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8.1 Introduction

A matrix is a rectangular array of numbers that consists of horizontal rows and
vertical columns. A matrix with m rows and n columns is termed an m � n matrix,
where m and n are its dimensions. A matrix with an equal number of rows and
columns (e.g. n rows and n columns) is termed a square matrix. Figure 8.1 is an
example of a square matrix with four rows and four columns.

The entry in the ith row and the jth column of a matrix A is denoted by A[i, j],
Ai, j, or aij, and the matrix A may be denoted by the formula for its (i, j)th entry: i.e.
(aij) where i ranges from 1 to m and j ranges from 1 to n.

An m � 1 matrix is termed a column vector, and a 1 � n matrix is termed a row
vector. Any row or column of a m � n matrix determines a row or column vector
which is obtained by removing the other rows (respectively, columns) from the
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matrix. For example, the row vector (11, −5, 5, 3) is obtained from the matrix
example by removing rows 1, 2, and 4 of the matrix.

Two matrices A and B are equal if they are both of the same dimensions, and if
aij = bij for each i = 1, 2, …, m and each j = 1, 2, …, n.

Matrices be added or multiplied (provided certain conditions are satisfied). There
are identity matrices under the addition and multiplication binary operations such
that the addition of the (additive) identity matrix to any matrix A yields A and
similarly for the multiplicative identity. Square matrices have inverses (provided
that their determinant is non-zero), and every square matrix satisfies its character-
istic polynomial.

It is possible to consider matrices with infinite rows and columns, and although it
is not possible to write down such matrices explicitly it is still possible to add,
subtract and multiply by a scalar provided there is a well-defined entry in each
(i, j)th element of the matrix.

Matrices are an example of an algebraic structure known as algebra. Chapter 6
discussed several algebraic structures such as groups, rings, fields and vector
spaces. The matrix algebra for m � n matrices A, B, C and scalars k, l satisfies the
following properties (there are additional multiplicative properties for square
matrices).

1. A + B = B + A
2. A + (B + C) = (A + B) + C
3. A + 0 = 0 + A = A
4. A + (−A) = (−A) + A = 0
5. k(A + B) = kA + kB
6. (k + l)A = kA + lB
7. k (lA) = (kl) A
8. 1A = A

Matrices have many applications including their use in graph theory to keep
track of the distance between pairs of vertices in the graph; a rotation matrix may be
employed to represent the rotation of a vector in three-dimensional space. The
product of two matrices represents the composition of two linear transformations,
and matrices may be employed to determine the solution to a set of linear equations.
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Fig. 8.1 Example of a 4 � 4 square matrix
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They also arise in computer graphics and may be employed to project a
three-dimensional image onto a two-dimensional screen. It is essential to employ
efficient algorithms for matrix computation, and this is an active area of research in
the field of numerical analysis.

8.2 Two � Two Matrices

Matrices arose in practice as a means of solving a set of linear equations. One of the
earliest examples of their use is in a Chinese text dating from between 300 B.C. and
200 A.D. The Chinese text showed how matrices could be employed to solve
simultaneous equations. Consider the set of equations:

axþ by ¼ r

cxþ dy ¼ s

Then the coefficients of the linear equations in x and y above may be represented
by the matrix A, where A is given by:

A ¼ a b
c d

� �

The linear equations may be represented as the multiplication of the matrix A
and a vector x resulting in a vector v:

Ax ¼ v:

The matrix representation of the linear equations and its solution are as follows:

a b
c d

� �
x
y

� �
¼ r

s

� �

The vector x may be calculated by determining the inverse of the matrix A
(provided that its inverse exists). The vector x is then given by:

x ¼ A�1v

The solution to the set of linear equations is then given by:

x
y

� �
¼ a b

c d

� ��1
r
s

� �
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The inverse of a matrix A exists if and only if its determinant is non-zero, and if
this is the case the vector x is given by:

x
y

� �
¼ 1

det A
d �b
�c a

� �
r
s

� �

The determinant of a 2 � 2 matrix A is given by:

det A ¼ ad � cb:

The determinant of a 2 � 2 matrix is denoted by:

a b
c d

����
����

A key property of determinants is that

detðABÞ ¼ detðAÞ � detðBÞ

The transpose of a 2 � 2 matrix A (denoted by AT) involves exchanging rows
and columns, and is given by:

AT ¼ a c
b d

� �

The inverse of the matrix A (denoted by A−1) is given by:

A�1 ¼ 1
det A

d �b
�c a

� �

Further, A � A−1 = A−1 � A = I where I is the identity matrix of the algebra of
2 � 2 matrices under multiplication. That is:

AA�1 ¼ A�1A =
1 0
0 1

� �

The addition of two 2 � 2 matrices A and B is given by a matrix whose entries
are the addition of the individual components of A and B. The addition of two
matrices is commutative and we have:

AþB ¼ BþA ¼ aþ p bþ q
cþ r dþ s

� �
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where A, B are given as

A ¼ a b
c d

� �
B ¼ p q

r s

� �

The identity matrix under addition is given by the matrix whose entries are all 0,
and it has the property that A + 0 = 0 + A = A.

0 0
0 0

� �

The multiplication of two 2 � 2 matrices is given as

AB =
apþ br aqþ bs
cpþ dr cqþ ds

� �

The multiplication of matrices is not commutative: i.e. AB 6¼ BA. The multi-
plicative identity matrix I has the property that A � I = I � A = A, and it is given as

I ¼ 1 0
0 1

� �

A matrix A may be multiplied by a scalar k, and this yields the matrix kA where
each entry in A is multiplied by the scalar k. That is the entries in the matrix kA are
kaij.

8.3 Matrix Operations

More general sets of linear equations may be solved with m � n matrices (i.e. a
matrix with m rows and n columns) or square n � n matrices. In this section we
consider several matrix operations including addition, subtraction, multiplication of
matrices, scalar multiplication and the transpose of a matrix.

The addition and subtraction of two matrices A, B is meaningful if and only if A
and B have the same dimensions: i.e. they are both m � n matrices. In this case,
A + B is defined by adding the corresponding entries:

ðAþBÞij ¼ Aij þBij

The additive identity matrix for the square n � n matrices is denoted by 0, where
0 is a n � n matrix whose entries are zero: i.e. rij = 0 for all i, j where
1 � i � n and 1 � j � n.

The scalar multiplication of a matrix A by a scalar k is meaningful and the
resulting matrix kA is given by:
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ðkAÞij ¼ kAij

The multiplication of two matrices A and B is meaningful if and only if the
number of columns of A is equal to the number of rows of B (Fig. 8.2): i.e. A is an
m � n matrix and B is a n � p matrix and the resulting matrix AB is a
m � p matrix.

Let A = (aij) where i ranges from 1 to m and j ranges from 1 to n, and let
B = (bjl) where j ranges from 1 to n and l ranges from 1 to p. Then AB is given by
(cil) where i ranges from 1 to m and l ranges from 1 to p with cil given as

cil ¼
Xn
k¼1

aikbkl:

That is, the entry (cil) is given by multiplying the ith row in A by the lth column
in B followed by a summation. Matrix multiplication is not commutative: i.e.
AB 6¼ BA.

The identity matrix I is a n � n matrix and the entries are given by rij where
rii = 1 and rij = 0 where i 6¼ j (Fig. 8.3). A matrix that has non-zero entries only on
the diagonal is termed a diagonal matrix. A triangular matrix is a square matrix in
which all the entries above or below the main diagonal are zero. A matrix is an
upper triangular matrix if all entries below the main diagonal are zero, and lower
triangular if all of the entries above the main diagonal are zero. Upper triangular
and lower triangular matrices form a sub algebra of the algebra of square matrices.

A key property of the identity matrix is that for all n � n matrices A we have:

AI ¼ IA ¼ A

The inverse of a n � n matrix A is a matrix A−1 such that:

AA�1 ¼ A�1A ¼ I

The inverse A−1 exists if and only if the determinant of A is non-zero.
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Fig. 8.2 Multiplication of two matrices
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The transpose of a matrix A = (aij) involves changing the rows to columns and
vice versa to form the transpose matrix AT. The result of the operation is that the
m � n matrix A is converted to the n � m matrix AT (Fig. 8.4). It is defined by:

AT� �
ij¼ ðAjiÞ 1� j� n: and 1� i�m

A matrix is symmetric if it is equal to its transpose: i.e. A = AT.

8.4 Determinants

The determinant is a function defined on square matrices and its value is a scalar.
A key property of determinants is that a matrix is invertible if and only if its
determinant is non-zero. The determinant of a 2 � 2 matrix is given by:

a b
c d

����
���� ¼ ad � bc

Fig. 8.3 Identity matrix In
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Fig. 8.4 Transpose of a matrix
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The determinant of a 3 � 3 matrix is given by:

a b c
d e f
g h i

������
������ ¼ aeiþ bfgþ cdh� afh� bdi� ceg

Cofactors
Let A be an n � n matrix. For 1 � i, j � n, the (i, j) minor of A is defined to be
the (n − 1) � (n − 1) matrix obtained by deleting the ith row and jth column of
A (Fig. 8.5).

The shaded row is the ith row and the shaded column is the jth column. These
are both deleted from A to form the (i, j) minor of A, and this is a (n − 1) � (n − 1)
matrix.

The (i, j) cofactor of A is defined to be (−1)i+j times the determinant of the
(i, j) minor. The (i, j) cofactor of A is denoted by Kij(A).

The cofactor matrix Cof A is formed in this way where the (i, j)th element in the
cofactor matrix is the (i, j) cofactor of A.

Definition of Determinant
The determinant of a matrix is defined as

det A ¼
Xn
j¼1

AijKij

In other words, the determinant of A is determined by taking any row of A and
multiplying each element by the corresponding cofactor and adding the results. The
determinant of the product of two matrices is the product of their determinants.

detðABÞ ¼ detA� detB
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134 8 Matrix Theory



Definition
The adjugate of A is the n � n matrix Adj(A) whose (i, j) entry is the (j, i) cofactor
Kji (A) of A. That is, the adjugate of A is the transpose of the cofactor matrix of A.

Inverse of A
The inverse of A is determined from the determinant of A and the adjugate of A.
That is,

A�1 ¼ 1
detA

AdjA¼ 1
detA

ðCof AÞT

A matrix is invertible if and only if its determinant is non-zero: i.e. A is
invertible if and only if det(A) 6¼ 0.

Cramer’s Rule
Cramer’s rule is a theorem that expresses the solution to a system of linear equa-
tions with several unknowns using the determinant of a matrix. There is a unique
solution if the determinant of the matrix is non-zero.

For a system of linear equations of the Ax = v where x and v are n-dimensional
column vectors, then if det A 6¼ 0 then the unique solution for each xi is

xi ¼ detUi

detA

where Ui is the matrix obtained from A by replacing the ith column in A by the v-
column.

Characteristic Equation
For every n � n matrix A there is a polynomial equation of degree n satisfied by A.
The characteristic polynomial of A is a polynomial in x of degree n. It is given as

cAðxÞ ¼ detðxI� AÞ:

Cayley-Hamilton Theorem
Every matrix A satisfies its characteristic polynomial: i.e. p(A) = 0 where p(x) is the
characteristic polynomial of A.

8.5 Eigen Vectors and Values

A number k is an eigenvalue of a n � n matrix A if there is a non-zero vector v such
that the following equation holds:

Av ¼ k v
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The vector v is termed an eigenvector and the equation is equivalent to:

ðA� kIÞv ¼ 0

This means that (A − kI) is a zero divisor and hence it is not an invertible
matrix. Therefore,

det ðA� kIÞ ¼ 0

The polynomial function p(k) = det (A − kI) is called the characteristic poly-
nomial of A, and it is of degree n. The characteristic equation is p(k) = 0 and as the
polynomial is of degree n there are at most n roots of the characteristic equation,
and so there at most n eigenvalues.

The Cayley–Hamilton theorem states that every matrix satisfies its characteristic
equation: i.e. the application of the characteristic polynomial to the matrix A yields
the zero matrix.

pðAÞ ¼ 0

8.6 Gaussian Elimination

Gaussian elimination with backward substitution is an important method used in
solving a set of linear equations. A matrix is used to represent the set of linear
equations, and Gaussian elimination reduces the matrix to a triangular or reduced
form, which may then be solved by backward substitution.

This allows the set of n linear equations (E1 to En) defined below to be solved by
applying operations to the equations to reduce the matrix to triangular form. This
reduced form is easier to solve and it provides exactly the same solution as the
original set of equations. The set of equations is defined as

E1 : a11x1 þ a12x2 þ � � � þ a1nxn ¼ b1

E2 : a21x1 þ a22x2 þ � � � þ a2nxn ¼ b2

..

. ..
. ..

. ..
. ..

.

En : an1x1 þ an2x2 þ � � � þ annxn ¼ bn

Three operations are permitted on the equations and these operations transform
the linear system into a reduced form. They are

(a) Any equation may be multiplied by a non-zero constant.
(b) An equation Ei may be multiplied by a constant and added to another equation

Ej, with the resulting equation replacing Ej

(c) Equations Ei and Ej may be transposed with Ej replacing Ei and vice versa.
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This method for solving a set of linear equations is best illustrated by an
example, and we consider an example taken from [1]. Then, the solution to a set of
linear equations with four unknowns may be determined as follows:

E1 : x1 þ x2 þ 3x4 ¼ 4

E2 : 2x1 þ x2 � x3 þ x4 ¼ 1

E3 : 3x1 � x2 � x3 þ 2x4 ¼ �3

E4 : �x1 þ 2x2 þ 3x3 � x4 ¼ 4

First, the unknown x1 is eliminated from E2, E3, and E4 and this is done by
replacing E2 with E2–2E1; replacing E3 with E3–3E1; and replacing E4 with
E4 + E1. The resulting system is

E1 : x1 þ x2 þ 3x4 ¼ 4

E2 : � x2 � x3 � 5x4 ¼ �7

E3 : � 4x2 � x3 � 7x4 ¼ �15

E4 : 3x2 þ 3x3 þ 2x4 ¼ 8

The next step is then to eliminate x2 from E3 and E4. This is done by replacing E3

with E3–4E2 and replacing E4 with E4 + 3E2. The resulting system is now in
triangular form and the unknown variable may be solved easily by backward
substitution. That is, we first use equation E4 to find the solution to x4 and then we
use equation E3 to find the solution to x3. We then use equations E2 and E1 to find
the solutions to x2 and x1.

E1 : x1 þ x2 þ 3x4 ¼ 4

E2 : � x2 � x3 � 5x4 ¼ �7

E3 : 3x3 þ 13x4 ¼ 13

E4 : � 13x4 ¼ �13

The usual approach to Gaussian elimination is to do it with an augmented
matrix. That is, the set of equations is a n � n matrix and it is augmented by the
column vector to form the augmented n � n + 1 matrix. Gaussian elimination is
then applied to the matrix to put it into triangular form, and it is then easy to solve
the unknowns.

The other common approach to solving a set of linear equation is to employ
Cramer’s rule, which was discussed in Sect. 13.4. Finally, another possible (but
computationally expensive) approach to solving the set of linear equations
Ax = v is to compute the determinant and inverse of A, and to then compute
x = A−1v.
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8.7 Review Questions

1. Show how 2 � 2 matrices may be added and multiplied.
2. What is the additive identity for 2 � 2 matrices? The multiplicative

identity?
3. What is the determinant of a 2 � 2 matrix?
4. Show that a 2 � 2 matrix is invertible if its determinant is non-zero.
5. Describe general matrix algebra including addition and multiplication,

determining the determinant and inverse of a matrix.
6. What is Cramer’s rule?
7. Show how Gaussian elimination may be used to solve a set of linear

equations.
8. Write a program to find the inverse of a 3 � 3 and then a (n � n) matrix.

8.8 Summary

A matrix is a rectangular array of numbers that consists of horizontal rows and
vertical columns. A matrix with m rows and n columns is termed an m � n matrix,
where m and n are its dimensions. A matrix with an equal number of rows and
columns (e.g. n rows and n columns) is termed a square matrix.

Matrices arose in practice as a means of solving a set of linear equations, and one
of the earliest examples of their use is from a Chinese text dating from between 300
B.C. and 200 A.D.

Matrices of the same dimensions may be added, subtracted, and multiplied by a
scalar. Two matrices A and B may be multiplied provided that the number of
columns of A equals the number of rows in B.

Matrices have an identity matrix under addition and multiplication, and a square
matrix has an inverse provided that its determinant is non-zero. The inverse of a
matrix involves determining its determinant, constructing the cofactor matrix, and
transposing the cofactor matrix.

The solution to a set of linear equations may be determined by Gaussian
elimination to convert the matrix to upper triangular form, and then employing
backward substitution. Another approach is to use Cramer’s rule.

138 8 Matrix Theory



Eigenvalues and eigenvectors lead to the characteristic polynomial and every
matrix satisfies its characteristic polynomial. The characteristic polynomial is of
degree n, and a square n � n matrix has at most n eigenvalues.
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