The state space representation is a flexible technique originally developed in
automatic control engineering to represent, model, and control dynamic systems.
Thereby we summarize the unobserved or partially observed state of the system in
period ¢ by an m-dimensional vector X;. The evolution of the state is then described
by a VAR of order one usually called the state equation. A second equation describes
the connection between the state and the observations given by a n-dimensional
vector Y;. Despite its simple structure, state space models encompass a large variety
of model classes: VARMA, respectively VARIMA models,' unobserved-component
models, factor models, structural time series models which decompose a given time
series into a trend, a seasonal, and a cyclical component, models with measurement
errors, VAR models with time-varying parameters, etc.

From a technical point of view, the main advantage of state space modeling is
the unified treatment of estimation, forecasting, and smoothing. At the center of
the analysis stands the Kalman-filter named after its inventor Rudolf Emil Kalman
(Kalman 1960, 1963). He developed a projection based algorithm which recursively
produces a statistically optimal estimate of the state. The versatility and the ease of
implementation have made the Kalman filter an increasingly popular tool also in the
economically oriented times series literature. Here we present just an introduction
to the subject and refer to Anderson and Moore (1979), Brockwell and Davis (1991,
Chapter 12), Brockwell and Davis (1996, Chapter 8), Hamilton (1994b, Chapter 13),
Hamilton (1994a), Hannan and Deistler (1988), or Harvey (1989), and in particular
to Durbin and Koopman (2011) and Kim and Nelson (1999) for extensive reviews
and further details.

'"VARIMA models stand for vector autoregressive integrated moving-average models.
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17.1 The State Space Model

We consider a dynamical system whose state at each point in time ¢ is determined
by a vector X;. The evolution of the system over time is then described by a
state equation. The state is, however, unobserved or only partly observed to the
outside observer. Thus, a second equation, called the observation equation, is
needed to describe the connection of the state to the observations. This relation
may be subject to measurement errors. The equation system consisting of state and
observation equation is called a state space model which is visualized in Fig. 17.1.
The state equation typically consists of a VAR model of order one whereas the
observation equation has the structure of multivariate linear regression model.”
Despite the simplicity of each of these two components, their combination is very
versatile and able to represent a great variety of models.

In the case of time invariant coefficients’ we can set up these two equations as
follows:

state equation: Xi+1 = FX, 4+ Viyqq, t=1,2,... (17.1)
observation equation: Y, =A+GX,+ W, t=1,2,... (17.2)

Thereby X, denotes an m-dimensional vector which describes the state of the system
in period ¢. The evolution of the state is represented as a vector autoregressive model

error V;

present X, internal dynamics:
_ > Xﬁ‘Fl:FXt_F‘/;A»l
state equation

future X,

observations: YV, = A + GX,+ W,
data possibly contaminated
by measurement errors W,

Fig. 17.1 State space model

2We will focus on linear dynamic models only. With the availability of fast and cheap computing
facilities, non-linear approaches have gained some popularity. See Durbin and Koopman (2011)
for an exposition.

3For the ease of exposition, we will present first the time-invariant case and analyze the case of
time-varying coefficients later.
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of order one with coefficient matrix F and disturbances V4 4 As we assume that the
state X; is unobservable or at least partly unobservable, we need a second equation
which relates the state to the observations. In particular, we assume that there is
a linear time-invariant relation given by A and G of the n-dimensional vector of
observations, Y7, to the state X;. This relation may be contaminated by measurement
errors W,. The system is initialized in period t = 1.

We make the following simplifying assumption of the state space model repre-
sented by Egs. (17.1) and (17.2).

(1) {Vi} ~ WN(O, Q) where Q is a constant nonnegative definite m x m matrix.
(ii) {W;} ~ WN(O, R) where R is a constant nonnegative definite n X n matrix.
(iii) The two disturbances are uncorrelated with each other at all leads and lags, i.e.:

E(W,V/)) =0, for all ¢ and s.

(iv) V, and W, are multivariate normally distributed.
(v) Xj is uncorrelated with V; as well as with W, r = 1,2, ...

Remark 17.1. In a more general context, we can make both covariance matrices Q
and R time-varying and allow for contemporaneous correlations between V; and W,
(see example Sect. 17.4.1).

Remark 17.2. As both the state and the observation equation may include identities,
the covariance matrices need not be positive definite. They can be non-negative
definite.

Remark 17.3. Neither {X,} nor {Y,} are assumed to be stationary.

Remark 17.4. The specification of the state equation and the normality assumption
imply that the sequence {Xi, Vy, Va,...} is independent so that the conditional
distribution X, given X,, X,_1, ..., X equals the conditional distribution of X,
given X,. Thus, the process {X,} satisfies the Markov property. As the dimension of
the state vector X, is arbitrary, it can be expanded in such a way as to encompass
every component X,_; for any ¢ (see, for example, the state space representation of
a VAR(p) model with p > 1). However, there remains the problem of the smallest
dimension of the state vector (see Sect. 17.3.2).

Remark 17.5. The state space representation is not unique. Defining, for example,
a new state vector X; by multiplying X, with an invertible matrix P, i.e. X, = PX,,
all properties of the system remain unchanged. Naturally, we must redefine all the
system matrices accordingly: F = PFP~', 0 = PQP', G = GP™".

“In control theory the state equation (17.1) is amended by an additional term HU, which represents
the effect of control variables U,. These exogenous controls are used to regulate the system.
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Given X, we can iterate the state equation forward to arrive at:

t—1

X, =F7'x, + ZFJ—1V,+1_j, r=1,2,...
j=1
t—1
Y, = A+ GF'X, +ZGFJ'_1V,+1_‘,»+W,, r=1,2,...
j=1

The state equation is called stable or causal if all eigenvalues of F are inside the unit
circle which is equivalent that all roots of det(I,,, — Fz) = 0 are outside the unit circle
(see Sect. 12.3). In this case the state equation has a unique stationary solution:

o0
X, =Y F Wi (17.3)
j=0
The process {Y,} is therefore also stationary and we have:
o0
Yo =A+Y GF W+ W. (17.4)

J=0

In the case of a stationary state space model, we may do without an initialization
period and take r € Z.

In the case of a stable state equation, we can easily deduce the covariance
function for {X,}, I'x(h), h = 0,1,2,... According to Sect. 12.4 it holds that:

I'x(0) = FTx(0)F + 0,
I'x(h) = F"Tx(0), h=12,...

where I'y(0) is uniquely determined given the stability assumption. Similarly, we
can derive the covariance function for the observation vector, I'y(h),h = 0,1,2,...:

I'y(0) = GT'x(0)G’ + R,
I'y(h) = GF'Tx(0)G', h=1,2,...

17.1.1 Examples

The following examples should illustrate the versatility of the state space model
and demonstrate how many economically relevant models can be represented in this
form.
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VAR(p) Process

Suppose that {Y;} follows a n-dimensional VAR(p) process given by ®(L)Y; = Z,,
respectively by ¥; = &Y, + ... + ®,Y,, + Z;, with Z, ~ WN(0, X). Then
the companion form of the VAR(p) process (see Sect. 12.2) just represents the state
equation (17.1):

Yt+l q)l sz . qu—l CIJP Yl Zt—H
Y, L, 0... 0 o0]|]v, 0
Xpp=| Y |=]0 t.. 0 offrafs] 0
Yipi1 00..1 0/)\r, 0
= FX, + Vis1,

with V4 = (Z/,,,0,0,....0) and Q = ((2)J 8) . The observation equation is just

an identity because all components of X; are observable:
Y, = (1,,0,0,...,0)X; = GX,.

Thus, G = (1,,,0,0,...,0) and R = 0. Assuming that X; is already mean adjusted,
A=0.

ARMA(1,1) Process

The representation of ARMA processes as a state space model is more involved
when moving-average terms are involved. Let {Y;} be an ARMA(I,1) process
defined by the stochastic difference equation Y, = ¢Y,—; + Z, + 6Z,_; with
Z, ~ WN(0,0?) and ¢6 # 0.

Define {X;} as the AR(1) process defined by the stochastic difference equation
X, — ¢X,—1 = Z, and X, = (X,,X,—)’ as the state vector, then we can write the
observation equation as:

Y, =(1,0)X; = GX;

with R = 0. The state equation is then

;(H-l ¢ 0 ‘(t Zl+l
+l ( X[ ) (1 0 Xt—l O ! ol

020

where Q = ( 00
the stochastic difference equation Y, = ¢Y,—y + Z, + 0Z,_;. Indeed Y, — ¢pY,—| =
(17 G)Xt _d’(l» Q)Xt—l =X+ 0Xt—1 _¢Xt—1 - 0¢Xt—2 = (Xt _¢X1—1) + 9(X1—1 -
¢X1—2) =7Z+0Z_,.

). It is easy to verify that the so defined process {Y,} satisfies
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If || < 1, the state equation defines a causal process {X;} so that the unique
stationary solution is given by Eq. (17.3). This implies a stationary solution for {Y;}
too. It is thus easy to verify if this solution equals the unique solution of the ARMA
stochastic difference equation.

The state space representation of an ARMA model is not unique. An alternative
representation in the case of a causal system is given by:

Xiv1 = ¢Xe + (@ + 0)Z, = FX: + Vig
Yi=X+Z =X+ W,
Note that in this representation the dimension of the state vector is reduced from two

to one. Moreover, the two disturbances V.1 = (¢ + 0)Z; and W, = Z, are perfectly
correlated.

ARMA(p,q) Process
It is straightforward to extend the above representation to ARMA(p,q) models.> Let
{Y;} be defined by the following stochastic difference equation:

d(L)Y, = O(L)Z  with Z, ~ WN(0,0?) and ¢,0, # 0.

Define r as r = max{p,q + 1} and set ¢; = O forj > p and 6; = 0 for j > q.
Then, we can set up the following state space representation with state vector X,
and observation equation

Yl = (15 015 cecy Or—l)Xt
where the state vector equals X, = (X, ..., X;— 42, X;—+1)’ and where {X;} follows

an AR(p) process ®(L)X, = Z,. The AR(p) process can be transformed into
companion form to arrive at the state equation:

&1 P2 ... D1 & 7
1 0... 0 O 0
Xp=|01... 0 0]x,4+1]60
00... 1 0 0

Missing Observations

The state space approach is best suited to deal with missing observations. However,
in this situation the coefficient matrices are no longer constant, but time-varying.
Consider the following simple example of an AR(1) process for which we have

3See also Exercise 17.2.



17.1 The State Space Model 331

only observations for the periods t = 1,...,100 and r = 102, ...,200, but not for
period + = 101 which is missing. This situation can be represented in state space
form as follows:

X1 = 90X + 7,
Y =GX,+ W,

G - J 1 1=1...,100.102.....200;
"7 0, r=101.

o, t=1,...,100,102,...,200;
"Tle>0,t=101.

This means that W, = 0 and that ¥, = X, for all ¢ except for r = 101. For the
missing observation, we have G191 = Y191 = 0. The variance for this observation is
setto Rjg1 = ¢ > 0.

The same idea can be used to obtain quarterly data when only yearly data are
available. This problem typically arises in statistical offices which have to produce,
for example, quarterly GDP data from yearly observations incorporating quarterly
information from indicator variables (see Sect. 17.4.1). More detailed analysis for
the case of missing data can be found in Harvey and Pierce (1984) and Brockwell
and Davis (1991, Chapter 12.3).

Time-Varying Coefficients

Consider the regression model with time-varying parameter vector j;:
Y, =xp + W (17.5)

where Y; is an observed dependent variable, x; is a K-vector of exogenous regressors,
and W, is a white noise error term. Depending on the specification of the evolution
of B, several models have been proposed in the literature:

Hildreth-Houck : Bi=B+v
Harvey-Phillips: Bi—B =F(B:i—p)+ v,
Cooley-Prescott: B = B! + v

B =B, + vy

where vy, vy;, and vy, are white noise error terms. In the first specification, proposed
originally proposed by Hildreth and Houck (1968), the parameter vector is in
each period just a random from a distribution with mean f and variance given
by the variance of v,. Departures from the mean are seen as being only of a
transitory nature. In the specification by Harvey and Phillips (1982), assuming that
all eigenvalues of F are strictly smaller than one in absolute value, the parameter
vector is a mean reverting VAR of order one. In this case, the departures from
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the mean can have a longer duration depending on the eigenvalues of F. The last
specification due to Cooley and Prescott (1973, 1976) views the parameter vector as
being subject to transitory and permanent shifts. Whereas shifts in v;, have only a
transitory effect on 8;, movements in vy, result in permanent effects.

In the Cooley-Prescott specification, for example, the state is given by
X, = (B], B7") and the state equation can be written as:

X1 = (ﬁ%:) - @ (gft’ ) - (ZZ)

=F

The observation equation then becomes:

’
X,
Yt=)’t=(0t) X+ W

Thus, A = 0 and G; = («], 0). Note that this an example of a state space model with
time-varying coefficients. In Sect. 18.2, we will discuss time-varying coefficient
models in the context of VAR models.

Structural Time Series Analysis

An important application of the state space representation in economics is the
decomposition of a given time series into several components: trend, cycle, season
and irregular component. This type of analysis is usually coined structural time
series analysis (See Harvey 1989; Mills 2003). Consider, for example, the additive
decomposition of a time series {Y;} into a trend 7}, a seasonal component S, a
cyclical component {C;}, and an irregular or cyclical component W;:

YtZTt+St+Ct+Wt~

The above equation relates the observed time series to its unobserved components
and is called the basic structural model (BSM) (Harvey 1989).

The state space representation is derived in several steps. Consider first the case
with no seasonal and no cyclical component. The trend is typically viewed as a
random walk with time-varying drift §,_:

T, =6i—1 + T—1 + &, &~ WN(O,USZ)
51 = 81—1 + Sr, Et ~ WN(O,(T;).

The second equation models the drift as a random walk. The two disturbances {e,}
and {£,} are assumed to be uncorrelated with each other and with {W,}. Defining the
state vector Xt(T) as X,(T) = (T, 8,)', the state and the observation equations become:

(1 Tt LT\ (T, €41 () (1) (1)
2 (sm) (0 1) (5, e ARG

Y, = (1,0)x" + w,
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with W, ~ WN(0, o7). This representation is called the local linear trend (LLT)
model and implies that {Y;} follows an ARIMA(0,2,2) process (see Exercise 17.5.1).

In the special case of a constant drift equal to 4, o2 = 0 and we have that
AY, = 6§+ & + W, — W_,. {AY,} therefore follows a MA(1) process with
p(1) = —o,/(0? + 20%,) = —(2 + k)~! where k = 07 /07, is called the signal-

to-noise ratio. Note that the first order autocorrelation is necessarily negative. Thus,
this model is not suited for time series with positive first order autocorrelation in its
first differences.

The seasonal component is characterized by two conditions S; = S;—; and
ZLI S, = 0 where d denotes the frequency of the data.’ Given starting values
S1,80,8-1,...,5_4+3, the subsequent values can be computed recursively as:

Sr1 == — ... = S—a+2 + M+1, t=1,2,...

where a noise 7, ~ WN(0, o,%) is taken into account.” The state vector related to the

seasonal component, X,(S) , 1s defined as X,(S) = (S, Si—1,...,S8—q+2) which gives
the state equation

1 —1...—1-1 M1
1 0...0 0 0
X9 =10 1.0 0x9 | o [=FOx® v
S T 0
00..10 0

with 0 = diag(oi, 0,...,0).
Combining the trend and the seasonal model to an overall model with state vector

/
X, given by X; = (X,(T)’, X,(S)’) , we arrive at the state equation:

F(T) 0 V(T)

X1 = ( S X + [(Jsr)l =FX; + Vi
0 FO Visi

with Q = diag(o?, 0, 07,0, ..,0). The observation equation then is:

Y, =(1010...0) X, + W,

with R = 0},.
Finally, we can add a cyclical component {C,} which is modeled as a harmonic

process (see Sect. 6.2) with frequency Ac, respectively periodicity 27 /A¢:

C; = Acos(Act) + Bsin(Act)

Four in the case of quarterly and twelve in the case of monthly observations.
7 Alternative seasonal models can be found in Harvey (1989) and Hylleberg (1986).
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Fig. 17.2 Spectral density of the cyclical component for different values of A¢ and p

Following Harvey (1989, p.39), we let the parameters A and B evolve over time by
introducing the recursion

(C;H) —) ( cosA¢ sin/\c) (Ct) n V{fil
ol —sinA¢ cosAc) \C! Vé?+1
where Cy = A and Cj = B and where {C;'} is an auxiliary process. The dampening

factor p allows for additional flexibility in the specification. The processes {Vl(f)}

and {Vé? } are two mutually uncorrelated white noise processes. It is instructive to
examine the spectral density (see Sect. 6.1) of the cyclical component in Fig. 17.2.
It can be shown (see Exercise 17.5.2) that {C,} follows an ARMA(2,1) process.
The cyclical component can be incorporated into the state space model above
by augmenting the state vector X,+; by the cyclical components C41 and C7,,

and the error term V;4; by {Vl(,cz?i-l} and {V;Clll}. The observations equation has to
be amended accordingly. Section 17.4.2 presents an empirical application of this

approach.

Dynamic Factor Models

Dynamic factor models are an interesting approach when it comes to modeling
simultaneously a large cross-section of times series. The concept was introduced
into macroeconomics by Sargent and Sims (1977) and was then developed further
and popularized by Quah and Sargent (1993), Reichlin (2003) and Breitung and
Eickmeier (2006), among others. The idea is to view each time series Y, i =
1,...,n, as the sum of a linear combination of some joint unobserved factors
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fi = (fur,....f) and an idiosyncratic component {W;}, i = 1,...n. Dynamic
factor models are particularly effective when the number of factors r is small
compared to the number of time series n. In practice, several hundred time series
are related to a handful factors. In matrix notation we can write the observation
equation for the dynamic factor model as follows:

Y[ZAQﬁ+ALﬁ_]+...+Aqft_q+Wt

where A;, i = 0,1,...,q, are n x r matrices. The state vector X, equals
(/.. ...fi_,) if we assume that the idiosyncratic component is white noise, i.e.
W, = (Wy,..., W) ~ WN(O, R). The observation equation can then be written
compactly as:

Y, =GX, + W,

where G = (Ao, A1, ..., Ay). Usually, we assume that R is a diagonal matrix. The
correlation between the different time series is captured exclusively by the joint
factors.

The state equation depends on the assumed dynamics of the factors. One
possibility is to model {f;} as a VAR(p) process with ®(L)f; = ¢;, e; ~ WN(O, X),
and p < g + 1, so we can use the state space representation of the VAR(p) process
from above. For the case p = 2 and ¢ = 2 we get:

fi+1 o 9,0 fi et
Xrpi=\|fi =1L 00)|ficr]+]| O | =FX+ Vi
t—1 0 Ir 0 —2 0

and Q = diag(X, 0, 0). This scheme can be easily generalized to the case p > ¢ + 1
or to allow for autocorrelated idiosyncratic components, assuming for example that
they follow autoregressive processes.

The dimension of these models can be considerably reduced by an appropriate
re—parametrization or by collapsing the state space adequately (Brduning and
Koopman 2014). Such a reduction can considerably increase the efficiency of the
estimation.

Real Business Cycle Model (RBC Model)

State space models are becoming increasingly popular in macroeconomics, espe-
cially in the context of dynamic stochastic general equilibrium (DSGE) models.
These models can be seen as generalizations of the real business cycle (RBC)
models.® In these models a representative consumer is supposed to maximize the
utility of his consumption stream over his infinite life time. Thereby, the consumer
has the choice to consume part of his income or to invest his savings (part of his

8Prototypical models can be found in King et al. (1988) or Woodford (2003). Canova (2007) and
Dejong and Dave (2007) present a good introduction to the analysis of DSGE models.
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income which is not consumed) at the market rate of interest. These savings can
be used as a mean to finance investment projects which increase the economy wide
capital stock. The increased capital stock then allows for increased production in the
future. The production process itself is subject to a random shocks called technology
shocks.

The solution of this optimization problem is a nonlinear dynamic system
which determines the capital stock and consumption in every period. Its local
behavior can be investigated by linearizing the system around its steady state.
This equation can then be interpreted as the state equation of the system. The
parameters of this equation F' and Q are related, typically in a nonlinear way, to
the parameters describing the utility and the production function as well as the
process of technology shocks. Thus, the state equation summarizes the behavior
of the theoretical model.

The parameters of the state equation can then be estimated by relating the state
vector, given by the capital stock and the state of the technology, via the observation
equation to some observable variables, like real GDP, consumption, investment, or
the interest rate. This then completes the state space representation of the model
which can be analyzed and estimated using the tools presented in Sect. 17.3.”

17.2 Filtering and Smoothing

As we have seen, the state space model provides a very flexible framework for a
wide array of applications. We therefore want to develop a set of tools to handle
this kind of models in terms of interpretation and estimation. In this section we
will analyze the problem of inferring the unobserved state from the data given the
parameters of the model. In Sect. 17.3 we will then investigate the estimation of the
parameters by maximum likelihood.

In many cases the state of the system is not or only partially observable. It is
therefore of interest to infer from the data Yy, Y», ..., Y7 the state vector X,. We can
distinguish three types of problems depending on the information used:

(i) estimation of X; from Y, ..., Y;—, known as the prediction problem;
(ii) estimation of X, from Y1, ..., Y, known as the filtering problem;
(iii) estimation of X, from Y1, ..., Y7, known as the smoothing problem.

For the ease of exposition, we will assume that the disturbances V; and W,
are normally distributed. The recursive nature of the state equation implies that
X, = F7'X + Zj;%) F/V,_;. Therefore, X; is also normally distributed for all
t, if X; is normally distributed. From the observation equation we can infer also

9See Sargent (2004) or Fernandez-Villaverde et al. (2007) for systematic treatment of state space
models in the context of macroeconomic models. In this literature the use of Bayesian methods is
widespread (see An and Schortheide 2007; Dejong and Dave 2007).
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that Y; is normally distributed, because it is the sum of two normally distributed
random variables A + GX, and W,. Thus, under these assumptions, the vector
(X]..... X5, Y], ..., Y}) is jointly normally distributed:

X

() (5 )
Y ny) \Ixy Ty

Yr

where the covariance matrices I'y, I'yx, I'xy and I'y can be retrieved from the model
given the parameters.

For the understanding of the rest of this section, the following theorem is essential
(see standard textbooks, like Amemiya 1994; Greene 2008).

Theorem 17.1. Let Z be a n-dimensional normally distributed random variable
with Z ~ N(u, X). Consider the partitioned vector Z = (Z,Z})' where Z, and Z,
are of dimensions ny > 1 and ny > 1, n = n| + ny, respectively. The corresponding

partitioning of the covariance matrix X is

X 212)
E =
(221 Y
where 211 = VZ], 222 = VZQ, and 212 = 2/21 = COV(Z],Zz) = E(Zl—Ezl)/(Zz—

EZ,). Then the partitioned vectors Z, and Z, are normally distributed. Moreover, the
conditional distribution of Z, given Z, is also normal with mean and variance

E(Z1|Z,) = EZ, + 21,35, (Z: — EZy),
V(Zi1Z2) = £11 — 1255 o1

This formula can be directly applied to figure out the mean and the variance

of the state vector given the observations. Thus, setting Z; = (X],..., X))’ and
Z, = (Y],....Y,_)), we get the predicted values; setting Z; = (X],..., X))’ and
Z, = (Y],....Y]), we get the filtered values; setting Z;, = (X],....X))
and Z, = (Y], ..., Y}), we get the smoothed values.

AR(1) Process with Measurement Errors

We illustrate the above ideas by analyzing a univariate AR(1) process with

measurement CITOI'SIOI

10Sargent (1989) provides an interesting application showing the implications of measurement
errors in macroeconomic models.



338 17 Kalman Filter

X1 = ¢Xi + Vg1, v; ~ IIDN(0, 02)
Y, =X, + w,, w; ~ IIDN(0, 62).

For simplicity, we assume |¢| < 1. Suppose that we only have observations Y;
and Y, at our disposal. The joint distribution of (X;, X, ¥;,Y,)" is normal. The
covariances can be computed by applying the methods discussed in Chap. 2:

Xy 0 1¢ 1 ¢
2 1 1
X2 ~ N 0 % ? a?(l—(;:z)
Y) 0] 1-¢2 |11+ =7 é
20142
r2 0 R

0y

The smoothed values are obtained by applying the formula from Theorem 17.1:
Xi
E .., | =
( (Xz) 1 2)

62 (1—o?
1+ aMZ,(L_;qu))z —¢2 \¢ 1 —¢ 1+ a,%(:;qﬁz) Y,

Note that for the last observation, Y, in our case, the filtered and the smoothed values
are the same. For X the filtered value is

EXiV) = ———=51.
1 + 6w(i_g¢ )

v

An intuition for this result can be obtained by considering some special cases.
For ¢ = 0, the observations are not correlated over time. The filtered value for X
therefore corresponds to the smoothed one. This value lies between zero, the uncon-
ditional mean of X;, and Y, with the variance ratio 02/07 delivering the weights:
the smaller the variance of the measurement error the closer the filtered value is to
Y. This conclusion holds also in general. If the variance of the measurement error is
relatively large, the observations do not deliver much information so that the filtered
and the smoothed values are close to the unconditional mean.

For large systems the method suggested by Theorem 17.1 may run into numerical
problems due to the inversion of the covariance matrix of Y, ¥,,. This matrix can
become rather large as it is of dimension nT x nT. Fortunately, there exist recursive
solutions to this problem known as the Kalman filter, and also the Kalman smoother.
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17.2.1 The Kalman Filter

The Kalman filter circumvents the problem of inverting a large nT x nT matrix
by making use of the Markov property of the system (see Remark 17.4). The
distribution of X, given the observations up to period ¢ can thereby be computed
recursively from the distribution of the state in period t — 1 given the information
available up to period ¢ — 1. Starting from some initial distribution in period 0, we
can in this way obtain in T steps the distribution of all states. In each step only an
n X n matrix must be inverted. To describe the procedure in detail, we introduce the
following notation:

EX Y1, ..., Y) =Xy
VX |Y1,....Y5) = Py

Suppose, we have already determined the distribution of X; conditional on the
observations Yi,...,Y;. Because we are operating in a framework of normally
distributed random variables, the distribution is completely characterized by its
conditional mean X;, and variance P;,. The goal is to carry forward these entities
to obtain X,y ;41 and P;; ;4 having observed an additional data point Y;4 . This
problem can be decomposed into a forecasting and an updating step.

Step 1: Forecasting Step The state equation and the assumption about the
disturbance term V. imply:

Xit11r = FXy, (17.6)
Pt+1|l = FPz\rF/ + 0

The observation equation then allows to compute a forecast of Y,;; where we
assume for simplicity that A = 0:

Yt = GXoqape (17.7)
Step 2: Updating Step In this step the additional information coming from the

additional observation Y;4 is processed to update the conditional distribution of the
state vector. The joint conditional distribution of (X, . Y/, )" given ¥,... Y, is

Xit1 Xit1r Py PG’
Yi,....Y; ~N , ,
Yit1 Yit1y GPiy1 GPiy1,G' + R
As all elements of the distribution are available from the forecasting step, we can

again apply Theorem 17.1 to get the distribution of the filtered state vector at time
t+1:

Xt+l|l+l = Xt+1|l + Pl+1|tG,(GPt+l|tGl + R)_l(Yr-H - Yt+l|t) (17.8)
Piiijtt = Py — PG (GPiy 1, G’ + R) 'GPy (17.9)
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where we replace X4, Prt1), and Yiiq, by FXy., FPyF' + Q, and GFX,,,
respectively, which have been obtained from the forecasting step.

Starting from given values for X|o and Py)y, we can therefore iteratively compute
Xy; and Py, for all + = 1,2,...,T. Only the information from the last period is
necessary at each step. Inserting Eq. (17.8) into Eq. (17.6) we obtain as a forecasting
equation:

Xe1)p = FXy—1 + FPy—1G (GPy— G’ + R) ™' (Y, — GXy—)
where the matrix
K, = FPt|l—1G/(GPt|t—1G/ + R)_l

is know as the (Kalman) gain matrix. It prescribes how the innovation Y; — Yy, =
Y, — GX,j;— leads to an update of the predicted state.

Initializing the Algorithm It remains to determine how to initialize the recursion.
In particular, how to set the starting values for Xoo and Pyjo. If X; is stationary and
causal with respect to V,, the state equation has the solution Xy = Zﬁo F Viej.
Thus,

Xopp = E(Xo) =0

Pojo = V(Xo)
where Py solves the equation (see Sect. 12.4)

Pojg = FPooF' + Q.
According to Eq. (12.4), the solution of the above matrix equation is:
vec(Popp) =I-F Q® F]"'vec(Q).
If the process is not stationary, we can set Xg|o to zero and Pyy to infinity. In

practice, a very large number is sufficient.
17.2.2 The Kalman Smoother
The Kalman filter determines the distribution of the state at time ¢ given the
information available up to this time. In many instances, we want, however, make
an optimal forecast of the state given all the information available, i.e. the whole

sample. Thus, we want to determine X,r and P,y. The Kalman filter determines
the smoothed distribution for t = T, i.e. Xy|r and Pry. The idea of the Kalman
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smoother is again to determine the smoothed distribution in a recursive manner. For
this purpose, we let the recursion run backwards. Starting with the last observation
in period + = T, we proceed back in time by letting ¢ take successively the values
t=T—1,T—2,...until the first observation in period ¢t = 1.

Using again the linearity of the equations and the normality assumption, we get:

( X[ ) YI’YZ,...,YZNN((Xtt)’(Pth Ptl]F/))
Xi+1 FX,; FPyj, Py

This implies that
EXi| Y1, .., Y Xip1) = Xgo 4 Py P (X = Xoga)o).-

The above mean is only conditional on all information available up to time ¢ and
on the information at time ¢ 4+ 1. The Markov property implies that this mean also
incorporates the information from the observations Y41, ..., Y7. Thus, we have:

EX|Y1,.... Y1, Xi+1) = EX Y1, ..., Y, Xi1)

= Xypt + Py F' P (Kt — X))

Applying the law of iterated expectations or means (see, f.e. Amemiya 1994, p. 78),
we can derive X|r:

Xir = EX|Y1,....Yr) = BEX|Y1,....Yr. Xee )| V1o ... Yr)
= IE(Xrlt + PzItF/P:1|l(Xt+l _Xz+l|r)|ylv ceey YT)

= Xyje + Py F' P Ko — X)) (17.10)

The algorithm can now be implemented as follows. In the first step compute
X7_yjr according to Eq. (17.10) as

Xr—r = Xr—r—1 + PT—IIT—IF/P;|1T_1(XT|T — X7)7-1)-

All entities on the right hand side can readily be computed by applying the Kalman
filter. Having found X7_;|7, we can again use Eq. (17.10) for t = T — 2 to evaluate

Xro7:
Xroor = Xrogr—2 + PT—2|T—2F/P;11|T_2(XT—1|T — Xr_1j7-2)-

Proceeding backward through the sample we can derive a complete sequence of
smoothed states Xpr, X7—1j7, Xr—o1. - . ., Xjj7. These calculations are based on the
computations of X;;, X;11};, Pys» and P,4}, which have already been obtained from
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the Kalman filter. The smoothed covariance matrix Py is given as (see Hamilton
1994b, Section 13.6):

Pyr = Py + PyFP  (Priir = Pt Py F P

Thus, we can compute also the smoothed variance with the aid of the values already
determined by the Kalman filter.

AR(1) Process with Measurement Errors (Continued)

We continue our illustrative example of an AR(1) process with measurement errors
and just two observations. First, we determine the filtered values for the state vector
with the aid of the Kalman filter. To initialize the process, we have to assign a
distribution to Xy. For simplicity, we assume that |¢)| < 1 so that it makes sense
to assign the stationary distribution of the process as the distribution for Xj:

o2
Xo ~N 0,_"
1—¢?

Then we compute the forecasting step as the first step of the filter (see Eq. (17.6)):

Xijo = ¢pXojo =0

2 2
(o2 (o2
P]\() = ¢2] _v¢2 + 03 = 0 _v¢2

YI\O = O

Pyjo was computed by the recursive formula from the previous section, but is, of
course, equal to the unconditional variance. For the updating step, we get from
Egs. (17.8) and (17.9):

2 2 -1 1
xin= (<)% v 02) e — Ly,
1 —¢? 1—¢? v 1+0%(1;¢2)

ol o2 \'( o N\
p1|1:(1_¢2)_(1_¢2) (1—¢2+U‘V)

ol . 1
1—¢2

B 2(1—¢%)
1 Do) o7

These two results are then used to calculate the next iteration of the algorithm.
This will give the filtered values for t = 2 which would correspond to the smoothed
values because we just have two observations. The forecasting step is:
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¢
Xon=———"7"
 (1—¢p2
1+ 0‘1,(Ug¢ )
¢203 1 2
Py = Ny | T
1—¢ 1+ UW(L,}¢ )

Next we perform the updating step to calculate X5, and Py),. It is easy to verify that
this leads to the same results as in the first part of this example.

An interesting special case is obtained when we assume that ¢ = 1 so that the
state variable is a simple random walk. In this case the unconditional variance of X
and consequently also of Y; are no longer finite. As mentioned previously, we can
initialize the Kalman filter by Xo;o = 0 and Py = oo. This implies:

Y10 = X110 = Xojo = 0

P1|0=P0|0+0‘2/:OO.

Inserting this result in the updating Eqgs. (17.8) and (17.9), we arrive at:

P P00+02
X = —lz(Yl —Yio) = % 1
Pyjo + oy Pojo + 0y + oy
P P (Pojo + 02)of,
100 110 0l
P1|1=P1|0——2=(P0|0+U\2/)(1— | 2)= | 2V “;
P1‘0+O’W P1|0+UW P0|0+UV+OW
Letting Py|o go to infinity, leads to:
Xin=n
P||1 = O—%V’

This shows that the filtered variance is finite for t = 1 although Py was infinite.

17.3 Estimation of State Space Models

Up to now we have assumed that the parameters of the system are known and
that only the state is unknown. In most economic applications, however, also the
parameters are unknown and have therefore to be estimated from the data. One big
advantage of the state space models is that they provide an integrated approach
to forecasting, smoothing and estimation. In particular, the Kalman filter turns
out to be an efficient and quick way to compute the likelihood function. Thus, it
seems natural to estimate the parameters of state space models by the method of
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maximum likelihood. Kim and Nelson (1999) and Durbin and Koopman (2011)
provide excellent and extensive reviews of the estimation of state space models
using the Kalman filter.

More recently, due to advances in computational methods, in particular with
respect to sparse matrix programming, other approaches can be implemented. For
example, by giving the states a matrix representation Chan and Jeliazkov (2009)
derive a viable and efficient method for the estimation of state space models.

17.3.1 The Likelihood Function

The joint unconditional density of the observations (Y7, ..., Y}) can be factorized
into the product of conditional densities as follows:

f, Y =fr| Yy, Y )f (Y Yr)

=fXr|Yy, ..., Y- )f (Y| Y1, ..., Yra) . f (R Y)f (Y1)

Each conditional density is the density of a normal distribution and is therefore
given by:

YY) = )T (det AT
1 _
exp I:_E(Yt - Yzlr—l)/Ar 1(Yt - Yt|l—l)]

where A; = GP,,—; G’ +R. The Gaussian likelihood function L is therefore equal to:

T -1/2
L= (2r)" M/ (]_[ det(A,))

=1
17
exp |:—§ ;:1 (Y: — Y,|,_1)’A71(Y, - Ytlt—l):| :

Note that all the entities necessary to evaluate the likelihood function are provided
by the Kalman filter. Thus, the evaluation of the likelihood function is a byproduct
of the Kalman filter. The maximum likelihood estimator (MLE) is then given by
the maximizer of the likelihood function, or more conveniently the log-likelihood
function. Usually, there is no analytic solution available so that one must resort
to numerical methods. An estimation of the asymptotic covariance matrix can
be obtained by evaluating the Hessian matrix at the optimum. Under the usual
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assumptions, the MLE is consistent and delivers asymptotically normally distributed
estimates (Greene 2008; Amemiya 1994).

The direct maximization of the likelihood function is often not easy in prac-
tice, especially for large systems involving many parameters. The expectation-
maximization algorithm, EM algorithm for short, represents a valid, though slower
alternative. As the name indicates, it consists of two steps which have to be
carried out iteratively. Based on some starting values for the parameters, the first
step (expectation step) computes estimates, X;jr, of the unobserved state vector X;
using the Kalman smoother. In the second step (maximization step), the likelihood
function is maximized taking the estimates of X;, X;r, as additional observations.
The treatment of X,y as additional observations, allows to reduce the maximization
step to a simple multivariate regression. Indeed, by treating X,y as if they were
known, the state equation becomes a simple VAR(1) which can be readily estimated
by linear least-squares to obtain the parameters F' and Q. The parameters A, G and
R are also easily retrieved from a regression of Y, on X, . Based on these new
parameter estimates, we go back to step one and derive new estimates for X;r
which are then used in the maximization step. One can show that this procedure
maximizes the original likelihood function (see Dempster et al. 1977; Wu 1983). A
more detailed analysis of the EM algorithm in the time series context is provided by
Brockwell and Davis (1996).!1

Sometimes it is of interest not only to compute parameter estimates and to derive
from them estimates for the state vector via the Kalman filter or smoother, but also
to find confidence intervals for the estimated state vector to take the uncertainty
into account. If the parameters are known, the methods outlined previously showed
how to obtain these confidence intervals. If, however, the parameters have to be
estimated, there is a double uncertainty: the uncertainty from the filter and the
uncertainty arising from the parameter estimates. One way to account for this
additional uncertainty is by the use of simulations. Thereby, we draw a given number
of parameter vectors from the asymptotic distribution and compute for each of
these draws the corresponding estimates for the state vector. The variation in these
estimates is then a measure of the uncertainty arising from the estimation of the
parameters (see Hamilton 1994b, Section 13.7).

""The analogue to the EM algorithm in the Bayesian context is given by the Gibbs sampler. In
contrast to the EM algorithm, we compute in the first step not the expected value of the states, but
we draw a state vector from the distribution of state vectors given the parameters. In the second
step, we do not maximize the likelihood function, but draw a parameter from the distribution of
parameters given the state vector drawn previously. Going back and forth between these two steps,
we get a Markov chain in the parameters and the states whose stationary distribution is exactly the
distribution of parameters and states given the data. A detailed description of Bayesian methods
and the Gibbs sampler can be found in Geweke (2005). Kim and Nelson (1999) discuss this method
in the context of state space models.
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17.3.2 Identification

As emphasized in Remark 17.5 of Sect. 17.1, the state space representations are
not unique. See, for example, the two alternative representations of the ARMA(1,1)
model in Sect. 17.1. This non-uniqueness of state space models poses an identi-
fication problem because different specifications may give rise to observationally
equivalent models.'” This problem is especially serious if all states are unob-
servable. In practice, the identification problem gives rise to difficulties in the
numerical maximization of the likelihood function. For example, one may obtain
large differences for small variations in the starting values; or one may encounter
difficulties in the inversion of the matrix of second derivatives.

The identification of state space models can be checked by transforming them
into VARMA models and by investigating the issue in this reparameterized setting
(Hannan and Deistler 1988). Exercise 17.5.6 invites the reader to apply this method
to the AR(1) model with measurement errors. System identification is a special field
in systems theory and will not be pursued further here. A systematic treatment can
be found in the textbook by Ljung (1999).

17.4 Examples
17.4.1 Disaggregating Yearly Data into Quarterly Ones

The official data for quarterly GDP are released in Switzerland by the State
Secretariat for Economic Affairs (SECO). They estimate these data taking the yearly
values provided by the Federal Statistical Office (FSO) as given. This division of
tasks is not uncommon in many countries. One of the most popular methods for
disaggregation of yearly data into quarterly ones was proposed by Chow and Lin
(1971).B It is a regression based method which can take additional information
in the form of indicator variables (i.e. variables which are measured at the higher
frequency and correlated at the lower frequency with the variable of interest) into
account. This procedure is, however, rather rigid. The state space framework is much
more flexible and ideally suited to deal with missing observations. Applications of
this framework to the problem of disaggregation were provided by Bernanke et al.
(1997:1) and Cuche and Hess (2000), among others. We will illustrate this approach
below.

Starting point of the analysis are the yearly growth rates of GDP and indicator
variables which are recorded at the quarterly frequency and which are correlated
with GDP growth. In our application, we will consider the growth of industrial pro-
duction (IP) and the index on consumer sentiment (C) as indicators. Both variables

12Remember that, in our context, two representations are equivalent if they generate the same mean
and covariance function for {Y;}.

13Similarly, one may envisage the disaggregation of yearly data into monthly ones or other forms
of disaggregation.
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are available on a quarterly basis from 1990 onward. For simplicity, we assume that
the annualized quarterly growth rate of GDP, {Q,}, follows an AR(1) process with
mean [:

Or—pu=¢Qm1 — ) +wr, W~ WN(,07)

In addition, we assume that GDP is related to industrial production and consumer
sentiment by the following two equations:

IP; = ajp + BipQr + vip,
C=ac+ IBCQt + vy

where the residuals v;p, and v¢, are uncorrelated. Finally, we define the relation
between quarterly and yearly GDP growth as:

1 1 1 1
Ji = ZQr + ZQt—l + ZQt—Z + ZQ:—% t=4,8,12...

We can now bring these equations into state space form. Thereby the observation
equation is given by

Y, =A + Gth + W

with observation and state vectors

J:
IP,|,t=4,8,12,...;
G
Y, =
0
1P|t #4,812,...
G
Or—u
Xt: Ql—l_lL
Or2—
Or3—

and time-varying coefficient matrices
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u
arp ,t=4,8,12,...;
o
A=1°
0
ap | .t F#4,8,12,...
oc
1111
1 17411
ﬂ1p000 ,t=4,8,12,...;
Bc 00O
G, = ¢
0000
ﬂ]pOOO s l7é4,8,12,...
Bc 000
00 0
00% 0 |, t=4,8,12,...;
0 0 o?
R = ¢
100
00,2PO ,t#£4,8,12, ...
00 0%

The state equation becomes:
Xit1 = FX; + Vit
where

$000
1000
0100
0010

52000
0000
0000
0000

On my homepage http://www.neusser.ch/ you will find a MATLAB code which
maximizes the corresponding likelihood function numerically. Figure 17.3 plots the
different estimates of GDP growth and compares them with the data released by
State Secretariat for Economic Affairs (SECO).


http://www.neusser.ch/
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Fig. 17.3 Estimates of quarterly GDP growth rates for Switzerland

17.4.2 Structural Time Series Analysis

A customary practice in business cycle analysis is to decompose a time series into
several components. As an example, we estimate a structural time series model
which decomposes a times series additively into a local linear trend, a business
cycle component, a seasonal component, and an irregular component. This is the
specification studied as the basic structural model (BSM) in Sect. 17.1.1. We
carry over the specification explained there to apply it to quarterly real GDP of
Switzerland. Figure 17.4 shows the smoothed estimates of the various components.
In the left upper panel the demeaned logged original series (see Fig. 17.4a) is
plotted. One clearly discern the trend and the seasonal variations. The right upper
panel shows the local linear trend (LLT). As one can see the trend is not a
straight line, but exhibits pronounced waves of low frequency. The business cycle
component showed in Fig. 17.4c is much more volatile. The large drop of about
2.5% in 2008/09 corresponds to the financial markets. The lower right panel
plots the seasonal component (see Fig. 17.4d). From a visual inspections, one
can infer that the volatility of the seasonal component is much larger than the
cyclical component (compare the scale of the two components) so that movements in
GDP are dominated by seasonal fluctuations.'* Moreover, the seasonal component
changes its character over time.

4The irregular component which is not shown has only very small variance.
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Fig. 17.4 Components of the basic structural model (BSM) for real GDP of Switzerland. (a)
Logged Swiss GDP (demeaned). (b) Local linear trend (LLT). (c¢) Business cycle component. (d)
Seasonal component

17.5 Exercises

Exercise 17.5.1. Consider the basic structural time series model for {Y,}:

Y,=T,+ W, W, ~ WN(0,03)
T, = 6i—1 + T—1 + &, & ~ WN(O, 052)
8 = 8i—1 +&. & ~ WN(0,07)

where the error terms W,, g, and &, are all uncorrelated with other at all leads
and lags.

(1) Show that {Y,} follows an ARIMA(0,2,2) process.
(ii) Compute the autocorrelation function of {AY,}.

Exercise 17.5.2. Ifthe cyclical component of the basic structural model for {Y,} is:

G\ _ cosAc sinAc\ (Ci— + Vl(,ct)
Cr =f —sinA¢ cosAe * Vz(s)
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where {Vf?} and {Vé?} are mutually uncorrelated white-noise processes.

(i) Show that {C,} follows an ARMA(2,1) process with ACF given by
yu(h) = p" cos Ach.

Exercise 17.5.3. Write the ARMA(p,q) process Y; = ¢1 X;—1 + ... + ¢ Xo—p +Z; +
0 Zi1+...4+0,Z,4 as a state space model such that the state vector X, is given by:

Y;
Y

Y,
Zi
Zi—

%0

Exercise 17.5.4. Show that X; and Y; have a unique stationary and causal solution
if all eigenvalues of F are absolutely strictly smaller than one. Use the results from
Sect. 12.3.

Exercise 17.5.5. Find the Kalman filter equations for the following system:

X = ¢Xi—1 +wy
Yt == A,Xt + U

where A and ¢ are scalars and where

v\ N 0 03 Opw .

w, 0) \ oy o2
Exercise 17.5.6. Consider the state space model of an AR(1) process with mea-
surement error analyzed in Sect. 17.2:

Xit1 = ¢X; + Vg1, v; ~ IIDN(0, 02)

Y, =X+ w, w, ~ IIDN(0, 02).

For simplicity assume that |¢| < 1.



352 17 Kalman Filter

(1) Show that {Y,} is an ARMA(1,1) process given by Y,—¢Y,_; = Z,4+0Z,_| with
Z; ~ WN(O, O'%).

(ii) Show that the parameters of the state space, ¢,02,02 and those of the
ARMA(1,1) model are related by the equation

fo; = —o,
1 —¢o?

1+62 o241+ ¢?)o?

(iii)) Why is there an identification problem?
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