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Chapter 9

Iteration

Iteration, meaning the repeated application of a process or function, appears in a surpris-
ingly wide range of applications. Discrete dynamical systems, in which the time variable
has been “quantized” into individual units (seconds, days, years, etc.) are modeled by iter-
ative systems. Most numerical solution algorithms, for both linear and nonlinear systems,
are based on iterative procedures. Starting with an initial guess, the successive iterates
lead to closer and closer approximations to the true solution. For linear systems of equa-
tions, there are several iterative solution algorithms that can, in favorable situations, be
employed as efficient alternatives to Gaussian Elimination. Iterative methods are partic-
ularly effective for solving the very large, sparse systems arising in the numerical solution
of both ordinary and partial differential equations. All practical methods for computing
eigenvalues and eigenvectors rely on some form of iteration. A detailed historical develop-
ment of iterative methods for solving linear systems and eigenvalue problems can be found
in the recent survey paper [84]. Probabilistic iterative models known as Markov chains
govern basic stochastic processes and appear in genetics, population biology, scheduling,
internet search, financial markets, and many more.

In this book, we will treat only iteration of linear systems. (Nonlinear iteration is
of similar importance in applied mathematics and numerical analysis, and we refer the
interested reader to [40, 66, 79] for details.) Linear iteration coincides with multiplication
by successive powers of a matrix; convergence of the iterates depends on the magnitude of
its eigenvalues. We present a variety of convergence criteria based on the spectral radius,
on matrix norms, and on eigenvalue estimates provided by the Gershgorin Theorem.

We will then turn our attention to some classical iterative algorithms that can be used
to accurately approximate the solutions to linear algebraic systems. The Jacobi Method is
the simplest, while an evident serialization leads to the Gauss—Seidel Method. Completely
general convergence criteria are hard to formulate, although convergence is assured for the
important class of strictly diagonally dominant matrices that arise in many applications.
A simple modification of the Gauss—Seidel Method, known as Successive Over-Relaxation
(SOR), can dramatically speed up the convergence rate.

In the following Section 9.5 we discuss some practical methods for computing eigenval-
ues and eigenvectors of matrices. Needless to say, we completely avoid trying to solve (or
even write down) the characteristic polynomial equation. The basic Power Method and its
variants, which are based on linear iteration, are used to effectively approximate selected
eigenvalues. To calculate the complete system of eigenvalues and eigenvectors, the remark-
able @ R algorithm, which relies on the Gram—Schmidt orthogonalization procedure, is the
method of choice, and we include a new proof of its convergence.

The following section describes some more recent “semi-direct” iterative algorithms for
finding eigenvalues and solving linear systems, that, in contrast to the classical iterative
schemes, are guaranteed to eventually produce the exact solution. These are based on the
idea of a Krylov subspace, spanned by the vectors generated by repeatedly multiplying
an initial vector by the coefficient matrix. The Arnoldi and Lanczos algorithms are used
to find a corresponding orthonormal basis for the Krylov subspaces, and thereby approx-
imate (some of) the eigenvalues of the matrix. Two classes of solution methods are then
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presented: first, the Full Orthogonalization Method (FOM) which, for a positive definite
matrix, produces the powerful technique known as Conjugate Gradients (CG), of particu-
lar importance in numerical approximation of partial differential equations. The second is
the recent Generalized Minimal Residual Method (GMRES), which is effectively used for
solving large sparse linear systems.

The final Section 9.7 introduces the basic ideas behind wavelets, a powerful and widely
used alternative to Fourier methods for signal and image processing. While slightly off
topic, it provides a nice application of orthogonality and iterative techniques, and is thus
a fitting end to this chapter.

9.1 Linear Iterative Systems

We begin with the basic definition of an iterative system of linear equations.
Definition 9.1. A linear iterative system takes the form

a1 = 7u®) u® = g, (9.1)
where the coefficient matriz T has size n x n.

We will consider both real and complex systems, and so the iterates’ u*) are vectors
either in R™ (which assumes that the coefficient matrix T is also real) or in C™. A linear
iterative system can be viewed as a discretized version of a first order system of linear
ordinary differential equations, as in (8.9), in which the state of the system, as represented
by the vector u®), changes at discrete time intervals, labeled by the index k.

Scalar Systems

As usual, to study systems one begins with an in-depth analysis of the scalar version.
Consider the iterative equation

wFHD) — )\u(k), w0 = a, (9.2)

where X, and the solution u(*) are all real or complex scalars. The general solution to
(9.2) is easily found:

u® = xu® = \g, u® = xuM = \2q, u® = xu® =\,
and, in general,
u®) = N g, (9.3)

If the initial condition is @ = 0, then the solution u(*) = 0 is constant. In other words, 0
is a fized point or equilibrium solution for the iterative system because it does not change
under iteration.

Example 9.2. DBanks add interest to a savings account at discrete time intervals. For
example, if the bank offers 5% interest compounded yearly, this means that the account
balance will increase by 5% each year. Thus, assuming no deposits or withdrawals, the
balance u*) after k years will satisfy the iterative equation (9.2) with A = 1 4 r, where

t Warning. The superscripts on ul®) refer to the iterate number, and should not be mistaken
for derivatives.
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0<A<l1 -1<A<0 A=1

A=-—1 1< A A< —1

Figure 9.1. One-Dimensional Real Linear Iterative Systems.

r = .05 is the interest rate, and the 1 indicates that all the money remains in the account.
Thus, after k years, your account balance is

u® = (14 r)ka, where a=u" (9.4)

is your initial deposit. For example, if u(®) = a = $1,000, after 1 year, your account has
uM) = $1,050, after 10 years u(1?) = $1,628.89, after 50 years u(®?) = $11,467.40, and after
200 years u(200) = $17,292.580.82, a gain of over 17,000%.

When the interest is compounded monthly, the rate is still quoted on a yearly basis, and
SO you receive 112 of the interest each month. If @(*) denotes the balance after & months,
then, after n years, the account balance will be 712" = (14 , ) 12" a. Thus, when the
interest rate of 5% is compounded monthly, your account balance is 7 (1?) = $1,051.16 after
1 year, u(120) = $1,647.01 after 10 years, 7690 = $12,119.38 after 50 years, and ©(2400) =
$21,573,572.66 dollars after 200 years. So, if you wait sufficiently long, compounding will
have a dramatic effect. Similarly, daily compounding replaces 12 by 365.25, the number of
days in a year. After 200 years, the balance wil be $22,011,396.03.

Let us analyze the solutions of scalar iterative equations, starting with the case when
X € R is a real constant. Aside from the equilibrium solution u(*) = 0, the iterates exhibit
six qualitatively different behaviors, depending on the size of the coefficient \.

(a) If A = 0, the solution immediately becomes zero, and stays there, whereby u®) =0
for all £k > 1.

(b) If 0 < X\ < 1, then the solution is of one sign, and tends monotonically to zero, so
u® =0 as k — co.

(c) If =1 < XA < 0, then the solution tends to zero: u®) — 0 as k — oo. Successive
iterates have alternating signs.
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(d) If A = 1, the solution is constant: u*) = a, for all k > 0.
(e) If A = —1, the solution bounces back and forth between two values; u®) = (—1)* a.

(f) If 1 < A < oo, then the iterates u*) become unbounded. If a > 0, they tend
monotonically to +o0; if a < 0, they tend to —oo.

(g) If —oo < A < —1, then the iterates u®) also become unbounded, with alternating
signs.

In Figure 9.1 we exhibit representative scatter plots for the nontrivial cases (b — g). The
horizontal axis indicates the index k, and the vertical axis the solution value u. Each dot
in the scatter plot represents an iterate u(*).

In the first three cases, the fixed point u = 0 is said to be asymptotically stable, since
all solutions tend to 0 as k — oo. In cases (d) and (e), the zero solution is stable, since
solutions with nearby initial data, | a | < 1, remain nearby. In the final two cases, the zero
solution is unstable; every nonzero initial data a # 0 — no matter how small — will give
rise to a solution that eventually goes arbitrarily far away from equilibrium.

Let us also investigate complex scalar iterative systems. The coefficient A and the initial
datum a in (9.2) are allowed to be complex numbers. The solution is the same, (9.3), but
now we need to know what happens when we raise a complex number A to a high power.

The secret is to write A = re'? in polar form (3.93), where » = | A| is its modulus and
6 = ph A its angle or phase. Then A\ = r* %% Since |e'*?| = 1, we have | \¥| = | A |*,
and so the solutions (9.3) have modulus |u®) | = [ AN a| = |X|*|a]|. As a result, u*) will

remain bounded if and only if |A| < 1, and will tend to zero as k — oo if and only if
A < 1.

We have thus established the basic stability criteria for scalar, linear systems.

Theorem 9.3. The zero solution to a (real or complex) scalar iterative system is
(a) asymptotically stable if and only if | M| < 1,
(b) stable if and only if |A| <1,
(c) unstable if and only if |A| > 1.

Exercises

9.1.1. Suppose u(?) = 1. Find u™, (' and (% when (a) w1 = 24(F)
(b) w1 = — 90 (¢) wFtD = iu® (@) uFTD = (1 - 2i)u).
Is the system stable or unstable? If stable, is it asymptotically stable?

9.1.2. A bank offers 3.25% interest compounded yearly. Suppose you deposit $100. (a) Set up
a linear iterative equation to represent your bank balance. (b) How much money do you
have after 10 years? (¢) What if the interest is compounded monthly?

9.1.3. Show that the yearly balances of an account whose interest is compounded monthly
satisfy a linear iterative system. How is the effective yearly interest rate determined from
the original annual interest rate?

9.1.4. Show that, as the time interval of compounding goes to zero, the bank balance after k
years approaches an exponential function ek
the initial balance.

a, where r is the yearly interest rate and a is

9.1.5. For which values of A does the scalar iterative system (9.2) have a periodic solution,

(ktm) _ o, (k)

meaning that u for some m?
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9.1.6. Consider the iterative systems u*t1) = xu*) and v*+1) = uv(k), where || > | p].
Prove that, for all nonzero initial data u® = q #0, 0 = p # 0, the solution to the first is
eventually larger (in modulus) than that of the second: |u(k) | > \U(k) |, for k> 0.

9.1.7. Let u(t) denote the solution to the linear ordinary differential equation & = Su,
1u(0) = a. Let h > 0. Show that the sample values uF) = u(kh) satisfy a linear iterative
system. What is the coefficient \? Compare the stability properties of the differential
equation and the corresponding iterative system.

& 9.1.8. Investigate the solutions of the linear iterative equation u*tD = Au®*) when X is a
complex number with | A| = 1, and look for patterns.

9.1.9. Let A\,c € R. Solve the affine or inhomogeneous linear iterative equation
D) — )\, (F) +c, w9 = q. (9.5)
Discuss the possible behaviors of the solutions. Hint: Write the solution in the form
uP) = * 4 U(k), where u* is the equilibrium solution.

9.1.10. A bank offers 5% interest compounded yearly. Suppose you deposit $120 in the account
each year. Set up an affine iterative equation (9.5) to represent your bank balance. How
much money do you have after 10 years? After you retire in 50 years? After 200 years?

9.1.11. Redo Exercise 9.1.10 in the case that the interest is compounded monthly and you
deposit $10 each month.

© 9.1.12. Each spring, the deer in Minnesota produce offspring at a rate of roughly 1.2 times the
total population, while approximately 5% of the population dies as a result of predators
and natural causes. In the fall, hunters are allowed to shoot 3,600 deer. This winter the
Department of Natural Resources (DNR) estimates that there are 20,000 deer. Set up an
affine iterative equation (9.5) to represent the deer population each subsequent year. Solve
the system and find the population in the next 5 years. How many deer in the long term
will there be? Using this information, formulate a reasonable policy of how many deer
hunting licenses the DNR should allow each fall, assuming one kill per license.

Powers of Matrices

The solution to the general linear iterative system

u* ) = k) u® = a, (9.6)
is also, at least at first glance, immediate. Clearly,
u =7u® = Ta, u® =7u = T?a, u® =7u® = T?a,
and, in general,
ult) = T1ka, (9.7)

Thus, the iterates are simply determined by multiplying the initial vector a by the succes-
sive powers of the coefficient matrix 7. And so, in contrast to differential equations, proving
the existence and uniqueness of solutions to an iterative system is completely trivial.

However, unlike real or complex scalars, the general formulas for and qualitative be-
havior of the powers of a square matrix are not nearly so immediately apparent. (Before
continuing, the reader is urged to experiment with simple 2 x 2 matrices, trying to detect
patterns.) To make progress, recall how, in Section 8.1, we endeavored to solve linear
systems of differential equations by suitably adapting the known exponential solution from
the scalar version. In the iterative case, the scalar solution formula (9.3) is written in terms
of powers, not exponentials. This motivates us to try the power ansatz

ul® = \evy, (9.8)
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in which X\ is a scalar and v a vector, as a possible solution to the system. We find
ub+t) = \ktly while Tu®) =T\ v) =T,
These two expressions will be equal if and only if
Tv=Av.

This is precisely the defining eigenvalue equation (8.12), and thus, (9.8) is a nontrivial
solution to (9.6) if and only if A is an eigenvalue of the coeflicient matrix 7" and v # 0 an
associated eigenvector.

Thus, for each eigenvector and eigenvalue of the coefficient matrix, we can construct a
solution to the iterative system. We can then appeal to linear superposition, as in Theo-
rem 7.30, to combine the basic eigensolutions to form more general solutions. In particular,
if the coefficient matrix is complete, this method will produce the general solution.

Theorem 9.4. If the coefficient matrix T' is complete, then the general solution to the
linear iterative system u*+1) = Tu(® is given by

u® = Ay 4 v, + o e My, (9.9)
where v, ..., v, are the linearly independent eigenvectors and A,,..., A, the correspond-
ing eigenvalues of T'. The coefficients c,,...,c, are arbitrary scalars and are uniquely

prescribed by the initial conditions u(®) = a.

Proof: Since we already know, by linear superposition, that (9.9) is a solution to the
system for arbitrary ¢q,...,c,, it suffices to show that we can match any prescribed initial
conditions. To this end, we need to solve the linear system

U(O):C1V1+ +Cnvn:a' (910)

Completeness of T implies that its eigenvectors form a basis of C™, and hence (9.10) always
admits a solution. In matrix form, we can rewrite (9.10) as

Sc=a, so that c=S""a, where S=(vyvy...Vv,)
is the (nonsingular) matrix whose columns are the eigenvectors. Q.E.D.

Solutions in the incomplete cases are more complicated to write down, and rely on the
Jordan bases of Section 8.6; see Exercise 9.1.40.

Example 9.5. Consider the iterative system
21D — gx(k) + éy(k), gkt = éx(k) + g y®) (9.11)

with initial conditions
20 =g, (9.12)

The system can be rewritten in our matrix form (9. 6)

N R

Solving the characteristic equation
det(T — A1) =X =12\ —.32=0
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Figure 9.2.  Stable Iterative System.

produces the eigenvalues A\; = .8, A, = .4. We then solve the associated linear systems
(T'—= X;1)v; = 0 for the corresponding eigenvectors:

A =8, V1:<1), Ay =4, v2:<_1>.

Therefore, the basic eigensolutions are

ug’”:(.s)k(}), ugk>=(.4)k<_}>.

Theorem 9.4 tells us that the general solution is given as a linear combination,

k) (k)

el e = (9 (1) ralar (7)) = (O ).

where ¢, ¢, are determined by the initial conditions:

_ b b—
u(O)_<2+zz>_<Z>, and hence clza;_ ; Cy = ‘.

Therefore, the explicit formula for the solution to the initial value problem (9.11-12) is
N O e T

In particular, as k — oo, the iterates u®*) — 0 converge to zero at a rate governed by the
dominant eigenvalue A\; = .8. Figure 9.2 illustrates the cumulative effect of the iteration;
the initial data is colored orange, and successive iterates are colored green, blue, purple,
red. The initial conditions consist of a large number of points on the unit circle 22 +y? = 1,
which are successively mapped to points on progressively smaller and flatter ellipses, that
shrink down towards the origin.

uf

Example 9.6. The Fibonacci numbers are defined by the second order’ scalar iterative

equation
w2 = (b1 g (k) (9.13)

f In general, an iterative system ulk+3) = Tlu(k+j_1) ++ Tju(k) in which the new iterate
depends upon the preceding j values is said to have order j.
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with initial conditions
w0 — a, uD = p. (9.14)

In short, to obtain the next Fibonacci number, add the previous two. The classical
Fibonacci integers start with a = 0, b = 1; the next few are

u® =0, WV =1, u®@ =1, u® =2 W =3 u® =5 =8 =13 .. .

The Fibonacci integers occur in a surprising variety of natural objects, including leaves,
flowers, and fruit, [83]. They were originally introduced by the eleventh-/twelfth-century
Italian mathematician Leonardo Pisano Fibonacci as a crude model of the growth of a
population of rabbits. In Fibonacci’s model, the kt* Fibonacci number (%) measures the
total number of pairs of rabbits at year k. We start the process with a single juvenile pair?
at year 0. Once a year, each pair of rabbits produces a new pair of offspring, but it takes
a full year for a rabbit pair to mature enough to produce offspring of their own.

Every higher order iterative equation can be replaced by an equivalent first order iter-
ative system. In this particular case, we define the vector

(k)
u
u(k) — <u(/€+1)) c R2,

and note that (9.13) is equivalent to the matrix system

(k+1) 0 1 (k) 0 1
U _ U k+1) _ k _
<U(k+2)> = <1 1) <’U/(k+1)>’ or u( )—Tu( ), Where T = <1 1>

To find the explicit formula for the Fibonacci numbers, we must determine the eigenvalues
and eigenvectors of the coefficient matrix T. A straightforward computation produces

14++/5 1-+5
_ 1ty = 1.618034..., A, = 2\/ = —.618034...,

—1+v5 —-1-V5
v, = 2 , Vo = 2 .
1 1

Therefore, according to (9.9), the general solution to the Fibonacci system is

k k
u® 14+v5) [ 15 1—5) [TV
U(k) = (u(k+1) > - cl 2 i + CQ 2 i ° (915)
The initial data
—1+/5 —1—V5
u® = ¢, 2 +o 2 (@
1 1 b

uniquely specifies the coefficients
2a+ (14++/5)b 2a+ (1 —/5)b
¢ = , Cy = — .
25 25

The first entry of the solution vector (9.15) produces the explicit formula

S _ (F1EVB)at 2 <1+¢5>k L A+ v5a-2b (1—\/5>k 9.16)

A

B 21/5 2 24/5 2

¥ Fibonacci ignores some pertinent details like the sex of the offspring.
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“a

%,

Figure 9.3. Fibonacci Iteration.

for the kth Fibonacci number. For the particular initial conditions ¢ = 0, b = 1, (9.16)
reduces to the classical Binet formula

k k
u(’f):\}s (”2‘/5) (1‘2”) _ (9.17)

It is a remarkable fact that, for every value of k, all the v/5’s cancel out, and the Binet
formula (9.17) does indeed produce the Fibonacci integers listed above. Another useful
observation is that, since

o—1 1 )
0<|)\2|_\/2 <l< A = +2\/ ,

the terms involving )\’f go to oo (and so the zero solution to this iterative system is unstable)
while the terms involving A% go to zero. Therefore, even for k moderately large, the first
term in (9.16) is an excellent approximation to the kth Fibonacci number — and one that
gets more and more accurate as k increases. A plot of the first 4 iterates, starting with the
initial data consisting of equally spaced points on the unit circle, appears in Figure 9.3. As
in the previous example, the circle is mapped to a sequence of progressively more eccentric
ellipses; however, their major semi-axes become more and more stretched out, and almost
all points end up going off to oo in the direction of the dominant eigenvector v,.

The dominant eigenvalue \; = é ( 14+ 5 ) = 1.6180339. .. is known as the golden ratio
and plays an important role in spiral growth in nature, as well as in art, architecture, and
design, [83]. It describes the overall growth rate of the Fibonacci integers, and, in fact,
every sequence of Fibonacci numbers with initial conditions b # J (1 — /5 ) a.

-3 1 6
Example 9.7. LetT = 1 —1 —2 | bethe coefficient matrix for a three-dimensional
-1 -1 0
iterative system u*t1) = Tu®)_ Its eigenvalues and corresponding eigenvectors are
A =—2, Ag=—-1+1, Ay =—1-1,
4 2—1 241
vi=1| -2, Vy = -1 |, Vg = -1

1 1 1
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Therefore, according to (9.9), the general complex solution is

4 2— i 2+ i
u® =p (=2)F [ =2 | 4o (—1+ D) —1 | Hby(—1— D) -1 |,
1 1 1

where b, by, by are arbitrary complex scalars.

If we are interested only in real solutions, we can break up any complex solution into its
real and imaginary parts, each of which constitutes a real solution. (This is a manifestation
of the general Reality Principle of Theorem 7.48, but is not hard to prove directly.) We
begin by writing A\, = -1+ 1i = V2 e37™1/4 in polar form, and hence

(=14 i)k =2M2e3hmi/a = 9k/2 (cos 3 km + isin 3 km).

Therefore, the complex solution

2 i 2cosik‘7r+sinik‘7r QSinZkW—COSZkﬂ'
(—1+ i) -1 = 2h/2 —cosilmr + i 2k/2 —sinilmr
1 COSikJTI’ siniknr

is a combination of two independent real solutions. The complex conjugate eigenvalue
A3 = —1 — i leads, as before, to the complex conjugate solution — and the same two
real solutions. The general real solution u®) to the system can be written as a linear
combination of the three independent real solutions:

4 2cosik7r+sinik’7r 2sinik7r—cosik’7r
o (=2)F[ =2 | +¢,22 —cos S km +cq20/2 —sin 3 km , (9.18)
1 cosilmr sinilmr

where ¢, ¢y, c; are arbitrary real scalars, uniquely prescribed by the initial conditions.

Diagonalization and Iteration

An alternative, equally efficient approach to solving iterative systems is based on diagonal-
ization of the coefficient matrix, cf. (8.30). Specifically, assuming the coefficient matrix 7'
is complete, we can factor it as a product

T=SAS", (9.19)
in which A = diag (\;, Ay, ..., A,,) is the diagonal matrix containing the eigenvalues of T,
while the columns of S = (v, --- v,,) are the corresponding eigenvectors. Consequently,

the powers of T are given by
T? = (SAS™H(SAS™H) =89A257,
T3 =(SAS™H(SAS™H(SAS™H)=8A3571,

and, in general,

TF = SAF S (9.20)
Moreover, since A is a diagonal matrix, its powers are trivial to compute:
AF = diag (\F, 050 AR, (9.21)

Thus, by combining (9.20-21), we obtain an explicit formula for the powers of a complete
matrix 7. Furthermore, the solution to the associated linear iterative system

ulF+D) — Tu(k)7 u® = a, is given by ulf) = Tka = § Ak S 1a. (9.22)
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You should convince yourself that this gives precisely the same solution as before. Compu-
tationally, there is not a significant difference between the two solution methods, and the
choice is left to the discretion of the user.

7T 6
-9 -8

A = =2, v1:<_§>, Ay =1, v2:<_}>.

We assemble these into the diagonal eigenvalue matrix A and the eigenvector matrix S,

given by B P
A 2 0 7 g_ 2 1 7
0 1 3 1

whence
7 6\ - (-2 -1 -2 0 1 1
(5 8)=r=sas7=(73 (% V(5 )

as you can readily check. Therefore, according to (9.20),

Example 9.8. Suppose T = <

). Its eigenvalues and eigenvectors are readily
computed:

TF = SAFS!
(-2 -1 (=2)k 0 1 1\ 3—2(-2) 2 —2(=2)k
U3 1 0 1)\ -3 —2) 7 \=3+3(-2)% —2+3(-2)%)"
You may wish to check this formula directly for the first few values of k = 1,2,.... As a

result, the solution to the particular iterative system

k1) (T 6\ ) o _ (1 . ok (1) _ [ 5—4(=2)F
u —<_9 _8>u , u —<1>, is u =T <1 = 546(—2) )"

In this case, the eigenvalue A\; = —2 causes an instability, with solutions having arbitrarily
large norm as k — oc.

Exercises

9.1.13. Find the explicit formula for the solution to the following linear iterative systems:
(a) wETD) (k) 21)(16)7 R — 9, (k) +v(k), w0 = 1, 20 —q.
(b) wETD) (k) 2,0(16)7 P 1 (k) E1;1)(16)7 ) —2, 20 — 3
(c) wEFD (k) v(k)7 oD — (k) 5v(k), w0 = 1, + — .
(d) w1 %u(k) _H}(k)’ B (k) Qw(k), wFTD = éw(k)

’

u® = 1, 0 = -1, w® = 1.
(e) uk+D) = ) 9y _ () (D) gy () 7 () g (8)
w(k"’_l) = —6u(k) +6v(k) — 4w(k), u(o) =0, U(O) =1, w(o) = 3.

9.1.14. Find the explicit formula for the general solution to the linear iterative systems with

the following coefficient matrices: 5 1 1
-3 2 -2 G 3 76

@ (73 w(Fi) @ 13 @ o}
12 -6 -5 2

1 -1 3

9.1.15. Prove that all the Fibonacci integers u(k), k > 0, can be found by just computing the
first term in the Binet formula (9.17) and then rounding off to the nearest integer.
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9.1.16. The kth Lucas number is defined as LF) = <1 + \/5> + (1 _2\/5>

(a) Explain why the Lucas numbers satisfy the Fibonacci iterative equation

LFE+2) — [ (k+1) o (k) (b) Write down the first 7 Lucas numbers.
(¢) Prove that every Lucas number is a positive integer.

9.1.17. What happens to the Fibonacci integers u®) if we go “backward in time”, i.e., for
k < 0?7 How is u{™%) related to u(*)?

9.1.18. Use formula (9.20) to compute the k! power of the following matrices:

2 (32 (4 el d(iéf), 6(83?).
@(53) o(s1) @(11) @ 12 1) @[ 00
9.1.19. Use your answer from Exercise 9.1.18 to solve the following iterative systems:

(a) u (k+1) — 54,(F) +2U(k), o) — 9y (0) 4 QU(k), u® = -1, 00 = 0,

(b) u (k+1) _ 4., R +v(k), R — 9, (k) —|—v(k), w0 — 1, (O -3,

(c) wEFD o (R) —i—v(k) pFFD — _(R) —|—v(k), w© = 0, 20 — 2,

(d) oD — o (B) (k) +2w(k) oD — o (B) 4 o) +w(k),

(k+1) =24 4 () +w(k), w0 = 1, 20 — 0, w® = 1,

(e) w1 v(k), oD w(k), wktD — (k) 4 2w(k), ) 1, 20 — 0, w® — 0.

9.1.20.(a) Given initial data ul® = (1,1,1 )T , explain why the resulting solution u® to the
system in Example 9.7 has all integer entries. (b) Find the coefficients ¢, c,, c5 in the
explicit solution formula (9.18). (c¢) Check the first few iterates to convince yourself that
the solution formula does, in spite of appearances, always give an integer value.
9.1.21.(a) Show how to convert the higher order linear iterative equation
wFti) — ¢ wkti=1) 4 ¢y Wk Hi=2) ¢ o 4 ¢ wlF)
into a first order system u® = 7u® . Hint: See Example 9.6.
(b) Write down initial conditions that guarantee a unique solution u® for all k > 0.

9.1.22. Apply the method of Exercise 9.1.21 to solve the following iterative equations:

(a) wFt2) — (1) + 2u(k), uw©® = 1, uM =2,
(b) 126D = D (B O = g (D =g
(c) uFt2) = g+ u(k), uw® = 1, uM = 1.

(d) uFt2) — gq (k1) _ 2u(k), u® = 1, uP) = 3.
(e) wFt3) = 9q,(k+2) + Can i 2u(k), u® = 0, ut) = 2, u® = 3.
(£) uFH3) = (B F2) 4 gg (k1) _ 2u(k)7 u® = 0, uM = 1, u? = 1.

9.1.23. Suppose you have n dollars and can buy coffee for $1, milk for $2, and orange juice for
$2. Let C™) count the number of different ways of spending all your money. (a) Explain
why ¢(") = c(»=1) L 20(»=2) c(0) = (1) =1, (b) Find an explicit formula for cm.

(k+1) _ ugk) (k)

9.1.24. Find the general solution to the iterative system u; tuh,i=1000m,

where we set u(()k) = ugH)_l =0 for all k. Hint: Use Exercise 8.2.47.

& 9.1.25. Starting with u® = 0, uD = 0, u? = 1, define the sequence of tribonacci numbers
u®) by adding the previous three to get the next one. For instance,
u® = w0 44 4 ) =1, (a) Write out the next four tribonacci numbers. (b) Find
a third order iterative equation for the k' tribonacci number. (c¢) Explain why the
tribonacci numbers are all integers. (d) Find an explicit formula for the solution, using
a computer to approximate the eigenvalues. (e) Do they grow faster than the usual
Fibonacci numbers? What is their overall rate of growth?
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& 9.1.26. Suppose that Fibonacci’s rabbits live for only eight years, [44]. (a) Write out an
iterative equation to describe the rabbit population. (b) Write down the first few terms.
(¢) Convert your equation into a first order iterative system, using the method of Exercise
9.1.21. (d) At what rate does the rabbit population grow?

& 9.1.27. A well-known method of generating a sequence of “pseudo-random” integers
u(o), u(l),u(Z)7 ... satisfying 0 < uD < n is based on the modular Fibonacci equation
wkt2) = (1) 4 4, (F) mod n, with suitably chosen initial values 0 < u(o), uM) < n.
(a) Generate the sequence of pseudo-random numbers that result from the choices n = 10,
u® = 3, oM = 7. Keep iterating until the sequence starts repeating.
(b) Experiment with other sequences of pseudo-random numbers generated by the method.

9.1.28. Prove that the curves ), = {TFx | |x|| =1}, k=0,1,2,..., sketched in Figure 9.2
form a family of ellipses with the same principal axes. What are the individual semi-axes?
Hint: Use Exercise 8.7.23.

& 9.1.29. Plot the ellipses E}, = {T*x|||x| =1} for k = 1,2,3,4 for the following matrices T'.
Then determine their principal axes, semi-axes, and areas. Hint: Use Exercise 8.7.23.

2 1 _ 3 1
@ (1) e () el
3 3 5 5

9.1.30. Let T be a positive definite 2 x 2 matrix. Let £, = {T"x|||x||=1},n=0,1,2,...,
be the image of the unit circle under the nth power of T. (a) Prove that E,, is an ellipse.
True or false: (b) The ellipses E,, all have the same principal axes. (c¢) The semi-axes are
given by r, =ry, s, =s7. (d) The areas are given by A, = ma" where a = A /.

9.1.31. Answer Exercise 9.1.30 when T is an arbitrary nonsingular 2 X 2 matrix.
Hint: Use Exercise 8.7.23.

9.1.32. Given the general solution (9.9) of the iterative system u*) = 7u®) | write down the
solution to v*t1) = o Tv(F) 4 Bv(k), where o, 8 € R.

$ 9.1.33. Prove directly that if the coefficient matrix of a linear iterative system is real, both the
real and imaginary parts of a complex solution are real solutions.

{ 9.1.34. Explain why the solution u® k> 0, to the initial value problem (9.6) exists and is
uniquely defined. Does this hold if we allow negative k < 07

9.1.35. Prove that if T' is a symmetric matrix, then the coefficients in (9.9) are given by the

_ T T
formula c; =a’v; /v, v,

(k)

9.1.36. Explain why the 50 column ¢’ of the matrix power T* satisfies the linear iterative

(+1) _ o (B) (0) th
J

system c j with initial data ¢’/ = ej, the 7% standard basis vector.

9.1.37. Let 25t = X 2(F) pe a complex scalar iterative equation with A\ = p+ iv. Show that

its real and imaginary parts z®) = Re z(k), y(k) = Im z(k), satisfy a two-dimensional real
linear iterative system. Use the eigenvalue method to solve the real 2 x 2 system, and verify
that your solution coincides with the solution to the original complex equation.

$ 9.1.38. Suppose V' C R"™ is an invariant subspace for the n x n matrix T governing the linear
iterative system u#t1) = 7u®) Prove that if u® € V, then so is the solution: u® ev.

9.1.39. Suppose u® and @ are two solutions to the same iterative system a1 = k),
(a) Suppose u®o) = ko) for some kg > 0. Can you conclude that these are the same
solution: u®) = @) for all £k? (b) What can you say if ulko) = gk1) for ko #ky?
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& 9.1.40. Let T be an incomplete matrix, and suppose wy, ... W is a Jordan chain associated
with an incomplete eigenvalue \. (a) Prove that, fori=1,...,7,
_ k _
Tkwi:)\kwi-f—k)\k 1Wi_1+ (2> AR 2Wi_2+ cee (9.23)

(b) Explain how to use a Jordan basis of T" to construct the general solution to the linear
iterative system a1 = k),

9.1.41. Use the method Exercise 9.1.40 to find the general real solution to the following linear
iterative systems:

(a) u (k+1) _ 2u(k) + 3v(k D) — 2v(k),

(b) LD — (k) —l—v(k), (k+1) 4k )_._51)(’6)’

(c) oD = (k) 4 (R) +w(k) oD — _(F) +w(k), wFTD — —w(k),

(d) wEHD — Su( ) _ (k) oD u(k) + 30 4 w(k), wk D) — _ (k) 3w(k),

(e) w1 —u(k (k) (’C)7 v(k+1) :2u(k)+2v(k)+2w(k), wFtD = —u(k)—i—v(k)—i—w(k),
() LD — ,(F) Z(k)7 R — (k) +w(k), wkD = z(k), LR L, (F)

9.1.42. Find a formula for the kth power of a Jordan block matrix. Hint: Use Exercise 9.1.40.

© 9.1.43. An affine iterative system has the form uFHD =y + b, u® —c.
(a) Under what conditions does the system have an equilibrium solution ul®) = u*?
(b) In such cases, find a formula for the general solution. Hint: Look at vE) = uk) _ >,
(c) Solve the following affine iterative systems:

o = (8 2 (l). w0 (1)
(3 () - ),

-3 2 =2 1 1
Gi) u™ = 6 14 3|u® | 3|, w®=] o],
12 -6 =5 0 -1

5 11 1 1
6 3 6 6 6
; (k+1) _ 1 1 (k) 1 0) _ 2
R I N L B A A
L1 3 2 3

(d) Discuss what happens in cases in which there is no fixed point, assuming that
T is complete.

9.2 Stability

With the solution formula (9.9) in hand, we are now in a position to understand the
qualitative behavior of solutions to (complete) linear iterative systems. The most important
case for applications is when all the iterates converge to O.

Definition 9.9. The equilibrium solution u* = 0 to a linear iterative system (9.1) is called
globally asymptotically stable if all solutions u®*) — 0 as k — oo.

Asymptotic stability relies on the following property of the coefficient matrix.

Definition 9.10. A matrix 7T is called convergent if its powers converge to the zero matrix,
Tk — O, meaning that the individual entries of T* all go to 0 as k — oc.

The equivalence of the convergence condition and stability of the iterative system follows
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immediately from the solution formula (9.7).

Theorem 9.11. The linear iterative system u**t1) = Tu(®) has globally asymptotically
stable zero solution if and only if T" is a convergent matrix.

Proof: If T* — O, and u®) = T*a is any solution, then clearly u*) — 0 as k — oo,

proving stability. Conversely, the solution u'™) = T*e. is the same as the jth column of

T*. If the origin is asymptotically stable, then ug-k) — 0. Thus, the individual columns of

T* all tend to 0, proving that 7% — O. Q.E.D.

To facilitate the analysis of convergence, we shall adopt a norm || -|| on our underlying
vector space, R or C". The reader may be inclined to choose the Euclidean (or Hermitian)
norm, but, in practice, the co norm

||u||oo:max{|u1‘v 7|un|} (924)

prescribed by the vector’s maximal entry (in modulus) is often easier to work with. Con-
vergence of the iterates is equivalent to convergence of their norms:

u® 0 if and only if I ul®) | —0 as k — oo.

The fundamental stability criterion for linear iterative systems relies on the size of the
eigenvalues of the coefficient matrix.

Theorem 9.12. The matrix 7" is convergent, and hence the zero solution of the associated
linear iterative system (9.1) is globally asymptotically stable, if and only if all its (complex)
eigenvalues have modulus strictly less than one: | A; | < 1.

Proof: Let us prove this result assuming that the coefficient matrix T is complete. (The
proof in the incomplete case relies on the Jordan canonical form, and is outlined in Exercise

9.2.18.) If A, is an eigenvalue such that |A; | < 1, then the corresponding basis solution
(

k .
u; ) = )\;? v; tends to zero as k — oo; indeed,

k .
[ | = [ Xev, | = | A F v, — 0, since A <1

Therefore, if all eigenvalues are less than 1 in modulus, all terms in the solution formula
(9.9) tend to zero, which proves asymptotic stability: u® — 0. Conversely, if any eigen-
value satisfies | A; | > 1, then the solution ulk) = )\f v; does not tend to 0 as k — oo, and
hence 0 is not asymptotically stable. Q.E.D.

Spectral Radius

Consequently, the necessary and sufficient condition for asymptotic stability of a linear
iterative system is that all the eigenvalues of the coefficient matrix lie strictly inside the
unit circle in the complex plane: | A j | < 1. This criterion can be recast using the following
important definition.

Definition 9.13. The spectral radius of a matrix 7' is defined as the maximal modulus of
all of its real and complex eigenvalues: p(T) = max { | A, |,...,| A\, | }-

Theorem 9.14. The matrix T is convergent if and only if its spectral radius is strictly
less than one: p(T) < 1.
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If T is complete, then we can apply the triangle inequality to (9.9) to estimate

Ta® [ = lley AT vy + - e v, |
<IA e vill+ o+ Ix, [P lle, v, | (9.25)

<pM*(ler vl + - e [vall) = Cp(T)F,

for some constant C' > 0 that depends only upon the initial conditions. In particular, if
p(T) < 1, then
[a® | < Cp(T)* — 0 as k — oo, (9.26)

in accordance with Theorem 9.14. Thus, the spectral radius p(T') prescribes the rate of
convergence of the solutions to equilibrium; the smaller the spectral radius, the faster the
solutions go to 0.

If T has only one largest (simple) eigenvalue, so [\, | > [ ;[ for all j > 1, then the
first term in the solution formula (9.9) will eventually dominate all the others: || A¥v, || >
| /\f v, | for j > 1 and k > 0. Therefore, provided that c¢; # 0, the solution (9.9) has the
asymptotic formula

u® ~ e My (9.27)
and so most solutions end up parallel to v,. In particular, if |\, | = p(T') < 1, such a
solution approaches 0 along the direction of the dominant eigenvector v, at a rate governed
by the modulus of the dominant eigenvalue. The exceptional solutions, with ¢; = 0, tend
to 0 at a faster rate, along one of the other eigendirections. In practical computations,
one rarely observes the exceptional solutions. Indeed, even if the initial condition does
not involve the dominant eigenvector, numerical errors during the iteration will almost
inevitably introduce a small component in the direction of v;, which will, if you wait long
enough, eventually dominate the solution.

The inequality (9.25) applies only to complete matrices. In the general case, one can
prove, cf. Exercise 9.2.18, that the solution satisfies the slightly weaker inequality

[u® | <o forall k>0, where o> p(T) (9.28)

is any number larger than the spectral radius, while C' > 0 is a positive constant (whose
value may depend on how close o is to p).

Example 9.15. According to Example 9.7, the matrix

-3 1 6 AL=-2,
T= 1 -1 -2 has eigenvalues Ay =—1+1,
-1 -1 0 Ay =—1—1.

Since | A, | =2 > | Ay | = | Ay | = V/2, the spectral radius is p(T) = | A, | = 2. We conclude
that T is not a convergent matrix. As the reader can check, either directly, or from the
solution formula (9.18), the vectors u® = 7%u(® obtained by repeatedly multiplying any
nonzero initial vector u(®) by T rapidly go off to oo, in successively opposite directions, at
a rate roughly equal to p(T)* = 2F.

On the other hand, the matrix

1 2
1 -5 -2 AL =3,
T _ 1 _ 1 1 2 . . _ 1 _ 1
I'=-3T=| - 5 5 with eigenvalues Ay =4 — 51,
1 1 1 1:
3 3 0 A3 =3+ 31,
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has spectral radius p(T) = g, and hence is a convergent matrix. According to (9.27), if we
write the initial data u(®) = ¢, v, +¢, v, +c3 V4 as a linear combination of the eigenvectors,

then, provided c¢; # 0, the iterates have the asymptotic form u) ~ ¢ (g)k v,, where
v, = (4,-2,1 )T is the eigenvector corresponding to the dominant eigenvalue A\; = g

Thus, for most initial vectors, the iterates end up decreasing in length by a factor of almost
exactly g, eventually becoming parallel to the dominant eigenvector v;. This is borne out

by a sample computation: starting with u(® = (1,1,1 )T, we obtain, for instance,

—.018216 —.012126 —.008096
u™ = 009135 |, a9 =1 .006072 |, u"?=[ 004048 |,
—.004567 —.003027 —.002018
which form progressively more accurate scalar multiples of the dominant eigenvector v, =
(4, -2, 1)T; moreover, the ratios between their successive entries, uEkH)/uEk), are ap-
proaching the dominant eigenvalue A\; = g
Exercises
9.2.1. Determine the spectral radius of the following matrices:
L o 1 010 -1 5 -9
@ (55 o(i 4) @[ oo1) @( 4 0-1)
2 3 -2 1 2 4 —4 3
9.2.2. Determine whether or not the following matrices are convergent:
5 =3 -2 8 3 2
2 -3 6 .3 1
(a) < ), (b) < ), (c) 1 -2 1|, (@ |.1 2 6].
32 3T 5\1 -5 4 1 5 2
9.2.3. Which of the listed coefficient matrices defines a linear iterative system with
asymptotically stable zero solution?
3 0 1 3 101 -1 3 0
@ (3 ) o3 i) @ 1) @[ 1
3 3 2 2 0 -1 -1
1 0 -3 -2
5 i —4 30 -1 11 5 3
(e) yoo8 =3, @01 0], (g T P
_% _% % 2 0 0 _g 0 2 g
4 4 2 2 0 -3 -3
2 =2
9.2.4.(a) Determine the eigenvalues and spectral radius of the matrix 7' = 1 0
2 1

(b) Use part (a) to find the eigenvalues and spectral radius of T = | —

o YT ——
|

NN O N W

(S R V)

(c) Write down an asymptotic formula for the solutions to ulF D) = 7y,
9.2.5.(a) Show that the spectral radius of T = (1) 1) is p(T)=1.

(b) Show that most iterates u® = 7%u(%) become unbounded as k — co.
(c) Discuss why the inequality [[u*)|| < C p(T)* does not hold when the coefficient
matrix is incomplete. (d) Can you prove that (9.28) holds in this example?
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9.2.6. Given a linear iterative system with non-convergent matrix, which solutions, if any,
will converge to 07

{ 9.2.7. Suppose T is a complete matrix. (a) Prove that every solution to the corresponding
linear iterative system is bounded if and only if p(7") < 1. (b) Can you generalize this
result to incomplete matrices? Hint: Look at Exercise 9.1.40.

© 9.2.8. Discuss the asymptotic behavior of solutions to an iterative system that has two

eigenvalues of largest modulus, e.g., A; = —Xy, or A\ = A, are complex conjugate
eigenvalues. How would you detect this? How can you determine the eigenvalues and
eigenvectors?

9.2.9. Suppose T has spectral radius p(T"). Can you predict the spectral radius of a7 + b1,
where a, b are scalars? If not, what additional information do you need?

9.2.10. Prove that if A is any square matrix, then there exists ¢ # 0 such that the scalar
multiple c A is a convergent matrix. Find a formula for the largest possible such c.

© 9.2.11. Let M, be the n x n tridiagonal matrix with all 1’s on the sub- and super-diagonals,
and zeros on the main diagonal. (a) What is the spectral radius of M, ? Hint: Use
Exercise 8.2.47. (b) Is M,, convergent? (c) Find the general solution to the iterative

system ulF D) = M, ul®).

© 9.2.12. Let «, 8 be scalars. Let Ta,ﬁ be the n x n tridiagonal matrix that has all a’s on the
sub- and super-diagonals, and ’s on the main diagonal. (a) Solve the iterative system
ulF+l) = T, ulh), (b) For which values of «, 3 is the system asymptotically stable?
Hint: Combine Exercises 9.2.11 and 9.1.32.
9.2.13.(a) Prove that if |detT'| > 1, then the iterative system uF D = 7u® is unstable.
(b) If |det T'| < 1, is the system asymptotically stable? Prove or give a counterexample.

9.2.14. True or false: (a) p(cA) = cp(A), (b) p(STLAS) = p(A), (¢) p(A?) = p(A)?,
(d) p(A™1) = 1/p(4), (e) p(A+ B) = p(A) +p(B), (f) p(AB)= p(A)p(B).
9.2.15. True or false: (a) If T is convergent, then T is convergent.
(b) If A is convergent, then T = ATA is convergent.

9.2.16. Suppose T% — P as k — oco. (a) Prove that P is idempotent: P? = P.
(b) Can you characterize all such matrices P?
(¢) What are the conditions on the matrix A for this to happen?

9.2.17. Prove that a matrix 7" with all integer entries is convergent if and only if it is nilpotent,
ie., T% = O for some k > 0. Give a nonzero example of such a matrix.

¢ 9.2.18. Prove the inequality (9.28) when 7' is incomplete. Use it to complete the proof of
Theorem 9.14 in the incomplete case. Hint: Use Exercises 9.1.40, 9.2.22.

{ 9.2.19. Suppose that M is a nonsingular matrix. (a) Prove that the implicit iterative system
Mu™tY = u™ has globally asymptotically stable zero solution if and only if all

the eigenvalues of M are strictly greater than one in magnitude: |, | > 1. (b) Let
K be another matrix. Prove that more general implicit iterative system of the form

Mu"t) = Ku™ has globally asymptotically stable zero solution if and only if all the
generalized eigenvalues of the matrix pair K, M, as in Exercise 8.5.8, are strictly less than 1
in magnitude: |\; | < 1.

& 9.2.20. The stable subspace S C R™ for a linear iterative system u* ) = 7u® is defined
as the set of all points a such that the solution with initial condition u® = a satisfies
u®) 5 0ask — oco. (a) Prove that S is an invariant subspace for the matrix 7.
(b) Determine necessary and sufficient conditions for a € S.
(¢) Find the stable subspace for the linear systems in Exercise 9.1.14
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© 9.2.21. Consider a second order iterative system a2 = gyt 4 Bu(k), where A, B
are n X n matrices. Define a quadratic eigenvalue to be a complex number that satisfies
det()\2 I — XA — B) = 0. Prove that the zero solution is globally asymptotically stable if
and only if all its quadratic eigenvalues satisfy |A| < 1.

{ 9.2.22. Let p(t) be a polynomial. Assume 0 < A < p. Prove that there is a positive constant C
such that p(n) A" < C' u™ for all n > 0.

Fixed Points

The zero vector 0 is always a fized point for a linear iterative system u*+1) = Tu®),
since 0 = 70, and so u'®) = 0 is an equilibrium solution. Are there any others? The
answer is immediate: u* is a fixed point if and only if u* = T'u*, and hence u* satisfies the
eigenvalue equation for 7" with for the unit eigenvalue A = 1. Thus, the system admits a
nonzero fixed point if and only if the coefficient matrix 7" has 1 as an eigenvalue. Since every
nonzero scalar multiple of the eigenvector u* is also an eigenvector, in such cases the system
has infinitely many fixed points, namely all elements of the eigenspace V; = ker(T — 1),
including 0. We are interested in whether the fixed points are stable in the sense that
solutions having nearby initial conditions remain nearby. More precisely:

Definition 9.16. A fixed point u* of an iterative system u*t1) = Tu®) is called stable if
for every € > 0 there exists a § > 0 such that whenever || u(®) — u*|| < 4, then the resulting
iterates satisfy || u(®) — u* || < ¢ for all k.

The stability of the fixed points, at least if the coefficient matrix is complete, is governed
by the same solution formula (9.9). If the eigenvalue A\; = 1 is simple, and all other
eigenvalues are less than one in modulus, so

L=A > [X2 - 220,
then the solution takes the asymptotic form

uP = v F e v+ o e My, — vy, as k — oo, (9.29)

n’"n - "n

converging to one of the fixed points, i.e., to a multiple of the eigenvector v;. The coeflicient
¢, is prescribed by the initial conditions, cf. (9.10). The rate of convergence of the solution
is governed by the modulus | A, | of the subdominant eigenvalue.

Proposition 9.17. Suppose that T has a simple (or, more generally, complete) eigenvalue
A1 = 1, and, moreover, all other eigenvalues satisfy [A;| < 1. Then all solutions to the
linear iterative system u**1) = Tu®) converge to a vector v € V; that lies in the A\, = 1
eigenspace. Moreover, all the fixed points v € V; of T are stable.

Stability of a fixed point does not imply asymptotic stability, since nearby solutions
may converge to a nearby fixed point, i.e., a slightly different element of the eigenspace V.

The general necessary and sufficient conditions for stability of the fixed points of a linear
iterative system is governed by the spectral radius of its coefficient matrix, as follows. The
proof is relegated to Exercise 9.2.28.

Theorem 9.18. The fixed points of an iterative system u*+t\) = Tu®) are stable if and
only if p(T') <1 and, moreover, every eigenvalue of modulus | A | = 1 is complete.
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Thus, with regard to linear iterative systems, either all fixed points are stable or all
are unstable. Keep in mind that the fixed points are the elements of the eigenspace V;
corresponding to the eigenvalue A = 1, if such exists. If 1 is not an eigenvalue of T, then
u* = 0 is the only fixed point.

Example 9.19. Consider the iterative system with coefficient matrix

3 1
2 a2 T3
_ 1 1
=1 - 2 2 1
1 1
2 2 0
The eigenvalues and corresponding eigenvectors are
1+1 1—1
A =1, Ay = 5 Ay = 9o
4 2—1i 241
vi=1| -2, Vy = -1 , Vg = -1
1 1 1

Since A; = 1, every scalar multiple of the eigenvector v, is a fixed point. The fixed points
are stable, since the remaining eigenvalues have modulus | A, | = | Ay | = J V2~ .7071 < 1.
Thus, the iterates u®) = T*a — ¢, v, will eventually converge to a multiple of the first
eigenvector; in almost all cases the convergence rate is é\/ 2. For example, starting with

u® = (1,1,1)", leads to the iterates'

-9.5 —17.9062 —17.9766
u® = 475 |, u® = 39062 |, u™®=| 40 ,
—2.75 —1.9062 -2.0
—8.0088 —7.9985 —8.0001
u® = 4.0029 |, u®={[ 39993 |, u®=/[ 4.0001 |,
—2.0029 —1.9993 —2.0001
which are gradually converging to the particular eigenvector ( —8,4, —2 )T = —2v,. This

can be predicted in advance by decomposing the initial vector into a linear combination of
the eigenvectors:

1 4 (21 (241
1 1 1 1
whence
-8 . Nk [2—1 . Nk (241
—2 1 1

and so u®) — (-84, —2)T as k — oo. Despite the complex formula, the solution is, in
fact, real.

' Since the convergence is slow, we only display every fifth one.
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Exercises

9.2.23. Find all fixed points for the iterative systems with the following coefficient matrices:

-1 -1 —4 2 1 -1
73 6 1.0
(a) ( ) (b) ( _ ) () [-2 0 -4, (@ | 2 3 -2/
2 8 3 =7 1 ~1 0 1 -1 o
9.2.24. Discuss the stability of each fixed point and the asymptotic behavior(s) of the solutions

to the systems in Exercise 9.2.23. Which fixed point, if any, does the solution with initial
condition u(®) = e, converge to?

9.2.25. Suppose T is a symmetric matrix that satisfies the hypotheses of Proposition 9.17 with
a simple eigenvalue A\; = 1. Prove that the solution u® to the linear iterative system

*) u® v,

uF D) = 7u®) has limiting value lim u = 9 Vyp-
k— oo |

9.2.26. True or false: If T has a stable nonzero fixed point, then it is a convergent matrix.

9.2.27. True or false: If every point u € R™ is a fixed point, then they are all stable. Can you
characterize such systems?

& 9.2.28. Prove Theorem 9.18: (a) assuming 7' is complete, (b) for general T
Hint: Use Exercise 9.1.40.

© 9.2.29.(a) Under what conditions does the linear iterative system uF D = 7u® have a
period 2 solution, meaning that the iterates repeat after every other iterate: ulkt2) =
u® £ u*+1? Give an example of such a system. (b) Under what conditions is there a

unique period 2 solution? (¢) What about a period m solution for 2 < m € N?

Matrix Norms and Convergence

As we now know, the convergence of a linear iterative system is governed by the spectral
radius, or, equivalently, the modulus of the largest eigenvalue of the coefficient matrix.
Unfortunately, finding accurate approximations to the eigenvalues of most matrices is a
nontrivial computational task. Indeed, as we will learn in Section 9.5, all practical nu-
merical algorithms rely on some form of iteration. But using iteration to determine the
spectral radius defeats the purpose, which is to predict the behavior of the iterative system
in advance! One independent means of accomplishing this is through matrix norms, as
introduced at the end of Section 3.3.

Let || v|| denote a norm onf R™. Theorem 3.20 defines the induced natural matrix norm
on the space of n x n matrices, denoted by || A|| = max{ || Au]||||u] =1}. The following
result relates the magnitude of the norm of a matrix to convergence of the associated
iterative system.

Proposition 9.20. If A is a square matrix, then || A*|| < || A||*. In particular, if | A|| < 1,
then || A¥|| — 0 as k — oo, and hence A is a convergent matrix: A¥ — O.

The first part is a restatement of Proposition 3.22, and the second part is an immediate
consequence. The converse to this result is not quite true; a convergent matrix does not

T We work with real iterative systems throughout this chapter, but the methods readily extend
to their complex counterparts.
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necessarily have matrix norm less than 1, or even < 1 — see Example 9.23 below. An
alternative proof of Proposition 9.20 can be based on the following useful estimate:

Theorem 9.21. The spectral radius of a matrix is bounded by its matrix norm:

p(4) < | All. (9.30)

Proof: If X is a real eigenvalue, and u a corresponding unit eigenvector, so that Au = Au
with ||u|| =1, then

[Au|=[[Auff =[] [[ull=[A] (9.31)
Since || A|| is the maximum of || Au|| over all possible unit vectors, this implies that
(AL <[IA]. (9.32)

If all the eigenvalues of A are real, then the spectral radius is the maximum of their absolute
values, and so it too is bounded by || A ||, proving (9.30).

If A has complex eigenvalues, then we need to work a little harder to establish (9.32).
(This is because the matrix norm is defined by the effect of A on real vectors, and so
we cannot directly use the complex eigenvectors to establish the required bound.) Let
A =r7re'? be a complex eigenvalue with complex eigenvector z = x + iy. Define

p=min{ [|[Re (¢'¥z)|| = || (cosp)x — (sinp)y| | 0<p <27}, (9.33)
Since the indicated subset is a closed curve (in fact, an ellipse) that does not go through
the origin®, u > 0. Let ¢, denote the value of the angle that produces the minimum, so
p =l (cospg) x — (singy) y|| = [|Re (e'*z) ||.
Define the real unit vector
Re (el¥oz cos X — (sin
o Rel ) _ (eosn)x = (sineo)y luf = 1.

I I
Then

Au = ; Re (ei“"o Az) = [1L Re (ei‘PO reiez) = ; Re (ei(“"“e)z).
Therefore, keeping in mind that m is the minimal value in (9.33),
|4l 2| Aul = [[Re (et a) | 2 = |2, (9.34)
and so (9.32) also holds for complex eigenvalues. Q.E.D.

Let us see what the convergence criterion of Proposition 9.20 says for a couple of our
well-known matrix norms. First, the formula (3.44) for the co norm implies the following
convergence criterion.

Proposition 9.22. If all the absolute row sums of A are strictly less than 1, then
| Al <1 and hence A is a convergent matrix.

Example 9.23. Consider the symmetric matrix A = > Its two absolute

1
3
1
4

W N

row sums are | |+ | =3[ =0, |—3]|+]|1]|= 550

|All =max{5, 7 }=7=.83333....

T This relies on the fact that x,y are linearly independent, which was shown in Exercise 8.3.12.
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Since the norm is less than 1, A is a convergent matrix. Indeed, its eigenvalues are
9+ VT3 913
24 24

and hence the spectral radius is p(A) = A; = .731000. .., which is slightly smaller than its
0O norm.

A = .731000... , Ay = .018999... ,

The row sum test for convergence is not always conclusive. For example, the matrix

1 _3
A= < - g ?) has matrix norm Al =15 >1
4

5 4
15+ 1
On the other hand, its eigenvalues are g 42)/60 and hence its spectral radius is
1 1
p(A) = 5+ V60 = .987882... , which implies that A is (just barely) convergent, even

40
though its maximal row sum is larger than 1.

Similarly, using the formula (8.61) for the Euclidean matrix norm, one deduces a con-
vergence criterion based on the magnitude of the singular values.

Proposition 9.24. If A is a square matrix whose largest singular value satisfies o, < 1,
then || A||, < 1 and hence A is a convergent matrix.

Example 9.25. Consider the matrix and associated Gram matrix

2225 0800  .1250
ATA = .0800 .1511 —.1111
1250 —.1111  .3611

A:

aN = O
R O W
O R W

Then ATA has eigenvalues \; = .4472, X\, = .2665, \; = .0210, and hence the singular
values of A are their square roots: o, = .6687, 0, = .5163, 05 = .1448. The Euclidean
matrix norm of A is the largest singular value, and so || A||, = .6687, proving that A is

a convergent matrix. Note that, as always, the matrix norm overestimates the spectral
radius, which is p(A) = .5.

Unfortunately, as we discovered in Example 9.23, matrix norms are not a foolproof test
of convergence. There exist convergent matrices such that p(A) < 1 that yet have matrix
norm || A]| > 1. In such cases, the matrix norm is not able to predict convergence of the
iterative system, although one should expect the convergence to be quite slow. Although
such pathology might show up in the chosen matrix norm, it turns out that one can always
rig up some matrix norm for which || A|| < 1. This follows from a more general result,
whose proof can be found in [62].

Theorem 9.26. Let A have spectral radius p(A). If e > 0 is any positive number, then
there exists a matrix norm ||-|| such that

p(A) < Al < p(A) +e. (9.35)

Corollary 9.27. If A is a convergent matrix, then there exists a matrix norm such that
I|A] < 1.

Proof: By definition, A is convergent if and only if p(A) < 1. Choose £ > 0 such that
p(A) +¢e < 1. Any norm that then satisfies (9.35) has the desired property. Q.E.D.
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It can also be proved, [48], that, given a matrix norm, lim [|A™|Y" = p(A), and
n — oo
hence, if A is convergent, then || A™|| < 1 for n sufficiently large.

Warning. Based on the accumulated evidence, one might be tempted to speculate that
the spectral radius itself defines a matrix norm. Unfortunately, this is not the case. For

0 1> has zero spectral radius, p(A4) = 0, in violation

example, the nonzero matrix A = (O 0

of a basic norm axiom.

Exercises

9.2.30. Compute the co matrix norm of the following matrices. Which are guaranteed to be

11 5 4 2 2 1 3
convergent? (a) | # 1|, (b) _g _g , (¢ _g T () _411 2,
3 6 6 6 7 7 2 4
2 2 4 2 2 1
7 7 71 0o 1 8 1 -3 -3 1 oo
(e)lo 2 S|, & |-1 0 .1 (g |1 -5 1|, ()| -3 0 3
2 4 2 -8 =1 0 1 2 0 0o 2 1
707 7 3 3 3 3

9.2.31. Compute the Euclidean matrix norm of each matrix in Exercise 9.2.30. Have your
convergence conclusions changed?

9.2.32. Compute the spectral radii of the matrices in Exercise 9.2.30. Which are convergent?
Compare your conclusions with those of Exercises 9.2.30 and 9.2.31.

k-1

2y ) Compute (@) 4 ls (B) 1144 ],
(¢) p(Ag). (d) Explain why every A, is a convergent matrix, even though their matrix
norms can be arbitrarily large. (e) Why does this not contradict Corollary 9.277

9.2.33. Let k be an integer and set A, = (

9.2.34. Show that if |¢| < 1/|| A||, then cA is a convergent matrix.

{ 9.2.35. Prove that the spectral radius function does not satisfy the triangle inequality by
finding matrices A, B such that p(A+ B) > p(A) + p(B).

9.2.36. Find a convergent matrix that has dominant singular value oy > 1.

{ 9.2.37. Prove that if A is a real symmetric matrix, then its Euclidean matrix norm is equal to
its spectral radius.

$ 9.2.38. Let A be a square matrix. Let s = max{s;,...,s,} be the maximal absolute row sum
of A and let t = min{ la,;|—r; }, with r; given by (8.27). Prove that max{0,t} < p(A) <
s.

9.2.39. Suppose the largest entry (in modulus) of A is [a;; | = a,. Can you bound its radius of
convergence?

9.2.40.(a) Suppose that every entry of the n x n matrix A is bounded by |a;; [ < 1/n. Prove
that A is a convergent matrix. Hint: Use Exercise 9.2.38. (b) Produce a matrix of size
n x n with one or more entries satisfying |a;; | = 1/n that is not convergent.

9.2.41. Write down an example of a strictly diagonally dominant matrix that is also
convergent.

9.2.42. True or false: If B = S71AS are similar matrices, then
(@) [[Blloo = [[Allos  (B) [[Blla =1 Alla; (¢) p(B) = p(A).

9.2.43. Prove that the curve parametrized in (9.33) is an ellipse. What are its semi-axes?
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{ 9.2.44.(a) Prove that the individual entries a;; of a matrix A are bounded in absolute value

o0
by its co matrix norm: |a;; | < [[A| .. (b) Prove that if the series > [ A, [l < o0
o) n=0

. . * .
converges, then the matriz series >, A, = A" converges to some matrix A*.

n=0 o

(c¢) Let || A|| denote any natural matrix norm. Prove that if the series > |4, | < oo
00 n=0

converges, then the matrix series > A = A* converges.

n=0
(e}
9.2.45.(a) Use Exercise 9.2.44 to prove that the geometric matriz series » . A" converges
whenever p(A) < 1. Hint: Apply Corollary 9.27. n=0
(b) Prove that the sum equals (I — A)~!. How do you know I — A is invertible?

9.3 Markov Processes

A discrete probabilistic process in which the future state of a system depends only upon
its current configuration is known as a Markov chain, to honor the pioneering early twen-
tieth studies of the Russian mathematician Andrei Markov. Markov chains are described
by linear iterative systems whose coefficient matrices have a special form. They define the
simplest examples of stochastic processes, [4, 23], which have many profound physical, bio-
logical, economic, and statistical applications, including networks, internet search engines,
speech recognition, and routing.

To take a very simple (albeit slightly artificial) example, suppose you would like to be
able to predict the weather in your city. Consulting local weather records over the past
decade, you determine that

(a) If today is sunny, there is a 70% chance that tomorrow will also be sunny,
(b) But, if today is cloudy, the chances are 80% that tomorrow will also be cloudy.

Question: given that today is sunny, what is the probability that next Saturday’s weather
will also be sunny?

To formulate this process mathematically, we let s(*) denote the probability that day
k is sunny and ¢*) the probability that it is cloudy. If we assume that these are the only
possibilities, then the individual probabilities must sum to 1, so

R

According to our data, the probability that the next day is sunny or cloudy is expressed
by the equations

s = 750 4 9ck), ) = 350 1 gk, (9.36)

Indeed, day k + 1 could be sunny either if day k& was, with a 70% chance, or, if day k was
cloudy, there is still a 20% chance of day k + 1 being sunny. We rewrite (9.36) in a more
convenient matrix form:

(®)
uE ) Zpu® where T = <; ;) u® = (‘Z(k)) (9.37)

In a Markov process, the vector of probabilities u(®) is known as the kth state vector and the
matrix T is known as the transition matriz, whose entries fix the transition probabilities
between the various states.
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N

Figure 9.4. The Set of Probability Vectors in R3.

By assumption, the initial state vector is u(®) = (1,0 )T, since we know for certain that
today is sunny. Rounded off to three decimal places, the subsequent state vectors are

1) 7 2) .55 (3) AT5 4) 438
v <3> v <.45>7 v <.525 = ses )
419 410 405 402
5) ~ ©) ~ ™) ~ ®) ~
" _(.581>’ b —<.591>’ " —<.595>’ " _<.598>'

The iterates converge fairly rapidly to (.4, .6)T7 which is, in fact, a fixed point for the
iterative system (9.37). Thus, in the long run, 40% of the days will be sunny and 60% will
be cloudy. Let us explain why this happens.

Definition 9.28. A vector u = (u;, sy, ...,u, )’ €R™is called a probability vector if all
its entries lie between 0 and 1, so 0 < wu,; <1 for ¢ =1,...,n, and, moreover, their sum is
u + - +u, =1

We interpret the entry u, of a probability vector as the probability that the system
is in state number i. The fact that the entries add up to 1 means that they represent a
complete list of probabilities for the possible states of the system. The set of probability
vectors defines an (n—1)-dimensional simplex in R™. For example, the possible probability
vectors u € R? fill the equilateral triangle plotted in Figure 9.4.

Remark. Every nonzero vector 0 # v = (vy,vs,...,0, )T with all non-negative entries,
v; > 0 for¢=1,...,n, can be converted into a parallel probability vector by dividing by
the sum of its entries: v
u= . (9.38)
/Ul + P + /Un
For example, if v = (3,2,0,1)", then u = (5,35.0,% )T is the corresponding probability
vector.

In general, a Markov chain is represented by a first order linear iterative system
a1 = ) (9.39)

whose initial state u(®) is a probability vector. The entries of the transition matriz T must

satisfy
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The entry ¢, ; represents the transitional probability that the system will switch from state
Jj to state i. (Note the reversal of indices.) Since this covers all possible transitions, the
column sums of the transition matrix are all equal to 1, and hence each column of T
is a probability vector, which is equivalent to condition (9.40). In Exercise 9.3.24 you
are asked to show that, under these assumptions, if u*) is a probability vector, then so
is utY) = Tu® and hence, given our assumption on the initial state, the solution
ul®) = 7% u® to the Markov process defines a sequence, or “chain”, of probability vectors.

Let us now investigate the convergence of the Markov chain. Not all Markov chains
converge — see Exercise 9.3.9 for an example — and so we impose some additional mild
restrictions on the transition matrix.

Definition 9.29. A transition matrix (9.40) is reqular if some power T* contains no zero
entries. In particular, if T" itself has no zero entries, then it is regular.

Warning. The term “regular transition matrix” has nothing to do with our earlier term
“regular matrix”, which was used to describe matrices with an LU factorization.

The entries of T% describe the transition probabilities of getting from one state to
another in & steps. Thus, regularity of the transition matrix means that there is a nonzero
probability of getting from any state to any other state in exactly k steps for some k > 1.

The asymptotic behavior of a regular Markov chain is governed by the following basic
result, originally due to the German mathematicians Oskar Perron and Georg Frobenius
in the early part of the twentieth century. A proof can be found at the end of this section.

Theorem 9.30. If T is a regular transition matrix, then it admits a unique probability
eigenvector u* with eigenvalue A; = 1. Moreover, a Markov chain with coefficient matrix
T will converge to the probability eigenvector: u®) — u* as k — oo.

Example 9.31. The eigenvalues and eigenvectors of the weather transition matrix (9.37)

are 2 1
A =1, v, =3[, Ay = .5, vo=( .
1 (%) 2 ()

The first eigenvector is then converted into a probability vector via formula (9.38):

" Lo :
uzul:1 o =13
+5\1 ;

This distinguished probability eigenvector represents the final asymptotic state of the sys-
tem after many iterations, no matter what the initial state is. Thus, our earlier observation
that about 40% of the days will be sunny and 60% will be cloudy does not depend upon
today’s weather.

Example 9.32. A taxi company in Minnesota serves the cities of Minneapolis and

St. Paul, as well as the nearby suburbs. Records indicate that, on average, 10% of the
customers taking a taxi in Minneapolis go to St. Paul and 30% go to the suburbs. Cus-
tomers boarding in St. Paul have a 30% chance of going to Minneapolis and a 30% chance
of going to the suburbs, while suburban customers choose Minneapolis 40% of the time and
St. Paul 30% of the time. The owner of the taxi company is interested in knowing where
the taxis will end up, on average. Let) us write this as a Markov process. The entries of
(k

)
3

the state vector u®) = (ugk), uék) us )T tell what proportion of the taxi fleet is, respec-

)
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tively, in Minneapolis, St. Paul, and the suburbs, or, equivalently, the probability that an

individual taxi will be in one of the three locations. Using the given data, we construct
the relevant transition matrix

6 3 4

T=|(.1 4 3

3 .3 .3

Note that T is regular since it has no zero entries. The probability eigenvector
u* ~ (4714, 2286, .3 )7

corresponding to the unit eigenvalue A\; = 1 is found by first solving the linear system
(T — I)v* = 0 and then converting the solution’ v* into a valid probability vector u* by
use of formula (9.38). According to Theorem 9.30, no matter how the taxis are initially
distributed, eventually about 47% of the taxis will be in Minneapolis, 23% in St. Paul, and
30% in the suburbs. This can be confirmed by running numerical experiments. Moreover,
if the owner places this fraction of the taxis in the three locations, then they will more or
less remain in such proportions forever.

Remark. As noted earlier — see Proposition 9.17 — the convergence rate of the Markov
chain to its steady state is governed by the size of the subdominant eigenvalue A\,. The
smaller | \, | is, the faster the process converges. In the taxi example, A\, = .3 (and A\; = 0),
and so the convergence to steady state is fairly rapid.

A Markov process can also be viewed as a weighted digraph. Each state corresponds
to a vertex. A nonzero transition probability from one state to another corresponds to a
weighted directed edge between the two vertices. Note that the digraph is typically not
simple, since vertices can have two edges connecting them, one representing the transition
probability of getting from the first to the second, and the second edge representing the
transition probability of going in the other direction. The original PageRank algorithm
that underlies Google’s search engine, [64,52], starts with the internet digraph, whose
vertices are web pages and whose directed edges represent links from one web page to
another, which are weighted according to the number of such links. To be effective, the
resulting weighted internet digraph is supplemented by adding in a number of random low
weight edges. One then computes the probability eigenvector associated with the resulting
digraph-based Markov process, the magnitudes of whose entries, indexed by the nodes,
effectively rank the corresponding web pages.

Proof of Theorem 9.30: We begin the proof by replacing 7' by its transposet M = T7T,
keeping in mind that every eigenvalue of T is also an eigenvalue of M albeit with different
eigenvectors, cf. Proposition 8.12. The conditions (9.40) tell us that the matrix M has
entries 0 < m,; = t;; < 1, and, moreover, the row sums s; = Y /'_, m;; =1 of M, being
the same as the corresponding column sums of 7T, are all equal to 1. Since M* = (T*)T,
regularity of T implies that some power M* has all positive entries.

According to Exercise 1.2.29, if z = (1,...,1 )T is the column vector all of whose entries
are equal to 1, then the entries of M z are the row sums of M. Therefore, M z = z, which

implies that z is an eigenvector of M with eigenvalue A; = 1. As a consequence, 1" also has

T Theorem 9.30 guarantees that there is an eigenvector v with all non-negative entries.

P owe apologize for the unfortunate clash of notation when writing the transpose of the matrix 7.
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-1

Figure 9.5.  Gershgorin Disks for a Regular Transition Matrix.

1 as an eigenvalue. Observe that z is not in general an eigenvector of T'; indeed, it satisfies
the co-eigenvector equation Mz =T"z = z.

We claim that A\; = 1 is a simple eigenvalue. To this end, we prove that z spans the
one-dimensional eigenspace V;. In other words, we need to show that if M v = v, then its

entries v; = --- = v, = a are all equal, and so v = az is a scalar multiple of the known
eigenvector z. Let us first prove this assuming that all of the entries of M are strictly
positive, and so 0 < m,;; = ¢;; < 1 for all 4,j. Suppose v is an eigenvector with not all

equal entries. Let v, be the minimal entry of v, so v, < v, for all ¢ # k, and at least one
inequality is strict, say v, < wv;. Then the kth entry of the eigenvector equation v = M v is

n n

j=1 j=1

where the strict inequality follows from the assumed positivity of the entries of M, and
the final equality follows from the fact that M has unit row sums. Thus, we are led to
a contradiction, and the claim follows. If M has one or more 0 entries, but M* has all
positive entries, then we apply the previous argument to the equation M*v = v which
follows from M v = v. If \; =1 is a complete eigenvalue, then we are finished. The proof
that this is indeed the case is a bit technical, and we refer the reader to [4] for the details.

Finally, let us prove that all the other eigenvalues of M are less than 1 in modulus.
For this we appeal to the Gershgorin Circle Theorem 8.16. Suppose MF* has all positive
entries, denoted by mg-c) > 0. Its Gershgorin disk D, is centered at mgf ) > 0 and has radius
r,=1- mgf) < 1 since the i*" row sum of M" equals 1. Thus the disk lies strictly inside
the open unit disk | z| < 1 except for a single boundary point at z = 1; see Figure 9.5. The
Circle Theorem 8.16 implies that all eigenvalues of M* except the unit eigenvalue A\, = 1
must lie strictly inside the unit disk. Since these are just the kt® powers of the eigenvalues
of M, the same holds for the eigenvalues themselves, so | A; | <1 for j > 2.

Therefore, the matrix M, and, hence, also T, satisfies the hypotheses of Proposition 9.17.
We conclude that the iterates u®*) = T%u(®) — u* converge to a multiple of the probability
eigenvector of T. If the initial condition u(® is a probability vector, then so is every
subsequent state vector u®), and so their limit u* must also be a probability vector. This
completes the proof of the theorem. Q.E.D.
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Exercises

9.3.1. Determine if the following matrices are regular transition matrices. If so, find the

11 1 3 1 2
associated probability eigenvector. (a) < 2 3 > , (b) ( H ) , () < i3 ) ,
4 3 3 4 3

4

2

3

01 0 3 5 2 .

), (e) |1 0 of, (f) (.3 2 .5), (g) (

o ! 1 5 4
(d)<g 6 .1 .3/,
1
5 3 0 .7
Lol 0 2 0 1 1 2 3 4 0 6 0 4
~ 1.5 0 30 2 5 3 .1 5 0 .3 .1
1 1
(h)zois’(l)0.800’(1)3.31.3’(1‘)040.5
0 5 3 5 0 .70 4 1 3 2 5 0 .7 0

9.3.2. A business executive is managing three branches, labeled A, B, and C|, of a corporation.
She never visits the same branch on consecutive days. If she visits branch A one day, she
visits branch B the next day. If she visits either branch B or C' that day, then the next day
she is twice as likely to visit branch A as to visit branch B or C'. Explain why the resulting
transition matrix is regular. Which branch does she visit the most often in the long run?

9.3.3. A study has determined that, on average, a man’s occupation depends on that of his
father. If the father is a farmer, there is a 30% chance that the son will be a blue collar
laborer, a 30% chance he will be a white collar professional, and a 40% chance he will also
be a farmer. If the father is a laborer, there is a 30% chance that the son will also be one,
a 60% chance he will be a professional, and a 10% chance he will be a farmer. If the father
is a professional, there is a 70% chance that the son will also be one, a 25% chance he will
be a laborer, and a 5% chance he will be a farmer. (a) What is the probability that the
grandson of a farmer will also be a farmer? (b) In the long run, what proportion of the
male population will be farmers?

9.3.4. The population of an island is divided into city and country residents. Each year, 5% of
the residents of the city move to the country and 15% of the residents of the country move
to the city. In 2003, 35,000 people live in the city and 25,000 in the country. Assuming no
growth in the population, how many people will live in the city and how many will live in
the country between the years 2004 and 20087 What is the eventual population distribution
of the island?

9.3.5. A certain plant species has either red, pink, or white flowers, depending on its genotype.
If you cross a pink plant with any other plant, the probability distribution of the offspring

b5 25 0
is prescribed by the transition matrix 7' = (.5 .5 .5) . On average, if you continue
0 25 5

crossing with only pink plants, what percentage of the three types of flowers would you
expect to see in your garden?

9.3.6. A genetic model describing inbreeding, in which mating takes place only between

individuals of the same genotype, is given by the Markov process u("t1) = Tu(™),
130 Py

where T'=| 0 % 0 | is the transition matrix and ul™ = (qn) , whose entries are,
0 5 1 Tn

respectively, the proportion of populations of genotype AA, Aa, aa in the nth generation.
Find the solution to this Markov process and analyze your result.

9.3.7. A student has the habit that if she doesn’t study one night, she is 70% certain of
studying the next night. Furthermore, the probability that she studies two nights in a row
is 50%. How often does she study in the long run?
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9.3.8. A traveling salesman visits the three cities of Atlanta, Boston, and Chicago. The matrix

0 5 0
words, and calculate how often he visits each city on average.

0 .5 .5
(1 0 .5) describes the transition probabilities of his trips. Describe his travels in

9.3.9. Explain why the irregular Markov process with transition matrix 7" = ((1) (1)) does

not reach a steady state. Use a population model, as in Exercise 9.3.4, to interpret what is
going on.

9.3.10. A bug crawls along the edges of the pictured triangular lattice with six
vertices. Upon arriving at a vertex, there is an equal probability of its choosing
any edge to leave the vertex. Set up the Markov chain described by the
bug’s motion, and determine how often, on average, it visits each vertex.

9.3.11. Answer Exercise 9.3.10 for the larger triangular lattice.

9.3.12. Suppose the bug of Exercise 9.3.10 crawls along the edges of the
pictured square lattice. What can you say about its behavior?

& 9.3.13. Let T be a regular transition matrix with probability eigenvector v.
(a) Prove that klim T =p= (v v...v) is a matrix with every column equal to v.
—00

(b) Explain why (v v ...v)v=v. (c) Prove directly that P is idempotent: P? = P.

8 1 1
9.3.14. Find lim TkwhalT(l 8 1).
k—o0

B
9.3.15. Prove that, for all 0 < p,¢ < 1 with p 4+ ¢ > 0, the probability eigenvector of the
T
transition matrix T = (1 —p q > is v= < 4 ) b ) .
p l-g p+q’ ptgq

9.3.16. Describe the final state of a Markov chain with symmetric transition matrix 7" = TT.
9.3.17. True or false: If T and TT are both transition matrices, then T' = TT.
9.3.18. True or false: If T' is a transition matrix, so is 71

9.3.19. A transition matrix is called doubly stochastic if both its row and column sums are

equal to 1. What is the limiting probability state of a Markov chain with doubly stochastic
transition matrix?

9.3.20. True or false: The set of all probability vectors forms a subspace of R".

9.3.21. Multiple choice: Every probability vector in R™ lies on the unit sphere for the
(a) 1 norm, (b) 2 norm, (c¢) oo norm, (d) all of the above, (e) none of the above.

9.3.22. True or false: Every probability eigenvector of a regular transition matrix has
eigenvalue equal to 1.

9.3.23. Write down an example of (a) an irregular transition matrix; (b) a regular transition
matrix that has one or more zero entries.

& 9.3.24. Let T be a transition matrix. Prove that if u is a probability vector, then so is v =T u.

¢ 9.3.25.(a) Prove that if T and S are transition matrices, then so is their product T'S.
(b) Prove that if T is a transition matrix, then so is T for all k > 0.
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9.4 Tterative Solution of Linear Algebraic Systems

In this section, we return to the most basic problem in linear algebra: solving the linear

algebraic system
Au=Db, (9.41)

consisting of n equations in n unknowns. We assume that the n x n coeflicient matrix A is
nonsingular, and so the solution u = A~!b is unique. For simplicity, we shall only consider
real systems here.

We will introduce several popular iterative methods that can be used to approximate
the solution for certain classes of coefficient matrices. The resulting algorithms will pro-
vide an attractive alternative to Gaussian Elimination, particularly when one is dealing
with the large, sparse systems that arise in the numerical solution to differential equations.
One major advantage of an iterative technique is that, in favorable situations, it produces
progressively more and more accurate approximations to the solution, and hence, by pro-
longing the iterations, can, at least in principle, compute the solution to any desired order
of accuracy. Moreover, even performing just a few iterations may produce a reasonable
approximation to the true solution — in stark contrast to Gaussian Elimination, where
one must continue the process through to the bitter end before any useful information can
be extracted. A partially completed Gaussian Elimination is of scant use! A significant
weakness is that iterative methods are not universally applicable, and their design relies
upon the detailed structure of the coefficient matrix.

We shall be attempting to solve the linear system (9.41) by replacing it with an iterative
system of the form

ultt) = 7u® ¢, u® =, (9.42)

in which 7" is an n x n matrix and ¢ € R™. This represents a slight generalization of our
carlier iterative system (9.1), in that the right-hand side is now an affine function of u(®.
Suppose that the solutions to the affine iterative system converge: u*) — u* as k — oo.
Then, by taking the limit of both sides of (9.42), we discover that the limit point u* solves
the fized-point equation
u"=Tu" +c. (9.43)
Thus, we need to design our iterative system so that
(a) the solution to the fixed-point system u = T'u+ ¢ coincides with the solution to the
original system Au = b, and
(b) the iterates defined by (9.42) are known to converge to the fixed point. The more
rapid the convergence, the better.
Before exploring these issues in depth, let us look at a simple example.

Example 9.33. Consider the linear system
3r+y—2z=3, r—4y+2z=-1, —2x—y+bz=2, (9.44)

which has the vectorial form Au = b, with

31 -1 x 3
A= 1 -4 2, u=|(y|, b=1-1
-2 -1 5 P 2

One easy way to convert a linear system into a fixed-point form is to rewrite it as

u=Iu—Au+Au=(I —Au+b=Tu+c, where T=1-A, c=bhb.
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k ulb+t = 7u® + b ulb ) = Tu® ¢

0 0 0 0 0 0 0

1 3 —1 2 1 .25 4

2 0 —13 -1 1.05 .7 .85

3 15 —64 -7 1.05 9375 .96

4 30 —322 —4 1.0075 .9925 1.0075
5 261 —1633 —244 1.005 1.00562 1.0015
6 870 — 7939 —133 .9986 1.002 1.0031
7 6069 —40300 — 5665 1.0004 1.0012 19999
8 22500 —196240 —5500 .9995 1.0000 1.0004
9 145743 —992701  —129238 1.0001 1.0001 19998
10 571980  —4850773  —184261 .9999 .9999 1.0001
11 3522565 —24457324 —2969767 1.0000 1.0000 1.0000

In the present case,

2 -1 1 3
T=1-A=|-1 5 -2/, c=b=| -1
2 1 —4 2

The resulting iterative system u**1) = Tu(®) 4 ¢ has the explicit form
gkt = 9 (k) _ (k) 4 (k) 4 3
Yyt = ) p 5y 9 (k) _q (9.45)
ZRHD = 9k 4 g (B) g (k) 4 o

Another possibility is to solve the first equation in (9.44) for z, the second for y, and
the third for z, so that

T=—3y+32+1, y=,x+52+}, z=lx+iy+ 2.
The resulting equations have the form of a fixed-point system
R I AU 1
u="Tu+c, in which r=1|1 0o c=|1
2 1o ?
The corresponding iterative system u*+1) = Tu® +¢ is
pEHD — é y® 4 éz(k) +1,
yE+D — Z1lx(k) + 1 k) 4 L (9.46)
S(k+1) _ gx(k) + éy(k) + ?
Do the resulting iterative methods converge to the solution x = y = 2z = 1, ie., to

u = (1,1,1 )T? The results, starting with initial guess u(®) = (0,0,0 )T , are tabulated in
the accompanying table.
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For the first method, the answer is clearly no — the iterates become wilder and wilder.
Indeed, this occurs no matter how close the initial guess u(® is to the actual solution —
unless u(®) happens to be exactly equal to u*. In the second case, the iterates do converge
to the solution, and it does not take too long, even starting from a poor initial guess, to
obtain a reasonably accurate approximation. Of course, in such a simple example, it would
be silly to use iteration, when Gaussian Elimination can be done by hand and produces the
solution almost immediately. However, we use the small examples for illustrative purposes,
in order to prepare us to bring the full power of iterative algorithms to bear on the large
linear systems arising in applications.

The convergence of solutions to (9.42) to the fixed point u* is based on the behavior of
the error vectors

e = u®) _ y*, (9.47)
which measure how close the iterates are to the true solution. Let us find out how the
successive error vectors are related. We compute

et — D) _y* = (Tu® +a) — (Tu* +a) =T(u® —u*) =Te®,
showing that the error vectors satisfy a linear iterative system
e+t — ek (9.48)
with the same coefficient matrix T'. Therefore, they are given by the explicit formula

e®) = k),

Now, the solutions to (9.42) converge to the fixed point, u®) — u*, if and only if the error
vectors converge to zero: e®) — 0as k — co. Our analysis of linear iterative systems, as
summarized in Theorem 9.11, establishes the following basic convergence result.

Proposition 9.34. The solutions to the affine iterative system (9.42) will all converge to
the solution to the fixed point equation (9.43) if and only if T" is a convergent matrix, or,
equivalently, its spectral radius satisfies p(T') < 1.

The spectral radius p(T') of the coefficient matrix will govern the speed of convergence.
Therefore, our goal is to construct an iterative system whose coefficient matrix has as small
a spectral radius as possible. At the very least, the spectral radius must be less than 1. For
the two iterative systems presented in Example 9.33, the spectral radii of the coefficient
matrices are found to be

p(T) ~ 4.9675, p(T) =5
Therefore, T' is not a convergent matrix, which explains the wild behavior of its iterates,

whereas T is convergent, and one expects the error to decrease by a factor of roughly 5 at
each step, which is what is observed in practice.

The Jacobi Method

The first general iterative method for solving linear systems is based on the same simple
idea used in our illustrative Example 9.33. Namely, we solve the ith equation in the system
Au = b, which is
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for the 4th variable u,. To do this, we need to assume that all the diagonal entries of A are
nonzero: a,; # 0. The result is

1 n
u= = Z a;;u; + Z tiju; + ¢ (9.49)
i =1 j=1
J#i
where
s | # b
- ) 1 ) .
ti; = a;; and ;= "' (9.50)
. Qj;
0, =7,

The result has the form of a fixed-point system u = T'u + ¢, and forms the basis of the
Jacobi Method

named after the influential nineteenth-century German analyst Carl Jacobi. The explicit

form of the Jacobi iterative algorithm is
n

k1) 1 ;
u; = T, Z a;;u J + 0 (9.52)
J#Z
It is instructive to rederive the Jacobi Method in matrix form. We begin by decomposing

the coefficient matrix
A=L+D+U (9.53)

into the sum of a strictly lower triangular matrix L, meaning all its diagonal entries are 0,
a diagonal matrix D, and a strictly upper triangular matrix U, each of which is uniquely
specified; see Exercise 1.3.11. For example, when

3 1 -1
A= 1 -4 2], (9.54)
-2 -1 )
the decomposition (9.53) yields
0 00 3 00 01 -1
L= 1 o0 o], D=|0 -4 0], v=1[0 0o 2
-2 1 0 0 0 5 0 0 0

Warning. The L, D,U in the elementary additive decomposition (9.53) have nothing to
do with the L, D,U appearing in factorizations arising from Gaussian Elimination. The
latter play no role in the iterative solution methods considered in this section.

We then rewrite the system
Au=(L+D+U)u=>b in the alternative form Du=—-(L+U)u+b.
The Jacobi fixed point system (9.49) amounts to solving the latter for
u=Tu+c, where T =-D"YL+U), c=D""'b. (9.55)
For the example (9.54), we recover the Jacobi iteration matrix

0 —
T=-DYL+U)=

A= O W
O N W

CTN =
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Deciding in advance whether the Jacobi Method will converge is not easy. However, it
can be shown that Jacobi iteration is guaranteed to converge when the original coefficient
matrix has large diagonal entries, in accordance with Definition 8.18.

Theorem 9.35. If the coefficient matrix A is strictly diagonally dominant, then the
associated Jacobi iteration converges.

Proof: We shall prove that ||T'||,, < 1, and so Proposition 9.22 implies that 7" is a conver-

gent matrix. The absolute row sums of the Jacobi matrix ' = — D~ (L+U) are, according
to (9.50),
n 1 n
Si:Z|tij|:|aH| Z'a’ij|<17 (9.56)
j=1 |
i
because A is strictly diagonally dominant, and hence satisfies (8.28). This implies that
1T, =max{s,,...,s,} <1, and the result follows. Q.E.D.

Example 9.36. Consider the linear system

dx+y+w=1,
r4+4y+z+v=2,

y+4dz+w=-1,
r+z+4w+v =2,

y+w+4v=1.

The Jacobi Method solves the respective equations for z,y, z, w, v, leading to the iterative
equations

S N DY O N PHONE
YD = 1) 1) 1) 4 1
S0 Ty 1) 1
Wk = 1) 1) 10 4 1
oD = 1) 1) 1

The coefficient matrix of the original system,

4101 0
1 4101
A=|0 1 4 1 0],
101 41
010 1 4

is strictly diagonally dominant, and so we are guaranteed that the Jacobi iterations will
eventually converge to the solution. Indeed, the Jacobi scheme takes the iterative form

(9.55), with

R O R O R
O R O R O
(¢]
|
|
I I S GRS
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Note that || T[], = 3 < 1, validating convergence. Thus, to obtain, say, four decimal place
accuracy in the solution, we estimate that it will take fewer than log(.5x107%)/log.75 ~ 34
iterates, assuming a moderate initial error. But the matrix norm always underestimates
the true rate of convergence, as prescribed by the spectral radius p(T) = .6124, which
would imply about log(.5 x 107%)/log .6124 ~ 20 iterations to obtain the desired accuracy.
Indeed, starting with the initial guess z(9) = y(© = 20 = () = 4 = 0, the Jacobi
iterates converge to the exact solution

x:_‘l? y:77 Z:_'67 w:-7, 'U:—.].a

to within four decimal places in exactly 20 iterations.

Exercises
1
9.4.1.(a) Find the spectral radius of the matrix T' = ( ) ) b) Predict the long term
behavior of the iterative system u* T = Tu®) + b, where b = ( ), in as much detail
as you can.
1 _1
9.4.2. Answer Exercise 9.4.1 when (a) T = ) ?,) , ( )
11 ?
4 4 1 —.05 15 15 —1.5
B T=|0 0 L. b=[-1]; (©T=| 35 15 -35|, b=| 1.6].
1 3 —.2 —.2 3 1.7
11}
9.4.3. Which of the following systems have a strictly diagonally dominant coefficient matrix?
—2 =1,
br—y=1, bt iy=1, —Sa4y=3, rrue
(a) 43 1 b) | | ) _ap49 ) (d) —z4+2y—z=-2,
- = —1 = 0: —oX = —4;
y ; Lzt ly=6; y v yt3z=1;
—3’3‘1'%3/"';,2:1» T—2y+z=1, —dr+2y+2z=2,
(e) 3x+2y+32=-3 (f) —z+2y+z=-1, (g —z+3y+z=-1,
3x+4y 2z-2 r+3y—2z=23; r+4y —62z=23.

® 9.4.4. For the strictly diagonally dominant systems in Exercise 9.4.3, starting with the initial
guess ¢ = y = z = 0, compute the solution to 2 decimal places using the Jacobi Method.
Check your answer by solving the system directly by Gaussian Elimination.

& 9.4.5.(a) Do any of the non-strictly diagonally dominant systems in Exercise 9.4.3 lead to
convergent Jacobi algorithms? Hint: Check the spectral radius of the Jacobi matrix.
(b) For the convergent systems in Exercise 9.4.3, starting with the initial guess t =y = z =
0, compute the solution to 2 decimal places by using the Jacobi Method, and check your
answer by solving the system directly by Gaussian Elimination.

9.4.6. The following linear systems have positive definite coefficient matrices. Use the Jacobi
Method starting with u® = 0 to find the solution to 4 decimal place accuracy.

@ (3 5)u=(1) (3 1)e= () © (6 j 3)( )
3 -1 0 1 r %
o 7 () e :

0
1
3

= = = O
== O
—_ Ot =
Gl = = =
=1
I
OO O
—
[y
-
— W= O
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& 9.4.7. Let A be the n x n tridiagonal matrix with all its diagonal entries equal to ¢ and all
1’s on the sub- and super-diagonals. (a) For which values of ¢ is A strictly diagonally
dominant? (b) For which values of ¢ does the Jacobi iteration for Au = b converge to the
solution? What is the rate of convergence? Hint: Use Exercise 8.2.48. (¢) Set ¢ = 2 and
use the Jacobi Method to solve the linear systems K u = e, for n = 5, 10, and 20. Starting
with an initial guess of 0, how many Jacobi iterations does it take to obtain 3 decimal place
accuracy? Does the convergence rate agree with what you computed in part (c)?

9.4.8. Prove that 0 # u € ker A if and only if u is an eigenvector of the Jacobi iteration matrix
with eigenvalue 1. What does this imply about convergence?

$ 9.4.9. Prove that if A is a nonsingular coefficient matrix, then one can always arrange that all
its diagonal entries are nonzero by suitably permuting its rows.

9.4.10. Consider the iterative system (9.42) with spectral radius p(T") < 1. Explain why it

takes roughly —1/log;, p(T') iterations to produce one further decimal digit of accuracy in
the solution.

9.4.11. True or false: If a system Au = b has a strictly diagonally dominant coefficient matrix
A, then the equivalent system obtained by applying an elementary row operation to A also

has a strictly diagonally dominant coefficient matrix.

The Gauss—Seidel Method

The Gauss—Seidel Method relies on a slightly refined implementation of the Jacobi process.
To understand how it works, it will help to write out the Jacobi iteration algorithm (9.51)
in full detail:

u(1k+1) _ t uék) T uék) ot Ugi)l +t,ul® e,
U§k+1) = t21 ng) + t23 uz(),k) + -+ t2,n—1 u;,k—)l + t2n ugbk) + Ca;
k+1 (k k k k
ué ) = tg Uy ) —|—t32ué ) +t3,n71u§L—)l +t3n“£1) + s, (9.57)
uHD = a4 ul) a4 thn—1 ull, Tl

where we are explicitly noting the fact that all the diagonal entries of the coefficient matrix
T vanish. Observe that we are using the entries of the current iterate u®) to compute

all of the updated values of u**1). Presumably, if the iterates u(®) are converging to the
solution u*, then their individual entries are also converging, and so each u§k+1) should be

a better approximation to u} than ulh) s, Therefore, if we begin the kth Jacobi iteration

J
by computing ugkﬂ) using the first equation, then we are tempted to use this new and
improved value to replace ugk) in each of the subsequent equations. In particular, we

employ the modified equation
ug”l) =19 ugkﬂ) + s uék) + 0+ iy, uilk) + ¢,

to update the second component of our iterate. This more accurate value should then be
used to update uékﬂ), and so on.
The upshot of these considerations is the Gauss—Seidel Method

uY =Y el el l® e, =1, m,

(9.58)
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named after Gauss (as usual!) and the German astronomer/mathematician Philipp von

Seidel. At the kth stage of the iteration, we use (9.58) to compute the revised entries

ungrl), ugkﬂ), e ,ugﬁ'l) in their numerical order. Once an entry has been updated, the

new value is immediately used in all subsequent computations.

Example 9.37. For the linear system
Jx+y—z2=3, r—4dy+2z=—1, —2r—y+5z=2,

the Jacobi iteration method was given in (9.46). To construct the corresponding Gauss—
Seidel algorithm we use updated values of z, y, and 2z as they become available. Explicitly,
x(k"‘l) — _il’) y(k) + :1‘) Z(k’) _|_ 1’
yFD) = iz(’ﬂrl) + é 2(k) 4 4117 (9.59)
L(k+1) Ex(k""l) 4 é y(k‘i'l) 4 g

Starting with u(®) = 0, the resulting iterates are

1.0000 1.1333 1.0222 19948

u =1 5000 |, u®=/[ 9833], u®=1{10306]|, u®=]|1.0062],
.9000 1.0500 1.0150 19992
9977 1.0000 1.0001 1.0000

u® =1 9990 |, u®@=/[ 9994 ], u@=110000], u®=]1.0000],
.9989 .9999 1.0001 1.0000

and have converged to the solution, to 4 decimal place accuracy, after only 8 iterations —
as opposed to the 11 iterations required by the Jacobi Method.

Gauss—Seidel iteration is particularly suited to implementation on a serial computer,

since one can immediately replace each component uz(»k) by its updated value uEkH), thereby
also saving on storage in the computer’s memory. In contrast, the Jacobi Method requires
us to retain all the old values u'®) until the new approximation u**% has been computed.
Moreover, Gauss—Seidel typically (although not always) converges faster than Jacobi, mak-
ing it the iterative algorithm of choice for serial processors. On the other hand, with the
advent of parallel processing machines, variants of the parallelizable Jacobi scheme have
been making a comeback.

What is Gauss—Seidel really up to? Let us rewrite the basic iterative equation (9.58) by
multiplying by a,, and moving the terms involving ul**+1) to the left-hand side. In view of
the formula (9.50) for the entries of T', the resulting equation is

(1)

a;, ul (k+1) (k1) _ (k) Szk) b

T Uy Ay Qi jp1Uify — 0 — QU i+

In matrix form, taking (9.53) into account, this reads
(L+ Dyu**t) = —yu® 1+ b, (9.60)

and so can be viewed as a linear system of equations for u**1) with lower triangular
coefficient matrix L + D. Note that the fixed point of (9.60), namely the solution to

(L+D)u=—-Uu+b,
coincides with the solution to the original system

Au=(L+D+U)u=b.
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In other words, the Gauss—Seidel procedure is merely implementing Forward Substitution
to solve the lower triangular system (9.60) for the next iterate:

u(k-l—l) — (L+D)_1Uu(k) + <L+D)_1 b.
The latter is in our more usual iterative form
u ) = Tu® 4 g where T=— (L+D)"'U, ¢=(L+D)'b. (961)

Consequently, the convergence of the Gauss-Seidel iterates is governed by the spectral
radius of their coefficient matrix 7'

Returning to Example 9.37, we have

31 -1 300 01 -1
A= 1 -4 2|, L+D=| 1 -4 0|, U=|00 2
2 -1 5 -2 -1 5 00 O

Therefore, the Gauss—Seidel matrix is

0 —.3333 .3333
T=—(L+D)"'U=|0 -.0833 .5833
0 —.1500 .2500
Its eigenvalues are 0 and .0833 + .24441i, and hence its spectral radius is p(TV ) ~ .2582.
This is roughly the square of the Jacobi spectral radius of .5, which tells us that the
Gauss—Seidel iterations will converge about twice as fast to the solution. This can be
verified by more extensive computations. Although examples can be constructed in which
the Jacobi Method converges faster, in many practical situations Gauss—Seidel tends to
converge roughly twice as fast as Jacobi.

Completely general conditions guaranteeing convergence of the Gauss—Seidel Method
are also hard to establish. But, like the Jacobi Method, it is guaranteed to converge when
the original coefficient matrix is strictly diagonally dominant.

Theorem 9.38. If A is strictly diagonally dominant, then the Gauss—Seidel iteration al-
gorithm for solving Au = b converges.

Proof: Let e®) = u®) — u* denote the kth Gauss-Seidel error vector. As in (9.48), the
error vectors satisfy the linear iterative system et = Tel®) but a direct estimate of
|7« is not so easy. Instead, let us write out the linear iterative system in components:

k41 k+1 k41 k
el( +1) _ t 6(1 ), +tz‘,i—1ez(‘—J1r )+ti,i+1 e§+)1 + o 4ty e®, (9.62)
Let
m(k) — H e(k) Hoo = max{ ‘ egk) |, e |€£Lk) ‘ } (963)

denote the co norm of the kt? error vector. To prove convergence, e*) — 0, it suffices to
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show that m®*) — 0 as k — co. We claim that diagonal dominance of A implies that
mEFD) < sm®), where s=[T] <1 (9.64)

denotes the co matrix norm of the Jacobi matrix T — not the Gauss-Seidel matrix 7' —
which, by (9.56), is less than 1. We infer that m(®) < s¥m(©) — 0as k — oo, demonstrating
the theorem.

To prove (9.64), we use induction on i = 1,...,n. Our induction hypothesis is

[V [ < sm® < m® for j=1,...,i—1

(When ¢ = 1, there is no assumption.) Moreover, by (9.63),

|e§»k)|§m(k) forall j=1,...,n.

We use these two inequalities to estimate | egkﬂ) | from (9.62):

k+1 k41 k+1 k k
e < Pty | 1eM 1 o Py e 1t [ e+ ot | e®))

§(|t¢1|Jr +|tm|)m(k)§5m(k)7

which completes the induction step. As a result, the maximum

mF ) = max{ | T etk }<sm®
also satisfies the same bound, and hence (9.64) follows. Q.E.D.

Example 9.39. For the linear system considered in Example 9.36, the Gauss—Seidel
iterations take the form

N N VORI PO NS
YD = 1) 1) 1) 1
D) = Ty (D) L) 1

WD) = 1) 1O 1) 1
D) = 1y ) 1y (kD) 1

Starting with (9 = 3@ = 2(0) = (0 = (0 = 0, the Gauss-Seidel iterates converge to
the solution x = —.1, y=.7, z=—.6, w=.7, v=—.1, to four decimal places in 11
iterations, again roughly twice as fast as the Jacobi Method. Indeed, the convergence rate
is governed by the corresponding Gauss—Seidel matrix 7, which is

4000 0\ '/0 1010 0 —.2500 0 —.2500 0

1 4 0 0 0 001 01 0 0625 —.2500 0625 —.2500
01 400 00 01 0f=1]0 -.0156 0625 —.2656 .0625
1 01 40 00 0 01 0 .0664 —.0156 1289  —.2656
01 01 4 00 0 00 0 —.0322 .0664 —.0479 1289

Its spectral radius is p(7T') = .3936, which is, as in the previous example, approximately the
square of the spectral radius of the Jacobi coefficient matrix, which explains the speedup
in convergence.
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Exercises

1 -1 4 7

(a) First, solve the equation directly by Gaussian Elimination. (b) Write the Jacobi
iteration in the form x*t1) = Tx(*) 4 ¢. Find the 3 x 3 matrix T and the vector c

4 1 -2 —2
© 9.4.12. Consider the linear system Ax = b, where A = (—1 4 —1) , b= (—1).

explicitly. (c¢) Using the initial approximation x(0) = 0, carry out three iterations of the
Jacobi algorithm to compute x(l),x(Z) and x®). How close are you to the exact solution?
(d) Write the Gauss-Seidel iteration in the form x*+1) = Tx®*) +&. Find the 3 x 3
matrix T and the vector € explicitly. (e) Using the initial approximation x(0) = 0, carry
out three iterations of the Gauss—Seidel algorithm. Which is a better approximation to
the solution — Jacobi or Gauss—Seidel? (f) Determine the spectral radius of the Jacobi
matrix 7', and use this to prove that the Jacobi Method will converge to the solution of
Ax = b for any choice of the initial approximation x(%). (g) Determine the spectral
radius of the Gauss-Seidel matrix 7. Which method converges faster? (h) For the faster
method, how many iterations would you expect to need to obtain 5 decimal place accuracy?
(i) Test your prediction by computing the solution to the desired accuracy.

& 9.4.13. For the strictly diagonally dominant systems in Exercise 9.4.3, starting with the initial
guess ¢ = y = z = 0, compute the solution to 3 decimal places using the Gauss—Seidel
Method. Check your answer by solving the system directly by Gaussian Elimination.

9.4.14. Which of the systems in Exercise 9.4.3 lead to convergent Gauss—Seidel algorithms? In
each case, which converges faster, Jacobi or Gauss—Seidel?

9.4.15.(a) Solve the positive definite linear systems in Exercise 9.4.6 using the Gauss—Seidel
Method to achieve 4 decimal place accuracy.
(b) Compare the convergence rate with that of the Jacobi Method.

c 1 0 0
& 9.4.16. Let A = (1) i i (1) . (a) For what values of ¢ is A strictly diagonally dominant?
0 0 1 ¢

(b) Use a computer to find the smallest positive value of ¢ > 0 for which Jacobi iteration
converges. (c¢) Find the smallest positive value of ¢ > 0 for which Gauss—Seidel iteration
converges. Is your answer the same? (d) When they both converge, which converges faster
— Jacobi or Gauss—Seidel? How much faster? Does your answer depend upon the value of
c?

& 9.4.17. Consider the linear system
24x — 8y + .8z =1, —.6x+3.6y—.62=0, 152+ 14.4y — 3.6z = 0.

Show, by direct computation, that Jacobi iteration converges to the solution, but Gauss—
Seidel does not.

# 9.4.18. Discuss convergence of Gauss—Seidel iteration for the system

5x+Ty+62z+ 5w =23, 6x+8y+ 10z 4+ 9w = 33,
Tz + 10y + 8z + Tw = 32, 5+ 7y +9z+ 10w = 31.
2 4 —4
9.4.19. Let A=[3 3 3 |. Find the spectral radius of the Jacobi and Gauss—Seidel
2 2 1

iteration matrices, and discuss their convergence.

® 9.4.20. Consider the linear system Hzu = e, where Hy is the 5 x 5 Hilbert matrix. Does the
Jacobi Method converge to the solution? If so, how fast? What about Gauss—Seidel?
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{ 9.4.21. How many arithmetic operations are needed to perform k steps of the Jacobi iteration?
What about Gauss—Seidel? Under what conditions is Jacobi or Gauss—Seidel more efficient
than Gaussian Elimination?

& 9.4.22. Consider the linear system Ax = e; based on the 10 x 10 pentadiagonal matrix
z —1 1 0
-1 z —1 1 0
1 -1 z —1 1 0

A= 0 1 -1 z —1 1
0 1 -1 z —1

0 1 -1

(a) For what values of z are the Jacobi and Gauss—Seidel Methods guaranteed to converge?
(b) Set z = 4. How many iterations are required to approximate the solution to 3 decimal
places? (c¢) How small can |z | be before the methods diverge?

& 9.4.23. The naive iterative method for solving Au = b is to rewrite it in fixed point form
u=Tu+c, whereT =1 — A and c = b. (a) What conditions on the eigenvalues of A
ensure convergence of the naive method? (b) Use the Gershgorin Theorem 8.16 to prove

8 -1 -1 T 1
that the naive method converges to the solution to (.2 1.5 — .1) (y) = (—1) .
(¢) Check part (b) by implementing the method. 2 -1 10 z 2

Successive Over-Relaxation

As we know, the smaller the spectral radius (or matrix norm) of the coefficient matrix,
the faster the convergence of the iterative algorithm. One of the goals of researchers in
numerical linear algebra is to design new methods for accelerating the convergence. In his
1950 thesis, the American mathematician David Young discovered a simple modification of
the Jacobi and Gauss—Seidel Methods that can, in favorable situations, lead to a dramatic
speedup in the rate of convergence. The method, known as Successive Over-Relazation,
and often abbreviated SOR, has become the iterative method of choice in a range of modern
applications, [21, 86]. In this subsection, we provide a brief overview.

In practice, finding the optimal iterative algorithm to solve a given linear system is as
hard as solving the system itself. Therefore, numerical analysts have relied on a few tried
and true techniques for designing iterative schemes that can be used in the more common
applications. Consider a linear algebraic system Au = b. Every decomposition of the
coefficient matrix into the difference of two matrices,

A=M — N, (9.65)
leads to an equivalent system of the form
Mu=Nu+b. (9.66)
Provided that M is nonsingular, we can rewrite the preceding system in fixed point form:
u=M'Nu+M'b=Tu+c, where T =M"!'N, c¢=M"1'b.

Now, we are free to choose any such M, which then specifies N = A— M uniquely. However,
for the resulting iterative method u**1) = T'u®) 4+ ¢ to be practical we must arrange that
(a) T = M~1N is a convergent matrix, and
(b) M can be easily inverted.
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The second requirement ensures that the iterative equations
Mu**+Y = Nu® 4+ b (9.67)

can be solved for u**t1) with minimal computational effort. Typically, this requires that
M be either a diagonal matrix, in which case the inversion is immediate, or lower or upper
triangular, in which case one employs Forward or Back Substitution to solve for u(*+1.

With this in mind, we now introduce the SOR Method. It relies on a slight generalization
of the Gauss—Seidel decomposition (9.60) of the matrix into lower triangular and strictly
upper triangular parts. The starting point is to write

A:L+D+U=[L—i—aD}—[(a—l)D—U], (9.68)
where 0 # « is an adjustable scalar parameter. We decompose the system Au = b as
(L+aDju=[(a—=1)D~-U]u+b. (9.69)

It turns out to be slightly more convenient to divide (9.69) through by « and write the
resulting iterative system in the form

(WL+D)u* = [(1-w)D—-wU]u® +wb, (9.70)

where w = 1/« is called the relazation parameter. Assuming, as usual, that all diagonal
entries of A are nonzero, the matrix w L + D is an invertible lower triangular matrix, and
so we can use Forward Substitution to solve the iterative system (9.70) to recover u(**1.
The explicit formula for its ith entry is

(k+1) (k+1) (k+1)

U; =wtpup Tt Wl Uy +(1 - w)u”

(9.71)

n

twi; i Ugi)l + o Fwtul) fwe,

where ¢, y and c¢; denote the original Jacobi values (9.50). As in the Gauss-Seidel approach,
we update the entries uEkH in numerical order ¢ = 1,...,n. Thus, to obtain the SOR
scheme (9.71), we merely multiply the right-hand side of the Gauss—Seidel system (9.58)

by the adjustable relaxation parameter w and append the diagonal term (1 — w) ugk). In
particular, if we set w = 1, then the SOR Method reduces to the Gauss—Seidel Method.
Choosing w < 1 leads to an under-relaxed method, while w > 1, known as over-relazation,
is the preferred choice in most practical instances.

To analyze the SOR algorithm in detail, we rewrite (9.70) in the fixed point form
ub D =7 u® 4 (9.72)
where
T,=wL+D) ' [(1-w)D-wU], c,=wL+D)  wh. (9.73)

The rate of convergence is governed by the spectral radius of the matrix 7,,. The goal

is to choose the relaxation parameter w so as to make the spectral radius of 7, as small
as possible. As we will see, a clever choice of w can result in a dramatic speedup in the
convergence rate. Let us look at an elementary example.

2

Example 9.40. Consider the matrix A = <1

A=L+ D+ U, where

(09) o= (30) e=(3 )

_;>, which we decompose as
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Jacobi iteration is based on the coefficient matrix
0 1
T:-Dl(L+U):<1 2).
> 0

Its spectral radius is p(7') = .5, and hence the Jacobi Method takes, on average, roughly
—1/log,, .5 ~ 3.3 iterations to produce each new decimal place in the solution.

The SOR Method (9.70) takes the explicit form

2 0\ ety _ (20-w) w (})
(—w 2)“ =0 20-w))u T

where Gauss—Seidel is the particular case w = 1. The SOR coeflicient matrix is

Tw:(i 3)1(2(10@ 2<1ww>):<;wl<1ww> i(zéww)'

To compute the eigenvalues of T, we form its characteristic equation:
0=det(T, - A1) =X —(2-2w+ ) A+ (1-w)?=A+w—-1)>— ] Au? (9.74)
Our goal is to choose w such that

(a) both eigenvalues are less than 1 in modulus, so | A; |,| Ay | < 1. This is the minimal
requirement for convergence of the method.

(b) the largest eigenvalue (in modulus) is as small as possible. This will give the
smallest spectral radius for 7|, and hence the fastest convergence rate.

By (8.26), the product of the two eigenvalues is the determinant,
My, =detT, = (1— w)?.

If w<0orw>2, then detT, > 1, and hence at least one of the eigenvalues would have
modulus larger than 1. Thus, in order to ensure convergence, we must require 0 < w < 2.
For Gauss—Seidel, at w = 1, the eigenvalues are A; = }L, Ay = 0, and the spectral radius is
p(T;) = .25. This is exactly the square of the Jacobi spectral radius, and hence the Gauss—
Seidel iterates converge twice as fast; so it takes, on average, only about —1/log, .25 ~ 1.66
Gauss—Seidel iterations to produce each new decimal place of accuracy. It can be shown
(Exercise 9.4.32) that as w increases above 1, the two eigenvalues move along the real axis
towards each other. They coincide when

w=w, =8—4V3 ~ 1.07,  at which point A\, =\, =w, —1=.07=p(T,),

*

which is the convergence rate of the optimal SOR Method. Each iteration produces slightly
more than one new decimal place in the solution, which represents a significant improve-
ment over the Gauss—Seidel convergence rate. It takes about twice as many Gauss—Seidel
iterations (and four times as many Jacobi iterations) to produce the same accuracy as this
optimal SOR Method.

Of course, in such a simple 2 x 2 example, it is not so surprising that we can construct
the best value for the relaxation parameter by hand. Young was able to find the optimal
value of the relaxation parameter for a broad class of matrices that includes most of those
arising in the finite difference and finite element numerical solutions to ordinary and partial
differential equations, [61]. For the matrices in Young’s class, the Jacobi eigenvalues
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occur in signed pairs. If +p are a pair of eigenvalues for the Jacobi Method, then the
corresponding eigenvalues of the SOR iteration matrix satisfy the quadratic equation

A +w—1)2 = ?p2 (9.75)

If w = 1, so we have standard Gauss—Seidel, then A\? = X 2, and so the eigenvalues are
A =0, A = 2. The Gauss-Seidel spectral radius is therefore the square of the Jacobi
spectral radius, and so (at least for matrices in the Young class) its iterates converge twice
as fast. The quadratic equation (9.75) has the same properties as in the 2 x 2 version (9.74)
(which corresponds to the case u = ;), and hence the optimal value of w will be the one
at which the two roots are equal:

2—24/1—p? 2
M=A=w-—1, which occurs when w = \/2 - .
I 14 /1 —p?
Therefore, if p; = max|pu| denotes the spectral radius of the Jacobi Method, then the
Gauss—Seidel has spectral radius p;g = p%, while the SOR Method with optimal relaxation
parameter

2 has spectral radi 1 9.76
w, = , as spectral radius =w, — 1. )
/103 P * (9.76)
For example, if p; = .99, which is rather slow convergence (but common for iterative
numerical solution schemes for partial differential equations), then p,gq = .9801, which is
twice as fast, but still quite slow, while SOR with w, = 1.7527 has p, = .7527, which is
dramatically faster’. Indeed, since p, ~ (pgg)** =~ (p;)?8, it takes about 14 Gauss—Seidel
(and 28 Jacobi) iterations to produce the same accuracy as one SOR step. It is amazing
that such a simple idea can have such a dramatic effect.

Exercises

© 9.4.24. Consider the linear system Au = b, where A = <§ Zl%)’ b= <g)

(a) What is the solution? (b) Discuss the convergence of the Jacobi iteration method.
(c) Discuss the convergence of the Gauss—Seidel iteration method. (d) Write down the
explicit formulas for the SOR Method. (e) What is the optimal value of the relaxation
parameter w for this system? How much faster is the convergence as compared to the
Jacobi and Gauss—Seidel Methods? (f) Suppose your initial guess is u® = 0. Give an
estimate as to how many steps each iterative method (Jacobi, Gauss—Seidel, SOR) would
require in order to approximate the solution to the system to within 5 decimal places.
(g) Verify your answer by direct computation.

® 9.4.25. In Exercise 9.4.18 you were asked to solve a system by Gauss—Seidel. How much
faster can you design an SOR scheme to converge? Experiment with several values of the
relaxation parameter w, and discuss what you find.

# 9.4.26. Investigate the three basic iterative techniques — Jacobi, Gauss—Seidel, SOR — for
solving the linear system K*u* = f* for the cubical circuit in Example 6.4.

T More precisely, since the SOR matrix is not necessarily diagonalizable, the overall convergence
rate is slightly slower than the spectral radius. However, this technical detail does not affect the
overall conclusion.
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& 9.4.27. Consider the linear system
de—y—z=1 —z4+4y—w=2, —z+4z—w=0, —y—z+4w=1.
(a) Find the solution by using Gaussian Elimination and Back Substitution. (b) Using
0 as your initial guess, how many iterations are required to approximate the solution to
within five decimal places using (i) Jacobi iteration? (i) Gauss—Seidel iteration? Can
you estimate the spectral radii of the relevant matrices in each case? (c¢) Try to find the
solution by using the SOR Method with the parameter w taking various values between .5

and 1.5. Which value of w gives the fastest convergence? What is the spectral radius of the
SOR matrix?

& 9.4.28.(a) Find the spectral radius of the Jacobi and Gauss—Seidel iteration matrices when

2 1 0 0
A= é % % (1) . (b) Is A strictly diagonally dominant? (c¢) Use (9.76) to fix the
0 0 1 2

optimal value of the SOR parameter. Verify that the spectral radius of the resulting
iteration matrix agrees with the second formula in (9.76). (d) For each iterative method,
predict how many iterations are needed to solve the linear system Ax = e; to 4 decimal
places, and then verify your predictions by direct computation.

2 -1 0 0
& 9.4.29. Change the matrix in Exercise 9.4.28 to A = é % _5 _? , and answer the
0 0 1 2

same questions. Does the SOR Method with parameter given by (9.76) speed the iterations
up? Why not? Can you find a value of the SOR parameter that does?

& 9.4.30. Consider the linear system Au = e, in which A is the 8 x 8 tridiagonal matrix with
all 2’s on the main diagonal and all —1’s on the sub- and super-diagonals. (a) Use Exercise
8.2.47 to find the spectral radius of the Jacobi iteration method to solve Au = b. Does the
Jacobi Method converge? (b) What is the optimal value of the SOR parameter based on
(9.76)? How many Jacobi iterations are needed to match the effect of a single SOR step?
(¢) Test out your conclusions by using both Jacobi and SOR to approximate the solution
to 3 decimal places.

& 9.4.31. How much can you speed up the convergence of the iterative solution to the
pentadiagonal linear system in Exercise 9.4.22 when z = 4 using SOR? Discuss.

{ 9.4.32. For the matrix treated in Example 9.40, prove that (a) as w increases from 1 to
8 — 44/3, the two eigenvalues move towards each other, with the larger one decreasing in
magnitude; (b) if w > 8— 4+/3, the eigenvalues are complex conjugates, with larger modulus

than the optimal value. (c) Can you conclude that w, = 8 — 4+/3 is the optimal value for
the SOR parameter?

4 -1 0 -1 0 0 0 0 0
-1 4 -1 0 -1 0 0 0 0
0 -1 4 0 0 -1 0 0 0
—1 0 0 4 -1 0 -1 0 0
& 9.4.33. The matrix A = 0 -1 0 -1 4 -1 0 -1 0 | arises in the finite
0 0 -1 0 -1 4 0 0 -1
0 0 0 -1 0 0 4 -1 0
0 0 0 0 -1 0 -1 4 -1
0 0 0 0 0 -1 0 -1 4

difference (and finite element) discretization of the Poisson equation on a nine point square
grid. Solve the linear system Au = ey using (a) Gaussian Elimination; (b) Jacobi

iteration; (¢) Gauss—Seidel iteration; (d) SOR based on the Jacobi spectral radius.
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2 2

& 9.4.34. The generalization of Exercise 9.4.33 to an n X n grid results in an n“ X n° matrix in
K -1
—1 K -1
block tridiagonal form A = 1 K —1I , in which K is the tridiagonal

n X n matrix with 4’s on the main diagonal and —1’s on the sub- and super-diagonals,
while T denotes the n x n identity matrix. Use the known value of the Jacobi spectral

radius p; = cos : 1 [86], to design an SOR Method to solve the linear system Au = f.
n

Run your method on the cases n =5 and f = e, 5 and n = 25 and f = e3;5 corresponding to
a unit force at the center of the grid. How much faster is the convergence rate of SOR than
Jacobi and Gauss—Seidel?

© 9.4.35. If u® is an approximation to the solution to Au = b, then the residual vector
r*) = b — 4u® measures how accurately the approximation solves the system.
(a) Show that the Jacobi iteration can be written in the form ulF D) = y®) 4 p=1p(k),
(b) Show that the Gauss—Seidel iteration has the form ulF D) = gF) 4 (L+ D)_lr(k).
(c) Show that the SOR iteration has the form uFHD) = k) 4 (wL + D)flr(k).
(

d) If | r®) || is small, does this mean that u®) is close to the solution? Explain your answer
and illustrate with a couple of examples.

9.4.36. Let K be a positive definite n x n matrix with eigenvalues A\; > Ay > --- > X > 0. For
what values of € does the iterative system ulF D) = y) 4 sr(k), where r®) = £ — Ku® is

the current residual vector, converge to the solution to the linear system Ku = f? What is
the optimal value of ¢, and what is the convergence rate?

9.5 Numerical Computation of Eigenvalues

The importance of the eigenvalues of a square matrix in a broad range of applications is
amply demonstrated in this chapter and its successor. However, finding the eigenvalues
and associated eigenvectors is not such an easy task. The direct method of constructing the
characteristic equation of the matrix through the determinantal formula, then solving the
resulting polynomial equation for the eigenvalues, and finally producing the eigenvectors
by solving the associated homogeneous linear system, is hopelessly inefficient, and fraught
with numerical pitfalls. We are in need of a completely new idea if we have any hopes of
designing efficient numerical approximation schemes.

In this section, we develop a few of the most basic numerical algorithms for computing
eigenvalues and eigenvectors. All are iterative in nature. The most direct are based on the
connections between the eigenvalues and the high powers of a matrix. A more sophisticated
approach, based on the @ R factorization that we learned in Section 4.3, will be presented
at the end of the section. Additional computational methods for eigenvalues will appear
in the following Section 9.6.

The Power Method

We have already noted the role played by the eigenvalues and eigenvectors in the solution to
linear iterative systems. Now we are going to turn the tables, and use the iterative system
as a mechanism for approximating the eigenvalues, or, more correctly, selected eigenvalues

of the coefficient matrix. The simplest of the resulting computational procedures is known
as the Power Method.
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We assume, for simplicity, that A is a complete’ n x n matrix. Let vy,...,V, denote its
eigenvector basis, and A,..., A, the corresponding eigenvalues. As we have learned, the
solution to the linear iterative system

vEFD = Ay(k) v =, (9.77)

is obtained by multiplying the initial vector v by the successive powers of the coefficient
matrix: v(¥) = A¥v. If we write the initial vector in terms of the eigenvector basis

v=cvy+ - ¢, v, (9.78)
then the solution takes the explicit form given in Theorem 9.4, namely

v = Aby = Mv, + e Moy (9.79)

n n n*

Suppose further that A has a single dominant real eigenvalue, X\, that is larger than all
others in magnitude, so

[ A ] > \)\j | for all 7> 1. (9.80)

As its name implies, this eigenvalue will eventually dominate the iteration (9.79). Indeed,

since
A 1> A 1F forall j>1 andall k>0,

the first term in the iterative formula (9.79) will eventually be much larger than the rest,
and so, provided ¢, # 0,

v~ e by, for k> 0.

Therefore, the solution to the iterative system (9.77) will, almost always, end up being a
multiple of the dominant eigenvector of the coefficient matrix.

To compute the corresponding eigenvalue, we note that the ith entry of the iterate v(*)
(k)

is approximated by v;"’ =~ ¢; A} vy ;, where v, ; is the 7't entry of the eigenvector v;. Thus,
as long as vy ; # 0, we can recover the dominant eigenvalue by taking a ratio between

selected components of successive iterates:

(k)
v, . k—1
Al 51 provided that 1)2( ) #0. (9.81)
-1 2 2
Example 9.41. Consider the matrix A= | —1 —4 —2 |. As you can check, its
eigenvalues and eigenvectors are -3 9 7
1 0 -1
A =3, vi=1|-11], Ay = —2, Vo = 11, Ay =1, vy = 1
3 -1 -2

Repeatedly multiplying the initial vector v = (1,0,0)T by A results in the iterates
v(¥) = APFv listed in the accompanying table. The last column indicates the ratio
AF) = vik)/vY%D between the first components of successive iterates. (One could equally

is is n very severe restriction. st matrices ar m . reover rturbations
T This is not a very severe restriction. Most matrices are complete Moreover, perturbations
caused by round-off and/or numerical inaccuracies will almost invariably make an incomplete
matrix complete.
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k v(k) A(F)
0 1 0 0

1 -1 -1 -3 —1.

2 -7 11 —27 7.

3 —25 17 —69 3.5714
4 —79 95 —255 3.1600
) —241 209 —693 3.0506
6 —727 791 —2247 3.0166
7 —2185 2057 —6429 3.0055
8 —6559 6815 —19935 3.0018
9 —19681 19169 —58533 3.0006
10 —59047 60071 —178167 3.0002
11 —177145 175097 —529389 3.0001
12 —531439 535535 —1598415 3.0000

well use the second or third components.) The ratios are converging to the dominant
eigenvalue A, = 3, while the vectors v(¥) are converging to a very large multiple of the
corresponding eigenvector v, = (1,—1,3 )T.

The success of the Power Method lies in the assumption that A has a unique dominant
eigenvalue of maximal modulus, which, by definition, equals its spectral radius: | A, | =
p(A). The rate of convergence of the method is governed by the ratio | A,/\; | between
the subdominant and dominant eigenvalues. Thus, the farther the dominant eigenvalue
lies away from the rest, the faster the Power Method converges. We also assumed that the
initial vector v(®) includes a nonzero multiple of the dominant eigenvector, i.e., ¢, #0. As
we do not know the eigenvectors, it is not so easy to guarantee this in advance, although
one must be quite unlucky to make such a poor choice of initial vector. (Of course, the
stupid choice v(9 = 0 is not counted.) Moreover, even if ¢; happens to be 0 initially,
numerical round-off error will typically come to one’s rescue, since it will almost inevitably
introduce a tiny component of the eigenvector v, into some iterate, and this component
will eventually dominate the computation. The trick is to wait long enough for it to appear!

Since the iterates of A are, typically, getting either very large — when p(A4) > 1 —
or very small — when p(A) < 1 — the iterated vectors will be increasingly subject to
numerical overflow or underflow, and the method may break down before a reasonable
approximation is achieved. One way to avoid this outcome is to restrict our attention
to unit vectors relative to a given norm, e.g., the Euclidean norm or the co norm, since
their entries cannot be too large, and so are less likely to cause numerical errors in the
computations. As usual, the unit vector u®*) = ||v(*)||=1 v(¥) is obtained by dividing the
iterate by its norm; it can be computed directly by the modified iterative algorithm

v Aul®

0) — (k+1) _
ut = v | and u = | Au® | (9.82)

If the dominant eigenvalue is positive, A\; > 0, then u) — u, will converge to one of the



9.5 Numerical Computation of Eigenvalues 525

k ul®) A

0 1 0 0

1 —.3015 —.3015 —.9045 —1.0000
2 —.2335 .3669 —.9005 7.0000
3 —.3319 2257 —.9159 3.50714
4 —.2788 .3353 —.8999 3.1600
5 —.3159 .2740 —.9084 3.0506
6 —.2919 3176 —.9022 3.0166
7 —.3080 .2899 —.9061 3.0055
8 —.2973 .3089 —.9035 3.0018
9 —.3044 .2965 —.9052 3.0006
10 —.2996 .3048 —.9041 3.0002
11 —.3028 .2993 —.9048 3.0001
12 —.3007 .3030 —.9043 3.0000

two dominant unit eigenvectors (the other is —u,). If A\; < 0, then the iterates will switch
back and forth between the two eigenvectors, so u(®) ~ +u,. In either case, the dominant
eigenvalue )\, is obtained as a limiting ratio between nonzero entries of Au® and u®).
If some other sort of behavior is observed, it means that one of our assumptions is not
valid; either A has more than one dominant eigenvalue of maximum modulus, e.g., it has
a complex conjugate pair of eigenvalues of largest modulus, or it is not complete. In such
cases, one can apply the more general long term behavior described in Exercise 9.2.8 to
pin down the dominant eigenvalues.

Example 9.42. For the matrix considered in Example 9.41, starting the iterative sys-

tem (9.82) with u® = (1,0,0)", the resulting unit vectors are tabulated above. The

last column, being the ratio between the first components of Au*~1 and u*~1, again
converges to the dominant eigenvalue A\; = 3.

Variants of the Power Method for computing the other eigenvalues of the matrix are
explored in the exercises.

Remark. See Wilkinson, [90; Chapter 2] for the perturbation theory of eigenvalues, i.e.,
how they can behave under small perturbations of the matrix. Wilkinson defines a spectral
condition number to equal the product of the norms of the matrix used to place the
matrix in Jordan canonical form and its inverse. The larger the spectral condition number,
the more the eigenvalues deviate under perturbation. In particular symmetric matrices
have spectral condition number = 1, and so their eigenvalues are well behaved under
perturbations. He also gives examples of highly ill-conditioned matrices. Similarly, in
[69; Section 3.3], Saad defines a condition number for an individual simple eigenvalue, and
proves that it is the reciprocal of the cosine of the angle between its eigenvectors and
co-eigenvectors (left eigenvectors).
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Exercises

& 9.5.1. Use the Power Method to find the dominant eigenvalue and associated eigenvector of the
following matrices:

1 o 5 3 -1 0 -2 01
(a)< 3 4)7 (b) <_3 0>7 (C) (é _? 7:1)) ’ (d) :g 7? 91 )

-1 -2 =2 2 2 1 _? _; _(1) 8

(e) 1 2 5 7(f) 13 1], (g) 0 1 ) 1|’ (h)
1 4 0 2 2 2 - a
0 0 -1 2

— O o
O = o=
=k = O
== O

& 9.5.2. Use the Power Method to find the largest singular value of the following matrices:

3 1 -1
1 2 2 1 -1 2 2 1 -1
2 -1 1
& 9.5.3. Let T,, be the tridiagonal matrix whose diagonal entries are all equal to 2 and whose
sub- and super-diagonal entries all equal 1. Use the Power Method to find the dominant

eigenvalue of T;, for n = 10, 20,50. Do your values agree with those in Exercise 8.2.477 How
many iterations do you require to obtain 4 decimal place accuracy?

& 9.5.4. Prove that, for the iterative method (9.82), HAu(k) | = | Ay |- Assuming \; is real,
explain how to deduce its sign.

$ 9.5.5. The Inverse Power Method. Let A be a nonsingular matrix. (a) Show that the
eigenvalues of A~ are the reciprocals 1/X of the eigenvalues of A. How are the eigenvectors

related? (b) Show how to use the Power Method on A~! to produce the smallest
(in modulus) eigenvalue of A. (¢) What is the rate of convergence of the algorithm?

(d) Design a practical iterative algorithm based on the (permuted) LU decomposition of A.

& 9.5.6. Apply the Inverse Power Method of Exercise 9.5.7 to the find the smallest eigenvalue of
the matrices in Exercise 9.5.1.

$ 9.5.7. The Shifted Inverse Power Method. Suppose that u is not an eigenvalue of A.

(a) Show that the iterative system ulFt) = (A—pu I)_lu(k) converges to the eigenvector
of A corresponding to the eigenvalue \* that is closest to u. Explain how to find the

eigenvalue \*. (b) What is the rate of convergence of the algorithm? (c¢) What happens if
1 is an eigenvalue?

& 9.5.8. Apply the Shifted Inverse Power Method of Exercise 9.5.7 to the find the eigenvalue
closest to p = .5 of the matrices in Exercise 9.5.1.

9.5.9. Suppose that Au® = 0 in the iterative procedure (9.82). What does this indicate?

& 9.5.10. (i) Explain how to use the Deflation Method of Exercise 8.2.51 to find the
subdominant eigenvalue of a nonsingular matrix A. (i) Apply your method to the
matrices listed in Exercise 9.5.1.

The QR Algorithm

As stated, the Power Method produces only the dominant (largest in magnitude) eigenvalue
of a matrix A. The Inverse Power Method of Exercise 9.5.5 can be used to find the smallest
eigenvalue. Additional eigenvalues can be found by using the Shifted Inverse Power Method
of Exercise 9.5.7, or the Deflation Method of Exercise 9.5.10. However, if we need to know
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all the eigenvalues, such piecemeal methods are too time-consuming to be of much practical
value.

The most popular scheme for simultaneously approximating all the eigenvalues of a
matrix A is the remarkable Q R algorithm, first proposed in 1961 by John Francis, [29],
and Vera Kublanovskaya, [51]. The underlying idea is simple, but surprising. The first
step is to factor the matrix

A=A, =QyR,
into a product of an orthogonal matrix @), and a positive (i.e., with all positive entries along
the diagonal) upper triangular matrix R, by using the Gram-Schmidt orthogonalization
procedure of Theorem 4.24, or, even better, the numerically stable version described in
(4.28). Next, multiply the two factors together in the wrong order! The result is the new
matrix

A, = RyQ,.
We then repeat these two steps. Thus, we next factor
A =Q Ry

using the Gram—Schmidt process, and then multiply the factors in the reverse order to
produce

A, = R, Q.
The complete algorithm can be written as
A=Ay = Qy Ry, Appr = B Qp = Qppy Ry k=0,1,2,..., (9.83)

where @, R, come from the previous step, and the subsequent orthogonal matrix @,
and positive upper triangular matrix R, are computed directly from A, , = R, Q, by
applying the numerically stable form of the Gram—Schmidt algorithm.

The astonishing fact is that, for many matrices A with all real eigenvalues, the iterates
A;, — V converge to an upper triangular matrix V' whose diagonal entries are the eigenval-
ues of A. Thus, after a sufficient number of iterations, say m, the matrix A, will have very
small entries below the diagonal, and one can read off a complete system of (approximate)
eigenvalues along its diagonal. For each eigenvalue, the computation of the corresponding
eigenvector can be most efficiently accomplished by applying the Shifted Inverse Power
Method of Exercise 9.5.7 with parameter p chosen near the computed eigenvalue.

2 1

Example 9.43. Consider the matrix A = ( 9 3

ization A = Qy R, yields

Q, ~ 7071 —=.7071 R~ 2.8284 2.8284
0\ .7071 7071 ) 0= 0 1.4142 ) -

). The initial Gram—Schmidt factor-

These are multiplied in the reverse order to give

4 0
w=ma= (1)
We refactor A; = @ R, via Gram—Schmidt, and then reverse multiply to produce
Q, ~ 9701 —.2425 R~ 4.1231 .2425
L=\ .2425 9701 /) L= 0 9701 )’
4.0588 —.7647
Ay =By Q= ( .2353 .9412) ’
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The next iteration yields
Q, ~ 9983 —.0579 R~ 4.0656 —.7090
27 \.0579 9983 )’ 2= 0 9839 )’

40178 —.9431
A3 = FyQr = ( 0569 .9822) '

Continuing in this manner, after 9 iterations we obtain, to four decimal places,

1 0 4 -1 4 -1
ng(o 1>, R9:<0 1>, AIO—R9Q9:<O 1).

The eigenvalues of A, namely 4 and 1, appear along the diagonal of A,,. Additional
iterations produce very little further change, although they can be used for increasing the
numerical accuracy of the computed eigenvalues.

If the original matrix A happens to be symmetric and positive definite, then the limiting
matrix A, — V = A is, in fact, the diagonal matrix containing the eigenvalues of A.
Moreover, if, in this case, we recursively define

S =5,1Q,=0QpQ; - Qp_10y, (9.84)

which then have, as their limit, S;, — S, an orthogonal matrix, whose columns are the
orthonormal eigenvector basis of A.

2 1 0
Example 9.44. Consider the symmetric matrix A= | 1 3 —1|. The initial
A = Qy R, factorization produces 0 -1 6
.8944 —.4082 —.1826 2.2361 2.2361 —.4472
Sop=Q = | 4472 .8165 .3651 |, Ry~ 0 2.4495  —3.2660 | ,
0 —.4082 19129 0 0 5.1121
and so
3.0000 1.0954 0
A =RyQ,~ | 1.0954 3.3333 —2.0870
0 —2.0870  4.6667
We refactor A; = @, R, and reverse multiply to produce
9393 —.2734 —.2071 7001  —.4400 —.5623
Q, ~ | .3430 .7488 .b672 |, Sy =5,Q, ~ .7001 .2686 6615 |,
0 —.6038 7972 —.1400 —.8569 .4962
3.1937 2.1723  —.7158 3.7451 1.1856 0
R, ~ 0 3.4565  —4.3804 |, Ay =R, Q; ~ | 1.1856 5.2330 —1.5314
0 0 2.5364 0 —1.5314 2.0219
Continuing in this manner, after 10 iterations we have
1.0000  —.0067 0 0753 —.5667 —.8205
Qo ~ .0067 1.0000  .0001 |, Sio 3128 —.7679 5591 |,
0 —.0001 1.0000 —.9468 —.2987 1194
6.3229  .0647 0 6.3232 .0224 0
Ry~ 0 3.3582 —.0006 |, A~ 0224 3.3581 —.0002

0 0 1.3187 0 —.0002 1.3187
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After 20 iterations, the process has completely settled down, and

1 0 0 0710 —.5672 —.8205
QRyp~|0 1 0], Sy 3069 —.7702 5590 |,
0 0 1 —.9491 —.2915 1194
6.3234  .0001 0 6.3234 0 0
Ry ~ 0 3.3579 0 , Ay > 0 3.3579 0

0 0 1.3187 0 0 1.3187

The eigenvalues of A appear along the diagonal of A,,, while the columns of S, are the
corresponding orthonormal eigenvector basis, listed in the same order as the eigenvalues,
both correct to 4 decimal places.

We will devote the remainder of this section to a justification of the Q) R algorithm for
a class of matrices. We will assume that A is symmetric, and that its (necessarily real)
eigenvalues satisfy

A > A > - > A, | >0. (9.85)
According to the Spectral Theorem 8.38, the corresponding unit eigenvectors uy,...,u,
(in the Euclidean norm) form an orthonormal basis of R™. Our analysis can be adapted to
a broader class of matrices, but this will suffice to expose the main ideas without unduly
complicating the exposition.

The secret is that the @ R algorithm is, in fact, a well-disguised adaptation of the more
primitive Power Method. If we were to use the Power Method to capture all the eigenvectors
and eigenvalues of A, the first thought might be to try to perform it simultaneously on
a complete basis v(lo), . ,V%O) of R™ instead of just one individual vector. The problem
is that, for almost all vectors, the power iterates vﬁk) = AF V;»O) all tend to a multiple of
the dominant eigenvector u;. Normalizing the vectors at each step, as in (9.82), is not
any better, since then they merely converge to one of the two dominant unit eigenvectors
+u,. However, if, inspired by the form of the eigenvector basis, we orthonormalize the
vectors at each step, then we effectively prevent them from all accumulating at the same
dominant unit eigenvector, and so, with some luck, the resulting vectors will converge to the
full system of eigenvectors. Since orthonormalizing a basis via the Gram—Schmidt process
is equivalent to a @ R matrix factorization, the mechanics of the algorithm becomes less
surprising.

In detail, we start with any orthonormal basis, which, for simplicity, we take to be the

standard basis vectors of R™, and so ugo) =e, ... ,u%o) = e,. At the k't stage of the
algorithm, we set u(lk)7 ceey ug“) to be the orthonormal vectors that result from applying

the Gram—Schmidt algorithm to the power vectors ng) = AF e;. In matrix language, the
vectors vgk), e VSL'“) are merely the columns of A%, and the orthonormal basis ugk), ey ug“)
are the columns of the orthogonal matrix S, in the @ R decomposition of the kth power of
A, which we denote by

Ak =8, P, (9.86)
where P, is positive upper triangular, meaning all its diagonal entries are positive. Note
that, in view of (9.83)

A= QORO? A% = QOROQORO = Q0Q1R1R07
A® = QOROQOROQORO = Q0Q1R1Q1R1Ro = Q0Q1Q232R1R0a

and, in general,

Ak:(Qle "'Qk—l)(Rk—l "'RlRo)' (9-87)
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Proposition 4.23 tells us that the product of orthogonal matrices is also orthogonal. The
product of positive upper triangular matrices is also positive upper triangular. Therefore,
comparing (9.86,87) and invoking the uniqueness of the @ R factorization, we conclude
that

S =0QpQ1 - Qu_1 = 5,1 Qp_1: P.=R,_, - RiRy=Ry_1F,_,. (9.88)

Let S = (u; uy ... u,, ) denote an orthogonal matrix whose columns are unit eigenvec-
tors of A. The Spectral Theorem 8.38 tells us that

A=S8AST, where A =diag(A,...,\,)
is the diagonal eigenvalue matrix. Substituting the spectral factorization into (9.86) yields
AP =SAF ST =5, P,.

We now make one additional assumption on the matrix A by requiring that ST be a
regular matrix, meaning that it can be factored, ST = LU, as the product of a lower
unitriangular matrix and an upper triangular matrix. We can further assume, without loss
of generality, that the diagonal entries of U — that is, the pivots of ST — are all positive.
Indeed, by Exercise 1.3.31, this can be arranged by multiplying each row of ST by the sign
of its pivot, which amounts to possibly replacing some of the unit eigenvectors u; by their
negatives —uy, which is allowed, since it does not affect their status as an orthonormal
eigenvector basis. Regularity of S7 holds generically, and is the analogue of the condition
that our initial vector in the Power Method includes a nonzero component of the dominant
eigenvector.

Under these two assumptions,

Ak = SAPLU = S, P, and hence SA*L =8, P U
Multiplying on the right by A~F, we obtain
SA*LAF =5, T, where T,=P,U'AF (9.89)

is also a positive upper triangular matrix, since P,, U, A are all of that form.
Now consider what happens as k — oo. The entries of the lower triangular matrix
N =A*LA™F are
lij()‘i/)‘j)k) i > ],
ng; =19 [.=1, =7,
0, 1< J.
Since we are assuming | A; | < | ;| when i > j, we immediately deduce that

A*LA™F — 1,  andhence S, T,=SA*LA™* — S as k— 0.

We now appeal to the following lemma, whose proof will be given after we finish the
justification of the @ R algorithm.

Lemma 9.45. Let Sy, 5,,... and S be orthogonal matrices and 7}, 75, ... positive upper
triangular matrices. Then S, T, — S as k — oo if and only if S; — S and T}, — I.

Lemma 9.45 implies that, as claimed, the orthogonal matrices S, do converge to the
orthogonal eigenvector matrix S. Moreover, by (9.88-89),

Ry = PR, = (T00071) (T, A0 = T T,
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Since both T} and 7)_, converge to the identity matrix, R, converges to the diagonal
eigenvalue matrix A, as claimed. The eigenvalues appear in decreasing order along the
diagonal — this is a consequence of our regularity assumption on the transposed eigenvector
matrix ST

Theorem 9.46. If A is positive definite with all simple eigenvalues, and its transposed
eigenvector matrix S7 is regular, then the matrices S, — S and R;, — A appearing in the
@ R algorithm applied to A converge to, respectively, the eigenvector matrix S and the
diagonal eigenvalue matrix A.

Remark. If A is symmetric and has all simple eigenvalues, then, for suitably large a > 0,
the shifted matriz A = A+ a1 is positive definite, has the same eigenvectors as A, and has
simple shifted eigenvalues A;, = A + «. Thus, one can run the @ R algorithm to determine

the eigenvalues and eigenvectors of ﬁ, and hence those of A by undoing the shift.

The last remaining item is a proof of Lemma 9.45. We write

S=(u uy...u,), Sk:<ugk) ugk)...ugf)»
in columnar form. Let tg-c) denote the entries of the positive upper triangular matrix 7},.

The last column of the limiting equation S, T}, — S reads tul) - u,,. Since both u*)

and u,, are unit vectors, and tgﬁ? > 0, it follows that
[t5) u®) | =¢*) 5 |lu, || =1, and hence the last column u® — wu,.

The next to last column reads

tszkf)1,n71 u*

k
n21 + t’l(’Lf)l,TL ul? — o,
Taking the inner product with ug“) — u,, and using orthonormality, we deduce tﬁf_’m — 0,
(k) (k) (k)

and so tnfl,nfl n—1 n—

ugi)l — u,,_;. The proof is completed by working backwards through the remaining

columns, using a similar argument at each step. The remaining details are left to the
interested reader.

u — u,,_y, which, by the previous reasoning, implies ¢, 7, ,_; — 1 and

Exercises

9.5.11. Apply the Q R algorithm to the following symmetric matrices to find their eigenvalues

1 2 3 -1 2 1o
and eigenvectors to 2 decimal places: (a) (2 6>’ (b) (_1 5 >7 () |1 2 3],
0 31

3 -1 0 0 6 1 -1 0
2 5 0
-1 3 -1 0 1 8 1 -1
(d) (g _g _g) @1 0o 1 3 1] Ol 1 4 1
0 0 -1 3 0 -1 1 3
4 -1 1
9.5.12. Show that applying the @ R algorithm to the matrix A = [ —1 7 2| resultsin a
1 2 7

diagonal matrix with the eigenvalues on the diagonal, but not in decreasing order. Explain.
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9.5.13. Apply the Q R algorithm to the following non-symmetric matrices to find their
eigenvalues to 3 decimal places:

6 1 7 9
2 1 0 2 5 1

@ (73 3o (1), @lz 0o=3)@l2-13],@[55 "0

3 4 1 5 0 -2 1 4 5 3 3 1 4 6

3 2 5 3
-1 2 1

9.5.14. The matrix A= | —2 3 1 | has a double eigenvalue of 1, and so our proof of

-2 2 2

convergence of the Q R algorithm doesn’t apply. Does the Q R algorithm find its eigenvalues?
9.5.15. Explain why the @ R algorithm fails to find the eigenvalues of the matrices

01 -2 1 0 5 —4 2
o8 @ (G ) o(H7 )

$ 9.5.16. Prove that all of the matrices A, defined in (9.83) have the same eigenvalues.

$ 9.5.17.(a) Prove that if A is symmetric and tridiagonal, then all matrices A, appearing in the
Q@ R algorithm are also symmetric and tridiagonal. Hint: First prove symmetry.
(b) Is the result true if A is not symmetric — only tridiagonal?

Tridiagonalization

In practical implementations, the direct @ R algorithm often takes overly long before pro-
viding reasonable approximations to the eigenvalues of large matrices. Fortunately, the
algorithm can be made much more efficient by a simple preprocessing step. The key ob-
servation is that the @ R algorithm preserves the class of symmetric tridiagonal matrices,
and, like Gaussian Elimination, is much faster when applied to this class. Moreover, by
applying a sequence of Householder reflection matrices (4.35), we can convert any symmet-
ric matrix into tridiagonal form while preserving all the eigenvalues. Thus, by first using
the Householder tridiagonalization process, and then applying the @ R Method to the re-
sulting tridiagonal matrix, we obtain an efficient and practical algorithm for computing
eigenvalues of large symmetric matrices. Generalizations to non-symmetric matrices will
be briefly considered at the end of the section.

In Householder’s approach to the @ R factorization, we were able to convert the matrix A
to upper triangular form R by a sequence of elementary reflection matrices. Unfortunately,
this procedure does not preserve the eigenvalues of the matrix — the diagonal entries of
R are not the eigenvalues — and so we need to be a bit more clever here. We begin by
recalling, from Exercise 8.2.32, that similar matrices have the same eigenvalues (but not
the same eigenvectors).

Lemma 9.47. If H = I — 2uu? is an elementary reflection matrix, with u € R" a unit
vector (under the Euclidean norm), then A and B = HAH are similar matrices and hence
have the same eigenvalues.

Proof: Tt suffices to note that, according to (4.37), H~! = H, and hence B = H 'AH is
similar to A. Q.E.D.

Now, starting with a symmetric n xn matrix A, our goal is to devise a similar tridiagonal
matrix by applying a sequence of Householder reflections. Using the Euclidean norm, we
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begin by setting

0 0
(a1 +ry
X, = G3q , Yy, = O , where T = ||X1 ” = ||Y1 ”7
A1 0

so that x; contains all the off-diagonal entries of the first column of A. Let

X1 =¥
1% =y, |’
be the corresponding elementary reflection matrix that maps x; to y,. Either the plus or
the minus sign in the formula for y, works in the algorithm; a good choice is to set it to be
the opposite of the sign of the entry a5, which helps minimize the possible effects of round-

off error in computing the unit vector u,. By direct computation, based on Lemma 4.28
and the fact that the first entry of u, is zero, we obtain

H =1-2uu’, where u, =

a;, 1 0 - 0
Ty Qg oz ... Qg
Ay=HAH, = | 0 @5 az ... ag, (9.90)
0 G G,3 --- Q,,

for certain 51‘]‘7 whose explicit formulae are not needed. Thus, by a single Householder
transformation, we convert A into a similar matrix A, whose first row and column are in
tridiagonal form. We repeat the process on the lower right (n — 1) x (n — 1) submatrix of
A,y. We set

0 0
0 0
EL132 :|:7”2
Xo = | Ay |- Y1 = 0 |- where ry = %0 = lly2ll,
Qo 0

and the + sign is chosen to be the opposite of that of as,. Setting

X, —
Hy=1-2uyui, where u, =, 2 Y2 ,
%5 — 2l
we construct the similar matrix
ap;; T 0 o ... 0
L Gge T9 0 ... 0
A HAH 0 7y, ag3 asy ... ag,
3 — Hafg gy = 0 0 ays ayy ... ay, |’
0 0 a3 Qg - Gy,

whose first two rows and columns are now in tridiagonal form. The remaining steps in the
algorithm should now be clear. Thus, the final result is a tridiagonal matrix T' = A that
has the same eigenvalues (but not the same eigenvectors) as the original symmetric matrix
A. Let us illustrate the method by an example.
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4 1 -1 2
. . 1 4 1 - . 1.
Example 9.48. To tridiagonalize A = 1 1 A 1| we begin with its first
2 -1 1 4
0 0 0
column. We set x; = 71 , so that y,; = \66> ~ 2'48195 . Therefore, the unit
2 0 0
vector and corresponding Householder matrix are
0 1 0 0 0
X -y .8391 o r |0 —.4082 4082 —.8165
Mk —y, | T | —2a33 | Hi ST I2WmM =0 4080 ss16 2367
4865 0 —.8165 .2367 .5266
We compute
4.0000 —2.4495 0 0
—2.4495 2.3333 —.3865 —.8599
Ay = HAH, = 0 —.3865 4.9440 —.1246
0 —.8599 —.1246 4.7227
0 0 0
In the next phase, x, = 0 = 0 so u, = 0 and
P X2 = 3865 |0 Y27 | —.9428 | 271 —.8396 |’
—.8599 0 —.5431
1 0 0 0
o r |0 1 0 0
Hy=T=2wuw =14 o _4100 —9121
0 0 -.9121 .4100

The resulting matrix
4.0000 —2.4495 0

—2.4495 23333 9428
0 9428  4.6667
0 0 0

T=Ay=HyAH, =

O O O

is now in tridiagonal form.

Since the final tridiagonal matrix 7" has the same eigenvalues as A, we can apply the Q R
algorithm to T to approximate the common eigenvalues. According to Exercise 9.5.17, if
A = A, is tridiagonal, so are all its Q) R iterates A,, A, .... Moreover, far fewer arithmetic
operations are required; in Exercise 9.5.25, you are asked to quantify this. For instance,
in the preceding example, after we apply 20 iterations of the @ R algorithm directly to T,
the upper triangular factor has become

6.0000 —.0065 0 0
R 0 45616 0 0
20 = 0 0 50000 0

0 0 0 4384

The eigenvalues of T, and hence also of A, appear along the diagonal, and are correct
to 4 decimal places. As noted earlier, with the eigenvalues in hand the corresponding
eigenvectors can then be found via the Shifted Inverse Power Method of Exercise 9.5.7.
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Finally, even if A is not symmetric, one can still apply the same sequence of Householder
reflections to simplify it. The final result is no longer tridiagonal, but rather a similar upper
Hessenberg matriz, which means that all entries below its subdiagonal are zero, but those
above its superdiagonal are not necessarily zero. For instance, a 5 x 5 upper Hessenberg
matrix looks like

OO O ¥ ¥
O % % % ¥
* X K X ¥
* K K X ¥

O O ¥ *x ¥

where the starred entries can be anything. It can be proved that the @ R algorithm
maintains the upper Hessenberg form, and, while not as efficient as in the tridiagonal
case, still yields a significant savings in computational effort required to find the common
eigenvalues.

If A has no eigenvalues of the same magnitude, which, in particular, requires all its
eigenvalues to be simple, then application of the tridiagonal @ R algorithm to its tridiago-
nalization will, usually, produce its eigenvalues. More generally, if A has k eigenvalues of
the same magnitude, then the @ R algorithm, applied either directly to A, or to its tridi-
agonalization, will, again generically, converge to a block upper triangular matrix, with an
k X k matrix in the block diagonal slot that has these same eigenvalues. Thus, for example,
if A is a real matrix with simple real and complex eigenvalues, then each complex conjugate
pair will be the eigenvalues of one of the 2 x 2 matrices appearing on the diagonal of the
eventual @ R iterates, while the real eigenvalues will appear directly (in a 1 x 1 “block”)
on the diagonal.

Further details and results can be found in [21, 66, 69, 89, 90].

Exercises

9.5.18. Use Householder matrices to convert the following matrices into tridiagonal form:

501 -2 1 40 1 1
§ -7 2

15 1 -2 0 1 0 -1

(a) (_; _12 _g) B2 1 5 1) @] 0o 2 o

1 2 1 5 1 -1 0 3

# 9.5.19. Find the eigenvalues, to 2 decimal places, of the matrices in Exercise 9.5.18 by applying
the @ R algorithm to the tridiagonal form.

2 2 1 -1
& 9.5.20. Use the tridiagonal @ R Method to find the singular values of A = (1 -2 0 1 ) .
0 -1 2 2

9.5.21. Use Householder matrices to convert the following matrices into upper Hessenberg form:

s 1 o 3.2 -1 1 1 0 -1 1
2.4 0 1 2 1 1 -1
(a) (; _i’ :‘11)’ B 1o 1 2 6] @0 o 1 3
10 -5 1 3 -1 1 4

& 9.5.22. Find the eigenvalues, to 2 decimal places, of the matrices in Exercise 9.5.21 by applying
the Q R algorithm to the upper Hessenberg form.

9.5.23. Prove that the effect of the first Householder reflection is as given in (9.90).

9.5.24. What is the effect of tridiagonalization on the eigenvectors of the matrix?
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& 9.5.25.(a) How many arithmetic operations — multiplications/divisions and additions/
subtractions — are required to place a generic n X n symmetric matrix into tridiagonal
form? (b) How many operations are needed to perform one iteration of the @ R algorithm
on an n X n tridiagonal matrix? (¢) How much faster, on average, is the tridiagonal
algorithm than the direct @ R algorithm for finding the eigenvalues of a symmetric matrix?

9.5.26. Write out a pseudocode program to tridiagonalize a matrix. The input should be an
n X n matrix A, and the output should be the Householder unit vectors uy,...,u,,_; and
the tridiagonal matrix R. Does your program produce the upper Hessenberg form when the
input matrix is not symmetric?

{ 9.5.27. Prove that in the H = LU factorization of a regular upper Hessenberg matrix, the
lower triangular factor L is bidiagonal, as in (1.67).

9.6 Krylov Subspace Methods

So far, we have established two broad classes of algorithms for solving linear systems.
The first, known as direct methods, are based on some version of Gaussian Elimination or
matrix factorization. Direct methods eventually! obtain the exact solution, but must be
carried through to completion before any useful information is obtained. The second class
contains the iterative methods discussed above that lead to closer and closer approximations
to the solution, but almost never reach the exact value. One might ask whether there
are algorithms that combine the best of both: semi-direct methods whose intermediate
computations lead to closer and closer approximations, and, moreover, are guaranteed to
terminate in a finite number of steps with the exact solution in hand.

In recent years, for dealing with large sparse linear systems, such as those arising from
the numerical solution of partial differential equations, semi-direct iterative methods based
on Krylov subspaces have become quite popular. The original ideas were introduced in the
1930’s by the Russian naval engineer Alexei Krylov, who was in search of an efficient and
reliable method for numerically computing eigenvalues. Krylov methods have seen much
development in a variety of directions, [32, 70, 85], and we will show how they can be used
to iteratively solve linear systems and to compute eigenvalues.

Krylov Subspaces

The starting point is an nxn matrix A, assumed to be real, although extensions to complex
matrices are relatively straightforward. In applications, A is both large and sparse, meaning
that most of its entries are 0, and so multiplying A by a vector v € R" to produce the
vector Av is an efficient operation.

Recall that the Power Method for computing the dominant eigenvalue and eigenvector
of A is based on successive iterates applied to a randomly chosen initial vector: v, Av, A%v,
A3v,.... We will employ these particular vectors to span a collection of subspaces.

Definition 9.49. Given an n X n real matrix A, the Krylov subspace of order k > 1
generated by a nonzero vector 0 # v € R™ is the subspace V(¥) C R™ spanned by the
vectors v, Av, A%v, ..., A¥"1v. We also set V(©) = {0} by convention.

T This assumes that we are dealing with a fully accurate implementation, i.e., without round-off
or other numerical error. In this discussion, numerical instability will be left aside as a separate,
albeit ultimately important, concern.
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For example, if v is an eigenvector of A, so Av = Av, then V) = V(1 is the one-
dimensional eigenspace spanned by v; conversely, if V() is one-dimensional, then v is
necessarily an eigenvector, and hence V®*) = V) for all & > 1. More generally, if
VUt = v for some j > 0, then V® = V) for all k& > j. This is easily proved
by induction: by assumption, A7v € V) and thus can be written as a linear combination

Alv=cv+cAv+ - + cjflAj_Qv + chj_lv e v
for some scalars cq, ..., Cje Thus,
ATy = Av F AP+ - cj_lAjflv + chjv
=c;e,V+ (e + Ge)AVE o+ (gt e, )A TV (¢ + AT v e v

also, proving that V*2) = V() The general induction step is clear.

Since we assumed v # 0, as otherwise all V(¥) = {0} are trivial and not of interest, this
argument implies the existence of an integer m € N, called the stabilization order, such
that dimV®) =k for k = 1,...,m, while V%) = V(" has dimension m for all k > m.
Since we are working in R", clearly m < n; Exercise 9.6.3 gives a stricter bound for m
in terms of the degree of the minimal polynomial of the matrix A, as defined in Exercise
8.6.23. We also note the following useful result.

Lemma 9.50. Suppose V) £ VE=D Let w € V) \ V*=1_ Then Aw € V¥ +1 and,
moreover, V#+1) is spanned by Aw and (a basis of) V(¥). Moreover, if Aw € V)| then
V(*+1) — V(¥) and the Krylov subspaces stabilize at order k.

Proof: By assumption,

W= V+cAv+ - + ck_lAI“Qv + ckAkflv

for some scalars ¢y, ..., ¢, with ¢, # 0. Thus, as above,

AW = AV + A + - F e AFTv o APy e VRFD, (9.91)
If Aw € V(¥ the left-hand side of (9.91) is a linear combination of v, Av, A%v, ...  AF=ly,
and hence, since ¢, # 0, so is AFv, which implies V*+1) = V(*)  Otherwise, (9.91)
implies that A*v is a linear combination of Aw and Av, A%v, ... , A*~v, and thus every
vector in V**1) can be written as a linear combination of Aw and the Krylov vectors
v,Av, A%v, ... AFlv e V), Q.E.D.

For simplicity in what follows, we will assume that A has all real eigenvalues; for ex-
ample A might be a symmetric matrix. We further assume that A has a unique dominant
eigenvalue A, so that \; is a simple eigenvalue, and | A; | > [ A; | for all j > 1. In this case,
as we know from our earlier analysis, for most initial choices of the vector v, the vectors
used to define the Krylov subspace tend to scalar multiples of a dominant eigenvector v,
meaning that A*v — A\f v, as k — oo. Thus, the Krylov vectors in and of themselves con-
tain increasingly little information, particularly in a numerical environment. As with the
Power Method, matrices with several dominant eigenvalues, including real matrices with
complex conjugate eigenvalues and matrices for which + ), are both eigenvalues, require
suitable modifications of the methods.

Arnoldi Iteration

The way to get around the pure power behavior was already introduced in the design of
the @ R algorithm: instead of the Krylov vectors, one constructs an orthonormal basis of
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the Krylov subspace using the Gram—Schmidt process. (As above, we work with the dot
product v -w = vI'w and corresponding Euclidean norm throughout this presentation,
leaving the investigation of other inner products to the motivated reader.) To this end, we
may as well start with a unit vector, and so replace the initial vector v by the unit vector
u, = v/||v|,so |[u, || = 1, which spans the initial Krylov subspace V(!). The second order
subspace V() will be spanned by the vectors u; and Au,, and we extract an orthonormal
basis by projection. First, according to our orthogonal projection formulas, the vector

vy, =Au; — hyjuy, where hy, =ul Au,,

satisfies the desired orthogonality condition u,-v, = 0. If v, = 0, then u, is an eigenvector
of A, and the process terminates, since the Krylov subspaces would immediately stabilize:
V) =@ for all k > 1. Otherwise, we replace v, by the unit vector

Vo

o where hoy = || Vol
21

u2:

and deduce that u; and u, form an orthonormal basis for V(?). Proceeding in this manner,
assuming that k& < m, the stabilization order, at the kth stage, we have already computed

orthonormal vectors uy,...,u, such that u,,...,u; form an orthonormal basis of V) for
each j = 1,...,k. Taking w = u, in Lemma 9.50, we deduce that u,,...,u;, and Au,
span V*+1)  Our orthogonal projection formula (4.41) implies that
Vi = Auy, — Z hipuy, where hjp = u?Auk (9.92)
j=1
lies in V#+1) and is orthogonal to ug,...,u. If v, =0, then Au, € V() and, again

by Lemma 9.50, the Krylov spaces have stabilized with V#+1) = V(%) Otherwise, let

Vi+1

Uiy = where Ppgr e = H"k+1 I, (9.93)

Priak
be the corresponding unit vector, so that u, ..., u,; ,; form an orthonormal basis of y(k+1),
as desired.

While the preceding algorithm will work in favorable situations, the preferred method,
known as Arnoldi iteration, named after the mid-twentieth-century American engineer
Walter Arnoldi, employs the stabilized Gram—Schmidt process described in Section 4.2,
thereby ameliorating, as much as possible, potential numerical instabilities. Thus, at step

k > 1, having u,,...,u, in hand, one iteratively computes
1 +1 j .
V](c_,zl = Au,, v,(cj_H) ,(j_zl h;a;,  where hjkzufvl(j_gl, for j=1,....k—1.

(9.94)
We then set v, = V](igl and, if it is nonzero, use (9.93) to define the next orthonormal
basis vector u;, . In Exercise 9.6.6 you are asked to prove that the resulting Arnoldi
vectors uy, and coefficients h ;. are the same as in (9.92,93) (if computed exactly).
It is instructive to formulate the Arnoldi orthonormalization process in matrix form.
First note that we can rewrite (9.92-93) as

k+1

Au, =" hju,, (9.95)
j=0
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and hence, by orthonormality

A 1<j<k+1
@k—{ufl”’ =Jsk+d, (9.96)

0, J>k+2.

Let @, = (u; u, ... u; ) denote the n x k matrix whose columns are the first £ Arnoldi
vectors. Since these are orthonormal, it follows that

QiQr=1. (9.97)

(However, keep in mind that @, is a rectangular matrix, and so QkQ{ is in general not
the identity matrix.) Let

hll h’lZ h13 h‘14 hl,k—Z hl,k—l hlk
h21 h22 h’23 h24 2,k—2 2,k—1 h‘2k
0 hgy hgy hyy 3,k—2 3,k—1 hay,
0 0 hyy hyy - h4,k—2 h4,k—1 by,
Hy = : N : : : (9.98)
0 0 0 - 0 Mpypo Mpypa Mpip
0O 0 0 - 0 0 I

be the k x k upper Hessenberg matrix formed by the coefficients h ;. given in (9.96), which
implies that
H, =QTAQ,. (9.99)

In particular, if A is symmetric, then so is H,, which implies that it is also tridiagonal. In
this case, the Arnoldi algorithm is known as the symmetric Lanczos algorithm, after the
Hungarian mathematician Cornelius Lanczos.

Equation (9.99) yields an alternative interpretation of the Arnoldi iteration as a (partial)
orthogonal reduction of A to Hessenberg or, in the symmetric case, tridiagonal form. The
matrix H,, can be viewed as the representation of the orthogonal projection of A onto the
Krylov subspace V() in terms of the basis formed by the Arnoldi vectors u,,...,u;. Thus,
we can identify H, with the (projected) action of A on the subspace V) and, as such, its
dominant eigenvalues and eigenvectors, which can be computed using the @ R algorithm,
are expected to form good approximations to those of A itself. Since its predecessor, H,_,
coincides with the upper left (k—1) x (k— 1) submatrix of H,,, the Q R factorizations of the
Hessenberg coefficient matrices H, can be speeded up by an iterative procedure; see [70]
for details. One can also use Householder reflections to tridiagonalize H,, before applying
Q R. Of course, if A is symmetric, then, as noted above, H,, is already tridiagonal and
so this step is superfluous. Moreover, if the method is carried out to the stabilization
order m, the resulting Krylov subspace is invariant under A, and hence the eigenvalues of
H,, coincide with those of A restricted to V(™ cf. Exercise 8.4.5. In this manner, the
Arnoldi/Lanczos algorithm produces a semi-direct method for approximating eigenvalues
of the matrix A. Again, the Shifted Inverse Power Method of Exercise 9.5.7 can then be
used to compute each corresponding eigenvector.

We further note, as a consequence of the first equation in (9.95), the following formula
relating the Arnoldi matrix @, to its successor @} ;:

AQ, = Qu Hy, (9.100)
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where
hiy hig hyg hy hy ko hy k1 by
hot hyy Do hyy ho k-2 ho k-1 hok
0 hgy hg3 hgy 3,k—2 hs k1 hsp
0 0 hyg hy 4,k—2 4,k—1 hy
H, = : (9.101)
0 0 0 - 0 M qpo hgpor Mpoip
0 0 O A 0 0 hk,k—l hkk
0 0 o --- 0 0 0 Piiqa
is the (k4 1) x k matrix formed by appending the indicated bottom row to H,.
Finally, we note the useful formula
Qiv=|vle, (9.102)
with e; = (1,0,0,...,0 )T € RF the first standard basis vector. This is a consequence of
the orthonormality of the Arnoldi vectors u,,...,u;, which form the rows of Q{, along

with the fact that v = || v | u;.

Remark. In numerical applications, the best results are obtained by maximizing the
stabilization order of the Krylov subspaces generated by the initial vector, and so a random
choice of the initial vector v, or, equivalently, the initial unit vector u, is preferred so as to
minimize chances of low order degeneration and consequent inaccuracies. In the unlucky
event that stabilization occurs prematurely, one should restart the method with a different
choice of initial vector, [70].

The Full Orthogonalization Method

Krylov subspaces can also be applied to generate powerful semi-direct iterative algorithms
for solving linear systems. There are two different approaches. The first starts with the
concept of a weak or Galerkin formulation of a linear system, which is the elementary
observation that that the only vector that is orthogonal to every vector in an inner product
space is the zero vector; see Exercise 3.1.10(a). As above, we concentrate on the case
V = R™ with the standard dot product. The observation means that x € R” solves the
linear system Ax = b if and only if

vI(Ax—b)=0 forall ve&R"™ (9.103)

Solution techniques based on this formulation were first studied in depth, in the context
of the mechanics of thin elastic plates, by the Russian engineer Boris Galerkin in the first
half of the twentieth century, and often bear his name.

In the case of linear algebraic systems, the Galerkin formulation per se does not add
anything to what we already know. However, it becomes important for the numerical
approximation of solutions by restricting (9.103) to a smaller-dimensional subspace V' C R™.
Specifically, one seeks a vector x € V such that the Galerkin formulation (9.103) holds for
all v € V. In other words, the approximate solution is the vector x € V such that the
residual r = b — Ax is orthogonal to the subspace V. With a suitably inspired choice of
the subspace V, the Galerkin formulation may well provide a decent approximation to the
actual solution.
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Remark. One can easily adapt the Galerkin formulation to general linear systems L[u] =
f, where L:U — V is any linear operator between vector spaces. The corresponding weak
formulation, as described in Exercise 7.5.9, has become an extremely important tool in
the modern mathematical analysis of differential equations, which take place in infinite-
dimensional function spaces. Moreover, the restriction of the weak formulation to a finite-
dimensional subspace V' C U is the basis of the powerful finite element solution method
for boundary value problems; see [8, 61] for details.

Remark. The question of existence and uniqueness of the Galerkin approximate solution

depends upon the matrix A and the choice of subspace V. Given a basis vy,...,v, of
V, we express x = y;v, + --- +y,v, = Sy, where S = (v, v, ... v, ) is the n x k
matrix whose columns are the basis vectors, while y = (y;, s, ...,y )T € R¥ contains the

coordinates of x = Sy € V with respect to the given basis. Then the Galerkin conditions
on V can be written as

vIi(Ax —b)=vI(ASy —b)=0 for all vel.
Expressing v = Sz for z € R* in the same fashion, this becomes
z' ST(ASy —b) =2"(STASy — STb)=0  forall zecR"
which clearly holds if and only if
STASy = STb. (9.104)

This is a linear system of k equations in the k& unknowns y € R*. Thus, a solution exists
and is uniquely determined if and only if the k x k coefficient matrix STA S is nonsingular,
which requires, at the very least, rank A > k, and places additional constraints on S.

As you may suspect, in the case of a linear algebraic system, a particularly good choice of
subspace for a Galerkin approximation to the solution is a Krylov subspace. The resulting
solution method is known as the Full Orthogonalization Method, abbreviated FOM, [70].
In detail, the method proceeds as follows. Let V*) ¢ R™ be the order k Krylov subspace
generated by the right-hand side b, and thus spanned by b, Ab, A%b, ..., A*~'b. The kt®
Krylov approzimation to the solution x is the vector x; € V*) whose residual r;, = b—Ax;,
satisfies the Galerkin condition of being orthogonal to the subspace:

V'I'k:VT(b—AXk):O for all vevH,

In particular, the initial approximation is taken to be x, =0 € V)| with residual vector
r, = b — Ax, = b. Moreover, Lemma 9.50 implies r, = b — Ax, € V*+1_ Since it is
orthogonal to V(%) it must be a scalar multiple of the (k4 1)st Arnoldi vector:

T, = Cp Wy, where Cogr = Iyl (9.105)
This implies that the residual vectors are also mutually orthogonal:
r; -t =0, j#k. (9.106)

Using the orthonormal Arnoldi basis vectors uy,...,u; € V(¥ which form the columns of
the matrix @, we write x, = @y}, and hence, recalling (9.99), equation (9.104) becomes

QrAQuy, =H,y, =Q[b=|b|e, (9.107)
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where H,, is the upper Hessenberg matrix (9.99), and we use (9.102) (with b replacing v,
as per our initial supposition) to obtain the final expression. Solving the resulting system
(9.107), assuming H,, is invertible, for y, = || b|| H, 'e, produces the k™ order Krylov
approximation to the solution

X, = Quyy = |Ib] Q) H ey (9.108)

Of course, in applications one does not explicitly compute the inverse H, ! but rather
uses, say, its LU factorization H, = L, U, (assuming regularity), coupled with forward
and back substitution to solve (9.107). Moreover, according to Exercise 9.5.27, the lower
unitriangular factor L, is bidiagonal, meaning that all entries not on the diagonal or
subdiagonal are zero. Of course, because the upper left (k — 1) x (k — 1) entries of H,
are the same as those of its predecessor, whose factorization H, _; = L,_,U,_; can be

assumed to already be known, we can quickly factorize H,. Namely, we write

H, f L., O U,
Hk:< le k>, Lk:( le )’ Uk:( k—1 Zk),
8 I m; 1 0y

where f),, g, m; 2z, € R*~1 while Py vy € R. Moreover, since H;, is upper Hessenberg,
both g, = hk’k_lek_1 and m, = lk’k_lek_1 are multiples of the (k—1)st basis vectore,_; €
R*=1. Multiplying out H, = L, U, implies that we need only solve a single triangular linear
system, via forward substitution, along with a pair of scalar linear equations, resulting in

Ly 1z, =1, lk,kfl = hk,kq/ukq,kqv Upp, = Nype — lk,kflukfl,k' (9.109)

Remark. Suppose you happen to know a good initial guess x, for the solution. The
convergence can then be speeded up by setting X = x — x, which converts the original
system to AX = b, where b = r, = b — Ax, is the initial residual. On applying the
FOM algorithm to the modified system, the resulting x,, € V&) in the Krylov subspaces
generated by b provide the improved approximations x, = X, + X, to the solution x to
the original system.

The Conjugate Gradient Method

The most important case of the FOM algorithm is that in which the coefficient matrix A is
symmetric, and hence, as noted above, H,, is symmetric, tridiagonal, which means that the
system (9.107) can be quickly solved by the tridiagonal version of Gaussian Elimination,
cf. (1.69-70). In particular, if A > 0 is positive definite, then so is H, > 0, and the
resulting algorithm is known as the Conjugate Gradient Method, often abbreviated CG,
first introduced in 1952 by Hestenes and Stiefel, [39]. It is now the most widely used
method for solving linear systems with positive definite coefficient matrices, e.g., those
arising in the numerical solution to boundary value problems for elliptic systems of partial
differential equations, [8, 61].

There is a simpler direct way to formulate the CG algorithm, which is the one that is
used in practice. First, we apply Theorems 1.29 and 1.34 to refine the factorization of the
tridiagonal matrix:

H, = L,D,L}, (9.110)
where L, is lower unitriangular and D, is diagonal. Let C} be the k x k diagonal matrix
with diagonal entries ¢; = [[r;_, || for j = 1,...,k, so that, according to (9.105),

QCy =R, = (rgr, ...15_;)
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is the matrix of residual vectors. Define

W, =(w, Wy ... W) = QL. "C, = RV}, (9.111)
where the columns wy, ..., w, of W, are known as the conjugate directions, and where
1 s

V,=C 'L To, =
L5y
1

is upper unitriangular. Note that, for j > 1, the (§ + 1)%* column of the matrix equation
R, = WkV,;l implies

L= Wi —SW, (9.112)
We claim that the vectors w,,...,w,; are conjugate, which means that they mutually
orthogonal with respect to the inner product’ (v, w) = v Aw induced by A, and so

(w;,w;) :W;IAWJ‘ =0, i F ] (9.113)

To verify (9.113), we use (9.110,111) to compute the corresponding Gram matrix, whose
entries are the inner products:

WIAW, = C,. L 'QTAQ, L, C, = C, L, H, L, C,, = C,D,C,, = C}D,,

the final result being a diagonal matrix. We deduce that all the off-diagonal entries of the
Gram matrix W, AW, vanish, which proves (9.113).
Let us write the kt*h approximate solution x, € V) in the form

Xp = Quyp = Wity =tywy + -+ +twy,,  where  t = O Ly,

As a consequence of (9.112) with* k replacing j, along with (9.113), its residual vector
r, = b — Ax, satisfies

{rp,wp) = Wit1 = SgWi s Wi )= =5 Wy, Wy ), (9.114)
(), » Wit N = Wit1 = SeWir Wiy N = W1y Weaq )-
The (k 4 1)st approximation can be written in the iterative form
Xpp1 = Xt Weg s (9.115)

meaning that we move from x,, to x;_ ; by adding a suitable scalar mutiple of the conjugate
direction w;_, ;. The updated residual is

r, =b-Ax,  =b-Ax, —t, JAw, =1, — 1, AW, . (9.116)

T Of course, (9.113) defines a genuine inner product only if A > 0. On the other hand, the ensuing
calculations only require symmetry of the coefficient matrix, although there is no guarantee that
the resulting linear systems can be solved when A is not positive definite.

' To be completely accurate, the resulting equation appears as the (k + 1)St column of the
subsequent matrix equations R; = VVlVf1 forall I >k + 1.
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Conjgugate Gradient Method for Solving Ax =b with A >0

start
choose an initial guess X;, e.g., X, =0
for k=0 to m—1
set r, =b— Ax,

if r, =0 print “x; is the exact solution”; end

£ b _ _ I 11
if k=0 set w; =1, else set w;, | =1, + I 2 Wy,
r
2 k—1
r
set X 1 =X+ Il W1
Wi AW
next k
end

Orthogonality of the residuals, (9.106), coupled with (9.114) implies

0= rgrk-ﬁ-l = ||z}, ||2 - tk-&-lrgAwk-i-l = ||z}, ||2 - tk-i—l« Ty Wiy )
= rell® =t A Wiy - Wiyt )

hence T

2

byt = [z ] = Ty T . (9.117)
(Wip1, Wep1 ) Wi Awe

Finally, using (9.106) and (9.116, 117), with k replaced by k — 1, yields

(o wi ) ey 12

ey |2 =r1f (v, | —t,Aw,) = —t, i Aw, = —t, (v, W, ) = — (w, W, )
Thus, referring back to (9.114),
s, = — (rp,wy) _ [ . (9.118)
(wiowi ) ey II?

The iterative equations (9.115,117,118) constitute the Conjugate Gradient algorithm,
which is summarized in the accompanying pseudocode. The algorithm can also be applied
if A is merely symmetric, although it may break down if the denominator wi. 1 Awg =0,
which will not occur in the positive definite case (why?). At each stage, x;, is the current
approximation to the solution. The initial guess x, can be chosen by the user, with x, = 0
the default. The number of iterations m < n can be specified in advance; alternatively,
one can impose a stopping criterion based on the size of the residual vector, |r, ||, or,
alternatively, the amount of change between successive iterates, as measured by, say, their
distance [|x,; — X, || in either the Euclidean norm or the co norm. Because the process
is semi-direct, eventually r, = 0 for some k£ < n, and so, in the absence of round-off errors,
the result will be the exact solution to the system. Of course, in examples, one would
not carry through the algorithm to the bitter end, since a decent approximation to the
solution is typically obtained with relatively few iterations. For further developments and
applications, see [21, 66, 70, 89].

Remark. The reason for the name “conjugate gradient” is as follows. The term gradient
stems from the minimization principle characterizing the solutions to linear systems with
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positive definite coefficient matrices. According to Theorem 5.2, if A > 0, the solution to
the linear system A x = b is the unique minimizer of the quadratic function

p(x) =} xTAx —xTb. (9.119)
One approach to solving the system is to try to successively minimize p(x) as much as
possible. Suppose we find ourselves at a point x that is not the minimizer. In which
direction should we travel? Multivariable calculus tells us that the gradient vector Vp(x)
of a function points in the direction of its steepest increase at the point, while its negative
— Vp(x) points in the direction of steepest decrease, [2, 78]. The gradient of the particular
quadratic function (9.119) is easily found:

—-Vpx)=b-Ax=r.

Thus, the residual vector specifies the direction of steepest decrease in the quadratic func-
tion, and is thus a good choice of direction in which to head off in search of the true
minimizer. (If one views the graph of p as a mountain range, then, at any given location
x with elevation p(x), the negative gradient — Vp(x) = r points in the steepest downhill
direction.) This idea leads to the gradient descent algorithm, in which each successive
approximation x; to the solution is obtained by going a certain distance in the residual
direction:

Xpy1 = Xp, + i1y, where r,=b— Ax,. (9.120)

The scalar factor d, is to be specified so that the resulting p(x, ;) is as small as possible;
in Exercise 9.6.14 you are asked to find this value. Gradient descent is a reasonable algo-
rithm, and will lead to the solution in favorable situations. It is also effectively used to
find minima of more general nonlinear functions. However, in certain circumstances, the
iterative method based on gradient descent can take a long time to converge to an accurate
approximation to the solution, and so is typically not competitive. To obtain the speedier
Conjugate Gradient algorithm, we modify the gradient descent idea by requiring that the
next descent direction be chosen so that it is conjugate to the preceding directions, i.e.,
satisfies (9.113). This idea can be used to produce an independent direct derivation of the
Conjugate Gradient algorithm.

Example 9.51. Consider the linear system Ax = b with

3 -1 0 1

A= -1 2 1], b= 2

0 1 1 -1
The exact solution is x, = (2,5,—6 )T. Let us implement the method of conjugate
gradients, starting with the initial guess x, = (O,O,O)T. The corresponding residual

vector is merely ry, = b — Ax, = b = (1,2,—1)T. The first conjugate direction is
w, =r,=(1,2,-1 )T, and we use formula (9.115) to obtain the updated approximation

to the solution

1 3

X, =Xy + il w1:6 2] = ;
0 (wy,wy) 4 1 3 ’

T2

noting that (w,,w, )) = wl Aw, = 4. For the next stage of the algorithm, we compute
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the corresponding residual r; =b — Ax; = (— é, —-1,— g )T. The conjugate direction is

1 3
I I T2 L !
wy=r+ Low = - +é 2= L B
I ! 2
T2 - T4

which, as designed, satisfies the conjugacy condition (w,,w,)) = w] Aw, = 0. Each
entry of the ensuing approximation

3 3 7

e |2 3 1 3 3 2.3333

Xy =Xy + wy= | 3 |+ 5 sl=1 4 | = 46667
<< Wy, Wy >> 3 4 15 17

-3 ~ 1 ~ 1 —5.6667

is now within a } of the exact solution x,.

Since we are dealing with a 3 x 3 system, we will recover the exact solution by one more
iteration of the algorithm. The new residual isr, = b — Ax, = (— g, 5,0 )T. The final
conjugate direction is

4 3 __ 10
ENE o I 0
_ 1
Ws =T 8 A U B B
15 10
T4 T 9

which, as you can check, is conjugate to both w; and w,. The solution is obtained from

7 10
+ H ry H2 12 + 290 190
X3 = X9 3= =
<< W3, W3 >> 137 22070 190 6
- — —

The Generalized Minimal Residual Method

A natural alternative to the Galerkin weak approach is to try to directly minimize the norm
of the residual r = b — A x when the approximate solution x is required to lie in a specified
subspace x € V. When V is a Krylov subspace, this idea results in the Generalized Minimal
Residual Method (usually abbreviated GMRES), which was developed by the Algerian and
American mathematicians/computer scientists’ Yousef Saad and Martin Schultz, [71].

As in the FOR Method, we choose the Krylov subspaces generated by b, the right-hand
side of the system to be solved, but now seek the vector x; € V) that minimizes the
Euclidean norm || Ax — b|| over all vectors x € V(). This approach corresponds to the
initial approximation x, = 0 € V() as before, if we know a better initial guess X, We set
X = X — X, which converts the original system to Ax = b, where b = r, = b—Ax, is the
initial residual, and then apply the method to the new system.

Again, we express the vectors

t Coincidentally, the first author of the book you are reading is at the same university,
Minnesota, as Saad, and had the same thesis advisor, Garrett Birkhoff, as Schultz.
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as linear combinations of the orthonormal Arnoldi basis vectors, with coefficients y, =

(Y15 Y )T € R¥. In view of (9.100) and (9.97), with k replaced by k + 1, the squared
residual norm is given by

||r||i = ||Axk - bH2 = ||AQkYIc - ]O”2 = ||Qk+1HkYk - b||2
= (Qk-HHkyk - b)T(Qk+1Hkyk —b) = ngZHkyk - 2ng;fQ",:+1b + || b||2
=yi HiH,y, —2yp Hi ¢ + [l e, |I” = | Hyyy — ¢ |,

(9.121)
where, according to (9.107) again with k replaced by k + 1,

¢, = QL. b=|blle, e R, sothat e =[bl.  (9.122)

We deduce that minimizing || Ax —b|| over all x € V) is the same as minimizing
| H,y — ¢ || over all y € R¥. The latter is a standard least squares minimization problem,
whose solution y, is found by solving the corresponding normal equations

H;}FHkYk = chk = |b| H;}Fel =Bl (hyy,hyg, - Sy )T- (9.123)
Solving (9.123), produces the desired minimizer x;, = Q,y, € V() and hence the desired
approximation to the solution to the original linear system.
The result of this calculation is the Generalized Minimal Residual Method (GMRES)
algorithm. To successively approximate the solution to Ax = b, on the kth iteration, we
set ¢ = || b|| e;, and then perform the following steps:

(a) calculate u, and H, using the Arnoldi Method;

(b) use least squares to find the vector y =y, that minimizes | H,y — c||;
(¢) let x, = Q,y, be the kth approximate solution.

The process is repeated until the residual norm |r, | = [|[Ax, —b| = |H,y —c]| is
below a pre-assigned threshhold. Again, because of the iterative structure of the Krylov
vectors, and hence the upper Hessenberg matrices H,,, knowing the solution to the order
k minimization roblem allows one to rather quickly construct that of the order k + 1
version. As with all Krylov methods, GMRES is a semi-direct method and hence, if
performed in exact arithmetic, will eventually produce the exact solution once the Krylov
stabilization order is reached. As with FOM/CG, this is rarely required, and one typically
imposes a stopping criterion based on either the norm of the residual vector or the size
of the difference between successive iterates || x;; — X, ||. The method works very well in
practice, particularly with the sparse coefficient matrices arising in many numerical solution
algorithms for partial differential equations and beyond, including finite difference, finite
element, collocation, and multipole expansion.

Exercises

9.6.1. Find an orthonormal basis for the Krylov subspaces V(l), V(z), V3 for the following
matrices and vectors:

1 1 2 2 -1 -1
(a)Az( 1), v:(_1>; (b)) A=12 -1 0|, v= 2 |;
2 1 3 0
Loy ERNN
() A=10 2 3|, v=]2]; (d) A= 0 -1 92 1| Vv=
2 -1 0
0 0 -1 2

w o

SO o+
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9.6.2. Let v=x+ iy be an eigenvector corresponding to a complex, non-real eigenvalue of the
real n X n matrix A. (a) Prove that the Krylov subspaces V) for k> 2 generated by both
x and y are all two-dimensional. (b) Is the converse valid? Specifically, if dim Ve =2

then all V(*) are two-dimensional for k > 1 and spanned by the real and imaginary parts of
a complex eigenvector of A.

{ 9.6.3.(a) Prove that the dimension of a Krylov subspace is bounded by the degree of the
minimal polynomial of the matrix A, as defined in Exercise 8.6.23. (b) Is there always a
Krylov subspace whose dimension equals the degree of the minimal polynomial?

9.6.4. True or false: A Krylov subspace is an invariant subspace for the matrix A.

9.6.5. Prove that the invertibility of the coefficient matrix STAS in (9.104) depends only on
the subspace V' and not on the choice of basis thereof.

$ 9.6.6. Prove that (9.92, 93, 94) give the same Arnoldi vectors u; and the same coefficients by,
when computed exactly.

9.6.7. Solve the following linear systems by the Conjugate Gradient Method, keeping track of
the residual vectors and solution approximations as you iterate.

3 -1\ (2 6 2 1y (1 6 -1 -3\ (-1
(3= o (33 (a) o (27 2)(0)

6 -1 -1 5 1 5 1 1 1 4
-1 7 1 —1| | 2 1511 [o
@ |7 1 3 _z|u=| ol @117 15 1]9=]o0
5 -1 -3 6 -1 1115 0

& 9.6.8. Use the Conjugate Gradient Method to solve the system in Exercise 9.4.33. How many
iterations do you need to obtain the solution that is accurate to 2 decimal places? How
does this compare to the Jacobi and SOR Methods?

& 9.6.9. According to Example 3.39, the n x n Hilbert matrix H,, is positive definite, and hence
we can apply the Conjugate Gradient Method to solve the linear system H, u = f. For the
values n = 5, 10, 30, let u* € R™ be the vector with all entries equal to 1.

(a) Compute f = H_ u*. (b) Use Gaussian Elimination to solve H,u = f. How close is
your solution to u*?  (c¢) Does pivoting improve the solution in part (b)?
(d) Does the conjugate gradient algorithm do any better?

9.6.10. Try applying the Conjugate Gradient algorithm to the system —z + 2y 4+ z = —2,
y+2z=1, 3x+y— z=1. Do you obtain the solution? Why or why not?

9.6.11. True or false: If the residual vector r = b— A x satisfies ||r|| < .01, then x approximates
the true solution to within two decimal places.

{ 9.6.12. How many arithmetic operations are needed to implement one iteration of the
Conjugate Gradient Method? How many iterations can you perform before the method
becomes more work than direct Gaussian Elimination?

Remark. If the matrix is sparse, the number of operations can decrease dramatically.

$ 9.6.13. Fill in the details in a direct derivation of the Conjugate Gradient algorithm following
the ideas outlined in the text: starting with the initial guess x;, and corresponding residual
vector w; = r; = b, at the kth step in the algorithm, given the approximation x;, and
residual r, = b — Ax,, the kth conjugate direction is chosen so that Wi = Tp + SpWy
satisfies the conjugacy conditions (9.113). The next approximation x| = x; +t;, Wy 1
is chosen so that its residual r;  ; = b — Ax,; ; is as small as possible.

¢ 9.6.14. In (9.120), find the value of d;, that minimizes p(x;_, ;).
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& 9.6.15. Use the direct gradient descent algorithm (9.120) using the value of d;, found in
Exercise 9.6.14 to solve the linear systems in Exercise 9.6.7. Compare the speed of
convergence with that of the Conjugate Gradient Method.

& 9.6.16. Use GMRES to solve the system in Exercise 9.4.33. Compare the rate of convergence
with the CG algorithm in Exercise 9.6.8.

& 9.6.17. Is GMRES able to solve the system in Exercise 9.6.107

9.6.18. Explain in what sense the GMRES approximation x; ; of order k + 1 is a better
approximation to the true solution than that of order k, namely x,,.

9.6.19.(a) Explain what happens to the GMRES algorithm if the right-hand side b of the
linear system Ax = b is an eigenvector of A. (b) More generally, prove that if the Krylov
subspaces generated by b stabilize at order m, then the solution ot the linear system lies in
V(™) and so the GMRES algorithm converges to the solution at order m.

9.7 Wavelets

Trigonometric Fourier series, both continuous and discrete, are amazingly powerful, but
they do suffer from one potentially serious defect. The complex exponential basis functions
ei*® = coskx+ i sin kx are spread out over the entire interval [— 7, 7], and so are not well
suited to processing localized signals — meaning data that are concentrated in a relatively
small regions. Ideally, one would like to construct a system of functions that is orthogonal,
and so has all the advantages of the Fourier basis functions, but, in addition, adapts to
localized structures in signals. This dream was the inspiration for the development of the
modern theory of wavelets.

The Haar Wavelets

Although the modern era of wavelets started in the mid 1980’s, the simplest example of a
wavelet basis was discovered by the Hungarian mathematician Alfréd Haar in 1910, [35].
We consider the space of functions (signals) defined the interval [0, 1], equipped with the
standard L? inner product

(f.g)= / f(@) g(x) de (9.124)

The usual scaling arguments can be used to adapt the wavelet formulas to any other
interval.

The Haar wavelets are certain piecewise constant functions. The initial four are graphed
in Figure 9.6. The first is the box function
1, 0<ax <,

. (9.125)
0, otherwise,

known as the scaling function, for reasons that shall appear shortly. Although we are
interested in the value of ¢(z) only on the interval [0, 1], it will be convenient to extend it,
and all the other wavelets, to be zero outside the basic interval. The second Haar function

1, 0<z<3,
polz) =w(@) =¢ -1, J<a<l, (9.126)

0, otherwise,



550 9 Iteration

¢ (2) Po(2) p3(2) py(z)
Figure 9.6. The First Four Haar Wavelets.

is known as the mother wavelet. The third and fourth Haar functions are compressed
versions of the mother wavelet:

1 1 3

1, O0<z< g, 1, > <z <y,

py(r) =w2z) ={ -1, <<, @@)=w2r-1)=4 -1, F<z<l,
0, otherwise, 0, otherwise,

called daughter wavelets. One can easily check, by direct evaluation of the integrals, that
the four Haar wavelet functions are orthogonal with respect to the L? inner product (9.124):
<‘Pia%‘> =0 when i # j.

The scaling transformation x — 2x serves to compress the wavelet function, while the
translation 2z — 2z — 1 moves the compressed version to the right by a half a unit.
Furthermore, we can represent the mother wavelet by compressing and translating the
scaling function:

w(z) = p(2x) —p(2x —1). (9.127)
It is these two operations of scaling and compression — coupled with the all-important
orthogonality — that underlies the power of wavelets.

The Haar wavelets have an evident discretization. If we decompose the interval (0,1]
into the four subintervals

(0,47 (23] (23] (3.1, (9.128)

on which the four wavelet functions are constant, then we can represent each of them by
a vector in R* whose entries are the values of each wavelet function sampled at the left
endpoint of each subinterval. In this manner, we obtain the wavelet sample vectors

1 1 1 0
1 1 -1 0

vi=|q] vo= | _; | Vg = L v, = 1 (9.129)
1 -1 0 -1

which form the orthogonal wavelet basis of R* we first encountered in Examples 2.35
and 4.10. Orthogonality of the vectors (9.129) with respect to the standard Euclidean dot
product is equivalent to orthogonality of the Haar wavelet functions with respect to the
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inner product (9.124). Indeed, if
f@) ~ £=(f1, f2 f5, [4) and 9(x) ~ 8=1(91:92,93 94)

are piecewise constant real functions that achieve the indicated values on the four subin-
tervals (9.128), then their L? inner product

1
(f.9) :/0 f@)g@)yde =5 (fig+ fa9:+ f39s+ f19s) = 1 -8,

is equal to the averaged dot product of their sample values — the real form of the inner
product (5.104) that was used in the discrete Fourier transform.
Since the vectors (9.129) form an orthogonal basis of R*, we can uniquely decompose
such a piecewise constant function as a linear combination of wavelets
f(@) = c191(2) + capa(x) + c305(2) + csp4(2),
or, equivalently, in terms of the sample vectors,
f=cv, +cyvy+cgvy+cyvy.

The required coefficients
< f )y Pl > f- Vi

C = =
S N E N A
are fixed by our usual orthogonality formula (4.7). Explicitly,
clzi(f1+f2+f3+f4), 03:§(f1_f2)3
0221(f1+f2—f3—f4), C4Zé(f3_f4)-

Before proceeding to the more general case, let us introduce an important analytical
definition that quantifies precisely how localized a function is.

Definition 9.52. The support of a function f(x), written supp f, is the closure of the set
where f(x) # 0.

Thus, a point will belong to the support of f(z), if f is not zero there, or at least is not
zero at nearby points. More precisely:

Lemma 9.53. If f(a) # 0, then a € supp f. More generally, a point a € supp f if and only
if there exists a convergent sequence x,, — a such that f(x,) # 0. Conversely, a ¢ supp f
if and only if f(x) =0 on an interval a — § < z < a + ¢ for some 6 > 0.

Intuitively, the smaller the support of a function, the more localized it is. For example,
the support of the Haar mother wavelet (9.126) is suppw = [0,1] — the point z = 0 is
included, even though w(0) = 0, because w(z) # 0 at nearby points. The two daughter
wavelets have smaller support:

Supp(pBZ[Oaé]a Supp<,04=[é,1],
and so are twice as localized.
The effect of scalings and translations on the support of a function is easily discerned.

Lemma 9.54. If supp f = [a, b], and

r r

g(@) = f(ro —9), then supp g = {a+57b+5}
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In other words, scaling x by a factor r» compresses the support of the function by a
factor 1/r, while translating x translates the support of the function.

The key requirement for a wavelet basis is that it contains functions with arbitrarily
small support. To this end, the full Haar wavelet basis is obtained from the mother wavelet
by iterating the scaling and translation processes. We begin with the scaling function

o(x), (9.130)

from which we construct the mother wavelet via (9.127). For each “generation” j > 0, we
form the wavelet offspring by first compressing the mother wavelet so that its support fits
into an interval of length 277,

wj’o(rc) = w(2’ x), so that suppw; o = [0, 2_j], (9.131)

and then translating w; ; so as to fill up the entire interval [0,1] by 27 subintervals, each
of length 277, defining

w; x(z) = w; o(z — k) = w(2 z — k), where k=0,1,...,27 —1. (9.132)

Lemma 9.54 implies that suppw; ; = [279k,279(k+ 1) ], and so the combined supports
271

of all the jth generation of wavelets is the entire interval: |J supp w; . = [0,1] . The
k=0

primal generation, j = 0, consists of just the mother wavelet
wo,o(x) = w(x).
The first generation, j = 1, consists of the two daughter wavelets already introduced as ¢4

and ¢,, namely
wy o(2) = w(2z), wy () = w2z —1).

The second generation, j = 2, appends four additional granddaughter wavelets to our basis:
wy (@) = wlda), wy,(2) = wlde — 1), wya(e) = wldz —2), w,4(e) = wldz - 3).
The 8 Haar wavelets @, wy o, wy o, Wy 1, Wy o, Wy 1, Wy 9, Wy 5 are constant on the 8 subin-

tervals of length é, taking the successive sample values indicated by the columns of the
wavelet matriz

1 1 1 0 1 0 0 0
1 1 1 0 -1 0 0 0
1 1 -1 0 0 1 0 0
1 1 -1 0 0 -1 0 0
We=11 21 0 1 0 0 1 0 (9-133)
1 -1 0 1 0 0 -1 0
1 -1 0 -1 0 0 0 1
1 -1 0 -1 0 0 0 —1

Orthogonality of the wavelets is manifested in the orthogonality of the columns of Wg. (Un-
fortunately, terminological constraints prevent us from calling Wy an orthogonal matrix,
because its columns are not orthonormall)

The nth stage consists of 27+ different wavelet functions comprising the scaling func-
tions and all the generations up to the nth : wy(x) = ¢(x) and w, ;(x) for 0 < j < n and
0 < k < 27. They are all constant on each subinterval of length 2771,

Theorem 9.55. The wavelet functions ¢(z), w; () form an orthogonal system with
respect to the inner product (9.124).
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Proof: First, note that each wavelet w; ; () is equal to +1 on an interval of length 2-J-1
and to —1 on an adjacent interval of the same length. Therefore,

1
(). 0) :/0 w; () dz = 0, (9.134)

since the +1 and —1 contributions cancel each other. If two different wavelets w; and
wy , With, say j < [, have supports that are either disjoint, or just overlap at a single
point, then their product w, ; (r) w; ,,(z) = 0, and so their inner product is clearly zero:

1
<wj,k 7wl,m> = /0 wj,k(x) wl,m(x) dz = 0.

Otherwise, except in the case when the two wavelets are identical, the support of w,,, is
entirely contained in an interval where w; ; is constant, and so w, ;. () w, ,,,(z) = £ w, ,,, ().
Therefore, by (9.134),

1 1
(W > Wy ) :/o w; () Wy () d = £ /o Wy (2) d = 0.

Finally, we compute

el | =1, oyl = [ Cuy ) dr =2 (9.135)
The second formula follows from the fact that [w; ()| = 1 on an interval of length 277
and is 0 elsewhere. Q.E.D.
The wavelet series of a signal f(x) is given by
co 27—
f(z) ~ cyplz Z Z Cip W,k (9.136)
7=0 k=0

Orthogonality implies that the wavelet coefficients ¢, ¢; , can be immediately computed
using the standard inner product formula coupled with (9.135):

€0 = H90||2 /f

W, 2 k2t 27 (k1)
Cik= (o) =2/ / f(x)de — 27 / f(x)dx.
2 2

ij,k;H2 —ik —ik42—i—1

(9.137)

The convergence properties of the Haar wavelet series (9.136) are similar to those of Fourier
series, [61, 77]; full details can be found [18, 88].

Example 9.56. In Figure 9.7, we plot the Haar expansions of the signal displayed in

the first plot. The following plots show the partial sums for the Haar wavelet series (9.136)
over j = 0,...,r with r = 2,3,4,5,6. Since the wavelets are themselves discontinuous,
they do not have any difficulty converging to a discontinuous function. On the other hand,
it takes quite a few wavelets to begin to accurately reproduce the signal — in the last plot,
we are combining a total of 26 = 64 Haar wavelets.
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Figure 9.7. Haar Wavelet Expansion.

Exercises

# 9.7.1. Let f(z) = 2. (a) Determine its Haar wavelet coefficients ¢; . (b) Graph the partial

sums s,.(z) of the Haar wavelet series (9.136) where j goes from 0 to r = 2, 5, and
10. Compare your graphs with that of f and discuss what you observe. Is the series

converging to the function? Can you prove this? (¢) What is the maximal deviation
| f— 8, lloo = max{| f(z) —s,.(x)||0 <z <1} for each of your partial sums?

M 9.7.2. Answer Exercise 9.7.1 for the functions

5 e ¥, 0<z< %,
(a) 2 —z, (b) cosmz, (c) e
—e 7, g<z<l
& 9.7.3. In this exercise, we investigate the compression capabilities of the Haar wavelets. Let
—x, 0<z< éﬂ’,
fl) =< z— §7r, éﬂ' <z< gﬂ', represent a signal defined on 0 < z < 1. Let

—x + 2m, §ﬂ§x§27r,
s,.(z) denote the n'? partial sum, from j = 0 to r, of the Haar wavelet series (9.136).
(a) How many different Haar wavelet coefficients c; ; appear in s,.(z)? If our criterion
for compression is that || f —s,.||., < €, how large do you need to choose r when ¢ = .17
e =.017 £ = .0017 (b) Compare the Haar wavelet compression with the discrete Fourier
method of Exercise 5.6.10.

© 9.7.4.(a) Explain why the wavelet expansion (9.136) defines a linear transformation on R™
T
that takes a wavelet coefficient vector ¢ = (co, Clse-rCp_q ) to the corresponding sample

vector f = (fo, fioo fna )T . (b) According to Theorem 7.5, the wavelet map must be
given by matrix multiplication f = W, ¢ by a 2 x 2" matrix W = W, . Construct W,, Wy
and W,. (c) Prove that the columns of W, are obtained as the values of the wavelet basis
functions on the 2" sample intervals. (d) Prove that the columns of W,, are orthogonal.
(e) Ts W,, an orthogonal matrix? Find a formula for W, 1. (f) Explain why the wavelet
transform is given by the linear map, ¢ = W, Lf.
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& 9.7.5. Test the noise removal features of the Haar wavelets by adding random noise to one of
the functions in Exercises 9.7.1 and 9.7.2, computing the wavelet series, and then setting
the high “frequency” modes to zero. What do you observe? Is this a reasonable denoising
algorithm when compared with a Fourier method?

9.7.6. Write the Haar scaling function and mother wavelet as linear combinations of step
functions.

O 9.7.7. Prove Lemma 9.54.

Modern Wavelets

The main defect of the Haar wavelets is that they do not provide a very efficient means
of representing even very simple functions — it takes quite a large number of wavelets
to reproduce signals with any degree of precision. The reason for this is that the Haar
wavelets are piecewise constant, and so even an affine function y = ax + 8 requires many
sample values, and hence a relatively extensive collection of Haar wavelets, to be accurately
reproduced. In particular, compression and denoising algorithms based on Haar wavelets
are either insufficiently precise or hopelessly inefficient, and hence of minor practical value.

For a long time it was thought that it was impossible to simultaneously achieve the
requirements of localization, orthogonality and accurate reproduction of simple functions.
The breakthrough came in 1988, when the Dutch mathematician Ingrid Daubechies pro-
duced the first examples of wavelet bases that realized all three basic criteria. Since then,
wavelets have developed into a sophisticated and burgeoning industry with major impact
on modern technology. Significant applications include compression, storage and recogni-
tion of fingerprints in the FBI’s data base, and the JPEG2000 image format, which, unlike
earlier Fourier-based JPEG standards, incorporates wavelet technology in its image com-
pression and reconstruction algorithms. In this section, we will present a brief outline of
the basic ideas underlying Daubechies’ remarkable construction.

The recipe for any wavelet system involves two basic ingredients — a scaling function
and a mother wavelet. The latter can be constructed from the scaling function by a
prescription similar to that in (9.127), and therefore we first concentrate on the properties
of the scaling function. The key requirement is that the scaling function must solve a
dilation equation of the form

o@) =3 cpe2z—k) = cyp(20) + ¢, 92z —1) + -+ +c,p2x—p)  (9.138)
k=0

for some collection of constants cy, ..., c,. The dilation equation relates the function ¢ ()

to a finite linear combination of its compressed translates. The coefficients ¢y, ..., ¢, are

not arbitrary, since the properties of orthogonality and localization will impose certain
rather stringent requirements.

Example 9.57. The Haar or box scaling function (9.125) satisfies the dilation equation
(9.138) with ¢, = ¢; = 1, namely

e(x) = p(22) + ¢(2z — 1). (9.139)

We recommend that you convince yourself of the validity of this identity before continuing.
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Figure 9.8. The Hat Function.

Example 9.58. Another example of a scaling function is the hat function

x, 0<z< 1,
plx) =< 2-—u, 1<z<2, (9.140)
0, otherwise,

graphed in Figure 9.8. The hat function satisfies the dilation equation
p(r) = 5 p(22) + (22 —1) + 5 p(22 — 2), (9.141)

which is (9.138) with ¢, = 1

» e =1,¢= ; Again, the reader should be able to check
this identity by hand.

The dilation equation (9.138) is a kind of functional equation, and, as such, is not so
easy to solve. Indeed, the mathematics of functional equations remains much less well
developed than that of differential equations or integral equations. Even to prove that
(nonzero) solutions exist is a nontrivial analytical problem. Since we already know two
explicit examples, let us defer the discussion of solution techniques until we understand
how the dilation equation can be used to construct a wavelet basis.

Given a solution to the dilation equation, we define the mother wavelet to be

P
w(z) =Y (~Dfe, , o2z —k)
k=0
= ¢, 9(22) — ¢, 1 927 1)+ 6,5 920~ ) + - Ecop(20— p).

(9.142)

This formula directly generalizes the Haar wavelet relation (9.127), in light of its dilation
equation (9.139). The daughter wavelets are then all found, as in the Haar basis, by
iteratively compressing and translating the mother wavelet:

w; p(x) = w(2 z — k). (9.143)
In the general framework, we do not necessarily restrict our attention to the interval [0, 1],
and so j and k can, in principle, be arbitrary integers.

Let us investigate what sort of conditions should be imposed on the dilation coefficients
Cos -+, €, In order that we obtain a viable wavelet basis by this construction. First, lo-
calization of the wavelets requires that the scaling function have bounded support, and
$0 p(z) = 0 when z lies outside some bounded interval [a,b]. Integrating both sides of
(9.138) produces

/ab () de = /O; o(z)dr = ]é) L /Z o2z — k) dx. (9.144)

Performing the change of variables y = 2x — k, with dz = é dy, we obtain

oo 00 b
/ 02z — k)dx = ;/ o(y)dy = ;/a o(x) de, (9.145)

— o0 —0oQ
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where we revert to x as our (dummy) integration variable. We substitute this result back
b

into (9.144). Assuming that / o(z) dx # 0, we discover that the dilation coefficients must
a

satisfy
ot o te,=2 (9.146)

The second condition we require is orthogonality of the wavelets. For simplicity, we
only consider the standard L? inner product!

<f,g>—/_°° F() g(x) de

It turns out that the orthogonality of the complete wavelet system is guaranteed once we
know that the scaling function ¢(x) is orthogonal to all its integer translates:

(o(x),p(z—m)) = /OO o) p(r —m)de =0 for all m # 0. (9.147)
We first note the formula
(022 — k), 020 — 1)) = /_OO o(23 — k) p(22 — 1) do (9.148)
=y [ e)eterh-dr = (o) pla k- 1)

follows from the same change of variables y = 22 — k used in (9.145). Therefore, since ¢
satisfies the dilation equation (9.138), we have

(9(2), ol(e —m)) = < S e ee—i), 3 ckw<2x—2m—k>> (9.149)
k=0

i=0

= cjck<so<2m—j>,so<2x—2m—k>>:; 3 o (o), pla+i—2m—k)).
J,k=0 j,k=0

If we require orthogonality (9.147) of all the integer translates of ¢, then the left-hand side
of this identity will be 0 unless m = 0, while only the summands with j = 2m + k will be
nonzero on the right. Therefore, orthogonality requires that

2, m =0,
Y o= 0. m0 (9.150)

0<k<p—2m

The algebraic equations (9.146, 150) for the dilation coefficients are the key requirements
for the construction of an orthogonal wavelet basis.
For example, if we have just two nonzero coefficients ¢, ¢;, then (9.146, 150) reduce to

2, 2
cote =2, cy+ci =2,

and so ¢, = ¢; = 1 is the only solution, resulting in the Haar dilation equation (9.139). If
we have three coefficients ¢, ¢;, ¢y, then (9.146), (9.150) require

2., .2 2
cotcpt+eyg =2, cg ety =2 cyCy = 0.

t Inall instances, the functions have bounded support, and so the inner product integral can
be reduced to an integral over a finite interval where both f and g are nonzero.
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Thus either ¢, =0, ¢y = ¢; = 1, and we are back to the Haar case, or ¢y =0, ¢; = ¢, =1,
and the resulting dilation equation is a simple reformulation of the Haar case. In particular,
the hat function (9.140) does not give rise to orthogonal wavelets.

The remarkable fact, discovered by Daubechies, is that there is a nontrivial solution
for four (and, indeed, any even number) of nonzero coefficients ¢, ¢;, ¢y, c5. The basic
equations (9.146), (9.150) require

Co+ ¢ Feyt ey =2, d+E+tei+cs=2, CoCy + ¢y 5 =0. (9.151)
The particular values

1+/3 3+V3 3—V3 1-/3
=, =, =, cqg = ; (9.152)
solve (9.151). These coefficients correspond to the Daubechies dilation equation

14++v3 3++v3 3—+/3 1-+v3
o(x) = 4\/ o(2x) + 4\/ 2z —1)+ 4\/ o2z —2)+ 4\/ o2z —3).
(9.153)
A nonzero solution of bounded support to this remarkable functional equation will give
rise to a scaling function ¢(x), a mother wavelet

wiw) = om0+ P a0 - 1 P ppa ),

(9.154)
and then, by compression and translation (9.143), the complete system of orthogonal
wavelets w; ;. ().

Before explaining how to solve the Daubechies dilation equation, let us complete the
proof of orthogonality. It is easy to see that, by translation invariance, since p(x) and
@(x —m) are orthogonal whenever m # 0, so are ¢(x — k) and ¢(x — 1) for all k # I. Next
we prove orthogonality of ¢(x —m) and w(z):

<w(m),¢(x—m)>=<z e p2z—1+4), > ¢ x—2m—k:)>

j=0 k=0
P
= > (=1 (p2e—144) 02z —2m —k))
7,k=0
P
= Z 1t e, o (o), ple — 1+ —2m — k),
7,k=0

using (9.148). By orthogonality (9.147) of the translates of ¢, the only summands that are
nonzero are those for which j = 2m + k + 1; the resulting coefficient of || o(z)]|? is

Z (=1 e gmp e =0,
k
where the sum is over all 0 < k < p such that 0 <1 —2m — k < p. Each term in the sum
appears twice, with opposite signs, and hence the result is always zero — no matter what
the coefficients ¢, ...,c, arel The proof of orthogonality of the translates w(z — m) of
the mother wavelet, along with all her wavelet descendants w(27 x — k), relies on a similar
argument, and the details are left as an exercise for the reader.
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Figure 9.9. Approximating the Daubechies Wavelet.

Solving the Dilation Equation

Let us next discuss how to solve the dilation equation (9.138). The solution we are after
does not have an elementary formula, and we require a slightly sophisticated approach to
recover it. The key observation is that (9.138) has the form of a fixed point equation

¢ = Flp],

not in ordinary Euclidean space, but in an infinite-dimensional function space. With luck,
the fixed point (or, more correctly, fixed function) will be stable, and so starting with a
suitable initial guess ¢, (), the successive iterates

QonJrl = F[Qpn]

will converge to the desired solution: ¢, (z) — ¢(x). In detail, the iterative version of
the dilation equation (9.138) reads

p

Before attempting to prove convergence of this iterative procedure to the Daubechies scaling
function, let us experimentally investigate what happens.

A reasonable choice for the initial guess might be the Haar scaling or box function

() 1, 0<t<l.
€T =
%o 0, otherwise.

In Figure 9.9 we graph the subsequent iterates ¢, (z),¢5(x), ¢ (), o5(x), p;(x). There
clearly appears to be convergence to some function ¢(z), although the final result looks
a little bizarre. Bolstered by this preliminary experimental evidence, we can now try to
prove convergence of the iterative scheme. This turns out to be true; a fully rigorous proof
relies on the Fourier transform, and can be found in [18].

Theorem 9.59. The functions ¢, (x) defined by the iterative functional equation (9.155)
converge uniformly to a continuous function p(z), called the Daubechies scaling function.

Once we have established convergence, we are now able to verify that the scaling function
and consequential system of wavelets form an orthogonal system of functions.
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Proposition 9.60. All integer translates p(xz — k), for k € Z of the Daubechies scaling
function, and all wavelets w; ,(z) = w(2/ x — k), j > 0, are mutually orthogonal functions

with respect to the L? inner product. Moreover, || ¢||?> = 1, while || w; g |?=277.

Proof: As noted earlier, the orthogonality of the entire wavelet system will follow once we
know the orthogonality (9.147) of the scaling function and its integer translates. We use
induction to prove that this holds for all the iterates ¢, (x), and so, in view of uniform
convergence, the limiting scaling function also satisfies this property. We already know
that the orthogonality property holds for the Haar scaling function ¢,(x). To demonstrate
the induction step, we repeat the computation in (9.149), but now the left-hand side is
(@ni1(), 0,1 (x —m)), while all other terms involve the previous iterate ¢,,. In view of
the the algebraic constraints (9.150) on the wavelet coefficients and the induction hypoth-
esis, we deduce that (¢, i(z),9, 1 (x —m)) = 0 whenever m # 0, while when m = 0,
l¢nitll> = ll@,|I?. Since |[¢, || =1, we further conclude that all the iterates, and hence
the limiting scaling function, all have unit L? norm. The proof of the formula for the norms
of the mother and daughter wavelets is left for Exercise 9.7.19. Q.E.D.

In practical computations, the limiting procedure for constructing the scaling function
is not so convenient, and an alternative means of computing its values is employed. The
starting point is to determine its values at integer points. First, the initial box function
has values ¢,(m) = 0 for all integers m € Z except ¢,(1) = 1. The iterative functional
equation (9.155) will then produce the values of the iterates ¢, (m) at integer points m € Z.
A simple induction will convince you that ¢, (m) = 0 except for m = 1 and m = 2, and,
therefore, by (9.155),

=" o0+ T e e e+ e,

since all other terms are 0. This has the form of a linear iterative system
virth) — Ay (9.156)

with coefficient matrix

34+v3 143

4 4
1-v3 3-V3
4 4

As we know, the solution to such an iterative system is specified by the eigenvalues and
eigenvectors of the coefficient matrix, which are

1+/3 ) 1
4

We write the initial condition as a linear combination of the eigenvectors
1 1-+3
=lo)= 2v, — 9 V.

1-— 11—
V(n) = AnV(O) =2 A”v1 — 2\/3 Anv2 =2 vV, — on 2\/3 Vy.

A= and where v = <<‘0"(1) )

©n(2)

The solution is
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Figure 9.10. The Daubechies Scaling Function and Mother Wavelet.

The limiting vector

1+/3
(1) = lim v = 2v, = 2
p2)) no 13
2
gives the desired values of the scaling function:
143 1—+3
p(1) = g = 1.366025. .. , »(2) = g = —.366025. .., (9.157)

w(m) =0, for all m#1,2.

With this in hand, the Daubechies dilation equation (9.153) then prescribes the function
values 90( ém) at all half-integers, because if z = ;m, then 22 — k = m — k is an integer.
Once we know its values at the half-integers, we can reuse equation (9.153) to give its
values at quarter-integers }lm. Continuing onward, we determine the values of ¢(x) at all
dyadic points, meaning rational numbers of the form z = m/27 for m,j € Z. Continuity
will then prescribe its value at all other « € R since x can be written as the limit of dyadic
numbers x,, — namely those obtained by truncating its binary (base 2) expansion at the
ntt digit beyond the decimal (or, rather “binary”) point. But, in practice, this latter step
is unnecessary, since all computers are ultimately based on the binary number system, and
so only dyadic numbers actually reside in a computer’s memory. Thus, there is no real
need to determine the value of ¢ at non-dyadic points.

The preceding scheme was used to produce the graphs of the Daubechies scaling func-
tion in Figure 9.10. It is a continuous, but non-differentiable, function — and its graph
has a very jagged, fractal-like appearance when viewed at close range. The Daubechies
scaling function is, in fact, a close relative of the famous example of a continuous, nowhere
differentiable function originally due to Weierstrass, [42, 53], whose construction also relies
on a similar scaling argument.

Given the values of the Daubechies scaling function on a sufficiently dense set of dyadic
points, the consequential values of the mother wavelet are given by formula (9.154). Note
that supp ¢ = suppw = [0,3]. The daughter wavelets are then found by the usual com-
pression and translation procedure (9.143).
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e

| |

Figure 9.11. Daubechies Wavelet Expansion.

The Daubechies wavelet expansion of a function whose support is contained inf [0,1]
is then given by

oo 27-1
f(@) ~ coe(x) + Z Z ¢k Wik (@) (9.158)
j=0 k=—2
The inner summation begins at k = —2 so as to include all the wavelet offspring w; i, whose

supports have a nontrivial intersection with the interval [0,1]. The wavelet coefficients
Co» ¢; 1, are computed by the usual orthogonality formula

3
co=<f,<,a>=/0 f(@) p(z) de,

o277 (k+3) 3 ‘ (9.159)
ik = (f,wj7k> =2 / . f(=z) wj7k(x) do = / f(27] (x+ k:))w(m) dz,
23 0
where we agree that f(z) = 0 whenever z < 0 or x > 1. In practice, one employs

a numerical integration procedure, e.g., the trapezoid rule, based on dyadic points to
speedily evaluate the integrals (9.159). A proof of completeness of the resulting wavelet
basis functions can be found in [18]. Compression and denoising algorithms based on
retaining only low-frequency modes proceed as in Section 5.6, and are left as projects for
the motivated reader to implement.

Example 9.61. In Figure 9.11, we plot the Daubechies wavelet expansions of the same

signal for Example 9.56. The first plot is the original signal, and the following show the
partial sums of (9.158) over j = 0,...,r with r = 2,3,4,5,6. Unlike the Haar expansion,
the Daubechies wavelets do exhibit a nonuniform Gibbs phenomenon, where the expansion
noticeably overshoots near the discontinuity, [61], which can be observed at the interior
discontinuity as well as the endpoints, since the function is set to 0 outside the interval

' For functions with larger support, one should include additional terms in the expansion cor-
responding to further translates of the wavelets so as to cover the entire support of the function.
Alternatively, one can translate and rescale z to fit the function’s support inside [0, 1].
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[0,1]. Indeed, the Daubechies wavelets are continuous, and so cannot converge uniformly
to a discontinuous function.

Exercises

# 9.7.8. Answer Exercises 9.7.1 and 9.7.2 using the Daubechies wavelets instead of the Haar
wavelets. Do you see any improvement in your approximations? Discuss the advantages
and disadvantages of both in light of these examples.

M 9.7.9. Answer Exercise 9.7.3 using the Daubechies wavelets to compress the data. Compare
your results.

& 9.7.10. Verify formulas (9.139) and (9.141).
9.7.11. Prove that the most general solution to the functional equation ¢(z) = 2 ¢(2x) is
o(x) = f(logy x)/x where f(z+ 1) = f(z) is any 1 periodic function.
& 9.7.12. Consider the dilation equation (9.138) with ¢y = 0, ¢; = ¢y = 1,50 p(z) =

o2z — 1) + ¢(2z — 2). Prove that ¢(z) = ¢(z + 1) satisfies the Haar dilation equation

(9.139). Generalize this result to prove that we can always, without loss of generality,
assume that ¢, # 0 in the general dilation equation (9.138).

9.7.13. Prove that a cubic B spline, as defined in Exercise 5.5.76, solves the dilation
equation (9.138) for Cg=C4 = élg, ] =cC3 = %7 Cy = Z.

9.7.14. Explain why the scaling function ¢(x) and the mother wavelet w(x) have the same
support: supp ¢ = supp w.

9.7.15. Prove that (9.147) implies (p(z —1),p(x —m)) =0 for all | # m.

$ 9.7.16. Let ¢(x) be any scaling function, w(z) the corresponding mother wavglet and w; 1 (z)
the wavelet descendants. Prove that (a) [¢| = |lw|. (b) [[w;,|l=277[¢]-
$ 9.7.17.(a) Prove that the scaling function ¢(x) and the mother wavelet w(x) are orthogonal.

(b) Prove that the integer translates w(z — m) of the mother wavelet are mutually
orthogonal. (¢) Prove orthogonality of all the wavelet offspring w, & ().

9.7.18. Find the values of the Daubechies scaling function ¢(x) and mother wavelet w(z) at
_ 1 1 5
z= (a) 5, (b) 4, (¢) 15-

$ 9.7.19. Prove the formulas in Proposition 9.60 for the norms of the mother and daughter
wavelets.

& 9.7.20. Write a computer program to zoom in on the Daubechies scaling function and discuss
what you see.

9.7.21. True or false: The iterative system (9.156) is a Markov process.

& 9.7.22. Let ¢(x) satisfy the Daubechies scaling equation (9.153). Prove that if ¢(i) # 0 for any
1 < 0 or ¢ > p, then supp ¢ is unbounded.

9.7.23.(a) Use (9.142) to construct the “mother wavelet” corresponding to the hat function
(9.140). (b) Is the hat function orthogonal to the mother wavelet? (c¢) Is the hat function
orthogonal to its integer translates?

9.7.24. Prove that a real number z is dyadic if and only if its binary (base 2) expansion
terminates, i.e., is eventually all zeros.

9.7.25. Find dyadic approximations, with error at most 2_8, to

(@ 3§ ()3 (©v2 (e (o)m
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