An important goal of time series analysis is forecasting. In the following we will
consider the problem of forecasting X7, h > 0, given {Xr,...,X;} where {X,}
is a stationary stochastic process with known mean p and known autocovariance
function y (h). In practical applications p and y are unknown so that we must replace
these entities by their estimates. These estimates can be obtained directly from the
data as explained in Sect. 4.2 or indirectly by first estimating an appropriate ARMA
model (see Chap. 5) and then inferring the corresponding autocovariance function
using one of the methods explained in Sect. 2.4. Thus the forecasting problem is
inherently linked to the problem of identifying an appropriate ARMA model from
the data (see Deistler and Neusser 2012).

3.1 The Theory of Linear Least-Squares Forecasts

We restrict our discussion to linear forecast functions, also called linear predictors,
PrXr4n. Given observation from period 1 up to period 7, these predictors take the
form:

T
PTXT-HL =agy + a]XT + ...+ (ITX] =ag + ZaiXT-H—i

i=1

with unknown coefficients ag, a;, as, ..., ar. In principle, we should index these
coefficients by T because they may change with every new observations. See the
example of the MA(1) process in Sect. 3.1.2. In order not to overload the notation,
we will omit this additional index.

In the Hilbert space of random variables with finite second moments the optimal
forecast in the mean squared error sense is given by the conditional expectation
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E (X74nlc, X7, X171, . .., X1). However, having practical applications in mind, we
restrict ourself to linear predictors for the following reasons':

(i) The determination of the conditional expectation is usually very difficult
because all possible functions must in principle be considered whereas linear
predictors are easy to compute.

(ii) The coefficients of the optimal (in the sense of means squared errors) linear
forecasting function depend only on the first two moments of the time series,
ie.on EX; and y(j),j =0,1,...,h + T — 1.

(iii) In the case of Gaussian processes the conditional expectation coincides with
the linear predictor.

(iv) The optimal predictor is linear when the process is a causal and invertible
ARMA process even when Z, follows an arbitrary distribution with finite
variance (see Rosenblatt 2000, chapter 5).

(v) Practical experience has shown that even non-linear processes can be predicted
accurately by linear predictors.

The coefficients ay, . . ., ar of the forecasting function are determined such that
the mean squared errors are minimized. The use of mean squared errors as a criterion
leads to a compact representation of the solution to the forecasting problem. It
implies that over- and underestimation are treated equally. Thus, we have to solve
the following minimization problem:

S =S(a.....ar) = E Xr4n — PrXris)’

= E(XT+h —day — a1XT — .. aTXl)z —>  min
ap.ay,...,ar
As § is a quadratic function, the coefficients, a;, j = 0,1,...,T, are uniquely
determined by the so-called normal equations. These are obtained from the first
order conditions of the minimization problem, i.e. from B%S =0,j=0,1,...,T:
J

3s a

—=E[X - - ,'X —i = O, 31

b ( T+h — Qo ;a T+1 ) (3.1)

3s !

— =FE || Xran —ao — Xrv1—i | Xre1— | =0, j=1,...,T. 3.2

%, |:( T+h — Ao ;a T+1 ) T+1 j:| J (3.2)

The first equation can be rewritten as ap = . — Z,T= | @it so that the forecasting
function becomes:

T
PrXryn = p + Zai Xr1-i — ) -

i=1

'Elliott and Timmermann (2008) provide a general overview of forecasting procedures and their
evaluations.
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The unconditional mean of the forecast error, E (X774, — PrXr+4), is therefore equal
to zero. This means that there is no bias, neither upward nor downward, in the
forecasts. The forecasts correspond on average to the “true” value.

Inserting in the second normal equation the expression for Py X7, from above,
we get:

]E[(XT+h_PTXT+h)XT+1—j] == 0, J = 1,2,...,T.

The forecast error is therefore uncorrelated with the available information repre-
sented by past observations. Thus, the forecast errors X7, —P7 X7y, are orthogonal
to X7, Xr—1, . .., X|. Geometrically speaking, the best linear forecast is obtained by
finding the point in the linear subspace spanned by {X7, Xr_1,...,X;} which is
closest to X7, This point is found by projecting X7, on this linear subspace.”

The normal equations (3.1) and (3.2) can be rewritten in matrix notation as
follows:

T
ap = (1 - Za,-) (3.3)
i=1

v vy ..y(T=D\ (@ y(h)
y(  y©O ...yT=-2)|]|a y(h+1)
. . . . = . (3.4)
y@-)y(T-2)... y() ar y(h+T-1)
Denoting by ¢, ar and yr(h) the vectors (1,1,...,1), (ai,...,ar) and
(y(h),....,y(h+T—1)) and by Tz = [y(i — jlij=1...r the symmetric
T x T covariance matrix of (X;,...,Xr) the normal equations can be written
compactly as:
ap = p (1 —"ar) (3.5)
FTOtT = )/T(h) (36)

Dividing the second equation by y(0), one obtains an equation in terms autocorre-
lations instead of autocovariances:

RTOlT = pT(h), (37)

where Ry = T'7/y(0) and pr(h) = (p(h), ..., p(h+ T —1))". The coefficients of
the forecasting function oy are then obtained by inverting I'7, respectively Ry:

2Note the similarity of the forecast errors with the least-square residuals of a linear regression.
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a
ar =| i | =T7'yr(h) = Ry pr(h).
ar
A sufficient condition which ensures the invertibility of I'7, respectively Rr, is given
by assuming y(0) > 0 and lim,_ .o ¥ (%) = 0. The last condition is automatically
satisfied for ARMA processes because y(h) converges even exponentially fast to
zero (see Sect. 2.4).

The mean squared error or variance of the forecast error for the forecasting
horizon A, vy (h), is given by:

vr(h) = E (X741 — PrXris)’

T T T
=y =2) ayh+i—1D+Y Y ayli—jq

i=1 i=1 j=1
= y(0) — 2a7yr(h) + o; Trar
= y(0) — azyr(h),

because I'ray = yr(h). Bracketing out y(0), one can write the mean squared
forecast error as:

vr(h) = y(0) (1 — azpr(h)). (3.8)

Because the coefficients of the forecast function have to be recomputed with
the arrival of every new observation, it is necessary to have a fast and reliable
algorithm at hand. These numerical problems have been solved by the development

of appropriate computer algorithms, like the Durbin-Levinson algorithm or the
innovation algorithm (see Brockwell and Davis 1991, Chapter 5).

3.1.1 Forecasting with an AR(p) Process
Consider first the case of an AR(1) process:
X, = ¢Xi_1 + Z, with |¢| < 1 and Z, ~ WN(0, 02).

The equation system (3.7) becomes:

3See Brockwell and Davis (1991, p- 167).
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L9 ¢ 9"\ (a 9"
¢ 1 ¢ o ¢T—2 a ¢h+l
¢ 1 ... ¢T—3 as | = ¢h+2

¢2
¢T:—l ¢7:—2 ¢T:—3 . 1 a.T ¢h+.T—l
The guess-and-verify method immediately leads to the solution:

ar = (a,az. a3, ...,ar) = (¢h,0,0,...,0)/.
We therefore get the following predictor:
PrXryn = ¢"Xp.

The forecast therefore just depends on the last observation with the corresponding
coefficient a; = ¢" being independent of T. All previous observations can be
disregarded, they cannot improve the forecast further. To put it otherwise, all the
useful information about X7y, in the entire realization previous to X7, i.e. in
{Xr,Xr-1,...,X1}, is contained in X7.

The variance of the prediction error is given by

1— 2h
—¢0'2'

vl = 1=

For h = 1, the formula simplifies to o2 and for 7 — oo, vr(h) — 1_1¢202 the
unconditional variance of X;. Note also that the variance of the forecast error vy (k)
increases with A.

The general case of an AR(p) process, p > 1, can be treated in the same way.

The autocovariances follow a p-th order difference equation (see Sect. 2.4):

Y =1y —1) +day(G—2)+ ... + ¢y —p).

Applying again the guess-and-verify method for the case # = 1 and assuming that
. . . /

T > p, the solution is given by a7 = (¢1,¢2....,¢,.0,...,0)". Thus the one-step

ahead predictor is

PrXri1 = g1 Xr + ¢ Xr1 + ...+ X741, T>p. (3.9)

The one-step ahead forecast of an AR(p) process therefore depends only on the last
p observations.

The above predictor can also be obtained in a different way. View for this purpose
P7 as an operator with the following meaning: Take the linear least-squares forecast
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with respect to the information {Xr,...,X;}. Apply this operator to the defining
stochastic difference equation of the AR(p) process forwarded one period:

PrXri1 = Pr(¢1X1) + Pr(¢2Xr—1) + ... + Pr (¢pXr11-p) + Pr (Zry).

In period T observations of X7, Xr—(,...,X; are known so that PrX7_; = X7,
j = 0,1,...,T — 1. Because {Z;} is a white noise process and because {X;} is
a causal function with respect to {Z;}, Zry; is uncorrelated with X7, ..., X;. This
reasoning leads to the same predictor as in Eq. (3.9).

The forecasting functions for 2 > 1 can be obtained recursively by successively
applying the forecast operator. Take, for example, the case h = 2:

PrXr42 = Pr (91 Xr4+1) + Pr ($2Xr) + ... + Pr (¢pX742—p) + Pr (Zr42)
= ¢1 (01 X7 + G2 X1 + ... + DpXr11-p)
+ $Xr + ..+ G X710,
= (47 + o) X + (12 + 3) Xr—1 + ... + (D1p—1 + &) X742
+ 19 XT+1-p-

In this way forecasting functions for 4 > 2 can be obtained recursively.

Note that in the case of AR(p) processes the coefficient of the forecast function
remain constant as long as 7 > p. Thus with each new observation it is not necessary
to recompute the equation system and solve it again. This will be different in the case
of MA processes. In practice, the parameters of the AR model are usually unknown
and have therefore be replaced by some estimate. Section 14.2 investigates in a more
general context how this substitution affects the results.

3.1.2 Forecasting with MA(q) Processes

The forecasting problem becomes more complicated in the case of MA(q) processes.
In order to get a better understanding we analyze the case of a MA(1) process:

X, =27 +67Z_, with || < 1 and Z, ~ WN(0, 6%).

Taking a forecast horizon of one period, i.e. # = 1, the equation system (3.7) in the
case of a MA(1) process becomes:

0 0
; s (6) .0\ /a s
w 1 1+92...0 aj O
0 %)

Ea 0l la =] 0 |. (3.10)
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Despite the fact that the equation system has a simple structure, the forecasting
function will depend in general on all past observations of X7—;, 0 < j < T. We
illustrate this point by a numerical example which will allow us to get a deeper
understanding.

Suppose that we know the parameters of the MA(1) process to be § = —0.9
and 02 = 1. We start the forecasting exercise in period 7 = 0 and assume that,
at this point in time, we have no observation at hand. The best forecast is therefore
just the unconditional mean which in this example is zero. Thus, PyX; = 0. The
variance of the forecast error then is V(X; — PoX|) = vo(1) = 0% + 6%¢* = 1.81.
This result is summarized in the first row of Table 3.1. In period 1, the realization of
X is observed. This information can be used and the forecasting function becomes
P1X, = a;X;. The coefficient a; is found by solving the equation system (3.10)
for T = 1. This gives a; = 6/(1 + 6%) = —0.4972. The corresponding
variance of the forecast error according to Eq. (3.8) is V(X; — P1X;3) = vi(1) =
y(0)(1 —ojpi(1)) = 1.81(1 — 0.4972 x 0.4972) = 1.3625. This value is lower
compared to the previous forecast because additional information, the observation
of the realization of X, is taken into account. Row 2 in Table 3.1 summarizes these
results.

In period 2, not only Xj, but also X, is observed which allows us to base our
forecast on both observations: P, X3 = a1 X, + a»X;. The coefficients can be found
by solving the equation system (3.10) for 7 = 2. This amounts to solving the
simultaneous equation system

0 9
I me (al): |
1"1‘7 1 aj 0

Inserting & = —0.9, the solution is a, = (aj,az)’ = (—0.6606,—0.3285)". The
corresponding variance of the forecast error becomes

V(X5 — PX3) = v2(1) = y(0)(1 — ajpa(1))

0
y(0) (1 — (a1 @) <W))
0
= 1.81 (1 — (~0.6606 —0.3285) (_0'3972)) = 1.2155.

These results are summarized in row 3 of Table 3.1.

In period 3, the realizations of X;, X, and X3 are known so that the forecast
function becomes P3 Xy = a1 X3 + a»X, + a3X;. The coefficients can again be found
by solving the equation system (3.10) for 7 = 3:

6 %
L gz 0 [« e
[ 1 % _
1462 T | (2] =] 0
0 £ 1 a 0

1+62
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Table 3.1 Forecast function for a MA(1) process with # = —0.9 and 6% = 1

Time Forecasting function ar = (a1, as, . .., ar)’ Forecast error variance
T=0: vo(1) = 1.8100
T=1:|a=(—0.4972) v1(1) = 1.3625
T=2:|ay=(—0.6606,—0.3285) vy(1) = 1.2155
T=3: |a; =(—0.7404, —0.4891, —0.2432)’ v3(1) = 1.1436
T=4: |ay;=(—0.7870,—0.5827, —0.3849, —0.1914)' v4(1) = 1.1017

T = 00 | @oo = (—0.9000, —0.8100, —0.7290, ...) | veo(l) = 1

For 8 = —0.9, the coefficients of the linear predictor are oy = (ay,az,a3) =
(—0.7404, —0.4891, —0.2432)'. The corresponding variance of the forecast error
becomes

V(X4 — P3Xy) = v3(1) = y(0)(1 — a3p3(1))

[4
1+62

yO | 1= (a1 axas)| 0
0

—0.4972
= 1.81 [ 1 - (—0.7404 —0.4891 —0.2432) | 0
0

= 1.1436.

These results are summarized in row 4 of Table 3.1. We can, of course, continue in
this way and derive successively the forecast functions for T = 4,5, .. ..
From this exercise we can make several observations.

e In contrast to the AR process, every new information is used. The forecast
P7 X741 depends on all available information, in particular on X7, X7, ..., X].

* The coefficients of the forecast function are not constant. They change as more
and more information comes in.

e The importance of the new information can be “measured” by the last coefficient
of ar. These coefficients are termed partial autocorrelations (see Definition 3.2)
and are of particular relevance as will be explained in Sect. 3.5. In our example
they are —0.4972, —0.3285, —0.2432, and —0.1914.

* As more information becomes available, the variance of the forecast error
(mean squared error) declines monotonically. It will converge to 0> = 1. The
reason for this result can be explained as follows. Applying the forecasting
operator to the defining MA(1) stochastic difference equation forwarded by
one period gives: PrX74+, = PrZr4y + 0PrZr = 6PrZy with forecast error
X741 — PrXr41 = Zr4+1. As more and more observation become available, it
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becomes better and better possible to recover the “true” value of the unobserved
Zr from the observations X7, X7—1,...,X]. As the process is invertible, in the
limit it is possible to recover the value of Z; exactly (almost surely). The only
uncertainty remaining is with respect to Zy4; which has a mean of zero and a

variance of 02 = 1.

3.1.3 Forecasting from the Infinite Past

The forecasting function based on the infinitely remote past is of particular
theoretical interest. Thereby we look at the problem of finding the optimal linear
forecast of X7+ given X7, X7—1, ..., X1, Xo, X—1, . .. taking the mean squared error
again as the criterion function. The corresponding forecasting function (predictor)

will be denoted by PrX74s, h > 0.
Noting that the MA(1) process with |8| < 1 is invertible, we have

Zt == X),‘ - 9Xt—1 + 92Xt—2 — ...
We can therefore write X;+1 as

X1 =Zp1 + 0 (X, — 6X— + 07X, — ...)

Z
The predictor of X7 from the infinite past, Py, is then given by:
PrXrp1 = 0 (Xr — 0Xr—1 + 0 Xr—2 —...)
where the mean squared forecasting error is
Voo (1) = E (X741 —EETXTM)2 =0’
Applying this result to our example gives:
PrXri1 = —0.9X7 — 0.81X7—; — 0.729X7_» — ...
with v (1) = 1. See last row in Table 3.1.

Example of an ARMA(1,1) Process

Consider now the case of a causal and invertible ARMA(1,1) process {X,}:

X = ¢Xz—l +Z + GZt—l»
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where |¢| < 1, |0] < 1 and Z, ~ WN(0, 62). Because {X,} is causal and invertible
with respect to {Z,},

[ee)
Xry1 = Zri1 + (@ +0) ) #Zr—,
j=0

Zriy = Xrp1 — (¢ +6) Y_(—0Y X7,

=0

Applying the forecast operator Pr to the second equation and noting that
PrZr41 = 0, one obtains the following one-step ahead predictor

PrXrii = (¢ +0) Z(—Q)jXT—j-

Jj=0

Applying the forecast operator to the first equation, we obtain

PrXrp1 = (¢ +6) Z(¢)jZT—j-

J=0

This implies that the one-step ahead prediction error is equal to X741 — ﬁTXT+1 =
Zr+1 and that the mean squared forecasting error of the one-step ahead predictor
given the infinite past is equal to EZ7 | = 0.

3.2 The Wold Decomposition Theorem

The Wold Decomposition theorem is essential for the theoretical understanding of
stationary stochastic processes. It shows that any stationary process can essentially
be represented as a linear combination of current and past forecast errors. Before we
can state the theorem precisely, we have to introduce the following definition.

Definition 3.1 (Deterministic Process). A stationary stochastic process {X,} is
called (purely) deterministic or (purely) singular if and only if it can be forecasted
exactly from the infinite past. More precisely, if and only if

0> =E (Xi41 —PX1) =0 forallteZ

where P, X, denotes the best linear forecast of X,+1 given its infinite past, i.e. given
{X[,Xt_l, .. }

The most important class of deterministic processes are the harmonic processes.
These processes are characterized by finite or infinite sums of sine and cosine
functions with stochastic amplitude.* A simple example of a harmonic process is
given by

4More about harmonic processes can be found in Sect. 6.2.
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= Acos(wt) + Bsin(wt) withw € (0, ).

Thereby, A and B denote two uncorrelated random variables with mean zero and
finite variance. One can check that X; satisfies the deterministic difference equation

= (2cosw)X;—1 — X,—».

Thus, X, can be forecasted exactly from its past. In this example the last two obser-
vations are sufficient. We are now in a position to state the Wold Decomposition
Theorem.

Theorem 3.1 (Wold Decomposition). Every stationary stochastic process {X,} with
mean zero and finite positive variance can be represented as

o0
X, =Y YZ i+ Vi =VL)Z + V. (3.11)
j=0
where

W) Z =X _ﬁt—lxt = ,]iStZt; _ 5
(ii) Z, ~ WN(O, (72) witho? =E (XH-I — IP’,X,.H) > 0;

(iii) Yo = 1 and ZJ sz < 005
(iv) {V,} is deterministic;
) E(Z,Vy) =0 forallt,s € Z.

The sequences {\J;}, {Z;}, and {V,} are uniquely determined by (3.11).

Proof. The proof, although insightful, requires some knowledge about Hilbert
spaces which is beyond the scope of this book. A rigorous proof can be found in
Brockwell and Davis (1991, Section 5.7).

It is nevertheless instructive to give an intuition of the proof. Following the
MAC(1) example from the previous section, we start in period 0 and assume that
no information is available. Thus, the best forecast PyX; is zero so that trivially

X, =X, —PoX, = Z,.
Starting with X; = Z;, X, X3, ... can then be constructed recursively:
X, =X -PX,+P X, =2 +d"X, =2, +4\"Z,
X3 =X3—PoX3+ P X3 =73 + alz)Xz + a2 X,
=75+ a12)22 + (“1 al 4 agz))

X4 = X4 — ]P)3X4 + P3X4 Z4 + a13)X3 + a(B)X2 + ag3)X



56 3 Forecasting Stationary Processes

=74+ al3)Z3 + (a1 a1 )+ a(3))

+< 3) (2) (1)+ (3) (2)+ ;3) (1)_|_ (33))

where a;t_l), j=1,...,t—1, denote the coefficients of the forecast function for X;

based on X;_1, ..., X;. This shows how X; unfolds into the sum of forecast errors.
The stationarity of {X,} ensures that the coefficients of Z; converge, as t goes to
infinity, to ¥; which are independent of 7. ]

Every stationary stochastic process is thus representable as the sum of a moving-
average of infinite order and a (purely) deterministic process.’ The weights of the
infinite moving average are thereby normalized such that o = 1. In addition,
the coefficients v; are square summable. This property is less strong than absolute
summability which is required for a causal representation (see Definition 2.2).° The
process {Z} is a white noise process with positive variance 0> > 0. The Z,’s are
called innovations as they represent the one-period ahead forecast errors based on
the infinite past, i.e Z; = X; — P,—1X,. Z, is the additional information revealed
from the #-th observation. Thus, the Wold Decomposition Theorem serves as a
justification for the use of causal ARMA models. In this instance, the deterministic
component {V;} vanishes.

The second part of Property (i) further means that the innovation process {Z,}
is fundamental with respect to {X;}, i.e. that Z, lies in the linear space spanned by
{X;, X1, X;—2, ...} or that Z, = P,Z,. This implies that W(L) must be invertible
and that Z; can be perfectly (almost surely) recovered from the observations of
X, X,—1, ... Finally, property (v) says that the two components {Z;} and {V,} are
uncorrelated with each other at all leads and lags. Thus, in essence, the Wold
Decomposition Theorem states that every stationary stochastic process can be
uniquely decomposed into a weighted sum of current and past forecast errors plus a
deterministic process.

Although the Wold Decomposition is very appealing from a theoretical perspec-
tive, it is not directly implementable in practice because it requires the estimation
of infinitely many parameters (1, ¥, ...). This is impossible with only a finite
amount of observations. It is therefore necessary to place some assumptions on
(Y1, Y2, . . .). One possibility is to assume that {X,} is a causal ARMA process and

3The Wold Decomposition corresponds to the decomposition of the spectral distribution function
of F into the sum of Fz and Fy (see Sect. 6.2). Thereby the spectral distribution function Fz has

spectral density fz(1) = §|\I/(e_“\)|2.
SThe series y; = 1/j, for example, is square summable, but not absolutely summable.
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to recover the v;’s from the causal representation. This amounts to say that W(L) is
a rational polynomial which means that

OL) 14+6L+6L2+. .. +06L7
O@L) 1—¢L—gl2—...—¢,Lr’

U(L) =

Thus, the process is characterized by only a finite number, p + ¢, of parameters.
Another possibility is to place restrictions on the smoothness of the spectrum (see
Chap. 6).

The Wold Decomposition Theorem has several implications which are presented
in the following remarks.

Remark 3.1. In the case of ARMA processes, the purely deterministic part {V,}

can be disregarded so that the process is represented only by a weighted sum of

current and past innovations. Processes with this property are called purely non-

deterministic, linearly regular, or regular for short. Moreover, it can be shown

that every regular process {X;} can be approximated arbitrarily well by an ARMA
(ARMA) .

process {X; } meaning that

2
supE (Xt — X,(ARMA))
t1EZ

can be made arbitrarily small. The proof of these results can be found in Hannan
and Deistler (1988, Chapter 1).

Remark 3.2. The process {Z;} is white noise, but not necessarily Gaussian. In
particular, {Z,} need not be independently and identically distributed (IID). Thus,

E(Zf:c 11X:, X;—1, . . .) need not be equal to zero although fIf’;,Zt_H = 0. The reason is
that IP,Z,+ is only the best linear forecast function, whereas E(Z,4|X,, X,—1,...) is

the best forecast function among all linear and non-linear functions. Examples of
processes which are white noise, but not IID, are GARCH processes discussed in
Chap. 8.

Remark 3.3. The innovations {Z;} may not correspond to the “true” shocks of
the underlying economic system. In this case, the shocks to the economic system
cannot be recovered from the Wold Decomposition. Thus, they are not fundamental
with respect to {X,}. Suppose, as a simple example, that {X,} is generated by a
noninvertible MA(1) process:

X, =U +0U, U, ~ WN(0,06%) and |f] > 1.

This generates an impulse response function with respect to the true shocks
of the system equal to (1, 6,0, ...). The above mechanism can, however, not be
the Wold Decomposition because the noninvertibility implies that U, cannot be
recovered from the observation of {X;}. As shown in the introduction, there is an
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observationally equivalent MA(1) process, i.e. a process which generates the same
ACF. Based on the computation in Sect. 1.5, this MA(1) process is

X, =Z+0Z_,,  Z ~WN(0,5?),

with § = 67! and 6% = 114_"'09_22 o2, This is already the Wold Decomposition. The
impulse response function for this process is (1, 6="',0,...) which is different from
the original system. As [#| = |#~!| < 1, the innovations {Z;} can be recovered
from the observations as Z, = Zfio(—Q)fX,_j, but they do not correspond to the
shocks of the system {U,}. Hansen and Sargent (1991), Quah (1990), and Lippi and
Reichlin (1993) among others provide a deeper discussion and present additional

more interesting economic examples.

3.3  Exponential Smoothing

Besides the method of least-squares forecasting exponential smoothing can often be
seen as a valid alternative. This method views X; as a function of time:

X =ft:B) + e,

whereby f(¢; B) typically represents a polynomial in ¢ with coefficients 8. The above
equation is similar to a regression model with error term &,. This error term is usually
specified as a white noise process {&;} ~ WN(0, o).

Consider first the simplest case where X; just moves randomly around a fixed
mean f. This corresponds to the case where f(¢; §) is a polynomial of degree zero:

X[Zﬁ“r‘s[.

If B is known then PrX74, the forecast of X7, given the observations X7, . .., Xi,
clearly is 8. If, however, B is unknown, we can substitute 8 by X7, the average of
the observations:

—~ A — 1
PrXryn =B = Xr =

T
> X,
t=1

N

133 2]

where means that the model parameter 8 has been replaced by its estimate. The
one-period ahead forecast function can then be rewritten as follows:

— 1~

1
Pr_1 X —X
T T1T+TT

PrXry1 =

~ 1 ~
=PrXr + T (XT - PT—IXT) .
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The first equation represents the forecast for 7 4 1 as a linear combination of the
forecast for T and of the last additional information, i.e. the last observation. The
weight given to the last observation is equal to 1/7 because we assumed that the
mean remains constant and because the contribution of one observation to the mean
is 1/T. The second equation represents the forecast for 7 + 1 as the forecast for T
plus a correction term which is proportional to the last forecast error. One advantage
of this second representation is that the computation of the new forecast, i.e. the
forecast for 7+ 1, only depends on the forecast for 7 and the additional observation.
In this way the storage requirements are minimized.

In many applications, the mean does not remain constant, but is a slowly moving
function of time. In this case it is no longer meaningful to give each observation
the same weight. Instead, it seems plausible to weigh the more recent observation
higher than the older ones. A simple idea is to let the weights decline exponentially
which leads to the following forecast function:

T—-1
l-w ; .
PrXry = 1 — ol t_go o' Xy—; with |CU| < 1.

w thereby acts like a discount factor which controls the rate at which agents forget
information. 1 — w is often called the smoothing parameter. The value of w should
depend on the speed at which the mean changes. In case when the mean changes
only slowly, w should be large so that all observations are almost equally weighted;
in case when the mean changes rapidly, @ should be small so that only the most
recent observations are taken into account. The normalizing constant 11__0‘)“7 ensures
that the weights sum up to one. For large T the term w” can be disregarded so
that one obtains the following forecasting function based on simple exponential

smoothing:

PrXr4+1 = (1 — w) [XT + wXr—1 + C()ZXT_Z +.. ]
= (1 —w)Xr + 0 Pr— X7
=Pr 1 Xr + (1 —0) Xr —Pr—1X7).

In the economics literature this forecasting method is called adaptive expectation.
Similar to the model with constant mean, the new forecast is a weighted average
between the old forecast and the last (newest) observation, respectively between the
previous forecast and a term proportional to the last forecast error.

One important advantage of adaptive forecasting methods is that they can be
computed recursively. Starting with value Sy, the following values can be computed
as follows:

IED()Xl = So
]P1X2 = a)IP’oXl + (1 - a))X1
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Py X5 = wP i1 X + (1 —w)X;

PrXr41 = oPr— 1 Xr + (1 — 0)Xr.
Thereby Sy has to be determined. Because
]PTXT+1 = (1 — C()) [XT + a)XT_1 + ...+ a)T_l,Xl] + Q)TS(),

the effect of the starting value declines exponentially with time. In practice, we can
take Sy = X; or Sy = X7. The discount factor w is usually set a priori to be a number
between 0.7 and 0.95. It is, however, possible to determine w optimally by choosing
a value which minimizes the mean squared one-period forecast error:

T
Z X, — ]P>,_1X,)2 —> min .
=1

lw]<1

From a theoretical perspective one can ask the question for which class of models
exponential smoothing represents the optimal procedure. Muth (1960) showed that
this class of models is given by

AX[ == XI _Xt—l == Z[ - (I)Zt_l.

Note that the process generated by the above equation is no longer stationary. This
has to be expected as the exponential smoothing assumes a non-constant mean.
Despite the fact that this class seems rather restrictive at first, practice has shown
that it delivers reasonable forecasts, especially in situations when it becomes costly
to specify a particular model.” Additional results and more general exponential
smoothing methods can be found in Abraham and Ledolter (1983) and Mertens
and Rissler (2005).

34 Exercises

Exercise 3.4.1. Compute the linear least-squares predictor PyrXryp, T > 2, and
the mean squared error vr(h), h = 1,2, 3, if {X,} is given by the AR(2) process

X, =13X,-, —04X,» + Z  with Z, ~ WN(0,2).

To which values do PrXr4;, and vr(h) converge for h going to infinity?

"This happens, for example, when many, perhaps thousands of time series have to be forecasted in
areal time situation.



3.5 Partial Autocorrelation 61

Exercise 3.4.2. Compute the linear least-squares predictor Py (X7 1y and the mean
squared error vr(1), T = 0, 1,2, 3, if {X;} is given by the MA(1) process

X =7+ 0.8Z,_, with  Z; ~ WN(O0, 2).
To which values do PrXr+;, and vr(h) converge for h going to infinity?

Exercise 3.4.3. Suppose that you observe {X,} for the two periodst = 1 andt = 3,
but not for t = 2.

(1) Compute the linear least-squares forecast for X, if
X, = ¢X—1 + Z, with |¢p| <1 and Z, ~ WN(0,4)

Compute the mean squared error for this forecast.
(i1) Assume now that {X,} is the MA(1) process

X, =7+ 07Z,_, with Z, ~ WN(O0, 4).
Compute the mean squared error for the forecast of X.
Exercise 3.4.4. Let
X, = Acos(wt) + Bsin(wt)

with A and B being two uncorrelated random variables with mean zero and finite
variance. Show that {X;} satisfies the deterministic difference equation:

X, = (2cosw)X;—1 — X;—».

3.5 The Partial Autocorrelation Function

Consider again the problem of forecasting X7y from observations X7, Xr—i,
..., X5, X;. Denoting, as before, the best linear predictor by PrXr+; = a1 Xr +
aXr—1 + ar—1 X, 4+ arX;, we can express X4 as

Xr+1 = PrXrq1 + Zry1 = arXy + a0 X1 + ar—1Xo + arXy + Zr4

where Zr4 denotes the forecast error which is uncorrelated with X7, ..., X;. We
can now ask the question whether X, contributes to the forecast of X7 controlling
for X7, X7—», ..., X, or, equivalently, whether ay is equal to zero. Thus, ay can be
viewed as a measure of the importance of the additional information provided by
X,. It is referred to as the partial autocorrelation. In the case of an AR(p) process,
the whole information useful for forecasting X74, T > p, is incorporated in the
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last p observations so that ar = 0. In the case of the MA process, the observations
on Xr,...,X; can be used to retrieve the unobserved Zr, Zy— ..., Z—4y1. As Z;
is an infinite weighted sum of past X;’s, every new observation contributes to the
recovering of the Z,’s. Thus, the partial autocorrelation ar is not zero. Taking T
successively equal to 0, 1, 2, etc. we get the partial autocorrelation function (PACF).

We can, however, interpret the above equation as a regression equation. From
the Frisch-Lovell-Waugh Theorem (See Davidson and MacKinnon 1993), we can
obtain ar by a two-stage procedure. Project (regress) in a first stage X7y on
X7, ..., X, and take the residual. Similarly, project (regress) X; on X7, ..., X, and
take the residual. The coefficient ay is then obtained by projecting (regressing)
the first residual on the second. Stationarity implies that this is nothing but the
correlation coefficient between the two residuals.

3.5.1 Definition
The above intuition suggests two equivalent definitions of the partial autocorrelation
function (PACF).
Definition 3.2 (Partial Autocorrelation Function I). The partial autocorrelation
function (PACF) a(h),h = 0, 1,2, ..., of a stationary process is defined as follows:
a(0)=1
a(h) = ayp, h=12,...,
where ay, denotes the last element of the vector o, = T;7 yu(1) = R, pu(1) (see
Sect. 3.1 and Eq. (3.7)).
Definition 3.3 (Partial Autocorrelation Function II). The partial autocorrelation
function (PACF) a(h),h = 0, 1,2, ..., of a stationary process is defined as follows:
a(0) =1
a(1) = corr (X2, X1) = p(1)
(X(h) = COoITr [Xh—H - ]P)(Xh+1|1,X2, e ,Xh) ,X] - P(X1|1,X2, e ,Xh)] s
where P (Xp+1|1, X2, ..., Xp) and P (Xq|1, Xy, . .., X};) denote the best, in the sense

mean squared forecast errors, linear forecasts of Xj+1, respectively X| given
{1,Xs,..., X}

Remark 3.4. 1f {X,} has a mean of zero, then the constant in the projection operator
can be omitted.

The first definition implies that the partial autocorrelations are determined
from the coefficients of the forecasting function which are themselves functions
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of the autocorrelation coefficients. It is therefore possible to express the partial
autocorrelations as a function of the autocorrelations. More specifically, the partial
autocorrelation functions can be computed recursively from the autocorrelation
function according to the Durbin-Levinson algorithm (Durbin 1960):

a(0) =1
a(l) =an = p(1)
p(2) = p(1)°
2) = = —
a(2) = an 1= o(1)
h—1
p(h) = 3 =i an—1,0Pn—j
a(h) = ap, = = ,
L =2 m1 an-1pj
where QApj = Ap—1,j — AphQh—1,h—j forj = 1, 2, ey h—1.

Autoregressive Processes
The idea of the PACF can be well illustrated in the case of an AR(1) process

X, =¢Xi_1 +7Z,  with0 < |¢| < 1 and Z, ~ WN(O0, 02).

As shown in Chap. 2, X; and X,_, are correlated with each other despite the fact
that there is no direct relationship between the two. The correlation is obtained
“indirectly” because X, is correlated with X,—; which is itself correlated with X,_,.
Because both correlation are equal to ¢, the correlation between X, and X;—; is equal
to p(2) = ¢>. The ACF therefore accounts for all correlation, including the indirect
ones. The partial autocorrelation on the other hand only accounts for the direct
relationships. In the case of the AR(1) process, there is only an indirect relation
between X, and X;_,, for & > 2, thus the PACF is zero.

Based on the results in Sect. 3.1 for the AR(1) process, the definition 3.2 of the
PACF implies:

o =¢ = a(l) = p(1) = ¢,
@ = (,0) = a(2) =0,
a3 = (¢.0,0) = a(3) =0.

The partial autocorrelation function of an AR(1) process is therefore equal to zero
for h > 2.

This logic can be easily generalized. The PACF of a causal AR(p) process is
equal to zero for & > p, i.e. a(h) = 0 for h > p. This property characterizes an
AR(p) process as shown in the next section.
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Moving-Average Processes
Consider now the case of an invertible MA process. For this process we have:

[e ) o0
Zo=YmX; =  X=-Y mX+Z
j=0 j=1

X; is therefore “directly” correlated with each X,—,, h = 1,2,.... Consequently,
the PACF is never exactly equal to zero, but converges exponentially to zero. This
convergence can be monotonic or oscillating.

Take the MA(1) process as an illustration:

X, =7 +6Z_,  with|f| <1and Z ~ WN(0,0?).

The computations in Sect. 3.1.2 showed that

0 0
o1 1+92 =>C(() p() 1+027

0(1 + 6% —62 ' —62

= , )= ——.
* (1+92+94 1+92+94) =@ =g
Thus we get for the MA(1) process:
(0" (=0)"(1 - 6%
a(h) = — = -
1+62+...46% 1 — g2+

3.5.2 Interpretation of ACF and PACF

The ACF and the PACF are two important tools to determining the nature of the
underlying mechanism of a stochastic process. In particular, they can be used to
determine the orders of the underlying AR, respectively MA processes. The analysis
of ACF and PACF to identify appropriate models is know as the Box-Jenkins
methodology (Box and Jenkins 1976). Table 3.2 summarizes the properties of both
tools for the case of a causal AR and an invertible MA process.

If {X,} is a causal and invertible ARMA(p,q) process, we have the following
properties. As shown in Sect. 2.4, the ACF is characterized for & > max{p, g+ 1} by
the homogeneous difference equation p(h) = ¢1p(h—1)+...+¢,p(h—p). Causality
implies that the roots of the characteristic equation are all inside the unit circle. The
autocorrelation coefficients therefore decline exponentially to zero. Whether this
convergence is monotonic or oscillating depends on the signs of the roots. The PACF
starts to decline to zero for & > p. Thereby the coefficients of the PACF exhibit the
same behavior as the autocorrelation coefficients of ~!(L)X;.
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Table 3.2 Properties of the ACF and the PACF

Processes| ACF PACF
AR(p) Declines exponentially ah) =0forh>p
(monotonically or oscillating) to zero
MA(q) |p(h) =0forh>gq Declines exponentially
(monotonically or oscillating) to
Zero

3.6 Exercises

Exercise 3.6.1. Assign the ACF and the PACF from Fig. 3.1 to the following
processes:

X =17,

X, =0.9X,—, + Z,,

X, =27,+0.8Z_4,

X, =09X,—1 + 7, +0.8Z,_4

with Z, ~ WN(0, 62).
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a ACF with 95—percent confidence band b | ACF with 95—percent confidence band
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Fig. 3.1 Autocorrelation and partial autocorrelation functions. (a) Process 1. (b) Process 2. (¢)
Process 3. (d) Process 4
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