Chapter 6
Current and Magnetic Flux Density

6.1 Magnetic Flux Density by Current

We know that there exists a force between currents. This phenomenon is similar to
the Coulomb force between electric charges. Hence, we can presume that currents
also make some field in space similar to the electric field made by electric charges.
This field is called the magnetic field.

Magnets also make a magnetic field. However, the magnetic field source that we
can quantitatively define is current. In fact, the amount of current is defined based
on the force between currents. In the case of magnets the magnetic field strength
depends on the substance of the magnet and its condition of magnetization, which
cannot be controlled exactly. We discuss the relationship between the current and
magnetic field in this chapter. It should be noted, however, that we do not define
the magnetic field itself but the magnetic flux density to express the magnetic field
strength. The relationship between the magnetic field and magnetic flux density will
be described in Chap. 9.

We suppose that two parallel straight wires separated by distance d carry currents
I, and I, as shown in Fig. 6.1a. In this case a force of strength

moli1>
F=-"—= 6.1
2d ©.1)

works on each wire of a unit length. It is attractive (F’ < 0) for currents in the
same direction (/11> > 0) and repulsive (F’ > 0) for currents in opposite directions
(111, < 0). The constant

po = 4m x 1077 N/A? (6.2)

is called the magnetic permeability of vacuum. The unit of current, [A], is defined
using Eq. (6.1). The magnitude of this force corresponds to the magnitude of the
Coulomb force on electric charges. That is, when electric charges of linear densities
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Fig. 6.1 (a) Force between two parallel currents and (b) force between two parallel line charges

Ay and A, are uniformly distributed on two parallel straight lines separated by d, as
shown in Fig. 6.1b, the Coulomb force on each line of a unit length is given by
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which is of the same form as the magnetic force of Eq. (6.1). Namely, the magnetic
force is proportional to the product of two currents and is inversely proportional
to their distance. The unique difference is that the magnetic force is attractive for
currents in the same direction.

The magnetic flux produced by currents is largely different from the electric field
produced by electric charges. The magnetic flux can be visualized using magnetic
particles such as iron sand. For example, the magnetic flux lies in a plane normal
to a straight current and forms vortices around it, as shown in Fig. 6.2. On the other
hand, the electric field radiates from a line charge.

Below are the main differences between the electric interaction between electric
charges and the magnetic interaction between currents:

» Electric charges are scalars and currents are vectors.
* While the electric field is directed parallel to the straight line connecting the
electric charge and observation point, the magnetic flux is directed normally to

Fig. 6.2 Magnetic flux
produced by straight current
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both the current and the straight line connecting a part of the current and the
observation point.

* While the electric force between electric charges of the same kind is repulsive,
the magnetic force between currents in the same direction is attractive.

6.2 The Biot-Savart Law

The law that expresses the magnetic flux density produced by a current is the
Biot-Savart law. Suppose that current / flows along line C, as shown in Fig. 6.3.
The law states that the magnetic flux density at point P produced by an elementary
current /ds flowing in a small segment ds is given by

o Ids x1i, o Ids x r

3

dB = =
47 r? 47 r?

(6.4)

In the above r is the position vector from the small segment to point P and |r| = r
with i, = r/r. The unit of the magnetic flux density is [T] (tesla). If the angle
between ds and r is 0, the magnitude of magnetic flux density is

I1d
dB = Ho S51

0 6.5
drr n 6.5)

and the vector points along the motion of a screw when a screw driver is rotated
fromds to r.

Ids

Fig. 6.3 Elementary current
along C and observation
point P
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Fig. 6.4 Elementary current
in space V

Thus, the magnetic flux density produced at r by current / flowing through line
C is given by

B(r) = “—;;/C—Idr' x(r=r, (6.6)

When there are many currents, the total magnetic flux density is the superposition
of all the individual magnetic flux densities they produce.

Here, we consider a current flowing with density ¢ in space V, as shown in
Fig. 6.4. The elementary current that flows in a small region of length ds and cross-
sectional area dS is idSds = idV with dVV denoting the volume of this region.
Thus, the magnetic flux density is given by

B(r) = ﬂ/ Mdvﬁ (6.7)
dr Jy lr —r'|?

One can see that this equation corresponds to Eq.(1.12) for the electric field
produced by electric charges. The electric charge density p corresponds to the
current density i, and the vector product of current density and position is necessary
for yielding a vector for the magnetic flux density. This explains why the magnetic
flux density is perpendicular to the current.

Example 6.1. Current I flows in a circle of radius a, as shown in Fig.6.5a.
Determine the magnetic flux density at point P located at distance z in the normal
direction from the center O of the circle.



6.2 The Biot—Savart Law 127

Fig. 6.5 (a) Point P on axis of circular current and (b) magnetic flux density at P produced by
elementary current

Solution 6.1. We define angle ¢ as shown in Fig. 6.5b. The elementary current in
the part ¢ to ¢ + d¢ has magnitude /ds = Iadg and is directed normally to the
position vector from this segment to point P [ = 7/2 in Eq. (6.5)], as shown in the
figure. The magnetic flux density at P produced by this elementary current is

_ polady

dB
4r?

with r = (z24+a?)'/?. From symmetry only the component along the z-axis remains:

polady . pola*dg
dB’ = = —
4r? « 4r3

This will be understood by considering a contribution from the opposite side of the
circle at angle ¢ + . Integrating with respect to angle ¢, we have

B— /2” wola*dg _ pola?
0 473 2(z2 + a?)¥?’

Example 6.2. Current I flows along a long straight line (see Fig. 6.6). Determine
the magnetic flux density at point P at distance a from the line.
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Fig. 6.6 Long straight line
with current and observation
point P

Solution 6.2. We define coordinates as shown in Fig. 6.6. The magnetic flux density
produced at P by an elementary current /dz in a small region z to z 4 dz is

_ ,U,()]dZ

dB
4rr?

sin 6,

where angle 6 is defined as in the figure and r = (2> + a®)"/? = a/sinf. The
relationship z = —a cot # gives dz = (a/ sin? 6)df. Thus, the elementary magnetic
flux density is transformed to be

I
dB = ML Gnoas.

dra

Since this vector is directed normally to this sheet, a simple superposition holds
for summing the contribution from each small region. We obtain the magnetic flux
density as

™ ol I
B:/ o Gingap = KO (6.8)
0

wa 2ra’

<&

6.3 Force on Current

The force on an elementary part ds of a current / in a magnetic flux density B is
given by

dF = Ids x B (6.9)



6.3 Force on Current 129

Fig. 6.7 Current [ in
magnetic flux density B

Fig. 6.8 Magnetic flux density produced by current /; and resultant force on current /, when I,
has (a) the same and (b) opposite directions to /,

(see Fig.6.7). This is called the Lorentz force in a narrow sense. From the
mathematical requirement that the force vector results from the product of two
vectors, the vector product appears again. The force that line C with current /
experiences in the magnetic flux density B is

F = I/ds x B. (6.10)
C

We apply this to the case of a force on two parallel currents in Fig.6.1a. The
magnetic flux density that current I; produces at the position of current I, is
B = poly/(2nd) using the result of Example 6.2. It is directed as shown in
Fig. 6.8a. Hence, if I, is in the same direction as I}, the force on [, is attractive.
If I, is directed opposite to /; as in Fig. 6.8b, the force is repulsive. This results in
Eq. (6.1).

Since the current is composed of flowing electric charges, we can consider that
the force on the current to be a force on the electric charges. The force on the region
of length ds along the direction of the current / and cross-sectional area dS in the
magnetic flux density B is

dF =1ds x B =idSds x B. (6.11)
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Since dSds is the volume of this region, dV, we rewrite this force as
dF = (qv x B)ndV (6.12)

using Eq. (5.4). Since ndV is the number of electric charges in this volume, the force
on one electric charge is given by

F =gvxB. (6.13)

For the special case where the electric field E and the magnetic flux density B
coexist, the force on the electric charge is

F =q(E +vxB). (6.14)

This is called the Lorentz force in a broad sense. This equation shows that E
and B are important variables that connect electromagnetism with dynamics. The
E-B analogyis the standpoint from which electromagnetism is described using
these variables. Chapter 9 will include a description based on another standpoint.

We can easily show that the total force on a closed circuit, C, along which current
I flows in a uniform magnetic flux density is zero:

F=1I (95 ds) x B = 0. (6.15)
C

However, it should be noted that the torque, i.e., the moment of force on a closed
circuit is not necessarily zero.

For example, we suppose rectangular circuit PQRS in a uniform magnetic flux
density, B, as shown in Fig.6.9a. We assume sides PS and QR are normal to B.
When current / flows in this circuit, the force al B cos 6 works on side PQ, where
6 is the angle between the unit vector n normal to the circuit and the magnetic flux
density B. The strength of this force is the same as that on side RS, and these forces
are on the same line and directed opposite to each other (see Fig. 6.9b). Hence,
these forces completely cancel and do not contribute to the torque. On the other
hand, forces of strength h1B work on sides PS and QR in opposite directions to
each other, but these forces do not lie on the same line. Hence, a torque appears and
rotates the circuit (see Fig. 6.9c). Its magnitude is

N =bIBasin = BIS sinf0, (6.16)

where S = ab is the area of the circuit.

The unit vector n specifies the direction of movement of a right thumb when it
is rotated along the direction of the current, and the surface vector of the closed
circuit is defined by S = nS. Then, the torque is expressed in the form of a vector:
N = IS x B, where N is a vector with the same magnitude as the torque and is
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Fig. 6.9 (a) Rectangular circuit with current / in uniform magnetic flux density B, (b) two forces
that cancel each other and (c) two forces that cause torque

A
3

directed along the motion of a screw when a screw driver is rotated along the torque.
If we define the magnetic moment of the closed circuit as

m=185, (6.17)
the torque is given by

N =m x B. (6.18)

Equation (6.18) holds for closed current / with an arbitrary shape on a plane
in a uniform magnetic flux density. We can explain this as follows. Any given
current-carrying closed circuit is expressed as a superposition of small rectangular
closed circuits with the same current /, as shown in Fig. 6.10, since two currents in
opposite directions in adjacent closed circuits completely cancel out. The above
discussion holds for each small rectangular circuit. The magnitude of the total
magnetic moment is equal to the product of current / and the total area of the closed
circuit. Thus, we can prove that Egs. (6.17) and (6.18) hold for any closed circuit on
a plane.

Example 6.3. Electric charge ¢ of mass m is ejected with velocity v along of the
x-axis in magnetic flux density B along the z-axis. Discuss the motion of the electric
charge after ejection.
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Fig. 6.10 Division of closed
current of arbitrary shape on a
plane

Fig. 6.11 Motion of electric
charge in magnetic flux
density

Solution 6.3. The Lorentz force given by Eq. (6.13) works on the electric charge
along the y-axis just after it is ejected. Since the force is directed perpendicularly to
the motion, a circular motion of the electric charge occurs (see Fig. 6.11). We denote
the radius of this circular motion as R. The magnitude of the Lorentz force on the
electric charge is gvB and the centrifugal force is mv?>/R. From the condition of
balance between these forces, we obtain the radius of the circular motion as

my

_q_B‘

This circular motion of a charge is called cyclotron motion. The angular frequency
of the motion, which is called cyclotron angular frequency, is given by
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Since the Lorentz force is always perpendicular to the direction of motion, the work
done by the Lorentz force is zero. <&

6.4 Magnetic Flux Lines

The electric field produced by electric charges can be visualized by electric field
lines. We can similarly see the magnetic flux density with magnetic flux lines. The
magnetic flux line is defined as follows: the direction of a tangential line at any point
on the magnetic flux line is the same as the direction of B, and its line density is
defined as equal to the magnitude of B. Figure 6.12 shows examples of magnetic
flux lines. We define the magnetic flux that passes through arbitrary surface S as

@:/ B-dS. (6.19)
S

The unit of magnetic flux is [T m?], which is newly defined as [Wb] (weber).

From the examples in Fig. 6.12 it seems that magnetic flux lines are closed lines.
This is different from electric field lines that start from positive electric charges and
terminate at negative electric charges. If this speculation is valid,

/ B-dS =0 (6.20)
S

Fig. 6.12 Examples of magnetic flux lines for (a) a straight current and (b) a circular current
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holds for an arbitrary closed surface, S. Using Gauss’ theorem on the left side,
Eq. (6.20) gives

/V-BdeO,
v

where V is the interior of S. Since this holds for arbitrary V, we have
V-B=0. (6.21)

In fact, we can prove Eq.(6.21) as described in Sect. A2.2 in the Appendix. That
is, the magnetic flux lines are closed lines. Equations (6.20) and (6.21) are called
Gauss’ law for magnetic flux and Gauss’ divergence law for magnetic flux,
respectively.

6.5 Ampere’s Law

Consider the circular integral of magnetic flux density B along a closed line, C:

%B'ds.
C

When current / flows in a straight line and C is a circle of radius R from the current
in a plane normal to the current, B is parallel to the line element ds (see Fig. 6.13)
and its magnitude B is a constant, po/ /(27 R), as discussed in Example 6.2. Hence,
the above integral gives

Mol
B.ds = ML & a5 — uot 6.22
fé S = 2ar PO = Ho (6.22)

and the value is independent of R.

Fig. 6.13 Circle C around
straight current
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Fig. 6.14 Closed line KLMN eemTTTTe -._ L

on a plane normal to straight e /

current that is composed of 7 S

two arcs and two straight /! e q‘,‘
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Suppose a closed line, C, on a plane normal to the straight current / that does
not encircle the current. For simplicity we assume that C is composed of two arcs
with different radii and two straight segments extending from the current, as shown
in Fig. 6.14. Here, we calculate the circular integral of B on C. We denote the angle
of arcs KL and MN as «. The integrals along these arcs are:

L M
/ B-ds:/ B.ds = M1%
K N 27

On the two straight segments NK and LM, B is perpendicular to ds and we have

K M
/B-ds:/ B -ds =0.
N L

Thus, the circular integral gives

95 B.-ds =0. (6.23)
C

Using the above results, we can show that Eq. (6.22) holds when straight current
I penetrates arbitrary closed line C on the normal plane, and Eq. (6.23) holds when
this is not so. In the latter case, for example, we can realize an arbitrary closed line
with a set of small closed loops composed of two arcs with the center on the current
and two straight segments extending from the current, as shown in Fig. 6.15, and
Eq. (6.23) holds for each closed loop. Hence, we can show that Eq. (6.23) holds for
any closed line.

If I is defined as the current that penetrates closed line C in Eq. (6.22), it includes
Eq. (6.23). This equation holds also when the closed line is not on a plane normal
to the straight current and/or when the current is not straight. Since it is time-
consuming to prove each of them, this will be proved indirectly using another
method.
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Fig. 6.15 Closed line
divided into a set of closed
loops composed of two arcs
and two straight segments
when straight current does
not penetrate the closed line

I'®

We suppose that currents I, I, --- flow separately in space. In this case
Eq. (6.22) is extended to

B-ds=po Y I,. (6.24)
¢ 3

m=1

In the above, the right side is the sum of the currents that penetrate C. When current
flows with the density i, the corresponding equation is

9£B-ds=u0/i-dS, (6.25)
¢ S

where S is the surface surrounded by C. Equations (6.22), (6.24) and (6.25) are
called Ampere’s law.
Applying Stokes’ theorem to the left side of Eq. (6.25) gives

/VxB-dSz,uo/i-dS. (6.26)
S S

Since this holds for arbitrary S, we have
Vx B = uol. (6.27)

This is called the differential form of Ampere’s law. Hence, if Eq. (6.27) holds,
then Eq.(6.22) must hold. The proof of Eq.(6.27) is given in Sect. A2.3 in the
Appendix.

From Eq. (A1.44) in the Appendix, we can see that Eq. (6.27) satisfies Eq. (5.11).
That is, the magnetic flux density B is produced by a steady current. Equation (6.27)
shows that the current produces rotation of the magnetic flux density. This is in
contrast with Eq. (1.21) that shows that an electric charge produces divergence of
the electric field.
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Example 6.4. Current I flows uniformly in a long cylinder of radius a. Determine
the magnetic flux density inside and outside the cylinder.

Solution 6.4. We can determine the magnetic flux density using the Biot—Savart
law. However, it is not easy. On the other hand, this can be easily done using
Ampere’s law. We apply this law to a circle, C, of radius R from the central axis
of the cylinder, as shown in Fig. 6.16. From symmetry the magnetic flux density B
is parallel to a line element, ds, and its magnitude B is constant on C. Hence, the
left side of Eq. (6.25) gives

953 -ds = 2nRB.
C

For R > a, the total current that flows inside C is I and the right side of Eq. (6.25)
is equal to ol . Thus, we have

ol
B=—.
27 R

Fig. 6.16 Circle C with the
same central axis as cylinder
for R <a

This result is the same as for the case where the total current flows along the central
axis. For R < a, the current inside C is (R/a)?I, and we have

_ MolR

B = .
2mwa?

<&

Example 6.5. Current flows uniformly with surface density ¢ on a wide plane.
Determine the magnetic flux density at a position at distance A from the plane.




138 6 Current and Magnetic Flux Density

Solution 6.5. We can easily obtain the answer using Ampere’s law also for this
case. Suppose a rectangle, KLMN, normal to the direction of current with two sides
(KL and MN) of length w parallel to the plane, as shown in Fig. 6.17. The other two
sides (LM and NK) of length 2/ are normal to the plane. We apply Ampere’s law
to this rectangle. From symmetry the magnetic flux density has the same value on
sides KL and MN at the same distance from the plane, and its vectors are parallel
to these sides but opposite to each other. Hence, the contribution from these sides to
the circular integral of the magnetic flux density gives 2w B. On the other hand, the
contribution from other two sides is zero. As a result we have

¢B'ds:2w3.
C

The total current inside the rectangle is wt. Thus, we obtain the magnetic flux
density as

B=—. (6.28)

It should be noted that this value is independent of the distance & from the plane.
Figure 6.18 shows the magnetic flux lines produced by the sheet current. This is
similar to the electric field produced by an electric charge distributed uniformly on
a wide plane (see Example 1.4). <&

Fig. 6.17 Rectangle normal
to the direction of current
flowing uniformly on a plane

S O 0 N 4 O 0% B0 O 02 I O 0O I 0%

Fig. 6.18 Magnetic flux lines
produced by uniform sheet
current
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Table 6.1 Correspondence of laws describing electric and magnetic phenomena

Electricity Magnetism
) (r—r’ i(r (r—r’
Local E(r)= 7L [, &0qy’ B(r) = Lo [, Lxtor gy
(Coulomb’s law) (The Blot Savan law)
Global fsE-dS=$fvpdV ® B -ds = po fgi
(Gauss’ law) (Ampere’s law)
Differential V-E = ﬁ V X B = i

As shown above we can say that the Biot—Savart law for the local magnetic flux
density produced by a current and Ampere’s law for the global relationship between
the magnetic flux density and current describe the same magnetic phenomenon
from opposite viewpoints. This is similar to the relation between Coulomb’s law
and Gauss’ law describing electric phenomena in Chap. 1. Table 6.1 shows the
correspondence between electric and magnetic phenomena.

Although there is a difference between the scalar source (electric charge) and
vector source (current) that produce the fields, the correspondence between electric
and magnetic phenomena is clear. These sources cause a divergence of the electric
field and rotation of the magnetic flux density. As for the physical constants, the
magnetic permeability of vacuum, 11, corresponds to the inverse of the permittivity
of vacuum, €, L

6.6 Vector Potential

The electric field E is given by Eq. (1.24) in terms of the electric potential, i.e., a
kind of scalar potential. This originates from the irrotational nature of the electric
field as given by Eq. (1.28) and from the mathematical property that the gradient of
a scalar is irrotational.

Magnetic flux density is a solenoidal field with no divergence, as shown by
Eq. (6.21). Mathematically rotation of a vector has no divergence, as shown by
Eq. (A1.44) in the Appendix. Hence, the magnetic flux density can be mathemat-
ically expressed as a rotation of some vector:

B=VxA. (6.29)

The quantity A4 is called the vector potential. As can be seen from Eq. (A1.45), we
could add the gradient of any scalar function to the vector potential, and the vector
potential would still correspond to the same magnetic flux density. This arbitrary
gradient of some scalar function means the vector potential cannot be uniquely
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determined without specifying some condition. In the case of static magnetic
phenomenon that does not change with time, the condition

V-4=0 (6.30)

is usually used. This is called the Coulomb gauge. We assume a new vector
potential,

A = A+ Va, 6.31)

under this condition. It yields the same magnetic flux density. Using Eq. (6.30), o
satisfies Laplace’s equation:

V-Va=Aa =0. (6.32)

Since « is uniquely determined under a given boundary condition as discussed in
Sect. 2.2, the vector potential is uniquely determined using the Coulomb gauge.
The solution of the vector potential is given by
> ’

A(r) = 20 RAGOE

’

i = vV (6.33)
One can show that this proves the Biot—Savart law for the magnetic flux density
B (see Sect. A2.4 in the Appendix). In this case the Coulomb gauge is fulfilled
(see Exercise 6.8). This equation corresponds to Eq. (1.27) describing the electric
potential produced by electric charge. These are compared in Table 6.2. The result
that the potential is scalar or vector depends on whether the source of the field
is scalar or vector. The similarity in Table 6.1 is found again in this table. When
current / flows along a line circuit, C, Eq. (6.33) reduces to

I [ ar
Ar) = B2 !

—_—. 6.34
4 Jo |r — 1’| (6.34)

Table 6.2 Comparison between electric potential due to electric charge
and vector potential due to current

Electric potential by charge Vector potential by current
Potential  ¢(r) = = [y mﬁ;),ldV’ Ay =2/, Ifg;),ldl/’
Source P i
Constant €0 uy!

Equation Ap=—L AA = —poi

€0
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Integrating the vector potential along C gives

9£A-ds=/VxA-dS=/B-dS=d>, (6.35)
C S S

where S is a surface surrounded by C and ® is a magnetic flux that penetrates C. In
the above we have used Stokes’ theorem and Eqgs. (6.19) and (6.29).
Substituting Eq. (6.29) into Eq. (6.27) gives

Vx(VxA)=poi. (6.36)
With Egs. (A1.46) in the Appendix and (6.30), Eq. (6.36) becomes
AA = —poi. (6.37)

That is, each component of the vector potential satisfies Poisson’s equation. In the
region where current does not flow (i = 0), this reduces to Laplace’s equation,

AA = 0. (6.38)

This is also similar to the electric potential in electric phenomena. When a boundary
condition is given, A in Eqs.(6.37) or (6.38) is uniquely determined. One can
directly prove that Eq. (6.36) holds for the vector potential A given by Eq. (6.33).
This will be apparent from the proof of Eq. (6.33) in Sect. A2.4 and that of Eq. (6.27)
in Sect. A2.3 in the Appendix.

Example 6.6. Determine the vector potential for the case discussed in Example 6.4.

Solution 6.6. We use cylindrical coordinates. Since the current flows only along the
z-axis, the vector potential has only the z-component A_, as indicated by Eq. (6.33).
In addition, from symmetry it does not depend on z or the azimuthal angle ¢. The
magnetic flux density has only the azimuthal component B,. Thus, we have

04,

By = -0

The vector potential is given by

R
A, =— / B,dR,
Ro

where Ry(> a) is the distance from the central axis to the reference point at which
A, = 0. The reason why infinity is not chosen as the reference point is that the
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vector potential diverges because of the requirement that the current flows over an
infinitely long distance. In fact, we find that the vector potential directly estimated
from Eq. (6.34) diverges. This corresponds to the divergence of the electric potential
for an infinitely long line charge (see Example 1.7).

We determine the vector potential as

ol Ry
A, =B g 20
T on PR

from B, = pol/(27R) for R > a and as

ol Ry

ol ol | Ro
2w & a

— 2 2
AZ—W(G —R)+

from B, = pol R/(2ma®) for 0 < R < a. In the above the vector potential takes
a constant value on the cylindrical surface with the radius R. Thus, we can define
an equivector-potential surface, which is similar to the equipotential surface. The
vector potential is parallel to the equivector-potential surface. <&

Example 6.7. Current [ is applied to an infinitely long solenoid coil of radius a
with n turns in a unit length. Determine the vector potential.

Solution 6.7. Firstly, we determine the magnetic flux density. Suppose rectangles
C; and C; as shown in Fig. 6.19. Applying Ampere’s law to these rectangles, the
circular integral of the magnetic flux density is zero in each case. It shows that the
magnetic flux density is constant inside and outside the coil. Since the magnetic flux
density outside the coil must be uniform up to infinity and the total magnetic
flux must be finite, we can show that the magnetic flux density must be zero outside
the coil. Then, we apply Ampere’s law to rectangle C; to determine the magnetic
flux density B inside the coil. The left side of Eq. (6.25) is Bl with / denoting the
axial length of C;. Since the total current inside Cj3 is n/l, we have

B = ponl.

Then, we could determine the vector potential with Eq.(6.29), but we use
Eq. (6.35) here. We apply this equation to a circle, C, of radius R from the central
axis of the coil in Fig. 6.20. Since the current flows only in the azimuthal direction,
the vector potential has only the azimuthal component A,. Hence, this is parallel to
C and its magnitude is constant. We have

95 A -ds = 27RA,(R).
C
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Fig. 6.19 Longitudinal
cross-section of solenoid coil
and rectangles C;—C3

Fig. 6.20 Circle C of radius
R from the central axis of the
coil (for R < a)

On the other hand, the magnetic flux penetrating C is

/B .dS = BnR?* = muonlR%; 0<R<a,
S

= Brd® = rr,uonlaz; R >a.

Thus, we determine the vector potential as

IR
Aw(R)=%; 0<R<a,
I 2
= Honiar. R>a.
2R

Determine the vector potential with Eq.(6.29) and confirm that it agrees with the
above result (see Exercise 6.9). <&
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6.7 Small Closed Current

Suppose that current / flows around a small square of side length d. The vector
potential produced by this current is determined at a point, P, sufficiently far from
this square. We denote the direction vector from the center of the square to point P
as r. The assumption allows |r| = r > d. We define the origin of the coordinates at
the center of the square placed on the x-y plane. Their sides are parallel to the x- or
y-axis, as shown in Fig. 6.21a. We also assume that P is on the y-z plane, and 6 is the
angle between r and the z-axis. Hence, the position of P is r = (0, r sin 6, r cos 8)
in polar coordinates. We suppose that a point, Q, with the position vector ' moves
on square KLMN (see Fig.6.21b). When Q is on side KL, r’ = (x,d/2,0) with
—d /2 < x <d/2. A simple calculation gives

1 1 1
= ~— |14 —sind ).
lr —r'|  [r?2—rdsinf + (d?/4) + x?]1/? r( o )

Integrating this from K to L (along the negative x-axis), we have

Loody d d
/ T 1+ Lsing)i.. (6.39a)
k |r—r'| r 2r
When Q is on MN, we similarly have r’ = (x, —d/2,0) and
N g d d . .
—— = —[1——sinf ) i,. (6.39b)
M lr=r r 2r
a Z b Y
d
L 2 Q K
r E
d ol = 4 >
2 2
M N
d
)

Fig. 6.21 (a) Closed current flowing along a small square with the center at the origin and
observation point P and (b) position of Q on the square
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When Q is on LM, substituting r’ = (—d /2, y, 0) gives

1 1 1 (1+ y . 9)
- = - = sin
lr —r’| [r2 —2rysin@ + (d?/4) + y2]V/2 r ;

and

M d I
/ % . (6.39¢)
L

r—r’| r

Similarly we have r’ = (d/2, y,0) and

/K o’ _d, (6.39d)
ST R ‘
when Q is on NK.
The vector potential is determined with Egs. (6.39a)—(6.39d) as
ol dr’ wold? )
A(r) = — =— 01i,. 6.40
(r) A Jo |r — ¢/ dmrz ST B (6.40)
We rewrite this as
A(r)=ﬂ'm>§r (6.41)
4 r
in terms of the magnetic moment,
m=185, (6.42)
with § = d?i denoting the surface vector. Equation (6.41) corresponds to the

electric potential, Eq.(1.47), produced by an electric dipole. Practically Eq. (6.41)
reduces to

Hom .
0= 4o sin 0 (6.43)
in our polar coordinates. In the above, m = |m| is the magnitude of the magnetic

moment.

For simplicity we treated the closed current flowing on the small square in the
above. This result is valid for small closed current of arbitrary shape. One can easily
prove this, since any closed current can be realized by a superposition of small
square currents.

The magnetic flux density produced by the closed current is determined with
Eqgs. (6.29) and (6.43) as

1 J .
Br = r sin .8_9(Sm9A¢) B

Mom cos 6
273

, (6.44a)
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om sin 0

1
By = 1.2 (rd,) =1 , (6.44b)
r or

4r3

B, = 0. (6.44¢)

It is found that the obtained magnetic flux density has the same form as the
electric field produced by the electric dipole given by Eqs. (1.48a)—(1.48c) under the
correspondence of m — p and o — €. This is reasonable, since the magnetic
flux density is expressed as

. __& m-r
B=VxA= 4nv(r3 ) (6.45)

as is shown in Sect. A2.5 in the Appendix.

6.8 Magnetic Charge

Magnets are materials that cause magnetic interaction similarly to currents. Magnets
have north (N) and south (S) poles. The force between poles of the same kind
is repulsive and the force between poles of the different kinds is attractive. This
property is similar to that of electric charges. Hence, one can compare the magnetic
interaction between magnetic poles to Coulomb’s law for electric charges. A mag-
netic charge is an imaginary source that causes magnetic interaction corresponding
to the magnetic pole. In fact, it was assumed in the past that N and S poles had
magnetic charges, g, and —qn,, respectively, and that a force similar to the Coulomb
force worked on magnetic charges. The force exerted by ¢/, on g, would then be
given by

_ Hodmgm’

F
m Amr3

(6.46)

similarly to Eq. (1.3), where r is the position vector from ¢/, to ¢y and r = |r|.

Since the magnetic force, Eq.(6.46), comes from some magnetic distortion
in space, we can define the magnetic flux density B as the magnetic field that
quantitatively expresses the strength of magnetic distortion. When we express the
magnetic force as

F,= QmBy (6.47)
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Table 6.3 Formal

Electricity Magnetism
correspondence between - -
electricity and magnetism Source Electric charge (gq) Magnetic charge (¢p,)
Potential ~ Electric potential (¢)  Magnetic potential (¢y,)
Field Electric field Magnetic flux density
(E =-V¢) (B =—-V¢u)
Fig. 6.22 Magnetic moment a b
produced by (a) magnetic
dipole and (b) small closed Im ® S
current d
- qul I
the magnetic flux density is given by
/
0 r
B = Bn’ (6.48)
4mr-

It should be noted that this definition of magnetic charge is different by a factor of
! from that used in other books, in which the magnetic field H defined in Chap. 9
was used for the magnetic interaction instead of the magnetic flux density B. One
can also define a scalar potential, ¢y, called magnetic potential similarly to the
electric potential. Its relation to B is

B = —Vé¢,. (6.49)

Table 6.3 compares the charges, scalar potentials and fields between electricity and
magnetism. However, we cannot apply this scheme in a space in which current
flows.

Suppose that imaginary magnetic charges +¢y, are separated by a small distance,
d, like an electric dipole. This pair of magnetic charges is called a magnetic dipole.
We define the magnetic dipole moment as

m = qud. (6.50)

The magnetic flux density produced by the magnetic dipole is given by Eq. (1.48)
with p replaced by m. It was shown above that the magnetic flux density has the
same form as Eq. (6.44) produced by a small closed current. Hence, the magnetic
dipole and the small closed current are equivalent to each other (see Fig. 6.23). This
also supports the formal correspondence between electric and magnetic charges. It
is empirically known that even when a magnet is divided into small pieces, it is
impossible for any piece to pick up only one type of magnetic pole, as shown in the
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Fig. 6.23 Division of permanent magnet (upper half)) and corresponding division of closed current
(lower half)

upper part of Fig. 6.23. This can be explained assuming equivalent closed currents,
as shown in the lower figure.

Thus, it may be advantageous in some cases to assume magnetic virtual charges
and compare them to electric charges, since we can directly use all knowledge
of electric phenomena. However, the obvious problem is that magnetic charge
has never been observed. That is, the magnetic flux density empirically satisfies
Eq. (6.21), including the flux for permanent magnets. On the other hand, the right
side should be equal to magnetic charge density p,, multiplied by 1. Hence, this
results in py, = 0. For this reason textbooks now base their treatment of magnetic
phenomena on current.

Example 6.8. Currents [ and —/ flow along lines at y = d/2and y = —d/2,
respectively, on the y-z plane, as shown in Fig. 6.24. Determine the vector potential
at point P sufficiently far from the z-axis. This pair of parallel opposite currents is
equivalent to a pair of virtual line magnetic charges and is called a magnetic dipole
line.
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Fig. 6.24 Magnetic dipole Y
line composed of pair of
parallel opposite currents

d/2|
d/2

Solution 6.8. We define cylindrical coordinates, as shown in the figure, and
measure the azimuthal angle from the x-axis. We denote the distance between
observation point P and the line at y = d/2 as R4. With the solution of Example 6.6
we obtain the contribution of this current to the vector potential as

where Ry is the distance to the reference point at which the vector potential is zero.
The vector potential produced by the currentat y = —d /2 is

using the distance R_ between the current and point P. Hence, the vector potential
is given by

,u()I R_
AZ = AZ+ + Az— = ?log R_+

For R > d, R4 reduces approximately to

R, =|R*+ d 2—Rdsin 1/2~R 1—isin
= 2 71 = 2RM?)
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Similarly we have R— =~ R{l 4 [d/(2R)]sing}. Thus, the vector potential
reduces to
ol 1+ [d/@2R)]sing _ pold

A (R,p) ~ —1 ~
(R9) = o T R sing — 2nR

sin ¢.

If we define the moment of a magnetic dipole line in a unit length by
m=1d, (6.51)
the vector potential is written as

Lo sin @

AR, p) ~ 7R

(6.52)

At sufficient distance (R > d) the equality holds. In this case the total vector sum
of the current is zero, and hence, the vector potential goes to zero at infinity. Thus,
there is no problem of divergence.

If we carry out the same calculation using a virtual magnetic charge, we
obtain the magnetic potential ¢, (R, ¢) that corresponds to the electric potential
in Example 1.8. Assume that the magnetic charges of linear densities £, stay at
x = £d /2, respectively, and define the moment of the magnetic dipole line by

M= Amd. (6.53)
Then, the magnetic potential is given by

Lol COS @

6.54
2nR ( )

¢m(Rv 90) =

This magnetic potential has the same form as the electric potential, Eq. (1.53).
From the above result for vector potential or magnetic potential we determine the
magnetic flux density as

Hom

Br = 2R cos ¢, (6.55a)
Mort .

B, = 2R sin ¢, (6.55b)

B. =0. (6.55¢)

This corresponds to the electric field in Eq. (1.54). <
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Column: (1) Forces Between Electric Charges and Between Cur-
rents

We have said that, since the source of magnetic phenomena is the current,
a vector, the resultant vector field of magnetic flux density must be given
by the vector product of the current and position vector. As a result, the
magnetic flux density is perpendicular to both the current and position
vector. This is in contrast to the electric field, which is simply given by
the product of the electric charge, a scalar, and the position vector and is
in the same direction as the position vector. Thus, these results follow the
mathematical requirements and the correspondence holds in this sense.

Here, we compare the forces arising from electric charges and currents.
To obtain a force vector for electric charges, we need the direct product
of the electric charge, a scalar, and the electric field, a vector. Thus, the
force between electric charges of the same kind is repulsive. For currents
the vector product must appear again to yield a force vector from the current
vector and the magnetic flux density vector. Thus, the magnetic force is
perpendicular to both the current and magnetic flux density. This explains
why the force is attractive between currents in the same direction. We again
show the correspondence between the forces based on the mathematical
requirements.

(2) Coulomb Magnetic Field

In a space with no current, as in vacuum, the magnetic flux density obeys
VxB =0

from Eq.(6.27). Hence, we can describe the magnetic flux density in
terms of the magnetic potential ¢y, as in Eq. (6.49) from the mathematical
viewpoint. Such a magnetic field is called a Coulomb magnetic field.

In the past the magnetic phenomena were described using virtual mag-
netic charges and the Coulomb magnetic field. This is the magnetic field H
defined in Chap.9 and is equal to B/uo in the present description. This
method is beneficial because various descriptions of electric phenomena
can be used to explain some magnetic phenomena. For example, the static
magnetic energy can be simply determined as the work needed to carry
magnetic charges in the magnetic field. This is not possible for currents
because of electromagnetic induction (see Column (1) in Chap.8). In
addition, from similarity to the electric field, one can easily show that the
parallel component of the magnetic field is continuous at an interface using
Eq. (4.22). In fact, this coincides with the boundary condition of Eq. (9.24)
when there is of no surface current on the interface.
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Thus, the magnetic field in the absence of current behaves similarly to
the electric field in the absence of a true electric charge. We can see such
an analogy between the electric field in a dielectric material in Example 4.4
and the magnetic flux density in a magnetic material in Example 9.4.

Exercises

6.1. Current / flows along a line composed of a semicircle and two straight lines
on a common plane, as shown in Fig. E6.1. Determine the magnetic flux density at
the center O of curvature of the semicircle.

6.2. Current / flows on a square closed line of side length a, as shown in Fig. E6.2.
Determine the magnetic flux density at point P at distance b from the center O of
the square.

6.3. Current of density i flows in a slab conductor along the x-axis in the normal
magnetic flux density B parallel to the z-axis (see Fig. E6.3). Determine the steady
electric field produced in the direction normal to both the current and magnetic flux
density. The electric charge and number density of particles that carry current are ¢
and n.

6.4. Prove that Eq. (6.22) holds for an arbitrary closed line C that straight current /
penetrates (see Fig. E6.4).

1
Fig. E6.1 Current on line
composed of semicircle and @
two straight lines (@)

Fig. E6.2 Square current and
observation point P
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Fig. E6.3 Slab conductor z
carrying current in normal
magnetic flux density 7

Fig. E6.4 Straight current
and surrounding closed line
of arbitrary shape

Fig. E6.5 Two parallel slab -
conductors with uniform
currents flowing in opposite
directions

6.5. Currents of density i flow uniformly in two parallel wide slab conductors in
opposite directions along the y-axis (see Fig. E6.5). Determine the magnetic flux
density and vector potential inside and outside of the conductors.

6.6. Current / flows uniformly in a thin planar conductor of width w. Determine
the magnetic flux density and vector potential at point P at distance d (> w/2) from
the center of the conductor (see Fig. E6.6). The conductor and P are on a common
plane.
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Fig. E6.6 Thin planar

conductor with uniform
current and observation
point P

Fig. E6.7 Cross-section of
long cylindrical conductor
with cylindrical hollow

6.7. Current / flows uniformly in a long cylindrical conductor of radius a that
contains a cylindrical hollow of radius b, as shown in Fig. E6.7. The center of the
hollow is located at distance d from the center of the conductor, where a > b + d.
Determine the magnetic flux density at the center of the hollow (point A) and at
point B outside the conductor. The distance of point B from the center is R(> a).
The central axis O and points A and B are on a common plane.

6.8. Prove that the vector potential given by Eq. (6.33) satisfies the Coulomb gauge,
Eq. (6.30).

6.9. Use Eq. (6.29) to determine the vector potential in the solenoid in Example 6.7.

6.10. Determine the magnetic potential produced by the small closed current in
Fig.6.21b in Sect. 6.7.
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