Chapter 22 ®)
The Density Operator ez

The density operator is the most general representation of states in quantum mechanics. It
allows the description of those systems which are only partially known.

Up to now, we have characterized a quantum-mechanical system by a vector |y)
of the Hilbert space. In the following, we will extend the concept of state, as we
already promised in Chap. 14, Vol. 1. We will introduce the density operator or
density matrix, the most general representation of states in quantum mechanics. This
tool allows us to describe also states for which we do not have complete information,
and which therefore cannot be represented by a vector in the Hilbert space. That
such a description is useful or necessary may be surprising at first, but we will see
that this formulation is quite handy, especially with regard to the discussion of the
measurement process in quantum mechanics.

A remark on nomenclature: If a system can be represented by a vector in a Hilbert
space H, one speaks of a pure state. In this case, the maximum amount of information
is available (one-dimensional subspace of H). Otherwise, one speaks of a mixed state.

22.1 Pure States

We start by noting that we can characterize a quantum-mechanical system by the
normalized state! [1/), but just as well by a dyadic product called the density operator
p o statistical operator >

o= 1) (¥l (22.1)

A dependence on time is not mentioned explicitly in the following.

2 Actually, it would be better to say ‘state operator’, but the term ‘density operator’ has become
established—and unfortunately also the use of p. Note: Previously, p was used exclusively for
the probability density, i.e. p = (¥| ¥). Which p is meant in a particular situation should follow
unambiguously from the context.
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118 22 The Density Operator

The information content is the same whether we specify the state or the density
operator. There is a small difference, however: We know that (normalized) states are
determined up to an arbitrary global phase?:

ly) — e [y). (22.2)

This phase disappears when we use the density operator

p=1Y) (Yl — e ly) (Yle™™ =p, (22.3)

and this may be seen at this point to represent a certain advantage of this formulation.

By the way, one is in good company if one does not immediately see the need to
introduce the concept of the density operator which shows the following quote: “By
introducing an operator p called the density matrix, expectation values can be written
in a form that at first sight is opaque but which turns out to be very powerful”.* In
fact, it is only with the help of this operator that e.g. the extension of the term ‘state’
can be accomplished, as we shall see below.’

The density operator introduced in this way is obviously a projection operator
(normalization of |i) presupposed):

p* =) (Yl ¥) (¥l =p;p = p. (22.4)

Just as with the state |1/), one can formulate all those statements for a quantum-
mechanical system which are accessible to measurements by using the density oper-
ator p. For example, we can calculate mean or expected values. Here, the term trace
comes into play. We assume that there is a CONS {|n)}. Then the trace tr of A is
defined as®:

trA =1tr(A) = Z (n] A |n). (22.5)

n

With this notation, the mean value of an operator A for the state |y/) is given by

(A) = (WIAIY) =D (Yl n)(nl Alm) (m| y) =Y (m| ) (Y| n) (n] A |m)

=D (mlpln){n| Alm) = " (m| pA|m) =1r (pA). (22.6)

3Indeed, states are strictly speaking not determined by vectors of 4, but instead by rays, see Chap. 14,
Vol. 1.

4Gottfried and Yan, Quantum Mechanics: Fundamentals, p. 46.

5 Another example for the quasi natural occurrence of the density operator is the theorem of Gleason,
which deals with the question of how mean values (or probabilities) can be defined in quantum
mechanics. It states in essence that in Hilbert spaces of dimension >3, the mean values of projection
operators P can be described only by (P) = tr (p P) (see Appendix T, Vol. 2).

6See also Appendix F, Vol. 1.
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Knowledge of the density operator thus allows us to determine averages by taking
the trace.” As a little exercise, we now calculate the trace of the density operator
itself (which of course must be 1, since tr (p - 1) = (1)). We have:

tr(p)y =Y (alpln) =Y (nl Y)Y In) =Y (¥ |n) (nl ¥) = (¥ |y) =

(22.7)
‘We can also start from

W) =) (nly)In) = ch|n> (22.8)

n

with |c,l|2 = 1 due to (| ¥) = 1. It follows that:
n

tr(p) =Y (nl ¥) (Y In) = Z|cn|2 (22.9)

n

A few remarks on the representation of the density operator as density matrix.
With (22.8), we have:

p =) (Wl=) cucpln) ml. (22.10)

Evidently we have the same information content whether we use the formulation
(22.10) or the density matrix®:

cicy iy -
% ~
Pam = €nCp OF p = | o} cacs - | - (22.11)

In fact, the two terms ‘density operator’ and ‘density matrix’ are quite often used
synonymously (and one writes just = instead of =; we have occasionally neglected
this distinction, also), and depending on the context, p refers to the abstract oper-
ator or the matrix (22.11). A note on nomenclature: the diagonal elements are also
called populations or occupation numbers, the off-diagonal elements coherences or
interference terms. In addition, we see that the trace of the density matrix is given
by > len |2, and thus by exactly the same term as in (22.9), as indeed it must be. We
point out that the trace of a matrix is equal to the sum of its eigenvalues.’ A comment
and two examples using two-dimensional systems follow:

71t holds that tr (pA) = tr (Ap); see the exercises.
8 The density matrix is Hermitian, of course.
9Since the density matrix is Hermitian, its eigenvalues are real.
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* *
o= (C‘C]k C‘%), (22.12)

201 €26y
we clearly cannot ensure that the interference terms vanish, while the two diagonal
terms are nonzero. Either there are four non-zero entries or only one in this matrix;
any other possibility is excluded.'® (As always, we have discarded from the outset
the trivial solution with ¢; = ¢, = 0). As is easily verified, we have p* = p (see

the exercises).
2. Two examples using polarization states:

1. In the density matrix

(a) Let |y) = |h). Then it holds that:

10
p=Ih)(h| or p= (o 0) (22.13)
(b) For |y) = % it follows that
_ M hl i) @l =i o)l o) o 11
(22.14)

The relation p> = p of course holds also for these two examples.

22.2 Mixed States

We obtain the projection onto a pure state by means of the projection operator [) (v|.
Here, it is assumed that we know the state exactly, e.g. by characterizing it using
a complete system of commuting observables. But often, one has only incomplete
information about a system or simply does not want to know everything—just think
of the kinetic theory of gases, whose strength lies precisely in the fact that one does
not have to take into account all 10?* particles explicitly. In statistical physics, one
compensates ignorance of the precise state of a system by the introduction of classical
probabilities.“ That is what we do in quantum mechanics as well, if we do not have
all the necessary information. One speaks of a mixed state or a statistical mixture as
opposed to a pure state.

For a given mixture, we know only that the system is in the states | ¢, ) with classical
probabilities p, (0 < p, <1 and Zn pn = 1). The states |¢,) are normalized, but

10This does not change if we diagonalize the matrix (that is possible, since it is Hermitian). For the
diagonal elements of the resulting diagonal matrix are the eigenvalues, and in this case they are 0
and 1 (because of | |2 + |cz\2 = 1); see the exercises.

'n contrast to the probabilities which are inevitable in quantum mechanics.
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need not necessarily be mutually orthogonal. As the density operator for this system,

we can choose the weighted superposition pg = Y py |@n) (@n|. For clarity, we
n
denote this density operator temporarily by pstat-

To make life easier for us, we will not discuss the general case of non-orthogonal
bases,'? but instead refer to the CONS {|n)} introduced above:

P = Y puln) (] (22.15)

and

tr (Psa) = Y (m] puar Im) = an (m| n) (n| m) = an—l (22.16)

m

‘We note that there are no interference terms (coherences) as in (22.10); the corre-
sponding density matrix has only diagonal entries.

So we know with the classical probability p, that the system is in state |n). It
follows that

psztat Z PnPm 0} {n| m) (m| = Z Pn (n] (22.17)

and

r(pda) = D pr(m |n) (n] m) = Zp,, (22.18)

n,m

The comparison of (22.15) and (22.17) shows immediately that ,oszmt = Pstat Can apply
only if all of the probabilities p, vanish except for one,'* p, = 8, 5. For a pure state,
Pstat 1S @ projection operator, but with mixtures, pfmt # Pstat applies—and this means
that pg in this case is not a projection operator.

Considering the trace of the density operator, we see that for a mixture (i.e. two
or more p, # 0), it holds that rr (p3, ) = >_ pp < 1. Allin all, we have'*

12For the expansion in terms of not-necessarily-orthogonal states, see the exercises.
13The case that all the probabilities are zero is trivial.
14Note: For a change of basis to another CONS {|¢,,)} with

n) = chm [©m)
m

off-diagonal terms can of course occur in the density matrix:

Pstat = Z pnCmnCn/m |om) (m'| = Z Z (pncnmc,t’m’) |om} (@mr | = Z L’ |Pm) (P | -

n,m,m’ m,m’ n m,m’

The occurrence of non-trivial off-diagonal terms is not crucial as a distinguishing feature between
p and pga, but rather the criteria ,052tﬂt # pstac and 1r (psztal) < 1 (thus the denotation of off-diagonal
terms as ‘coherences’ or ‘interference terms’ is a bit unfortunate).
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Iosztat # Pstats 1T (psztat) < 1 for a mixed state. (22.19)

In addition, we have the relation between the trace and the mean value:
tr (psaA) =Y pa (m In) (n] Alm)

=" pubun (1| Alm) =Y pyy (m| Alm) = (4). (22.20)

n,m m

We point out that in the latter equation, there are two fundamentally different averag-
ing processes, one being the quantum-mechanical mean, (m| A |m) of the operator
A over the states |m), the other one being the classical mean value of this quantum-
mechanical average, given by Y _ p,, (m| A |m).

m
For clarity, we emphasize again the differences between the two density operators:

1. If one can describe the system by a state in the Hilbert space with the basis {|n)}
(pure state), e.g. by |[) = >, ¢, |n), itis in a quantum-mechanical superposition
of basis states (unless all ¢, are zero except one). With respect to this basis, the
system therefore has no defined state; that results only from a measurement. For
the density operator p, p> = p and tr (p*) = 1 hold.

2. In a statistical mixture, the system is in a well-defined state; however, we do not
know in which one. So this is a very different situation from that described in 1),
in which it is simply not reasonable to ask about the status of the system—it is
not defined in relation to the selected basis. For a statistical mixture, we have

P2 # Psw and tr (p2,) < 1.

We can now summarize the properties of the density operator p (we have derived
some points only for the simpler case (22.15), but they hold true in general). In order
to standardize the terminology, we dispense with the labelling py,, and, following
the usual practice, denote all density operators just by p."

1. pisHermitian, p = p", and positive, {(¢| p |¢) > 0 for all |¢). The trace of p is 1,
tr (0) = 1. Generally, an operator A with the three properties A = A", A positive
and tr(A) = 1 is called a density operator.

2. p is a projection operator if and only if the system is in a pure state (p, = 8, n).
In this case, p?> = p and tr(p?) = 1 applies, while a mixture is characterized
by p? # p and tr(p?) < 1. This result does not depend on the choice of basis,
because the trace is invariant under unitary transformations (see the exercises).
The main criterion for a pure or mixed state is tr(p?) = lortr(p?) < 1.

3. For the mean value of an observable A, we have (A) = tr (pA). By the way, from
this it follows directly that (p) = tr (,02).

4. The probability of finding the system in state |m) is given by p,, = tr(p |m) (m|)
(see the exercises).

ISWhat is precisely meant must follow from the context, if necessary.
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5. The time behavior of p is described by the von Neumann equation'® (see the
exercises):
ihd,p =[H, p]. (22.21)
Due to
¥ () =U @) ¥ (0), (22.22)
the solution of this equation is
p ) =U@®pO)U ). (22.23)

6. With the density operator, we have expanded upon the state concept, as promised
in Chap. 14 of Vol. 1; we can now also describe systems whose state is not known
in detail and which can therefore not be described by a state vector of H.

22.3 Reduced Density Operator

For the next topic, we start from a system of two quantum objects. We have the
product space H; ® Hz; {|n1)} and {|m,)} are CONS in H; and H,. Using the
notation |n1) ® |my) = |n1my), it follows for an arbitrary state:

W) = Cum Inima), (22.24)

n,m

and thus for the density of a pure state:

P="D ComCllmima)(nim)|. (22.25)

n,m,n’,m’

16Compare this with the Liouville equation in classical mechanics:

9:p = {H, p}poisson

where the Poisson bracket of two quantities A and B is defined by

oF 0G 0G oOF
{F5 G}POiSSOH = Z (77 - 77) .
— \ gk dpx dqx Ik

This motivates once more the transition from classical mechanics to quantum mechanics by the
substitution (keyword canonical quantization; see Appendix W, Vol. 2)

{7 }Poisson bracket ™ E [v ]commutator
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Due to

Z |Cnm|2 =1, (22.26)

n,m

we have p? = p. So far there is nothing new. But we know that in the case of two
quantum objects, entangled states can occur which cannot be represented as product
states. This leads to a new question, namely: What is the density operator p! for the
quantum object 1? This question must lead to something new, because the individual
quantum objects in an entangled state do not have well-defined properties; this fact
must have some impact on the density operator.

We consider an operator A; which acts only in the space H;; I denotes the
identity in H,. The total operator is A; ® I, and its average is given by

(A1® D) =tr (plA1@ L) =Y (mmal p[A1 ® L]Inimy)

ny,mz

=Y (il malplmy) Aylng) =) (ni (Z (mal p |m2)) Arln).

ny,my ni my

(22.27)

We have used a) (m3| p[A] @ L] |my) = (my| pl |my) A; (since the operator A
acts in Hjonly),!” and b) (ms| pl, |my) = (my| p |m,), because of I |ms) = |m,).
The expression in parentheses means that we take the average of the density operator
p (which acts in ‘H and H,) only in 'H,, not in both spaces. Such a partial averaging
is called a partial trace tr; (p), where the index k indicates the space in which the
averaging is performed. The result of this partial averaging is an operator that acts
only in H,, namely the reduced density operator p'V'. We have therefore'®:

P =" (mal plma) = try (p). (22.28)

my

We note that o1 is a ‘proper’ density operator (Hermitian, positive, trace 1). For
the mean value of A; ® I», we obtain

(Ar@b) =Y (mlpV A In) =tr (oM A)). (22.29)

n

The salient point is that the reduced density operator o’ can have properties
which are very different from those of the density operator p. For example, in a
2 x 2 matrix (as in (22.12)), it is not necessarily true that either one or all entries
exist; it may happen that only the off-diagonal elements are equal to zero, which is
impossible for a density operator with ¢r (,02) = 1. In the reduced density operator,

17We note that (ma|p|m2) is an operator in Hj, and therefore, it generally holds that
Y. (mal plma) A # A1 Y- (ma| p Im2).

m2 m2

18Other notations are p, preq, p1 or similar forms.
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we describe in general not a pure state, but a mixed state or a statistical mixture. This

. . . . o 2
manifests itself in the fact that it applies in general that (p(l)) £ oW,

Before we continue with our general considerations, we illustrate these findings
by an example.

22.3.1 Example

We consider a two-state system whose single components have the basis {|a), |b)}.
The total state is

[¥) = ciilaiaz) + iz larbz) + car |braz) + ca2 |baby)  with Z |Cij|2 =1
(22.30)
The density matrix is correspondingly a 4 x 4 matrix; we will not write it explicitly
here (but see the exercises). The reduced density operator is constructed via

oV = (ax| ¥) (Y laz) + (ba] ¥) (Y [D2), (22.31)

and obviously corresponds to a 2 x 2 matrix (see exercises). With

(az 1Y) = cir lar) + c21 1by)
(by |¥r) = cralay) + ¢ |by), (22.32)

it follows that

pM = [ctien lar) + cor 1b1)] [cf) (a1l + 3 (bil]

(22.33)
+[cticz lar) + e 1b) ] [cf, (@] + ¢35 (b1 ] .
Multiplying and collecting similar terms leads to the density matrix
O len > + lenl? ek, + ciacs,
p = . . ) 5 (22.34)
ccfy +enctly  learl” + el

It is clear that zr (,0(1)) = 1. For the determination of ¢r (,0(1)2), we notice that we

can represent the reduced density matrix as'’:

oM =cctC = <C“ C”). (22.35)
1 €22

One can show (see exercises) that it then holds that

191n this representation, we can see directly that o) is Hermitian and positive.



126 22 The Density Operator
tr (p"?) =1-2|detC|*. (22.36)

We therefore have tr (,0(1)2) = 1, if and only if |det C| = 0, i.e. for ¢j;¢2n = c12¢21-
But this is just the way we defined a product state in Chap.20. In other words, for
entangled states, (c11c2 # c12¢21) is always tr (p™M?) < 1; thus, the reduced density
matrix describes a statistical mixture in this case.

22.3.2 Comparison

We want to compare again the various density matrices of our standard example:
We first consider a single quantum object. For a pure state of the form |y) =
¢y la) + ¢y |b), the density matrix is

lei]* cics
p=( ", 2] laPtlel=1 (22.37)
(4 lcal

As stated above, either one entry or four entries are nonzero.
For a statistical mixture, there is a basis in which it holds that:

pz(’f; ;’2>; it pr= 1. (22.38)
Here, we have that either one entry or two entries are nonzero (in another basis, four
entries could also be nonzero). If there is only one nontrivial entry, we have a pure
state.

Next, we consider two quantum objects. For the reduced density matrix we start
from the state [Y) = ¢y |a1az) + c12 laiby) + 21 |bras) + c2z |baby). It follows that

2 2
" len ™+ lerl”™ enegy + ey, |\ 2
oM = . . ! 2D e =1 (22.39)
el +encty,  leal” + el

In this case, there are choices for the coefficients (or unitary transformations of p),
such that the coherences vanish, but not the two populations, which is impossible for
the density matrix of a pure state. We choose, for example, c2, = —cy;cf;/c], and
obtain in this special case

1 0
P:;:z:cial = (|C11|2 + |612|2) (0 Cz_lz> . 2240

el

Especially for |cy; 1> = |c12]?, we have equidistribution.
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22.3.3 General Formulation

In this section, we consider the reduced density operator for general dimensionality.
We have two quantum systems |n;) and |m,) in the superposition state

= Cum Imima), (22.41)
or the density operator:
D camChlmima) (nimh| with > ey |* = 1. (22.42)

For the reduced density operator p, it follows?” that:

P ="Myl p M) = EIMIE:QWIMWﬁM%MM

M n,m,n’,m’
:Z(ZC,M ch) 1) (n |—Zp“> i) (). (22.43)

To keep the notation transparent, we use the matrix representation. With P

n,n
Y Cam - Chiyyo it follows that
M

C11 €12 C13 ...
C21 C2 vvv v

oM =CC";C = (cam) = oy D . (22.44)
31 -

In this reduced density operator, off-diagonal terms also occur, but the fact that
it nevertheless describes a statistical mixture is shown by considering [p(')] . We

examine under which conditions it holds that
2
[p"] = p". (22.45)

Since p'! is a projection operator in this case, it can be written as

pV = |A) (A] = |A) (B] B) (Al (22.46)

201n the following chapters, we will consider three or more quantum objects. The reduced density
operator for quantum object 1 is then given by taking the trace over all other quantum objects
(colloquially, "tracing out’ these degrees of freedom).
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where |A) and | B) are suitable normalized vectors,

aj b
a | and By | b2 . (22.47)

12

|A)

Thus, we can identify by comparison with (22.44) (only the structure matters here):
C =|A) (B| or cuym = anby. (22.48)

We insert this condition into (22.41) and obtain
V) =D cum Imima) = Y auby lnima) = ) Janni) Y by lma),  (22.49)

i.e. a factorized state. This means that the reduced density operator for entangled
states always describes a statistical mixture; for factorized states, however, it is a
projection operator onto the state in space 1.

22.4 Exercises

1. Write the density operator

p=>_lox) pu {gal (22.50)

with normalized, but not necessarily orthogonal states |¢, ) when itis transformed
unitarily.

2. Show thattr (AB) = tr (BA).

3. Show that the trace is cyclically invariant, i.e.

tr (ABC) = tr (BCA) = tr (CAB). (22.51)

4. Prove that the trace is invariant under unitary transformations.

5. Show that the trace is independent of the basis. (This must apply, since a basis
transformation is unitary.)

6. Given a CONS {|n)} and a state |y) = Zn ¢n |n) with Zn lca? = 1, show
that the probability of finding the system in the state m is given by p,, =
tr(p|m) (ml) = tr(pPp).

7. Show that for the reduced density operator p‘!, it holds in general that ¢r
([ p(l)]2> < 1; hence, we have a mixture if the strict inequality applies.
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10.

11.

12.

13.

14.

. Write the density operator in the position representation (cf. Chaps. 12 and 13,

Vol. 1).
. Show explicitly for
cic cics
p=< SR i) (22.52)
0 26y
that

P’ =p (22.53)

applies; using this matrix, show explicitly that p> = p. Here, it must hold that
1+ leaf® = 1.
Show that the eigenvalues A;/, of the matrix

o= (Clcl Cch) (22.54)

ol 6

are 0 and 1.
Given the density matrix for a statistical mixture in the form p = py, |h) (h] +
po lv) (vl or
_(pn O,
p= ( 0 Pv> ; (22.55)

How does this read in the circularly-polarized basis?

Given two quantum objects Q1 and Q2 with the respective N-dimensional CONS
{l@i)} for Q1 and {|v;)} for Q2 (by the choice of notation, we can omit the index
for the number of the quantum object). The initial state is

)= _cijloi) ). (22.56)
ij

Calculate the probability w (1) of measuring the quantum object 1 in a state |1),
and formulate it in terms of the reduced density operator p‘!.
Given the density operator p = Y _ p, |@,) (¢,|, where it holds that i fid, |¢,) =

H |¢,). Show that the time behavior of p is described by the von-Neumann
equation:
ihd,p =[H, p]. (22.57)

Using the example of a polarized photon, show explicitly that a given density
matrix does not allow a unique decomposition.

(a) First formulate the projection operators for the states |k), |v), |r) and |/).

1
2\0 1
of p in terms of linearly- and circularly-polarized states.

(b) Given the density matrix p = ; now formulate the decomposition
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15. The spin state of an electron is represented (in the basis of eigenstates of the

O), with a +b =1;

spin matrix s, = %oz) by the density matrix p = (g b

a>0,b>0.

(a) What is the probability of obtaining 2, if one measures s, ?
(b) Calculate the expectation value of s, and compare it with the trace formalism.

16 Given a system of two quantum objects; the basis states are in each case |1) and
|2) .21

(a) How is the general total state |) formulated?

(b) Give explicitly the density matrix for this system.

(c) Starting from this matrix, calculate the reduced density matrix p".
(d) Show that tr (0") = 1 holds.

(e) Show that p) = CCT with C = <C“ C”) holds.

€21 €22
(f) Calculate p(M2,
(2) Show that tr (pM?) =1 — 2 |det C|* is true.

17. {l¢;),i =1, ..., N}arenormalized, but not necessarily orthogonal states. Show
that the density matrix p = # Z,N= 1 l@i) {@;| describes a pure state, iff these N
states are equal up to a phase.

(a) Let |@,) = €'® |@). Show that p? = p.
(b) Let p? = p; show that the N states |¢;) are equal up to a phase.

210ne can imagine e.g. two photons, and by |1) and |2) e.g. |#) and |v) or |r) and |/).



	22 The Density Operator
	22.1 Pure States
	22.2 Mixed States
	22.3 Reduced Density Operator
	22.3.1 Example
	22.3.2 Comparison
	22.3.3 General Formulation

	22.4 Exercises




