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4.1 INTRODUCTION

This chapter is a review of basic statistics and will
demonstrate how statistics is used in the context of
food analysis. It is meant to be a “survival guide” for
reference. Students taking a food analysis course
should have already taken an undergraduate statistics
course or be taking one concurrently. A foundation for
this chapter is Chap. 4, Evaluation of Analytical Data,
in the Food Analysis textbook. The learning objectives
for this chapter are to be able to

1. Calculate a mean, standard deviation, Z-score,
and t-score for a sample dataset.

2. Determine whether a population is significantly
different from a given value using a one-sample
t-test.

3. Calculate a confidence interval for a sample
mean using t-scores.

4. Determine if two populations are significantly
different using a two-sample f-test.

A significant component of a typical food analysis
course and the use of food analysis in a professional set-
ting (industry, research, regulatory/government) is
evaluation of analytical data. In food analysis labora-
tory experiments, you first collect data (values), or you
are given data to work with (i.e., for laboratory exer-
cises, homework, exams, etc.). Then, you evaluate and
manipulate the data, answering questions such as these:

1. Are the values significantly different from a
desired value or not?

2. Are two values significantly different from each
other or not?

In your food analysis course, you will use statis-
tics to solve problems typically encountered in the
food industry, research, and regulatory or government
scenarios. Data analysis concepts will be used in this
chapter.

4.2 POPULATION DISTRIBUTIONS

The distribution of a given value in a population refers
to how many members of a population have each value
of the parameter measured. You can examine distribu-
tions by plotting a histogram, which is a graph with
parameter values on the x-axis and number of members
of the population having that value of the parameter
(i.e., the “frequency” of each value) on the y-axis.
Suppose there were 100 bottles of water in a population
and you knew the sodium content of all of them. The
histogram of this population might look like Fig. 4.1.
Many populations are “normally distributed” (also
known as normal population). Normal populations
have histograms that look roughly like Fig. 4.2. Note
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4 .2 Example population histogram

figure

that the y-axis of a histogram could be the absolute
number of population members with a given value, the
proportion (fraction or decimal) of population members
with a given value, or the percentage of population
members with a given value. Some populations are not
normally distributed, but that is a topic beyond the
scope of this chapter. For the purposes of this chapter,
we will assume a normal distribution. Normal popula-
tion distributions are defined by two parameters
(Fig. 4.3):

1. Population mean (u): center of the plot
2. Population standard deviation (¢): a measure
of the spread of the plot

For the example sodium data, you can plot the
histogram of the data with the population mean ()
and population standard deviation (o). If you define
sodium content as (x), you can calculate the mean and
standard deviation of x:
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population mean
(%)
i population standard
deviation (o)

# of population members

2

Population mean of x = u, =

_ Xyt kX X g )

n

—Z(X"n ) 42

Standard deviation of x =0, =

Population mean = p, =2.783 standard deviation

2
- Z(xi -2.783) 0492
100

You can use these values to calculate the center and
spread of the data, as shown in Fig. 4.4, for example,
sodium data. Normal distributions can have differ-
ent shapes but are still always defined by N(y, 6). The
notation “N(u, 0)” indicates a normally distributed
(N) population with center y and standard deviation
0. The shape of the curve is dictated by the standard
deviation. Figure 4.5 shows three populations, each
with the same mean but different standard devia-
tions. For a normally distributed population, if you
randomly pick (or sample) a member of the popu-
lation, the randomly selected member can have any
value in the population. Since most of the population
is clustered around the mean, the randomly selected
value is most likely to be close to the mean. The fur-
ther a value is from the mean, the less often it occurs
in the population and the less likely it is to be ran-
domly selected from the population. If we know u
and ¢, we can predict the probability that any given
value will be selected at random from the popula-
tion, as shown in Fig. 4.6. Normal distributions have

1. 50% of values > u and 50 % < u
2. 68, 95, and 99.7 % of values within +1, 2, and 3
standard deviations (o) of u

u—-0=2291 u=2783 u+06=3275
1

60492 | 0=0492
1

Number of values

14 16 18 20 22 24 26 28 3.0 32 34 36 38 40
sodium
(mg/500 mL)

Example population histogram with mean
and standard deviation

figure
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4.5 Normal populations with the same mean but
figure distinct standard deviations

Assume you randomly sample four values from
the 100 water bottle population, and 1.9, 2.7, 2.9, and
2.9 mg/500 mL were selected. As seen in Fig. 4.7,
three of the randomly chosen values were close to
the mean, and one value was relatively far from the
mean. Remember, any of the 100 values could have
been selected at random. However, the values clos-
est to the mean have the highest probability of being
chosen.

4.3 Z-SCORES

Each normal population has a different u, 0. However,
this is inconvenient for statistical calculations. To make
normal distributions easier to work with, you can
transform, or “standardize,” all normally distributed
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4.7 Random values from the example distribution
figure

populations by converting the population value (x) to
a standardized variable, called Z:

(4.3)

The variable x is normally distributed with mean
u and standard deviation ¢ [x ~N(y, o)]. The distribu-
tion of the Z-scores is Z~N(0, 1), i.e., “the standard
normal distribution” (Fig. 4.8):

1. The center of the Z-distribution is u=0.
2. The spread of the Z-distribution is defined by

o=1.

Each x value in a population has a correspond-
ing Z-score. For any x value, the corresponding

# of population members

68% within 16 of u

7 95% within 25 of (34% on either side)

(47.5% on either side)

99.7% within £3c of u
(49.85% on either side)

Al

+1c

|

1

1 1

T T T
-36 206 -l1o n

X values

Z-score is the number of standard deviations that X
is away from p. The more standard deviations (i.e.,
multiples of ¢ or 1) that x (or Z) is from u (or 0), the
less likely that value is to be randomly selected from
the population. You can calculate a Z-score for any x
value.

Example C1 For the sodium data, calculate the
Z-scores for a hypothetical x value close to the
mean (2.45) and one that is far from the mean (3.8).

Xx-u  245-2783 -0.333

x=2457= =
c 0.492 0.492

=-0.677

x-u 38-278 1017

x=38,7Z= -
- 0492  0.492

=2.067

Therefore, for X~N(2.783, 0.492), x values of 2.45
and 3.8 are 0.68 standard deviations below and 2.07
standard deviations above the mean, respectively.

The same distributions that apply to X~N(u, o)
also apply to the Z~N(1, 0):

1. 0% of Z values are>0 and 50 % are <0.
2. 68,95, and 99.7% of Z values are within 1, 2,
and 3 of 0.

Some other important properties of normal
populations:

1. The population curve=100% of population
values

2. The area under the population curve=100%
(percent) or 1 (fraction)

3. The % area under the distribution curve between
any two points=probability of randomly selecting
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4 . 8 Transformation of x values to Z-scores
figure
Z-table value Example C2 Calculate the probability of observ-
=P(Z < Zyps) ing sodium values of less than 2.783 mg/500 mL
(the mean) and /ess than 3.5 mg/500 mL.
Calculate Z-scores for both:
Whenx = y =2.783, 7 = Y # _ 27832783
o 0.492
-9
0.492
| | Whenx=3.5,z=x_‘u=3'5_2'783=0'717=1.4
o 0.492 0.492
Z<Zyps
Find table values for those Z-scores:
4.9 Meaning of Z-table values
T : P(Z <0)=table value for Z=0- 0.50 (50 %)
igure

a value in that range from the population (see
below)

Based on these properties of normal populations,
statisticians have developed a “Z-table” (www.nor-
maltable.com), which contains the probability (P) of
getting a Z-score smaller than the observed Z-score if
Z~N(1, 0) (Fig. 4.9). To use the Z-table:

1. Find your observed x value.

2. Calculate a Z-score (Z,s) from the x value.

3. Find the corresponding table value=P(Z < Zs)
if Z~N(1, 0)=P(x <Xxqs) if x~N(, o).

For ease of use, the Z-table is organized with the
first two digits of Z on the left and the third digit (sec-
ond decimal place: 0.00, 0.01, 0.02, etc.) across the top.
Therefore, to find P(Z <1.08), you would find the row
with 1.0 on the left, and then go across that row to the
0.08 column. The steps listed above can be applied to
analysis of the sodium data.

P(Z<1.46)=table value for Z=1.46—0.9279
(92.79 %)

For the sodium population (normally distributed,
u=2.783, 6=0.492), the probability of observing
sodium values<2.783 and 3.5 is 50% and 92.79 %,
respectively.

Standardization to Z-scores eliminates the need
for a different Z-score table for each population.
Although the Z-table contains P values of getting a
Z-score smaller than the observed Z-score, you can
calculate the P value of getting a Z-score larger than
the observed Z-score. The sum of the area=1 (100 %).
Thus, the P value of getting a Z-score smaller than the
observed Z-score plus the P value of getting a Z-score
larger than the observed Z-score equals 100 %:

P(Z>Zy, )+ P(Z<Zy,)=1(100%)  (4.4)

obs
Therefore:

P(Z>7Z,.)=1-P(Z<Z,) (4.5)

The full expression then becomes:

P(Z>Zy )+ P(Z<Zy, )+ P(Z=7,,)=1(100%) (4.6)

obs obs
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P(Z > Z,,s )=1-(Z-table value for Z )

P(Z < Z s )=Z-table value for Zp¢

Z<Zyps Z>Zgps
R NON The probability of observing Z smaller than
Zos

This equation covers all possible Z-scores. Thus, the P
value of getting a Z-score larger than the observed
Z-score is simply 1— P value of getting a Z-score larger
than the observed Z-score. Therefore, to find the P
value of getting a Z-score larger than the observed
Z-score (Fig. 4.10):

1. From the x value, calculate a Z-score (Z ).

2. From Z,, find table value=P(Z < Z ).

3. From P(Z<Z,), calculate P(Z>Z,s)=1—table
value for Z .= P(X> Xy) if X~N(u, 0).

Example C3 Calculate the probability of observ-
ing sodium values of greater than 2.9 mg/500 mL,
again following the steps listed previously.

Calculate the Z-score:

Xx-p 29-2783 0117

= =0.24
c 0.492 0.492

When x =29, z=

Find the table value for the Z-score:
P(Z<0.24)=table value for Z=0.24 — 0.5948 (59.48 %).

Convert to P(Z> Z,) by subtracting from 1:

(Z>Z4.)=1-P(Z<Z,,)=1-0.5948
=0.4052 = 40.52%

So, for the sodium population, normally distrib-
uted with ¢ =2.783 and 6=0.492, the probability of
observing a sodium value >2.9 is 40.52 %.

How do you calculate the probability of getting an
x value (and corresponding Z-score) between two x
values (with corresponding Z-scores)? The probability
that a Z-score lies between two given Z-scores is sim-
ply the difference between the two table values for
P(Z<Zys) (i-e., subtract the smaller table value from
larger value) (Fig. 4.11):

P(Z s 1 < Z < Z s 5)=(Z-table value for Z, ;) - (Z-table value for Z ., ,)

P(Z < Z,, ,)=Z-table value for Z ¢
P(Z > Z,,s 1)=1- (Z-table value for Z,. ;)

4 .11 The probability of observing Z between two
Z s Values

P(Z,<Z<Z,)=P(Z<Z,)-P(Z<Z,) (47)

Example C4 Calculate the probability of observ-
ing sodium values between 1.9 and 3.1 mg/500 mL.

Calculate the Z-scores:

x-m_ 19-2783 -0.883

= =-1.79
s 0.492 0.492

Whenx=19,z=

x-p 31-2783 0317

= =0.64
o 0.492 0.492

When x=3.1,z=

Find the table values for the Z-scores:

P(Z<0.64)=table value for Z=0.64 — 0.7389
P(Z<0.64)=table value for Z=-1.79 - 0.0376

Calculate the area between the two Z-scores:
P(Z,<Z<Z,)=P(Z<Z,)-P(Z2<Z,)
=0.7389-0.0376 = 0.7013 =70.13%

So, for the sodium population which is normally
distributed with 4=2.783 and 6=0.492, the proba-
bility of observing a sodium values between 1.9
and 3.1 mg /500 mL is 70.13 %.

4.4 SAMPLE DISTRIBUTIONS

You almost never know the actual population values.
This is due to several factors. First, the population is
often too large to sample all members. Second, sam-
pling often means that the product is no longer avail-
able for use. You typically sample a few members (1)
and estimate population parameters from sample
parameters. Population parameters are as follows:

Population (x) mean = 1, (4.8)
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Population (x)standard deviation=0,  (4.9)

Sample parameters are as follows:

Sample size =n (4.10)
Mean of X distribution = u_ ~ p, (4.11)
SD of x distribution =0 = Ix (4.12)

Jn

Sample parameters are related to population
parameters:

1. Sample mean ~ population mean
2. Sample standard deviation<population stan-
dard deviation

This implies that sampling can be used to estimate
population parameters.

Example D1 Determine the mean and standard
deviation of the sample mean distribution if you
sample five or ten members of the population.

For both means:

M, ~p,=2783

The standard deviations of the sample means:

c o 0492
o =—2% forn=5 o =—"2%A=—"7"—=0220
“ Jn N RN
forn=10, o.=2x-0%2_4154

You can see that:

1. The sample mean standard deviation <popula-
tion standard deviation.

2. Larger n size decreases sample mean standard
deviation.

Sampling from a normal population results in a
normally distributed population of all possible sample
means (¥). The population distribution refers to the
individual population values of x. The sample mean
distribution refers to the values of sample means (X)
generated by sampling x. Because the sample mean is
an average of the population members:

1. The average sample mean is the same as the
average population member.

2. The sample mean is less widely distributed
than the population (outliers in the population
get diluted by taking a sample mean).

The larger the sample size (1), the tighter (SD) the
sample mean distribution becomes:

S

X

SD of X distribution = s, =

&

Therefore as n T, 5. d

Everything you learned about Z-scores for pop-
ulation values applies to sample mean values. You
can transform the sample mean distribution to the
Z-distribution:

°

E~N[H,ﬁj—>Z~N(o,1)

You can transform an observed sample mean into the
corresponding Z-score:

(4.13)

7 XK (4.14)
9
Jn
You can use the Z-table to calculate the probability of
getting a sample mean smaller or greater than an
observed mean or between two observed means (same
math as before).

Example D2 How likely would it be to have a
sample mean of greater than 3.0 mg/500 mL if you
sampled four bottles?

Transform the X into a Z-score:

_X-u 3-2783 0217

o 0492 0246
Jnoo 4

Find the table value for the Z-score (area to the left

of Zobs):
P(Z <0.88)=table value for Z=0.88: 0.8106

Find P(Z> Zy,.):

Z, 0.88

P(Z>0.88)=1-P(Z<0.88)=1-0.8106= 0.1894
=18.94%

So, for the sodium data, the probability of sam-
pling n=4 bottles and getting a mean sodium con-
tent of >3.0 mg/500 mL is 18.9 %.

4.5 CONFIDENCE INTERVALS

How confident are you that the observed sample mean
is close to the actual population mean? And how close?
You can calculate the probability of getting a sample
mean as extreme as the one you observe, if you assume
the population is normally distributed and the sample
mean equals the population mean.

Procedure

1. Calculate Z-score for x
2. Find area between+Z and —Z=P(Z < | Zobs

)=C
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# of population members
1

Probability of getting a sample mean as
extreme as the observed mean

4.12

The area (C) is the probability of getting a sample
mean as extreme as the one you observed (Fig. 4.12).
You can calculate the probability of getting a sample
mean more extreme than the one you observed (a) on
either end, or getting a sample mean more extreme on
a single end (a/2).

C=P(-Zy, <Z<+Z,)

=P(Z<+Zy.)-P(Z<-Z,,) (4.15)
a=1-C (4.16)
a 1-C
—=— 417
5= (4.17)

Example E1 Suppose you sample 1 =3 bottles and
get a mean of 2.4 mg/500 mL. Calculate the proba-
bilities of getting a sample mean this extreme, a
sample mean smaller than 1.8 mg/500 mL, and a
sample mean larger than 1.8 mg /500 mL.

Calculate the Z-score for the observed population
mean:

, _X-p_24-2783 0383
s 5 T 0492 T 0284

Jn J3

Find the + Z and — Z values:

=-1.35

Z =—1.35, so you areinterested in the
range between Z =1.35 and —1.35

Find C=P(=Z s <Z <+Zs) from the table:
C=P(-Z,,<Z<+Zy,)
= P(Z < +Z0bs) —P(Z < —Zobs)
C=P(Z<+Zy)-P(Z<-Z,,)
=tablevalue(+Z,, ) — tablevalue(-Z, )

C =0.9115-0.0885 = 0.823 = 82.3%

For the sodium population which is N(2.783,
0.492), there is an 82.3% chance that you would
observe a sample mean within 1.35 standard devi-
ations (—1.35<Z < +1.35) on either side of the mean
if you sampled three bottles from the population.

Now, find a:
ao=1-C=1-0.823=0.177 =17.7%

For the sodium population which is N(2.783,
0.492), there is a 17.7% chance that you would
observe a sample mean>1.35 standard deviations
(Z<-1.35 or Z>+1.35, i.e., Z> |1.35|) on either
side of the mean if you sampled three bottles from
the population.

Now, find a/2:

o« 1-C_1-0.823
2 2

=0.0885=28.85%

For the sodium population which is N(2.783,
0.492), there is an 8.85% chance that you would
observe a sample mean>1.35 standard deviations
(Z>+1.35) above the mean if you sampled three
bottles from the population.

Usually you do not know the actual population
mean (u) or standard deviation (). You sample and
calculate sample mean (observed X) and sample
standard deviation (sample SD=o0¥) to estimate these
parameters (observed ¥ ~ ux¥ = ux and SDroX =
ox/+/n). It is highly unlikely that the observed sample
mean is exactly equal to the population mean. You can
calculate a range (i.e., an “interval”) around our
observed sample that is likely to cover the true popu-
lation mean with a given level of statistical confidence.
The confidence interval (CI) gives a margin of error
around our sample mean:

CI:x + margin of error (4.18)

Suppose that you want to generate a CI that is within
a specified number of standard deviations (i.e., num-
ber of Z-scores) from the mean. Using the Z-score
formula:

n

Since it could be on either side of the mean, change to:

()

Now, you have to choose how wide the sample margin of
error should be. You do this by selecting the number of
standard deviations you desire to be within on each side,
which gives a maximum absolute value of Z. You could
decide that you want our CI to cover the true mean with
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P(Z < Z4.oy0)=1-a/2=1—(1-C)/2=(1+C)/2

VARY
P(Z> 2y yp)=0l2

Relationship between C, a/2, and Z-table
values

4.13
| figure

a given percent confidence (C). This means that the prob-
ability that the CI does not cover the true mean would be
1—C (which was defined previously as a):

a=1-C—>C=1-«

Then, you would find the “critical” Z-scores where:

1. P (Zaw<Z<Zu.)=C (the desired confidence
level)

2. P(Z> | Zqit | )=a=1-C (the probability that the
CI does not cover the true mean)

The easiest way to do this is to find a/2 and then find
the corresponding Z-score:

First, determine a/2 from the desired confidence (C):

o« 1-C_1-0.823
2 2

=0.0885 = 8.85%

a/2 is an area to the right of the Z; needed to deter-
mine the area to the left of Z. (aka Z,_,»), ie.,
P(Z<Z_y) (Fig. 4.13):

1-C_1+C

P(Z<Zcrit):P Z<Z o :1_221_
) 2 2 2

P(Z<Z,_,,) is the table value for Z;_,/,. Use this to find
Zl—cx/Z'

Now you can calculate the “margin of error” for the CI:

Margin of error: + Z1 P (4.19)

TV

The confidence interval, with confidence level C, is:

2

CI:X £ margin of error » Cl:x+Z x(ij (4.20)
-5

Do not get flustered by the statistics details. You
just need to be able to do the following:

1. Determine the desired C.

2. Calculate a/2.

3. Calculate 1_a/2.

4. Use this value to find Z;_«a,,.

5. Calculate the CI.

6. Getfrom C—a/2—>1-a/2—>Z,_a,.

7. Plug these values into the formula and calculate
the CIL.

Typically, you use 90, 95, or 99 % confidence in
food analysis. We can choose any desired level of con-
fidence that we want. However

Example E2 Suppose you sample n=>5 cans of soda,
and the mean caffeine content is 150 mg/can. You
know that the population has a standard deviation
(0) of 15 mg caffeine/can. What is the 95% confi-
dence interval for the mean caffeine content per can?

_1-09 005 _ 0.025
2 2

Calculate a/2: o_ i
2 2

Calculate 1 —a/2:

a

P[Z<Z1 ]=1—%=1—0.025=0.975

1—a/2=P(Z<Z,_,,,) =table value for Z; ...
use this value to find Z;_,»:

Table value = 0.975 —>Z1 . =196
2

Calculate the CI: x iZ1 xi

2 Jn
15mg / can 5

J5

150mg / can +13.1mg / can

150mg / can £ 1.96x

Lower and upper limits =150mg/can +13.1mg/can
=136.9 and 163.1 mg / can

Therefore, you estimate that the true population
mean is somewhere between 136.9 and 163.1 mg
caffeine/can with 95 % confidence.

1. The more confidence you want, the broader the
interval gets.

2. The less confidence you are willing to accept,
the narrower the range gets.

Example E3 For the soda data, calculate the 90 %
CI of the sample mean.

Calculate a/2: G i = 1020 = G =0.05
2 2 2

2
Cdmﬂﬂel—a/l'L—%=1—005=095



58

A.P. Neilson and S.F. O’Keefe

1—a/2=P(Z<Z,_,,)=table value for Z;_,.
Use this value to find Z;_,»:
Table value =0.95 — Z1 . =1.645

2

Calculate the CI: x iZ1 xS—D

5 Vn

15mg / can N

J5

150 mg / can £11.0 mg / can

150 mg / can £ 1.645x

Lowerand upperlimits =150mg / can+11.0mg / can
=139.0and 161.0mg / can

Therefore, you estimate that the true population
mean is between 139.0 and 161.0 mg/can with
90 % confidence. You see that our interval is tighter,
but you are therefore less confident that it contains
the true population mean.

4.6 t-SCORES

Usually you do not have large enough n and do not
know o, which are requirements for using the
Z-distribution. Therefore, statisticians developed the
t-score:

_X-u
'~sp
Jn

Recall that the sample standard deviation (SD) is cal-
culated as follows:

(4.21)

—1\2
2(6-%) (422 and
n n-1 4.23)

You should use the “n—1" formula for SD when
n<25-30. The t-score is similar to the Z-score. However,
there are some critical differences. The f-score:

1. Uses the SD of the sample (known) instead of
the population ¢ (usually unknown)

2. Is more conservative than Z-distribution (for a
given mean and SD, t is larger than Z)

3. Is typically only presented for a few selected
values of a/2 (typically 0.1, 0.05, 0.025, 0.01, and
0.005, which correspond to the commonly used
confidence values of 80, 90, 95, 98, and 99 %,
respectively)

4. Is only listed in positive values, not negative values

Typically, you should use the t-distribution (and
sample SD) for n<25-30, and the Z-distribution and
sample SD for n>25-30. The t-distribution is presented

in a table (www.normaltable.com), similar to Z. One
major difference between f and Z is that the t is based
on a value called degrees of freedom (df). This value
is based on the sample size:

df=n-1 (4.24)
Therefore, for each sample size value (1), there is a
unique ¢-score. Note that the t-table is divided into col-
umns for each a/2 values and, within those columns,
for each df value. Also, note that the t-table gives the
area to the right of t (Fig. 4.14), whereas the Z-table
gives the area to the left of Z. Although this is confusing
at first, it actually makes t easier to use for Cls than Z.
First, determine a/2 from the desired confidence (C):
a 1-C

2 2

This is the table value for t. From the table value, find
ty2, df =1 —1. Then, use this value to calculate the CI:

SD
& df=n-1 X Jn
2 n

In a food analysis course, t-scores (as opposed to
Z-scores) are used almost exclusively, and they have
practical use in the food industry. Because t is more
conservative for Z, the same confidence level will give
a wider interval if calculated using t.

CL:ix £ t (4.25)

Example F1 Suppose that you sample n=7 energy
bars and obtain a mean total carbohydrate content
of 47.2% with a sample standard deviation of
3.22%. Calculate the 99 % confidence interval.

Use the t-distribution because 7 is relatively small.

Determine a/2: & = Le_ 1o o
2 2 2 2
Therefore, you would look in the 0.005 column on

the t-table.

=0.005

upper tail probability = P(t>t;ical)

tcritical

B>teritical

Interpretation of t-table values

4.14


http://www.normaltable.com/
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Then, find f,/,, df=n-1: df=n-1=6-1=5

Therefore, within the 0.005 column on the f-table,
you will look at the row for df=5:

% —0.005and df =5 — £yos 45 = 4.032

Calculate the CI:
o,
Cligtr,  x22 5470044032 2220
Sdr=n-i Jn NGl
—472%+£491
SD 3.22%

Cl:x £ ¢ x—— —>47.2%+4.032x

%,df:n—l \/; ﬁ

—47.2%+4.91

Upper limit = 47.2% + 4.91% = 52.1%
Lowerlimit = 47.2% —4.91% = 42.3%

Therefore, you estimate that the true population mean
is between 42.3 and 52.5% with 99 % confidence.

The take-home message is that a sample mean is a
single point estimate that is probably not exactly cor-
rect. Therefore, a single point estimate is almost use-
less in food analysis because it is almost always
incorrect. So, why even sample and test if it is almost
always wrong?

Example F2 Suppose your company’s specifica-
tion says that the cheese powder to be used in your
products must contain 17.0% protein by weight.
You measure 1 =10 bags of the cheese powder and
calculate a mean of 16.8 % by weight and a SD of
0.3%. The observed sample mean does not equal
the specification value (and it is unlikely to ever
fall exactly on 17.0 %). Do you reject the lot because
it is not exactly 17.0%? Do you keep sampling
until the observed mean is 17.0%? However, sup-
pose your company specifies that the raw ingredi-
ent must meet the specification, from n=10
sampled units, using a 95 % CI.

This CI is:

0,
X=*t x2 — 16.8%=* tOAozssdf:“xM

%,df:n—l Jn J10
0.3%

V10

CI:16.8% £0.263% or 16.537% —17.063%

Therefore, although the point estimate does not
equal the specification value, you are 95% confi-
dent that the true mean lies somewhere between
16.537 % and 17.063 %, which contains the specifi-
cation value (17.05). Therefore, based on this, you
would accept the raw material.

— 16.8%*2.776x

The Example F2 demonstrates the utility of a CI. It is
a range of values that have a specified likelihood of con-
taining the true population mean, whereas the point
estimate has a very small likelihood of being the true
mean. You may wonder what use a Clis if it is a range of
values. However, you can often get very “tight” CIs (i.e.,
a narrow range that is useful) by random sampling of a
population and choosing an appropriate level of confi-
dence. As discussed in the textbook Chap 4, you can use
the concept of a CI to determine how large the n size
should be to obtain a CI of a specific width. In addition
to Cls, another technique that is often used to express
the observed sample mean as a range of values is to cal-
culate the sample mean=SD or the mean+SEM. The
SEM, or standard error of the mean, is simply:

SEM:S—D

7
You will notice that the SEM term appears in the
t-test and CI formulae Eqgs. 4.21 and 4.25. When you
express the observed sample mean+SD or SEM, you
are not giving a probability-based estimate (that would
require the t-term multiplier used for t-tests and Cls)
but rather simply presenting the data as an estimate of
the mean based on the sample variability. The range
calculated based on SEM will always be narrower, and
hence less conservative, than the t-test and CI. This
may not be true for the range calculated based on SD,
depending on the sample size. For the cheese powder
data (Example F2), you could express the estimate as:

(4.26)

Mean +SD =16.8% £ 0.3% =16.5-17.1%

Mean + SEM =16.8% + 22 o
J10

=16.705-16.895%

=16.8% £0.0949

Therefore, based on these ranges, we would accept the
raw material based on mean +SD but reject it based on
mean +SEM. Therefore, it is very important to know
how to use your analytical data once it is obtained.
What are the specific rules you will use to evaluate
data and make decisions? Typically, these are specified
by company lab quality assurance/quality control
manuals, industry standards, or regulatory agencies.

4.7 t-TESTS

Sometimes you need to determine if the observed
sample mean indicates that the population is the same,
or different from, a chosen value. You can use a proce-
dure called a t-test if you have the sample mean (¥),
standard deviation (SD), sample sizes (1), and a
desired population mean (u) that you want to compare
the same mean to. First, determine a/2 from the
desired confidence (C) and the df value, as before:

gzl—C and df =n-1
2 2
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From these values, find the table value t,/, 4¢-n 1. This
is the “critical value” for a t-test, labeled as “f.ca.”
Then, calculate the observed t-score (“t.,”) for the
sample mean, SD and #:

Xx—p
sD
Jn

Then, the t 4 and ¢ values are compared.

F=

If | tos| > ¢, s sample mean is significantly
LpTan.
? different from y with conﬁdence(C )
If [top| <t ™ sample mean isnot significantly
LpTan.

different from i with confidence(C)

A few notes are worth mentioning;:

1. The more confidence you want that you have the
correct answer, the larger .. becomes, and the
larger t,,s must be to provide evidence that the
sample mean is significantly different from .

2. The absolute value of f, is compared vs. tiscal,
as the table only lists positive t-scores.

3. You select p to compare to the sample mean.
You typically do not know the population
mean, but you may have a “target value” that
you are trying to reach or think the population
should have, so you use that as p.

Example G1 Suppose that your company makes a
multivitamin with a label value of 35 mg vitamin E/
capsule. Per FDA requirements, the label value needs
to be within a certain amount of the actual value. You
sample eight capsules and measure the vitamin E
content. The observed sample mean is 31.7 mg/cap-
sule, and the sample standard deviation is 3.1 mg/
capsule. Can you say that the sample mean includes
the label value with 99% confidence?

Determine «/2 and df:

a 1-C_1-099 001

=0.005 and

2 2 2 2
df=n-1=8-1=7

From these values, find the f.ca value (to/2, agn-1):
to.00s, dt=7 = 3-499

Calculate f,; from the sample data:

_X-p_317-35

tobs = @ = T =-3.01 and |t
B

Since | tops | (B.01)<tap, g1 — 1 (3.499), you can say

the sample mean is not significantly different from

the label value (35 mg/capsule) with 99% confi-

|=3.01

obs

dence. If |ty | had been>t,/, 4n _ 1 (3.499), you
would say that you have evidence the sample mean
was significantly different from 35 mg/capsule.
Note here that you are concerned with the absolute
value of tg, (|1f0,,s |) VS. taitica. Given your chosen
confidence, you have a fq value of 3.499, so as
long as your |t | is <3.499 you can conclude that
the observed sample mean is not significantly dif-
ferent from the chosen y value. Therefore, f,, could
be anywhere on the interval (—3.499, +3.499) and
still be considered to be not significantly different
from the label value. So, the observed mean could
be above or below the chosen g, as long as it is not
“too far” in either direction.

Confidence intervals and t-tests provide the same
information for a chosen confidence level. Either proce-
dure may be used to compare the sample mean and
chosen p value. Sometimes you need to determine if the
means of two samples are “different” (as opposed to
one sample and a chosen ). Sample means are “point
estimates.” Just because they are not exactly the same
does not mean that the populations are significantly dif-
ferent. You need a statistical basis for determining if the
sample means are far enough apart such that you can
say they are different with some level of confidence (or
not). Given two sample means (¥; and X,), standard
deviations (SD; and SD,), and sample sizes (1; and 1),
first we decide on a confidence level (C), and we calcu-
late a/2 as before. Then, we determine df. For two sam-
ple means, df is calculated as follows:

df=n,+n,-2 (4.27)

Then you find the critical t-value as before, using the
a/2 and df values:

a
—,df=n,+n,-2
2 1 2

Once you have tsca, you calculate t,s as follows:

_ %, - (4.28)

tobs
s2( 1,1
PAm m,

This formula differs from the one-sample t-test in that
both n; and n, are used, and you employ a value
known as the pooled variance (s.%) instead of the sam-
ple SD. The pooled variance is a weighted average of
two sample SD values. The pooled variance is calcu-
lated as follows:

(n,-1)SD; +(n,-1) SD; (4.29)

Pooled variance = s, =
n +n,—2

Variance is simply standard deviation squared.

Therefore, although you will not use this value, it may

be useful to understand that the “pooled standard
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deviation” (s,), or the weighted average of the two
sample SD values, is simply the square root of the
pooled variance:

Pooled standard deviation = /pooled variance
- \/(nl ~1)SD? +(n, —1)SD?
P

n+n,=2

(4.30)

Once you have obtained the f.;c. and ts values, you
compare them as for the one-sample ¢-test:

b > 1y ,— meansare significantly different
- dt=ny 41, — . o re .
2 *"  with specified confidence(C)
s <t — means are not significantly different

a
—, df=n,+n,-2
2 1+

with specified confidence(C)

Example G2 Suppose your company is concerned
that two production lines are producing spaghetti
sauces with different acid contents. You measure
the titratable acidity in samples from both lines
(Line 1, 2.1; 2.0; 2.1; 2.2; 2.3; and 2.4%; Line 2, 2.7;
2.3;2.2;2.2;2.4;2.6; and 2.5%). Do the two produc-
tion lines appear to be producing significantly dif-
ferent acidity levels with 90 % confidence?

First, calculate the 1, x~, and SD value for each sample:
Line 1: n=6, x=2.183 and SD=0.147
Line 2: n=7,x=2.4, and SD=0.195

What is the confidence level (C): 90 % or 0.90?

Next, calculate a/2: < = e Loy il
2 2 2 2

=0.05

Forthet-table, df: df =n, +n, -2=6+7-2=11

Find the critical t-value on the table:
=t =17
& dt=m +m,-2 005,11 96

Calculate a pooled variance (s,?):

oo (n,-1)SD} +(n, —1)SD;
P

n+n,—2
(6-1)(0.147) +(7 - 1)(0.195)’
6+7-2
_ 01083 1+1 02286 _ 1 120c3

Calculate £

%, - %,| 2.183 - 2.4

tobs
5.2 l+i 0.03063 1+1
2
n,on, 6 7

o7,
0.09737

Decision:
tps =223 and
t =1.796—>t, >t
%, df=n;+n,-2 Cke %, df=n;+n,-2

Thus, Lines 1 and 2 produce sauces with signifi-
cantly different acidities (with 90 % confidence).

4.8 PRACTICAL CONSIDERATIONS

Here are some practical considerations to help you use
statistics in a food analysis course and in a career in
which decisions are based on analytical data:

4.8.1 Sample Size

1. A larger sample size enables more accurate
approximation of the true population values.

2. Larger sample sizes decrease the sample SD.

3. Use t for n<25-30; use Z for n>25-30.

4. Sample size determines df, which determines
taitical fOT @ specified a/2 value.

5. Sampling more units is often useful but not
always practical or cost-effective.

6. A “happy medium” needs to be reached that
provides “adequate” approximation of the mean
with a fixed amount of confidence. This is done by
calculating the minimum needed sample size (this
is covered in the textbook chapter on sampling).

4.8.2 Confidence

1. Confidence values are chosen based on the
acceptable risk to consumers (safety, poor qual-
ity, etc.), the company (quality, profit margin,
formulation accuracy, etc.), or government reg-
ulatory agencies (e.g., labeling accuracy).

2. Confidence determines a/2, which determines
titical Within a specified df value.

3. The more confidence is required (or desired):

(a) The wider a CI will be.

(b) The larger t.ixca Will be.

(c) The larger f,s must be to be > fiscal-

(d) The larger the n size must be to show
significance.

4. Increasing desired confidence increases the sta-
tistical burden required to shown significant
differences; 90-99% confidence is typically
used (95 % is fairly standard).

5. Increasing the desired confidence is not always
practical or cost-effective.

4.8.3 WhatTest to Use?

Table 4.1 gives “rules of thumb” for what types of tests
to use for various scenarios:
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fable Examples of when specific statistical tools should be used for food analysis

Question Test/calculation

Examples

Is an observed sample mean One-sample
statistically similar to or t-test
different from a chosen value?

Is the actual value in agreement with the label value?
Does the permitted level differ from the allowed level2
Does the raw material meet company specifications?

Is the composition of the finished product acceptable based on company
specifications?

s a pipette delivering the desired volume?

Is a packaging machine filling packages to the desired level2

What is the actual population  One-sample Cl
value, based on the sample?

Based on samples from two Two-sample
populations, are these t-test (u=0)

populations differente

What is the actual concentration of a compound of intereste

Are two lots different?
Are two lines, plants, etc. producing products with different composition?
Is your product the same or different from a competitor’s producte

4.9 PRACTICE PROBLEMS

(Note: Answers are at end of laboratory manual.)

1. As QA manager for a canned soup manufacturer,
you need to make sure that chicken noodle soup has
the sodium content indicated on the label (343 mg/
cup). You sample six cans of soup and measure the
sodium content: 322.8, 320.7, 339.1, 340.9, 319.2, and
324.4 mg/cup. What is the mean of the observa-
tions (mg/cup)? What is the standard deviation of
the observations (mg/cup)? Calculate the 96 % con-
fidence interval for the true population mean, and
determine both the upper and lower limits of the
confidence interval. Determine if the sample mean
provides strong enough evidence that the popula-
tion is “out of spec” with 99 % confidence.

2. You perform moisture analysis on sweetened con-
densed milk using a forced-draft oven. The follow-
ing data are obtained. Lot A: 86.7, 86.2, 87.9, 86.3,
and 87.8% solids; Lot B: 89.1, 88.9, 89.3, 88.8, and
89.0%. Determine if the lots are statistically different
with 95 % confidence

4.10 TERMS AND SYMBOLS

Confidence (C) Statistical probability of being correct
based on chance alone.

Confidence interval (CI) A range of values (based on a
point estimate plus a statistically deter-
mined margin of error) used to predict
information about a population.

Degrees of freedom (df) The number of values that is free
to vary independently.

Distribution All values in a population and the relative
or absolute occurrence of each value.

Histogram A plot of all values in a population and the
relative occurrence of each value.

Mean (u) Average value.

Normal (N) A population distribution whose shape is
defined by a mean and standard
deviation.

Pooled variance (sp2) A measure of variability for two
individual samples, incorporating both
the sample sizes and sample standard
deviations of both.

Population All individuals of interest.

Population mean (ux) The average value of all the mem-
bers of a population.

Population standard deviation (o) The average differ-
ence between the value of each popula-
tion member and the population mean.

Probability (P) Statistical likelihood of an event or state
occurring by chance alone.

Sample Selected members of a population, from which
inferences are made about the entire
population.

Sample mean (ux) The average value of all the mem-
bers of a sample.

Sample standard deviation (SD, ox) The average differ-
ence between the value of each sample
member and the sample mean.

Single point estimate A single value (mean or single
data point) used to predict information
about a population.

Standard deviation (o) The average difference between
the value of each population member and
the population mean.

Standard error of the mean (SEM) A measure of variabil-
ity of a sample, incorporating the sample
standard deviation and the sample size.

T-score (t) A normalized value describing how many
standard deviations a value is from the
mean but more conservative than the
Z-score.

Z-score (Z) A normalized value describing how many
standard deviations a value is from the
mean.
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