Chapter 15

*  Temporal Properties

When I eventually met Mr Right I had no tdea that his first name
was Always.
Rita Rudner.

The modal logic HML of Chapter 13, while faithfully characterising prop
erties which are relevant for distinguishing between process behaviours, has
a fundamental drawback: a given formula P € HML can only explore the
initial behaviour of a process, namely its first k steps where £k = md (P) is
the modal depth of the formula. We cannot write a single formula that will
explore a process to an unbounded length of its execution.

Consider, for example, the property of being deadlockable. In various
examples of real world system verifications, a common question is whether
or not the system in question might at some point in time deadlock, that
is, reach a state from which no action is possible. For example, we might
like to verify that a new operating system design can never get in to a
deadlocked state, one in which the machine on which it is running simply
“hangs” leaving the user to apply the age old solution of turning it off and
on again.

Such properties are referred to as temporal properties, as they refer
to the long term behaviour of a system throughout the lifetime of its exe
cution. Note that, since these properties are still based on the behaviour
of systems, any such property which is true of a given process will be true
of any equivalent process. These properties typically fall under one of the
following two categories:

e Safety properties assert that nothing bad ever happens. Typical
examples of safety properties include: the operating system will never
deadlock; or a car will never be able to enter a level crossing at the
same time as a train.

e Liveness properties assert that something good eventually hap
pens. Typical examples of liveness properties include: having pressed
the elevator button the elevator will eventually arrive; or if a train
arrives its signal will eventually turn green.
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15.1.1

In this chapter we will explore various standard temporal properties,
as well as the means to define our own temporal properties from recursive
equations involving operators of the modal logic.

Three Standard Temporal Operators

A variety of fundamental temporal operators have been devised for express
ing properties. Some of these are described as follows.

Always: [P

The most basic safety property, that nothing bad ever happens, is catered
for by the temporal operator (1P (pronounced “box P") which asserts that
the property P is true in every state into which the process may evolve.
Formally,

E =0P if, and only if,
F |= P for all F such that E % F for some w € A*.

This is similar to the action “box” operator [a]P except that the transitions
involve arbitrary strings w € A* rather than a single action a € A.

We can view this property as an infinite conjunction; the property asserts
that P is true after any number of transitions:

poa P A [P A [P A

That is to say, P is true at the start; and after any single transition; and
after any two transitions; and after any three transitions; and .... Another
way to view this is as a recursive property: the above infinite conjunction
expresses a property X which satisfies the recursive equation

X =P A[]X

which describes a property expressing the fact that P is true, and no matter
what transition happens the property defined by X must hold (that is, P
is true, and no matter what transition happens the property defined by X
must hold (that is, ...)). Note that every one of an infinite number of
properties must be true in order to satisfy CIP.

Deadlock freedom is an example of a property which can be defined with
this operator: being free of deadlocks means that the property of being able
to perform some action, ie ( )true, is true in every state into which the
process may evolve:

Deadlock free = [I{ )true.
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Example 15.1

Consider the two clock processes Clock and Clock, from Example 11.11
pictured in Figure 11.7 (page 298). Recall that these two processes could not
be distinguished by any formula of HML, since they were n game equivalent
for every n € N, despite the fact that they are not bisimilar (that is, they
are not co game equivalent). What distinguishes Clock, from Clock is the
possibility that it may evolve into a deadlock free state:

Clock, = (tick)I(tick)true but Clock £ (tick)[I{tick)true.

]

Example 15.2

15.1.2

The safety property for our railway level crossing example of Section 14.3 is
that at no time can a car cross at the same time as a train. This is expressed
as

O ( [ccross]false V [tcross]false ) .

That is to say, it is always the case that either I cannot do a ccross action
(a car cannot cross) or I cannot do a tcross action (a train cannot cross).

Possibly: OP

If we wish to express the possibility that something bad may happen,
we can use another standard temporal operator, OP (pronounced “dia
mond P”), which asserts that the property P is true in some state into
which the process may evolve. Formally,

E = QP if, and only if,
F |= P for some F such that E — F for some w € A*.

This is similar to the action “diamond” operator {(a)P except that the tran
sitions involve arbitrary strings w € A* rather than a single action a € A.

We can view this property as an infinite disjunction; the property asserts
that P is true after some number of transitions:

pov ()P v ()P v ()P V

That is to say, P is true: either at the start; or after some single transition;
or after some two transitions; or after some three transitions; or .... Another
way to view this is as a recursive property: the above infinite disjunction
expresses a property X which satisfies the recursive equation

X = P v ()X
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which describes a property expressing the fact that either P is true, or there
is some transition which may happen after which the property defined by
X will hold (that is, either P is true, or there is some transition which may
happen after which the property defined by X will hold (that is, ...)). Note
that some one of an infinite number of properties must be true in order to
satisfy this O P.

The property of being deadlockable, ze the opposite of Deadlock freedom,
is an example of a property which can be defined with this operator: being
deadlockable means that the property of not being able to perform any
action, te [ |false, is true in some state into which the process may evolve:

Deadlockable = ¢[ ]false.

The properties OP and TP are related in the same way that (a)P and
[a] P are related, in that each is used to express the negation of the other:

ﬁ()P = [=P and -[P = QﬁP
These operations are thus inter definable:

e OP = —[J-P: P istruein some reachable state if, and only if,

it is not true that P is false in every reachable state;
e [JP = —~(0—P: P istrue in every reachable state if, and only if,

it is not true that P is false in some reachable state.

( Exercise 15.2 ) (Solution on page 488)

15.1.3

Use the above relationships between [ and ¢ to show that
Deadlock free = —Deadlockable
where Deadlock free = [J{ )true and Deadlockable = {[ ]false.

Until: PUQ

It is often desirable to express that some property remains true until some
other property becomes true, and that this latter property eventually does
at some time become true. For example, we might wish to assert that when
we send a document to a printer, the document will remain on the printer
queue until it is scheduled to be printed, and it will eventually be printed.
This type of property is expressed by the temporal operator P U@ which
asserts two things: that a particular property @ will eventually be true; and
that until that time the property P will remain true. Formally:

E=PUQ if, and only if,
if E=EB, 35383 .. .38, 5
or E=E,3E 3B 38, % ...
then 3k such that By = Q and E; = P for all ¢ < k.
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Note that PUQ is true if @ initially holds; and that P can remain true
when @ eventually holds but doesn’t have to.

We can view the property PUQ as a property X which satisfies the
recursive equation

X =QV (P A { )true n[ ]X)

which describes a property expressing the fact that: either @ is true; or P
is true, and it is possible to do something, and no matter what you do the
property defined by X must hold (that is: either @ is true; or P is true,
and it is possible to do something, and no matter what you do the property
defined by X must hold (that is: ...)). Again note that some one of an
infinite number of properties must be true in order to satisfy PU Q.

Exercise 15.3 ) (Solution on page 488)

The generic liveness property asserts that something good eventually hap
pens. Show how to express the temporal operator Ev P (pronounced “even
tually P”) using the above standard temporal operators.

Recursive Properties

The temporal operators considered in the previous section could all be
viewed as solutions to recursive equations over the language HML of modal
logic. For example, we noted above that (JP expresses a property X which
satisfies the recursive equation

X =PAr][ ]X.
Thus we would want F = OJP to hold if, and only if, the following is true:
EE X if andonly if, EEPA[ ]X.

To incorporate this idea into the logic HML, we need to introduce variables
such as X into the language of properties. However, the semantic definition
from Section 13.2 gives us no means by which we can determine if £ = X.
It is not enough to assume that each variable X is defined by some equation
X = P and declare that F = X if, and only if, E | P. For example, if
E ¥ 0.E and X is defined by X = (a)X, we would only be able to infer
that F = X if, and only if, E = X, either answer F = X or E# X s
consistent with this observation.

To get around this deficiency, we need to introduce some mechanism to
determine which states satisfy a variable property like X. This is provided
by a valuation function
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V : Variables — P (States)

where Variables is a set of variables (such as X above), and States is the set
of states of the labelled transition system in which we are interested. Modal
formule involving variables are then interpreted with respect to a valuation
function as follows:

E =y true for all E.

E =y false  for no E.

EEvX if, and only if, E € V(X).

E =y -P if, and only if, EHy P.

EE=yPAQ if,andonlyif, E =y P and E Ey Q.

EEyPvQ if,andonlyif, E=y P or E =y Q.

E =y (a)P  if, and only if, F =y P for some F such that B -5 F.
E |y [a)P  if, and only if, F =y P for all F such that E = F.

This is identical to the original definition for F = P but for the extra clause
which determines when a state E satisfies a variable property X; this case
is catered for by the valuation function V which is now attached to the
satisfaction relation kv .

In a similar fashion we can extend the global semantic definition ||P|| to
incorporate the valuation function as follows.

[[truell, = States
[Ifalse|]ly, = 0
X[y = V(X)
=Pl = [IPlly
IPAQI = Py NIl
1PVl = 1Pl UliQll
l{a)P|, = {E € States : E - E' for some E' € |P||, }
lla]P|, = {E € States : E - E' implies E' € ||P||, }

Theorem 13.12 then extends directly to properties with variables as follows.

Theorem 15.3)

E =y P if, and only if, E € ||P||,.

( Exercise 15.4 ) (Solution on page 489)

Prove Theorem 15.3
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15.2.1

Solving Recursive Equations

In order to determine if a state E satisfies the property being expressed by
a recursive equation X = P, where P is an HML formula possibly involving
the variable X, we need to somehow “solve” the equation X = P. This
equation simply declares that the set of states which satisfy the property X
being defined is precisely the set of states which satisfy the property P; in
other words, we need to equate the following two sets:

X[y = 1I1Ply-

To solve this equation we need to find a valuation V which makes this a
valid set equation. Since || X||,, = V(X), the answer we seek is the set S
which such a valuation V assigns to the variable X. That is, the solution is
a set S C States satisfying

S = HPHV[XHS]

where V[X — S] denotes the valuation V updated by assigning the set S to
the variable X:

S fY=X

(VX = 1)) = { V(Y) if Y # X,

Example 15.4

Consider a property X which satisfies the equation
X =(a)X.

Informally, this equation suggests that an infinite sequence of consecutive a
actions can be performed:

E=X & E -3 E for some E' such that B = X
& E = E' - E" for some E' and E" such that B |= X
<:> PP
s BSE SE 3 E"S ... for some B, E",E", ...
Let S C States be the set of such states:
S={EcStates : E-5. 5. 5.... }.
Then
@)X llvix.s) = { B € States : E < F' forsome B/ € S} = S.

Thus, as intended, S satisfies the equation S = [[(a)X||yx,g]-

One problem that we have is that an arbitrary recursive equation needn’t
necessarily have a solution. For example, if we take the recursive equation
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X =X
then given any valuation V,
X1y = V(X)

7 VX)) = Xl = =Xl

Another problem is that an equation may be satisfied by many different
solutions, as illustrated in the following.

]

Exercise 15.5 ) (Solution on page 489)

15.2.2

Show that the set S = 0 satisfies the equation S = [|(a)X[|y/x.,s from
Example 15.4.

However, we will show here that any recursive equations which does not
involve negation has a solution, and moreover we will show how to solve it
to obtain the intended solution.

Fixed Point Solutions

Let f : P (States) — P (States) be defined by

f(8) = ||PHV[X>—>S]'

Then a solution to the recursive equation X = P is merely a fixzed point of
this function: a set .S C States such that S = f(S). By the Knaster Tarski
Theorem (Theorem 6.18, page 174), this function is guaranteed to have a
fixed point in fact both greatest and least fixed points so long as the
function is monotonic. That this function is monotonic is an immediate
corollary of the following result.

Theorem 15.5)

Let P be an HML formula which does not involve negation, and let V and
W be valuations such that V(X) C W(X) for all X. Then ||P||,, C || P||w-

Proof: By induction and arguing by cases on the structure of P.
P = true: ||true||, = States = |[|truel|y.

P = false: ||false||, = 0 = ||false]|,,-

P=X: [[X], = V(X) € W(X) = [[X-

P=QiAQy [|QiAQ:y = [Qilly N [|Qally
1Q1llw N [1Qallw
IQ1 A Qallyy

N
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P=Q1VvQx: [Qiv@aly = [@lly v l@:lly
1@illw Y [1@allw

Q1 V Qallyy

IN

{E € States : E - E' such that E' € ||Q||\, }
{E ¢ States : E - E' such that B € ||Q||\, }
[[{@)@llw

v
[
Q

s

o

<
Nl

{E ¢ States : E - E' implies E' € el ¥
{E ¢ States : E - E' implies E' € ||Ql|,y }
Ifa] @Il .

v
[
Q
B
o
<
N

The Knaster Tarski Theorem thus tells us that recursive equations which
do not involve negation have two identifiable solutions, corresponding to
their greatest and least fixed point solutions. This begs the question, when
considering a recursively defined property, as to which solution if indeed
either of them represents the intended solution. That is, if we express a
property as a recursive equation X = P, the set of states which satisfy the
property we have in mind is a fixed point of the function f(S) = ||P|ly x..s);
but is it the greatest fixed point, or the least fixed point, or some fixed point
in between?

This question will be explored in Section 15.4, where we will show that
the answer is roughly:

e least fixed points express liveness properties; and

e greatest fixed points express safety properties.
Before we do this, though, we first look more carefully at adding these two
fixed points to the modal logic HML without negation. The resulting logic

with fixed points is called the modal mu-calculus, and is one of the most
fundamental logics used in the specification of computer systems.

( Exercise 15.6 ) (Solution on page 490)

What are the least and greatest fixed points of the function

1(8) = () X|lyixos:

corresponding to the property considered in Example 15.4?7

Can you find a fixed point which is neither least nor greatest?
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|[truell,, = States
||false|l, = 0

PAQly = [Py NQlly

Pvely = [IPlyUllQlly
[(a)P|, = {E € States : E - E' for some E' € ||P||,, }
lla]P|l, = {E € States : E - E' implies E' € | P||, }
IX[l, = V()

|uX.Plly = N{SCStates : 2 |Pllyx..s }

lvX.Pll, = U{S C States : S C||Pllyx.s }

Figure 15.1: Global semantics of the modal mu calculus.

The Modal Mu-Calculus

The syntax of the modal mu calculus consists of the logic HML minus
negation extended with variables and constructs for defining both great
est and least fixed points. Formally, it is presented by the following BNF
equation:

P,Q := true | false | PAQ | PVQ | (a)P | [a]P
| X | uX.P | vX.P

The symbols x and v are the characters “mu” and “nu” from the Greek al
phabet (from which the name “mu calculus” derives). The formula uX.P is
used to represent the least fixed point of the equation X = P (or more cor
rectly, of the function f(S) = | Pl|yx_,s) Whereas »X.P is used to represent
its greatest fixed point.

An inductive definition of the semantic function || P||,, defining which
states satisfy the property P with respect to the valuation V  is given
in Figure 15.1. The clauses are identical to those presented for the basic
modal logic HML in Figure 13.2 with the inclusion of the obvious clause
for variables, and clauses for the fixed points as given by the Knaster Tarski
Theorem (Theorem 6.18, page 174), That the Knaster Tarski Theorem ap
plies follows from the fact that the function f(S) = ||P||x,s is monotonic.
We demonstrated this for HML in Theorem 15.5, but we need to extend this
result for the larger logic.
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Theorem 15.6 )

Let P be a modal mu calculus formula which does not involve negation,
and let V and W be valuations such that V(X) C W(X) for all X. Then
1Py S 1Pl

Proof: By induction and arguing by cases on the structure of P. All
of the cases have been catered for in the proof of Theorem 15.5 and carry
over directly to the present setting apart from the cases of variables and
fixed point formulee, which we handle here.

P=X: [[X], = V(X) C W(X) = [ Xllw

P=uXQ: E€|pXQl, & E€S whenever [|Qllyx_5CS
= E €S whenever Qx5 CS

& EelluXQlly

P=vX.Q: BE€l|vXQ|, & E€S forsomeS where SC [|Q|lyx.s
= E €S for some S where S C [Qlyx._s
< Eel|vX.Qlw O

Definition 15.6 )

A direct definition of when a state F satisfies a property P of the modal mu
calculus with respect to a valuation V for interpreting free variables which

appear in P is as follows:

E =y true for all E.

E =y false  for no E.

El=y PAQ if,andonlyif, El=y P and E Ey Q.

EE=yPVvQ ifandonlyif, El=y P or E =y Q.

E =y (a)P if, and only if, F |=y P for some F such that E = F.
E =y [a]P  if, and only if, F |=y P for all F such that E - F.

EEy X if, and only if, E € V(X).

E =y pX.P if, and only if, VS C States: if E ¢ S then
JF ¢ S such that F =yix_g P

if, and only if, 35 C States: E € S and
VFeS:F ':\/[X,_,_ﬂ P

—~

E EyvX.P
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We leave it as an exercise (Exercise 5, page 402) to prove (by induction on
the structure of P) that E =y P if, and only if, E € || P|},,.

Leaving negation out of the logic is not a real restriction, as the result
from Section 13.3 that negation is definable in the modal logic HML extends
to the whole of the modal mu calculus. This is justified by the following.

( Exercise 15.7 ) (Solution on page 490)

The negation of a modal mu calculus formula can be inductively defined as

follows:
neg(true) = false neg({a)P) = [a]neg(P)
neg(false) = true neg([a]P) = (a)neg(P)
neg(P A Q) = neg(P) V neg(Q) neg(uX.P) = vX.neg(P)
neg(PV Q) = neg(P) A neg(Q) neg(vX.P) = pX.neg(P)
neg(X) = X

Prove that E =g neg(P) if, and only if, By P, where V(X) = V(X).

15.4) Least versus Greatest Fixed Points

We now understand how to interpret recursive logical properties as fixed
points of particular functions between sets of states. However, we are left
with the problem of understanding why the property we intend is expressed
by either the greatest or the least fixed point of this function, as well as
the problem of knowing which. To solve this, we shall explore how such a
recursive property can be understood by “unrolling” it.

Given a property X defined by a recursive equation X = P, we can
unroll the equation by replacing each occurrence of X on the right hand
side by P itself. Clearly this will not change the meaning of the property
being defined by the recursive equation.

Example 15.7

Suppose we wish to express the property that an infinite sequence of con
secutive a actions can happen. That is, denoting this property by X, we
would like the following to be the case:

E=X if,andonly if, B > .3 2 ...
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This property is expressed by the recursive equation
X = (@)X

which we can repeatedly unroll as follows:

(a)X

a)(a)X

)a)(a) X

)(a){a)(a)X

a)(a){a)(a)(a) -

X

a

a

(
(
(
(

Example 15.8

Suppose we wish to express the property that an a action must eventually
occur. This property is expressed by the recursive equation

X = ( )true A [ a]X.

That is: some action is possible; and if anything other than an a action
occurs, then an a action must eventually occur in the resulting state. We
can repeatedly unroll this recursive equation as follows:

X = ( )true A

15.4.1 Approximating Fixed Points

By repeatedly unrolling a recursive equation, we seem to eliminate the vari
able from the formula. Of course we would have to unroll the equation in
finitely often in order to get rid of the variable altogether. However, we don’t
have any means for determining whether or not an infinitely long property
is satisfied. We can, however, define better and better approximations for
such properties, by replacing the variable in the rolled out formula by either
false or true. To this end, we can define the nth mu and nu approximants
as follows.

Definition 15.8 )

Given a recursive equation X = P, the nth mu-approrimant u”X.P and

the nth nu-approximant v"X.P are defined inductively as follows:
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wX.P = false VX.P = true
urX.P = P[X +— u"X.P) v"1X.P = P[X — v"X.P|

These definitions extend to all ordinal numbers (see Section 12.5.1), with the

following definitions for the approximants corresponding to a limit ordinal
A

pX.P = \/ u*X.P »X.P = A\ vX.P

a< a<i

Example 15.9

Recall the property from Example 15.7 that an infinite sequence of consec
utive a actions can happen:

X = (a)X.

Its mu approximants $,, and nu approximants ¥,, are as follows:

Py = false Uy, = true

®; = (a)false ¥; = (a)true

®, = (a){a)false ¥, = (a)(a)true
®; = (a)(a)(a)false ¥y = (a)(a){a)true

Clearly none of the mu approximants ¢, can be satisfied by any state. How
ever, every one of the nu approximants ¥,, must be satisfied in order for our
intended property to be satisfied.

This is suggestive of a safety property: checking that something bad
never happens (in this case, that an a action is impossible) amounts to
checking the validity of every unrolling of the formula, starting from true.

Example 15.10

Recall the property from Example 15.7 that an a action must eventually
occur:

X = ( )true A| alX.

Its mu approximants ®,, and nu approximants ¥,, are as follows:
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$, = false

®, = ( )true A [ alfalse

&, = ( )true A | a}(( ytrue A | a]false)

& = (true n [ al(( Jtrue A [ al(( Jtrue A [ alfalse))
Yy = true

¥, = ( )true A [ altrue

Wy, = ( )true A | a}(( ytrue A | a}true)

Wy = ( )true A | a}(( ytrue A [ a]({ )true A [ a}true))

With a little thought, it is apparent that one of the mu approximants &,
must be satisfied in order for our intended property to be satisfied. However,
every one of the nu approximants is satisfied, for example, by a process which
runs forever without ever doing an a action.

This is indicative of a liveness property: checking that something good
eventually happens (in this case, that an a action occurs) amounts to check
ing the validity of some unrolling of the formula, starting from false.

In the first of the above two examples, the property which we wished
to express was interpreted as the conjunction of all of the nu approximants
(the unrollings starting from true); while in the second of the two examples,
the property of interest was interpreted as the disjunction of all of the mu
approximants (the unrollings starting from false). In what follows, we shall
see that the first corresponds to the greatest fixed point interpretation of
the recursive property, while the second corresponds to the least fixed point
interpretation.

In Section 6.5 we described how the least and greatest fixed points of
a monotonic function f defined on the powerset of a given set S could be
constructed, by repeatedly applying the function f to either the empty set 0
(for the least fixed point) or to the whole set S (for the greatest fixed point);
this result was given in Theorem 6.19. This is just the result we are looking
for here, as the nth mu and nu approximants correspond, respectively, to
applying the relevant function n times either to the empty set @ or to the
whole set States. These facts are recorded in the following.
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Theorem 15.10)

fr(@) = [|w"X.P|, and f"(States) = [v"X.P||, where f(S) =|[[Pllyx..s-

Proof: We prove only the first result, by induction on n, and leave the
proof of the second as an exercise (Exercise 6, page 402).
For the base case n = 0, we have

PO = 0 = |ffalsell, = [W0X.Pl),
For the induction step, we have that
o) = f(f(0)
= f(|lu"X.Pl) (by induction)

= ||PHV[X>—>HM"XPHV]
[ P[X = p" X Py

~ 4" X.P]), =

Example 15.11

Consider the recursive equation for [P, the property that P holds in every
reachable state:

X =PA][]X.
This gives rise to the function
f(8) = {E€|P| : E— E'implies B' € S}.

Using the construction from Theorem 6.19 (page 175) starting from the
empty set @, we discover that

@ =0

demonstrating that the least fixed point is the empty set. This certainly does
not correspond to the property [1P. However, starting from the universal
set States, we get that

f°(States) = States
f'(States) = [|P[ly
f*(States) = {E € ||P||, : E— E'implies E' € ||P||,, }

3(States) = {E€||P|, : E—E or E—>— E'
v
implies E' € ||P||\ }

f™(States) = states in which P is true throughout
the duration of the first n transitions.



Expressing Standard Temporal Operators 397

This sequence is approaching the set S of sets in which P is true in every
reachable state, which is the desired solution to our recursive equation and
easily seen to be a fixed point of the function f.

Example 15.12

Consider the recursive equation expressing that a process is deadlockable:
X = [ J[false v { )X

This gives rise to the function
f(S) = {E €States : E 4 or E— E' with B' € S}.

Using the construction from Theorem 6.19 starting from the universal set
States, we discover that

f(States) = States

demonstrating that the greatest fixed point is the set of all states. This
certainly does not correspond to the property that a process is deadlockable.
However, starting from the empty set 0, we get that

(o) = @
f1(0) = {E € States : E A}

f?(0) = {EcStates : E-Aor E— E 4}
f3(0) = {EcStates : E-Hor E— E' -
or E—-E =S E" A}
f™(0) = states which can deadlock within the first n transitions.

This sequence is approaching the set .S of states that can deadlock, which is
the desired solution to our recursive equation and easily seen to be a fixed
point of the function f.

Expressing Standard Temporal Operators

The intuition which you should have drawn from above is the following.

o Greatest fixed point properties are those for which you need to unroll
the underlying recursive equation top down (from true, or the full set of
states) an infinite number of times in order to verify that the property
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15.5.1

15.5.2

15.5.3

is always true; if the property fails for some finite unrolling, then the
fixed point property itself fails.

In this sense, greatest fixed point properties are representative of safety
properties which assert that nothing bad ever happens.

e Least fixed point properties are those for which you need to unroll the
underlying recursive equation bottom up (from false, or the empty set
of states) a finite number of times in order to verify that the property
is eventually true; if the property fails for every finite unrolling, then
the fixed point property itself fails.

In this sense, least fixed point properties are representative of liveness
properties which assert that something good eventually happens.

We now consider how to express each of the standard temporal operators
introduced in Section 15.1 in the mu calculus.

Always: OP

The temporal operator [P, expressing that the property P is true in every
state into which the process may evolve, is defined by the recursive equation

X =PAJ[ X

In order to establish the truth of (1P, the recursive equation would need to
be unrolled forever, to make sure nothing goes wrong. As such, this property
is expressed by the greatest fixed point formula:

OP = vX.P A[ ]X.

Possibly: OP

The temporal operator P, expressing that the property P is true in some
state into which the process may evolve, is defined by the recursive equation

X =P v ()X

In order to establish the truth of ¢ P, the recursive equation would need to
be unrolled only until the property can be verified that is, only until the
property P becomes true. As such, this property is expressed by the least
fixed point formula:

OP = uX.PV ()X

Until: PUQ

The temporal operator P U Q, expressing that the property P remains true
until the property @ becomes true, which it must eventually do, is defined
by the recursive equation
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X =QV (PA{ true n|[ ]X)

In order to establish the truth of P U Q, the recursive equation would need
to be unrolled only until the property can be verified that is, only until
the property @ becomes true (verifying along the way that P remains true).
As such, this property is expressed by the least fixed point formula:

PUQ = puX.Q Vv (P A ( )true A [ ]X).

Exercise 15.12 ) (Solution on page 491)

1. 0P = vZ.PA[ ]Z means P holdsin every state.

What does pZ.PA[ ]Z mean?
2. OP = pZ. PV {( )Z means P holds in some (reachable) state.
What does vZ.PV ( )Z mean?

3. PUQ = pzQV (P A{ )true A }Z) means @ will become true,
and until then P will remain true.

What does vZ.QV (PA( )true A[ ]Z) mean?

Further Fixed Point Properties

In this section we look at a collection of properties that can be expressed in
the mu calculus.

There is an a“ path.

By this, we mean that we can do an infinite number of consecutive a tran
sitions starting from the state in question.
If we let X represent this property, then X satisfies the recursive equation

X = (a)X (It is possible to do an a transition and
go to a state in which the property holds.)

As we are clearly wanting to unroll this fixed point equation infinitely often,
to verify that the property holds forever, we are in this case interested in
the greatest fixed point solution:

vX.(a)X.
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There is no a“ path.

This is the negation of the previous property, and the most straightforward
way to find a mu calculus formula which expresses it is to use the construc
tion from Exercise 15.7:

neg(vrX.(a)X) = pX.[a]X.
Unrolling the underlying recursive equation

X = [a]X (If I do an a transition, I must end up
in a state in which the property holds.)

suggests an exploration of each a“ path; as this is a least fixed point property,
this search must terminate, namely at a state in which an a transition is not
possible.

P holds at every state along some a“ path.
This is a simple adaptation of the first property above:

vX.P A (a)X.

P holds somewhere along some a“ path.

We note first that we want to get to a state at which the property P holds
by only doing a transitions. This property is expressed by the recursive
equation
X = PV {a)X (Either P is true, or it is possible to do an a tran
sition
and end up wn a state in which the property
holds.)

As we need P to be true at some point, this is a least fixed point property:
uX.P Vv (a)X.

This is not the end of the story, as we require that this path of a transi
tions leading up to the state in which P is true be the start of an a“ path.
In other words, the point at which P is true must be the start of an a path

which is the first property we considered above: vX.(a)X. Hence, the
property we seek is as follows:

uX.(P A vX{a)X) V (a)X.

This formula is fine; however, to avoid confusion it is best to use different
variables for the two fixed point constructions:

uX.(P A vY{a)Y) Vv (a)X.
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P holds at every state along every a“ path.

We first express the property that P holds along every (finite or infinite)
path of a transitions:

vX.P A [a]X.

As a greatest fixed point property, the only way this property can fail is if we
reach a state after some number of a transitions in which P does not hold. If
this is the case, then we want to ensure that we are not on an a“ path; that
is, that from this state in which P fails to hold we cannot continue along
an a* path which is the second property we considered above: uX.[a]X.
Hence the property we seek is as follows:

vX.(PVupX.[aX) A [a]X.

Again it is sensible to use different variables for the two fixed point con
structions:

vX.(PVuY.lalY) A [a]X.

( Exercise 15.13 ) (Solution on page 491)

Give mu calculus formula for the following properties. In each case give an

intuitive explanation of your solution.

1. P almost always holds along some a“ path.

Note: To say that something holds almost always means always apart
from a finite number of times. Thus, this property says that P holds
everywhere along some a“ path after some point along this path.

2. P holds infinitely often along some a“ path.

Additional Exercises

1. Give a semantic definition for the weak until temporal operator PW Q
which asserts that the property P remains true until the property @
becomes true, but allows that the property @ may never become true
(in which case the property P remains true for as long as the process
evolves).

2. We noted in Section 13.2 that we can express the property that the

action a must happen as:

P = (a)true A N [b]false
b#a
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10.

11.

which says that a may happen and nothing other than a may happen.

What is the difference between the property “eventually a must hap
pen” as expressed by the temporal formula Ev P (where the Eventually
temporal operator was defined in Exercise 15.3) and the property “a
must eventually happen”?

(Hint: exactly one of these properties holds for the process b.0+a.a.0.)

. Prove Theorem 15.3.
. Prove that if X is not a free variable of P then for any S C States,

[Plvixess) = [Pl

. Prove that £ =y P if, and only if, F € ||P||,, where E ranges over

formulae of the modal mu calculus.

. Prove the second part of Theorem 15.10, that f"(States) = ||[v"X.P||,

where f(S) = HPHV[XHS]'

. Express the following properties in the modal mu calculus.

(a) P holds at some state along every a* path.
(b) P almost always holds along every a paths
(c) P holds infinitely often along every a“ path.

. Express the property of mutual exclusion in the modal mu calculus;

that is, the property that whenever an entry action occurs (signifying
that a process has entered the critical region), then a further entry
action cannot occur until an exit action occurs.

. The extended modality (a)*P expresses that the property P holds

after some number of a transitions, while the extended modality [a]* P
expresses that the property P holds after any number of a transitions.

Express these extended modalities as mu calculus formulee.

Express the following properties in the modal mu calculus.

(a) In some run the action a does not happen.

(b) The actions a and b happen alternately forever (starting with the
action a), with any number of occurrences of other actions before
and between the a and b actions.

(c) In any run, a and b happen infinitely often.

(d) If a and b happen infinitely often, then P is true infinitely often.
(e) In any run, P is true at least twice.

(f) In any run, P is true exactly twice.

def def def

Let F = a.E+a.F, F =0bG, and G = a.G, and consider the
following two properties:

& = pY.(vX.(a)true A [ 1X) V[ Y



Additional Exercises 403

&, = pYwX ((a)tue A [ 1X) V[ ]Y

The process state E satisfies ®, but not $;.
Can you understand and explain why this is the case?

Can you work out what these two properties are expressing?
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