1,1), (=1, -1, 1), (—1,1, —=1), (1, =1, —1).

(a) What is the center of mass of this system?

(b) How does the center of mass change if we double the mass of the first particle?
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Fig. 13.16 A system of 6
particles
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13.10 Cubic hole. You make a cubic hole with sides of length d in the center of one
of the sides of a homogeneous cube with sides of length L.
(a) Find the center of mass of the cube with the hole.

13.11 Triangle.
(a) Find the center of mass of a homogeneous isosceles triangle of base b and height
a. (An isosceles triangle have two sides of equal length.)

13.12 Triangle.
(a) Find the center of mass of a homogeneous equilateral triangle of base b in
Fig. 13.17. (An equilateral triangle has three sides of equal length.)

13.13 A piece of pie. You cut out a piece with an angle 6 from a flat, homogeneous
pie of radius R.
(a) Find the center of mass of the piece.

13.14 Person in a boat. John (80 kg) is standing in a 200 kg boat. He starts at one
end and walks 6 m to the other end of the boat. You may neglect drag forces between
the boat and the water.

(a) How far does the boat move in this process?

13.15 Car on a train. A 1000kg car is standing on an inclined plane on top of
a 2000 kg train cart. The cart rolls without friction on the track. The plane has an

Fig. 13.17 An isosceles
triangle, an equilateral
triangle, and a piece of pie
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inclination of 30° with the horizontal. The car drives a horizontal distance of 10m
from one end of the cart to the other.
(a) How far has the cart moved in this process?

Projects

13.16 Pushing the blocks. In this project you will learn about Newton’s second law
for multi-particle system and energy partitioning in multi-particle systems. We will
study the a two-particle system affected by an external force. The system consists
of two identical blocks, A and B, sliding on a frictionless, horizontal surface. The
blocks have mass m and are attached with a massless spring with spring constant k
and equilibrium length d. The blocks start from rest in their equilibrium positions at
x4(0s) = O0m and x5 (0s) = d. The system is illustrated in Fig. 13.18. The left-most
block, block A, is pushed with an external force F for a short time 7.

(a) Draw a free-body diagram for each of the blocks. Name the force.

(b) Introduce force models for all the forces acting on the blocks.

(¢) Find expressions for the accelerations for each block.

(d) Find an expression for the acceleration of the center of the mass of the system.
(e) Find the velocity, V (¢), and position, X (¢), of the center of mass as functions of
time.

In the following we will solve to find the motion of both blocks. It is possible to
solve this problem using either analytical or numerical methods. We will here follow
a numerical solution, but all results can also be obtained by analytical means. We
will study a system where ¥ = 1000N, T = 1s, k = 5000 N/m, d = 0.1 m, and
m = 0.1kg.

(f) Write a program to find the positions x4 (#) and xp(¢) as functions of time.

(g) Plot the position and velocity of center of mass as calculated by the program and
compare with your results from above. Plot the motion of the blocks in the same plot
and comment on the results (see Fig. 13.19 for comparison).

y F t<T
=~ 000000

X4 X X

y t>T

Xa Xp X

Fig. 13.18 Illustration of two-block system
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Fig. 13.19 Plots from simulations

(h) Plot the kinetic energy of the center of mass, K, the kinetic energy of the motion
relative to the center of mass, K A, and the potential energy, U, as functions of time.
Comment on the results.

(i) What is the maximum extension of the spring?

(j) How much work was done by the external force, F?
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