t')

Check for
updates

In the preceding chapter, we have shown that the free motion of a dynamic system may be expressed
in terms of the normal modes of vibration. Our present interest is to demonstrate that the forced
motion of such a system may also be expressed in terms of the normal modes of vibration and that the
total response may be obtained as the superposition of the solution of independent modal equations.
In other words, our aim in this chapter is to show that the normal modes may be used to transform the
system of coupled differential equations into a set of uncoupled differential equations in which each
equation contains only one dependent variable. Thus the modal superposition method reduced the
problem of finding the response of a multi-degree-of-freedom system to the determination of the
response of single-degree-of-freedom systems.

8.1 Modal Superposition Method

In Chap. 6, we have shown that any free motion of a multi-degree-of-freedom system may be
expressed in terms of normal modes of vibration. It will now be demonstrated that the forced motion
of such a system may also be expressed in terms of the normal modes of vibration. We return to the
equations of motion, Eq. (3.40), which for the particular case of a two-degree-of-freedom shear
building are

mﬁl + (k1 + kz) — kzuz = Fl(l) (8 1)

moily — kouy + kouy = Fg(t)

We seek to transform this coupled system of differential equations into a system of independent or
uncoupled equations in which each equation contains only one unknown function of time. It is first
necessary to express the solution in terms of the normal modes multiplied by some factors determin-
ing the contributions of each mode. In the case of free motion, these factors were sinusoidal functions
of time; in the present case, for forced motion they are general functions of time which we designate
as ¢;(¢). Hence, the solution of Eq. (8.1) is assumed to be of the form

uy(t) = ang,(t) + ang,(t)

(8.2)
uy(t) = axq,(t) + ang,(t)
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Upon substitution into Eq. (8.1), we obtain

miang, + (ki + ka)ang, — kaaziqy + myanng, + (ki + ka)ang, — kaang, = Fi(1) (8.3)
myan g, — kaaniqy + kaaxnq, + maaxng, — kaaing, + kaaxng, = Fa(t) '

To determine the appropriate functions g;(#) and g,(¢) that will uncouple Eq. (8.3), it is necessary to
make use of the orthogonality relations to separate the modes. The orthogonality relations are used by
multiplying the first of Eq. (8.3) by a;; and the second by a,;. Addition of these equations after
multiplication and simplification by using Eqgs. (6.3) and (6.5) yields

(mlafl + WZzagl)f] + a)% (mlafl + mzagl)zl =anFi (l) + a21F2(t) (842‘1)
Similarly, multiplying the first of Eq. (8.3) by a;, and the second by a,,, we obtain
(miat, + mraz, )2 + w3 (miat, + maaz, )z = apFi(t) + anF (1) (8.4b)

The results obtained in Eq. (8.4) permit a simple physical interpretation. The force that is effective in
exciting a mode is equal to the work done by the external force displaced by the modal shape in
question. From the mathematical point of view, what we have accomplished is to separate or
uncouple, by a change of variables, the original system of differential equations. Consequently,
each of these equations, Egs. (8.4a) and (8.4b), corresponds to a single-degree-of-freedom system
which may be written as

Mg, +Kiq, = Py(1)

. (8.5)
M>q, + Kxq, = P>(t)

where M, = mya’, +mya3, and M, = mya’, +myas, are the modal masses; K| = w?M; and
K, = w%Mz, the modal spring constants; P () = aF(¢) + a1 F»(f) and P,(t) = a,F (t) + axnFs (1)
the modal forces. Alternatively, if we make use of the previous normalization in Eq. (7.15) or (7.16),
these equation may be written simply as

4, + wlq, = Pi(1)

. ) (8.6)
Gr + w3q, = Pa(t)

where P, and P, are now given by

Py = ¢\ Fi(t) + ¢ Fa(2)
Py = ¢pF 1 () + pFa(t)

The solution for the uncoupled differential equations, Eq. (8.5) or Eq. (8.6), may now be found by any
of the methods presented in the previous chapters for the solution of a single degree of freedom
system. In particular, Duhamel’s integral provides a general solution for these equations regardless of
the functions describing the forces acting on the structure. Also, maximum values of the response for
each modal equation may readily be obtained using available response spectra. However, the
superposition of modal maximum responses presents a problem. The fact is that these modal
maximum values will in general not occur simultaneously as the transformation of coordinates,
Eq. (8.2), requires. To obviate the difficulty, it is necessary to use an approximate method. An upper
limit for the maximum response may be obtained by adding the absolute values of the maximum

(8.7)
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modal contributions, that is, by substituting ¢, and ¢, in Eq. (8.2) for the maximum modal responses,
¢1max and ¢omax, and adding the absolute values of the terms in these equations, so that

Ulmax = |¢IIQImax| + ‘¢IZQZmax| (8 8)

Wmax = 0219 1max| + [#22G2max]

The results obtained by this method will generally overestimate the maximum response. Another
method, which is widely accepted and which generally gives a reasonable estimate of the maximum
response from these spectral values, is the Square Root of the Sums of Squares of the modal
contributions (SRSS method). Thus the maximum displacements may be approximated by

2 2
Ulmax = \/(¢IICI1maX) + (¢12q2max)

and

Upmax = \/(¢21qlmax)2 + (¢22q2max)2 (89)

The results obtained by application of the SRSS method (Square Root of the Sum of the Squares of
modal contributions) may substantially underestimate or overestimate the total response when two or
more modes are closely spaced. In this case, another method known as the Complete Quadratic
Combination (CQC) for combining modal responses to obtain the total response is recommended.
The discussion of such a method is presented in this chapter in Sect. 8.6

The transformation from a system of two coupled differential equations, Eq. (8.1), to a set of two
uncoupled differential equations, Eq. (8.6), may be extended to a general and system of N degrees of
freedom. For such a system, it is particularly convenient to use matrix notation. With such notation,
the equation of motion for a linear system of N degrees of freedom is given by Eq. (7.3) as

(M[{ii} + [K{u} = {F ()} (8.10)

where [M] and [K] are respectively the mass and the stiffness matrices of the system, { F(¢)} the vector
of external forces, and {u} the vector of unknown displacements at the nodal coordinates.
Introducing into Eq. (8.10) the linear transformation of coordinates

{u} = [®[{q} (8.11)
in which [®] is the modal matrix of the system, yields
M][@[{g} + [K][@[{q} = [F(1)} (8.12)

The pre-multiplication of Eq. (8.12) by the transpose of the ith modal vector, {¢}iT, results in

{p} M [@{G} + {¢}] KI[®){q} = {¢}/ {F()} (8.13)

The orthogonality conditions between normalized modes, Egs. (7.17) and (7.19), imply that

{¢}/ M][@] =1 (8.14)

and
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{9} [K][®] = (8.15)

Consequently, Eq. (8.13) may be written as
G+ wlq;=Pi(t) i=1,2,3,...,N (8.16)
where the modal force P(¢) is given by
Pi(t) = ¢ iF1(t) + doiFa(t) + ...+ duiF (1) (8.17)

Equation (8.16) constitutes a set of N uncoupled or independent equations of motion in terms of the
modal coordinates ¢;. These uncoupled equations, as may be observed, may readily be written after
the natural frequencies w; and the modal vectors, {¢}; have been determined in the solution of the
corresponding eigenproblem as presented in Chap. 7.

IMlustrative Example 8.1

The two-story frame of Illustrative Example 7.1 is acted upon at the floor levels by horizontal
triangular impulsive forces as shown in Fig. 8.1. For this frame, determine the maximum floor
displacements and the maximum shear forces in the columns.

Solution:
The results obtained in Illustrative Examples 7.1 and 7.2 for the free vibration of this frame gave the
following values for the natural frequencies and normalized modes:

w; = 11.83rad/sec, w, = 32.89rad/ sec
¢, = 0.06437, ¢, = 0.0567
¢, = 0.08130, ¢y = —0.0924
The forces acting on the frame which are shown in Fig. 8.1b may be expressed by
Fi(r) = 10,000(1 — t/t4)1b
F,(t) =20,000(1 — t/tz)1b  fort < 0.1sec
in which ¢t; = 0.1 sec and

F\(t) =F(t) =0, forz> 0.1sec

The substitution of these values into the uncoupled equations of motion, Egs. (8.6) and (8.7) gives
g, + 140g, = 22701 (1)
G, +1082.41q, = —1281f(¢)
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Fig. 8.1 Shear building with impulsive loadings. (a) Two-story shear building. (b) Impulsive loadings

in which f(r) = 1 — t/t, for t < 0.1 and f(¥) = 0 for ¢ > 0.1. The maximum values for ¢, and ¢, are then
obtained from available spectral charts such as the one shown in Fig. 4.5. For this example,

tq 0.1
—=——=0.188
T, 0.532
and
tq 0.1
—=——=0.524
T, 0.191
in which the modal natural periods are calculated as
2 2
T, =% —0.532sec and Tr = =% = 0.191 sec
w1 Q)
From Fig. 4.5, we obtain:
_ 4 1max _
(DLF) s = =0.590
1st
_ 42max _
(DLF )y = —— =122
925t

where the static deflections, q;4, and g, are calculated as

Fo 2270 Fo  —1281
=—=""_"-16.3, =—=——=-1.18
Tt =07 = 140 P =7 T 108241

Then the maximum values of the modal response are:

Gimax = 0.590 X 163 = 9.62, gypae = 1.22 x 1.18 = 1.44
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As indicated above these maximum modal values do not occur simultaneously and therefore cannot
simply be superimposed to obtain the maximum response of the system. However, an upper limit for
the absolute maximum displacement may be calculated with Eq. (8.8) as

Uimax = |0.06437 x 9.62| 4 [0.0567 x 1.44| = 0.70 in
lamax = |0.08130 x 9.62| 4 |—0.0924 x 1.44| = 0.92 in

A second acceptable estimate of the maximum response is obtained by taking the square root of the
sum of the squared modal contributions as indicated by Eq. (8.9). For this example, we have

i = 1/ (0.06437 x 9.62)° + (0.0567 x 1.4)° = 0.62in

lomax = \/ (0.08130 x 9.62)> 4 (—0.0924 x 1.44)> = 0.79 in

The maximum shear force V., in the columns is given by
Vinax = kA, (8.18)

in which £ is the stiffness of the story and A, the difference between the displacements at the two ends
of the column. Since the maximum displacements calculated as in Eq. (a) may have positive or
negative values, the relative displacement A, cannot be determined as the difference of the absolute
displacements of the two ends of the column. The maximum positive value for A, could be estimated
as the sum of the absolute maximum displacements at the ends of the columns. However, this
procedure will in most cases greatly overestimate the actual forces in the columns. The recommended
procedure is to calculate first the shear force in the columns for each mode, separately, and then
combine these modal forces by a suitable method, such as the square root of the sum of the squares of
modal contributions. This procedure is based on the fact that modal displacements are known with
their correct relative sign and not as absolute values.

The maximum shear force V;; at story 7 corresponding to mode j is given by

Vi = @ jmax (93 — bi_1j) ki (8.19)

where gjmax is the maximum modal response, (¢;; — ¢,_1;) the relative modal displacement of story
i (with ¢po; = 0), and k; the stiffness of the story. For this example we have for the first story

b = 12EI; 12 x 30 x 10 x 248.6
L (15 x 12)°

Vi = 9.62 x 0.06437 x 15,345 = 95021b

Via = 1.44 x 0.0567 x 15,345 = 12531b

Vimax = V95027 + 1253% = 95841b

and for a column in the second story

= 15,345 Ib/in
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12EI, 12 x 30 x 10° x 106.3
T (lox12)
Vi = 9.62 x (0.08130 — 0.06437) x 22,146 = 3607 Ib
Vi = 1.44 x (—0.0924 — 0.0567) x 22,146 = —4755 Ib

Vomax = V 36077 + 4755% = 5968 1b

=22,1461b

8.2 Response of a Shear Building to Base Motion

The response of a shear building to the base or foundation motion is conveniently obtained in terms of
floor displacements relative to the base motion. For the two-story shear building of Fig. 8.2a, which is
modeled as shown in Fig.8.2b, the equations of motion obtained by equating to zero the sum of forces
in the free body diagrams of Fig. 8.2c are the following:
myi; + kl(bl1 — M‘Y) — kz(uz — ul) =0
. (8.20)
mouy + kz(l/tz - ul) =0
where u, = u,(¢) is the displacement imposed at the foundation of the structure. Expressing the floor
displacements relative to the base motion, we have
Uy = Uy — Uy

(8.21)
Uy = Uy — Ug

The differentiation yields

iy = ity + iy
(8.22)
i'iZ = i/lr2 + us

m, —p U2

NN

my —p Uy

Uy up

! —o-l-— —

\// l"1(“1 - up) myil, ka(uz — uy) zﬂz
K, (c) —— >
Ve AT
_> Ug _’

Fig. 8.2 Shear building with base motion. (a) Two-story shear building. (b) Mathematical model. (¢) Free-body
diagrams



200 8 Forced Motion of Shear Buildings

Substitution of Egs. (8.21) and (8.22) into Eq. (8.20) results in

myiiyy + (ki + ko) up — kottyy = —my iy (8.23)
Myt — koltyy + kottyy = myii ‘

We note that the right-hand sides of Eq. (8.23) are proportional to the same function of time, iy (7).
This fact leads to a somewhat simpler solution compared to the solution of Eq. (8.6), which may
contain different functions of time in each equation. For the base motion of the shear building,
Eq. (8.4) may be written as

miay; + maasyy ..

{ + a)z = —— u.(t
9 191 i, + maddy 5(7)
(8.24)
Gy + g, = _map +m2022u )
20T mal, +maj,
or
G, + w3q, = Tyii(1)
R (8.25)
4y + w3qy = Taiis(1)
where I'; and I'; are called participation factors and are given by
miai + mya;
= T md?, + myd>
1 2
11 21 (8.26)
myap + Myds:
I, =

- 2 2
myay, + mpas,

The relation between the modal displacements ¢g;, ¢> and the relative displacement u,,, u,, is given
from Eq. (8.2) as

U = ang; +anqg, (8.27)

U = axq, +ang,

In practice, it is convenient to introduce a change of variables in Eq. (8.25) such that the second
members of these equations equal iig(f). The required change of variables to accomplish this
simplification is

g =Tig
1 : (8.28)
7> =Tag
which when introduced into Eq. (8.25) gives
8 +wlg, =it
|+ @igy = iis(1) (8.29)

8 + wig, = iig(1)

Finally, solving for g;(f) and g,(f) in the uncoupled Eq. (8.29) and substituting the solution into
Egs. (8.27) and (8.28) give the response as
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uri (t) = Tiang, (1) + Taang, (1) (8.30)
U2 (t) = Taai g (t) + Taang,(t)

When the maximum modal response g;max and g-max are obtained from spectral charts, we may
estimate the maximum values i, ., and u,m.¢ by the SRSS combination method as

Urlmax = \/(Flallglmax)2 + (F2a12g2max)2

(8.31)
Udmax = \/(Flaﬂglmax)z + (F2a22g2max)2
Uy
my —’ Uy he > ‘_ mNﬁ.N
e <4
ky ky(uy — uy-4)
i . —> —>
N-1
my_q —p Uy_1 <—m~_lﬁ~_1
<+ <4
bt <= S kyq(uy-q — uy-_2)
T I . T ka(uy— u))—p |
2
m; —p 12 < myil,
— <+
o ko(1y — uy)
—Z 2 e g
uy
my —» Uy 4— myiiy
oz I ky(uy — uy) ;
—Z kl
Ug
Foundation e -I Foundation
uS‘
(a) Reference (b)

Fig. 8.3 Multistory shear building excited at the foundation (a) Structural Model. (b) Free body diagrams

The equations of motion for an N-story shear building (Fig. 8.3a) subjected to excitation motion at its
base are obtained by equating to zero the sum of forces shown in the free body diagrams of Fig. 8.3b,
namely
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myliy +k1(u1 — us) —kz(uz — ul) =0

mpity + kz(uz — Ml) — k3(u3 — Mg) =0

(8.32)
my_1iiN—1 + kn—1 (un—1 — un—2) — kn(uy —un—1) =0
myity + ky(uy — uy—1) =0
Introducing into Eq. (8.32)
u=u; —u; (i=1,2,...,N) (8.33)
results in
myityy + kg — ko (0 — tp1) = —my
mailyy + kottyy — k3 (3 — tyn) = —myiiy
(8.34)
my_1ityn—1 + kn_1 (Un—1 — uN—2) — kn (N — Upn—1) = —my_ i
myity + kn (N — tn—1) = —myiis
where ii; = ii (f) is the acceleration function exciting the base of the structure.
Equations (8.34) may be conveniently be written in matrix notation as
Mty } + [K]{ur} = —[M]{1}iis(1) (8.35)

in which [M], the mass matrix, is a symmetric matrix, {1} is a vector with all its elements equal to
1, iiy = 1iy(¢) is the applied acceleration at the foundation of the building, and {«,} and {ii,} are,
respectively, the displacement and acceleration vectors relative to the motion of the foundation.

As has been demonstrated, the system of differential equations (8.35) can be uncoupled through
the transformation given by Eq. (8.11) as

{u} = [@l{q} (8.36)

where [®] is the modal matrix obtained in the solution of corresponding eigenproblem [[K] — a)z[M]

{¢} ={0}.
The substitution of Eq. (8.36) into Eq. (8.35) followed by premultiplication by the transpose of the

ith eigenvector, {(,{)}f (the ith modal shape), results in

{0}/ MI[@Ha} + {¢}/ [KI[@]{q} = —{#}] MI{1 }iis(r) (8.37)

which upon introduction of orthogonality property of the normalized eigenvectors [Egs. (8.14) and
(8.15)] results in the modal equations

5+l =Tiy()  (i=1,2,...,N) (8.38)

Where the modal participation factor I'; is given in general by
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N
Z mj¢ji

Ii=——— (8.39)
Z qub ji

and for normalized eigenvectors by
N
L= "mi¢; (i=12,...,N) (8.40)
=1

The maximum response in terms of maximum values for displacements (i, ; max) Or for acceleration
(#i; max) at the modal coordinates calculated by the SRSS method, is then given, respectively, by

Urimax =

N
Z (Tj;Sn;)° (8.41)

and

Uimax =

N
Z ,¢,jsA, (8.42)

where Sp; and S,; are, respectively, the spectral displacement and spectral acceleration for the
Jjth mode.

The participation factors I'; indicated in Egs. (8.39) and (8.40) are the coefficients of the excitation
function () in Eq. (8.38). As presented in Chap. 5, response spectral charts are prepared as the
solution of Eq. (8.38) (with I'; = 1). Therefore, the spectral values obtained from these charts Sp; or
S4; should be multiplied as indicated in Egs. (8.41) and (8.42) by the participation factor T}, which was
omitted in the calculation of spectral values.

Ilustrative Example 8.2
Determine the response of the frame of Illustrative Example 8.1 shown in Fig. 8.2 when it is subjected
to a suddenly applied constant acceleration i, = 0.28 g at its base.

Solution:
The natural frequencies and corresponding normal modes from calculations in Examples 7.1
and 7.2 are

w; = 11.83 rad/ sec, w, = 32.89 rad/ sec
¢y = 0.06437, ¢, = 0.0567
¢, = 0.08130, ¢y = —0.0924

The acceleration acting at the base of this structure is
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ity = 0.28 x 386 = 108.47 in/ sec?

The participation factors are calculated from Eq. (8.39) with the denominators set equal to unity since
the modes are normalized. These factors are then
Iy = —(136 x 0.06437 + 66 x 0.08130) = —14.120

a
I, = —(136 x 0.0567 — 66 x 0.0924) = —1.613 ®)

The modal equations (8.29) are

2, + 140g, = 108.47

b
4, + 1082g, = 108.47 (b)

and their solution, assuming zero initial conditions for velocity and displacement, is given by
Eq. (4.5) as

(o — 10847
S =40

108.47
& () = 1082 (1 — cos32.89)

(1 — cos11.83¢)
()

The response in terms of the relative motion of the stories at the floor levels with respect to the
displacement of the base is given as a function of time by Eqgs. (8.27) and (8.28), as

U (1) = —14.120 x 0.06437 x 0.775(1 — cos 11.837) — 1.613 x 0.0567 x 0.100(1 — cos 32.897)
Uy2(f) = —14.120 x 0.08130 x 0.775(1 — cos 11.83¢) + 1.613 x 0.0924 x 0.100(1 — cos 32.89¢)

or, upon simplification, as

u; = —0.7135 + 0.704 cos 11.83¢ + 0.009 cos 32.89¢

d
Uy = —0.874 +0.900 cos 11.83¢ — 0.015 cos 32.89¢ (@)

In this example, due to the simple excitation function (a constant acceleration), it was possible to
obtain a closed solution of the problem as a function of time. For a complex excitation function such
as the one produced by an actual earthquake, it would be necessary to resort to numerical integration
to obtain the response or to use response spectra if available. The maximum modal response is
obtained for the present example when the cosine functions in Eq. (c) are set equal to —1. In this case
the maximum modal response is then

8imax = 1.55 ( )
e
8omax = 0.20
and the maximum response, calculated from the approximate formulas (8.31), is
Urimax = 1.4091n
(f)

Upomax = 1.8001n

The possible maximum values for the response calculated from Eq. (d) by setting the cosines function
to their maximum value results in
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Uimax = 1.4260n
(2)

Upmax = 1.789in

which for this particular example certainly compares very well with the approximate results obtained
in Eq. (f) above.

8.3  Response by Modal Superposition Using MATLAB

MATLAB calculates the response of a linear system by superposition of the solutions of the modal
equations. Before one can use this program, it is necessary to solve an eigenproblem to determine the
natural frequencies and modal shapes of the structure. The program determines the response of the
structure excited either by time-dependent forces applied at nodal coordinates or a time-dependent
acceleration at the support of the structure.

Illustrative Example 8.3
{u} = [®{q}

G +oi’q = {¢}; {F} =P

o 0T

= e B =12 )

m, = 136 #-sec?/in., m, = 66 #-sec’/in., k; = 30,700 #/in., ko = 44,300 #/in.

F, =5000#,F, =0

Use computer MATLAB to determine natural frequencies and normalized mode shapes, and the
participation factors.

Solution:
The natural frequencies and the modal matrix for this structure as calculated in Example 10.1 are

w1 = 11.83 rad/ sec
w, = 32.89 rad/ sec

and

@] = 0.0644  0.0567
©10.0813 —0.0924

The mass matrix is

M) = {1(3)6 606}
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clc
clear all
close all

%%%%-GIVEN VALUES-%%%%

%%%Define Mass Matrix
M = [136 0; 0 66]

$%Define Stiffness Matrix

= [30700+44300 -44300;-44300 44300]

=N oo

$%Define Force Matrix
=[0; 5000];

oe I oo

oe

Solve the eignevalue problem and normalized eigenvectors

oo

%$%Solve for eigenvalues (D) and eigenvectors (a)
a, D] = eig(k, M)

[omegas, k] = sort(sqgrt(diag(D)));

%$%%Natural frequencies
omegas =sqrt (D)

%$%%{a}l before changing the unity in the first DOF.
=a(:,1);

%$%%{a}2 before changing the unity in the first DOF.
=al(:,2);

%%%Change the {a} wrt the unity in the first DOF.

all = 1;
a2l = al(2,1)./al(1,1);
alz = 1;

az22 = a2(2,1)./a2(1,1);

a =[1;

%%%Calculate the {a}

a(:,1) = [all, a2l1]; %$[all,a2l]
a(:,2) = [al2, a22]; $[al2,a22]
%%%aMa = {a}'*[M]* (a}

aMa = a'*M*a; $Eq.7.14

$%%Normalization factor
norm 1 = sqgrt(aMa(1l,1));
norm 2 = sqrt(aMa(2,2));

$%%Normalized eigenvectors

nom phi(:,1) = 1./norm71.*a(:,l); $Eq.7.16 for the first mode
nom_phi(:,2)= 1./norm 2.*a(:,2); $Eq.7.16 for the 2nd mode
nom_phi

SEME = {f} "> [M}*{f}
fMf=nom phi'*M*nom phi

%Omega: [Omega]
Omega = D'*fMf;
%P

P = nom phi'*F

%q_st
g_st = inv(Omega) *P
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8.4 Harmonic Force Excitation

When the excitation, that is, the external forces or base motion, is harmonic (sine or cosine function),
the analysis is quite simple and the response can readily be found without the use of modal analysis.
Let us consider the two-story shear building as shown in Fig. 8.4 subjected to a single harmonic force
F = Fy sinwt which is applied at the level of the second floor. In this case, Eq. (8.1) with F; (f) =0
and F, = F sin @t become

myit; + (k1 + kz)ul —koup =0

(8.43)
myliy — kouy + kouy = Fy sinwt
For the steady-state response we seek a solution of the form
u = U1 sin ot
(8.44)

Uy = Uy sinwt

After substitution of Eq. (8.44) into Eq. (8.43) and cancellation of the common factor sinw?, we
obtain

(kl + ko —mIEZ)Ul — kU, =0

(8.45)
—kUy + (ko — m@*)U, = Fo

which is a system of two equation in two unknowns, U,, and U,. This system always has a unique
solution except in the case when the determinant formed by the coefficients of the unknowns is equal
to zero. The reader should remember that in this case the forced frequency @ would equal one of the
natural frequencies, since this determinant when equated to zero is precisely the condition used for
determining the natural frequencies. In other words, unless the structure is forced to vibrate at one of
the resonant frequencies, the algebraic system of Eq. (8.43) has a unique solution for U;, and U..

Illustrative Example 8.4
Determine the steady-state response of the two-story shear building of Illustrative Example 7.1 when
a force F;(t) = 10,000 sin 20¢ is applied to the second story as shown in Fig. 8.4.

—> m; —p U2
k,
m, —> u
v\-—
kq
[T Y/

Fig. 8.4 Shear building with harmonic load
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Solution:
The natural frequencies for this frame were determined in Illustrative Example 7.1 to be

®; = 11.83 rad/ sec

w, = 32.89 rad/ sec

Since the forcing frequency is 20 rad/sec, the system is not at resonance. The steady-state response is
then given by solving Eq. (8.45) for U; and U,. substituting numerical values in this system or
equations, we have

(75,000 — 136 x 20*)U; — 44,300U, = 0
—44,300U, + (44,300 — 66 x 20*)U, = 10,000

Solving these equations simultaneously results in
U =-028in, U,=-0.13in
Therefore, according to Eq. (8.44), the steady-state response is
u; = —0.28 sin 20¢ in
(Ans)
u, = —0.13sin 20¢ in

Damping may be considered in the analysis by simply including damping elements in the model as it
is shown in Fig. 8.5 for a two-story shear building. The equations of motion which are obtained by
equating to zero the sum of the forces in the free body diagram shown in Fig. 8.5¢ are

myi; + (Cl + Cz)ﬂl + (kl +/€2)u1 — oty — kolty = Fl(l)

(8.46)
maily — oty — kauty + Cotia + kotty = F (1)
Now, considering the general case of applied forces of the form given by
F(t) = F.coswt + Fsinwt (8.47)
we, conveniently, express such force in complex form as
F(t) = (F. — iFy)e™ (8.48)

with the tacit understanding that only the real part of the Eq. (8.48) is the applied force. We show that
the real part of the complex force in Eq. (8.48) is precisely the force in Eq. (8.47). Using Euler’s

formula €'’ = cos®t + i sin®@t, we obtain


http://dx.doi.org/10.1007/978-3-319-94743-3_7
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Fy(t) =" mT_, A
C2
ks
(a)
Fy(t)—> m, —> U
=
ky
77
k, 2_> U,y k, 2—} Uz
L AAL L MA
2 my Fy(t) —» m; —> F()
® 77— [
k,u
31 - » ko(u; — u,) < myit,
(©) iy | ——— B F) < > Fy(t)
—] > -«
ca(it; —1y)

Fig. 8.5 (a) Damped shear building with harmonic load. (b) Multi-degree mass-spring model. (¢) Free body diagrams

Real {(F. — iF,)e™} = Real {(F. — iF,)(cos@ + isin @r)} (8.49)
= F. cos ot + F sin ot .

which is equal to the expression in Eq. (8.47).
Assuming that the forces F((¢) and F,(¢) in Eq. (8.46) are in the form given by Eq. (8.47), we
substitute Eq. (8.48) into Eq. (8.46) to obtain

mli,l] + (C] + Cz)l,h + (k] + kg)ul — Czﬂz — k2u2 = (FC] — l'Fsl)elmt

_ (8.50)
Molly — Coll 1 — kouy + Coli o + kouy = (FCZ — iF‘Yg)e’“”
The solution of the complex system of Eq. (8.50) will, in general, be of the form of
uy(t) = (Ugy + iUq ).
(O = (U +iUs) (8.51)

up (t) = (UC2 + iUsz) et

The substitution of Eq. (8.51) together with the first and second derivatives of #; and u, into Eq. (8.50)
results in the following system of complex algebraic equations:
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{ (ki + ky — m@?) + i@ (c; + &) (Ui +iUg) = { (ka + iwc2) (Uea + iUg) = Fey — Fy
(8.52)
_(kZ + iECZ)(Uci + lUw) + {(kz - mZEZ) + iwc2) }(UC2 + iUsZ) - Fzr2 - FA‘Z

As already stated, the response is then found by solving the complex system of equations (11.54)
and retaining only the real part of the solution. Hence, analogously to Eq. (8.49),
ui(t) = Uqcos wt — Uy sin ot

8.53
up(t) = U cos ot — Ug sin @t ( )

in which U., Uy, Ue,, Us,, is the solution of the complex equations (8.52). The necessary
calculations are better explained through the use of a numerical example.

Illustrative Example 8.5

Determine the steady state response for the two-story shear building of Illustrative Example 8.4 in
which damping is considered in the analysis (Fig. 8.5). Assume for this example that the damping
constants ¢; and ¢, are, respectively, proportional to the magnitude of spring constants k; and &, in
which the factor of proportionality, a; = 0.01.

Solution:

The damping constants are calculated as
¢ = ajk; =307 Ib. sec /in (@)
a
¢y = ajk, = 443 1b. sec /in

The substitution of numerical values for this example into Eq. (8.54) results in the following system
of equations:

(20,600 + 15,000i)U; — (44,300 + 8860i)U; = 0

(b)
—(44,300 + 8860:)U; + (17,900 + 8360i)U, = —10,000i
The solution of this system of equations is
U; = 0.000681 +10.26865
U, = —0.06390 +10.13777
The, it follows from Eq. (8.55),
u1 (1) = 0.0006814 cos 20t — 0.26865 sin 20t (8.54)
up (1) = —0.0639 cos 207 — 0.137775 sin 20¢ ’
which may also be written as
u; = 0.26865sin (20f + 3.144) in (Ans)

u; = 0.15165in (20¢ 4+ 3.571) in

When the results are compared with those obtained for the undamped structure in Illustrative
Example 8.4, we note only a small change in the amplitude of motion. This is always the case for
systems lightly damped and subjected to harmonic excitation of a frequency that is not close to one of
the natural frequencies of the system. For this example, the forced frequency @ = 20 rad/sec is
relatively far from the natural frequencies, @; = 11.83 rad/sec or w, = 32.89 rad/sec which were
calculated in Illustrative Example 5.1.
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8.5 Harmonic Response: MATLAB Program

MATLAB calculates the response to harmonic excitations of a structural system having the stiffness
and mass matrices.

Damping in the system is assumed to be proportional to the stiffness and/or mass coefficients, that
is, the damping matrix is calculated as

[C] = ao[M] + a: [K] (8.55)

in which a, and a; are constants specified in the input data. The program calculates the steady-state
response for structures subjected to harmonic forces applied at the nodal coordinates or a harmonic
acceleration applied at the base of the structure.

Illustrative Example 8.6
Obtain the response of the damped two-degree-of-freedom shear building of Illustrative Example 8.5
using MATLAB.

Solution:

clc
clear all
close all

Inputs:
M, K
% F = forcing function
t = Time period
% u0 = initial displacement
% v0 = initial velocity

%%-GIVEN VALUES-

%%%Time for Response
t =0:0.01:10;

3%%Define Mass Matrix
M = [136 0; 0 66]

$%%Define Stiffness Matrix
k1=30700;
k2=44300;

K = [kl+k2 -k2;
-k2 k21;

$%%Determine #s of DOFs
[n,n]= size (M) ;

s$Define Force Matrix
F = zeros(n,1l); F(2)=10000;

nstep = size(t');

% Initial conditions

u0 zeros (n
v0 zeros (n

’ (1)
[n,n]= size (M

(1)

= 1); u
= 1); v
)i

0
0

0;
0;
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% Solve the eignevalue problem and normalized eigenvectors

%$%%Solve for eigenvalues (D) and eigenvectors (a)
[a, D] = eig(K, M)

3%Natural Frequencies
omegas, k] = sort(sqgrt(diag(D)));

%%%Eigenvectors
= al(:,k)

%%Natural Periods
= 2*pi./omegas;
%%%aMa = {a}'*[M]* (a}
aMa = diag(a'*M*a)

%%%Normalized modal matrix
nom phi = (a)*inv(sgrt(diag(aMa)))

o
I oo

$%%Normalized force, P = nom F
P nom_phi'*F;

g0 = nom_phi'*M*ul

dg0 = nom_phi'*M*v0

o

oe

Damping matrix using the proportional damping matrix
[C] = a0[M]+al[K] (Eg. 8.55)
zetas = damping ratios

oe

oe

o

a0 = 0;

al = 0.01;

nom_C = nom_phi'* (a0*M+al*K)*nom_phi;

zetas = diag((1/2)*nom C*inv(diag (omegas)));

save ('templ.mat', 'omegas', 'P' ,'zetas');
q=[1];
]

r = [

7

oe

oe

Solve uncoupled equations of motions

oe

%%%Iteration for uncoupled equations of motion (Eg. 8.6)
fori=l:n

q0_i = g0(i,:);

dg0_i = dq0(i,:);

load templ.mat
omega = omegas (i,:);

P = P(i,:);
m = M(i,1i);
zeta = zetas (i, :);

save ('temp2.mat', 'omega', 'P', 'm', 'zeta');
[t,q] = oded5(@MDOFP, t, [g0 i dg0 i]1',[]);

r(:,1) = q(:,1);
save ('temp3.mat', 'r')

end

load ('temp3.mat', 'r');

o
o©
o

Response using Modal Superposition Method
yim = nom phi*[r']; $Eg.8.11

$%%Response
figure
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subplot(2,1,1);

plot(t, yim(1l,:)) %Response @ 1DOF
title('(a) u 1")

xlabel ('Time (sec)');

ylabel ('u 1(in.)");

grid on

subplot(2,1,2);

plot(t, yim(2,:)) %Response @ 2DOF
title('(b) u 2")

xlabel ('Time (sec)');

ylabel ('u 2(in.)");

grid on

3% %Maximum response
umax_l=max (abs (yim(1l,:))) %u_max @ 1DOF
umax 2=max (abs (yim(2,:))) %u max @ 2DOF

This function of MATLAB is similar to the function defined in Chap. 3 (MATLAB function file:
SDPF.m). This function is used to solve the partial differential equations for solving uncoupled
equations of motions. The function of force is defined here except for participation factors which is
found in the main MATLAB program.

function g = MDOFP(t, q)
load ('temp2.mat', 'omega', 'P', 'm' ,'zeta')

oe

$illustrative Example 8.4

©

o

P = P*sin(20*t);
%zeta =0 ;
g = [g(2); -omega*omega*q(l)-2*zeta*omega*q(2)+P];

(a) u,
0-5 T T T T T T T T T
. 0
£
® 05t -
_1 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
Time (sec)
(b) u,
0-5 T T T T T T T T T
£ of
:('\l
_05 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
Time (sec)

Fig. 8.6 (a) Response of 1st degree-of-freedom. (b) Response of 2nd degree-of-freedom
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The results given by the MATLAB, as expected, are the same as the values calculated in
Example 8.6. The steady-state maximum displacement is the same (Fig. 8.6).

8.6 Combining Maximum Values of Modal Response

The square root of the sum of squared contributions (SRSS), to estimate the total response from
calculated maximum modal values, may be expressed, in general, from Eq. (11.41) or Eq. (11.42), as

(8.56)

where R is the estimated response (force, displacement, etc.) at a specified coordinate and R; is the
corresponding maximum response of the ith mode at that coordinate.

Application of the SRSS method for combining modal response generally provides an acceptable
estimation of the total maximum response. However, when some of the modes are closely spaced, the
use of the SRSS method may result in grossly underestimating or overestimating the maximum
response. In particular, large errors have been found in the analysis of three-dimensional structures in
which torsional effects are significant. The term “closely spaced” referring to modes, may be
arbitrarily define the case when the difference between two natural frequencies is within 10% of
the smallest of the two frequencies.

A formulation known as the Complete Quadratic Combinations (CQC), which is based on the theory of
random vibrations, has been proposed by Kiureghian (1980) and by Wilson, et al. (1981). The CQC
method, which may be considered as an extension of the SRSS method, is given by the following equation:

i=1 j=1
in which the cross-modal coefficient p;;, may be approximated by
1/2 3/2
8(& & i+ ré)r
. (66) "6+ ) 55%)

(1= +458(1— 1) +4(8 + &)

where r = w;/w; is the ratio of the natural frequencies or order i and j and &; and &; the corresponding
damping ratios for modes i and j. For constant modal damping &, Eq. (11.58) reduces to

852(1 — 1’)1‘3/2
(1-— 1‘2)2 + 4521'(1 + r)2

Py = ) (8.59)

It is important to note that, for i = j, Eq. (11.58) or Eq. (11.59) yields p;; = 0 for any value of the
damping ratio, including.§ = O Thus, for an undamped structure, the CQC method (Eq. 11.57) is
identical to the SRSS method (Eq. 11.56).

8.7 Summary
For the solution of linear equations of motion, we may employ either the modal superposition method

of dynamic analysis or a step-by-step numerical integration procedure. The modal superposition
method is restricted to the analysis of structures governed by linear systems of equations whereas the


http://dx.doi.org/10.1007/978-3-319-94743-3_11
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step-by-step methods of numerical integration are equally applicable to systems with linear or
nonlinear behavior. We have deferred the presentation of the multi-degree-of-freedom systems.

In the present chapter, we have introduced the modal superposition method in obtaining the
responses of the shear building subjected to either force excitation or to base motion and have
demonstrated that the use of normal modes of free vibration for transforming the coordinates leads
to a set of uncoupled differential equations. The solution of these equations may then be obtained by
any of the methods presented in Part 1 for the single-degree-of-freedom system.

When use is made of response spectra to determine maximum values for modal responses, these
values are usually combined by the square root of the sum of squares (SRSS) method. However, the
SRSS method could seriously overestimate or underestimate the total response when some of the
natural frequencies are closely spaced. A more precise method of combining maximum values of the
modal response is the Complete Quadratic Combination (CQC). This method has been strongly
recommended in lieu of the SRSS method.

In the particular case of harmonic excitation, the response may be obtained in closed form by
simply solving a system of algebraic equations in which the unknowns are the amplitudes of the
response at the various coordinates.

8.8 Problems

Problem 8.1

Determine the response as a function of time for the two-story shear building of Problem 7.1 when a
constant force of 500 b is suddenly applied at the level of the second floor as shown in Fig. P8.1.
Bays are 15 ft. apart.

W, = 26,500 Ib

T’ 5000 Ib
~——__ 20psf / !
WA0 X 21 10

W, = 52,500 Ib

~— 20pst ____—7]

W11 X 45 15’

30’

Fig. P8.1

Problem 8.2
Repeat Problem 8.1 if the excitation is applied to the base of the structure in the form of a suddenly
applies acceleration of magnitude 0.5 g.
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Problem 8.3

Determine the maximum displacement a the floor levels of the three-story shear building (Fig P8.3a)
subjected to impulsive triangular loads as shown in Fig. P8.3b. The total stiffness of the columns of
each story is k = 1500 Ib/in and the mass at each floor is m = 0.386 Ib. sec*/in.

(@) (b)
Fs —> m —>Us3 F
T — F,= 3000 Ib |
Fo —> m —> Uy
F,=2000 Ib
\ k/ 2
Fa— m > = 1000 1b
7 7 0.2 Time (sec)
Fig. P8.3
Problem 8.4

Determine the maximum shear force in the columns of the second story of Problem 8.3. (Hint:
Calculate modal shear forces and combine contributions using method of square root sum of squares.)

Problem 8.5

Use SAP 2000 to obtain the time history response of the three-story building in Fig. P8.5a subjected to
the support acceleration plotted in Fig. P8.5b. Determine the response for a total time of 1.0 sec using
time step) t = 0.05 sec, and modal damping coefficient of 10% for all the modes (£ = 30 x 10° psi).

(@) mg = 10 (Ib sec?/in.) (b)
= o =300in4 7
10 Acceleration
my =15 a4
Y g
0.5
€= liota = 400in.4  —>
12 04
my =20 0.3
4 0.2 02 02
. >
15 ™ liotar = 500 in.4 05 0.6 > Time
01 02 03 04 07 08 09 47 t(sec)
—0.1
7 777 -0.2

Fig. P8.5
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Problem 8.6
Find the steady-state response of the shear building shown in Fig. P8.6 subjected to the harmonic
forces indicated in the figure. Neglect damping.

',‘1“‘
£y~ 0008 2t 2l -
p— E;“-gxw' win?) W

W, = 3800 in
/pzzzzzzzzz2224

" Elpyp = 10X 10* M in.?)

7

Fig. P8.6

Problem 8.7
Solve Problem 8.6 assuming damping coefficients proportional to the story stiffness, ¢; = 0.05 K.

Problem 8.8
For the structure (shear building) shown in Fig. P8.8 determine the steady-state motion for the
following load systems (loads in pounds):

(@) Fi(t) =1000sinz, F,(t) = 2000sint, F5(t) = 1500 sin ¢
(b) F1(t) =2000cost, F,(t) = 3000cost,F3(t) = 4000 cos ¢

Also load the structure simultaneously with load systems (a) and (b) and verify the superposition
of results.

“— p— T
Elotar = 5 x 108 Io in2 10"
Fp (1) W, =1930 Ib
- > Yy
e >
El =5x1081bin2
total 127
) W, = 3860 Ib
—_— _}_
e >
Elioga = 10 x 108 Ib in2 15°
Ny

Fig. P8.8



218 8 Forced Motion of Shear Buildings

Problem 8.9

For the structure modeled as a four-story shear building shown in Fig. P8.9 determine the steady-state
response when it is subjected to a force F = 10,000 sin 20 t (Ib) applied at the top floor of the building.
The modulus of elasticity is E = 2.0 x 10° psi. Assume damping in the system is proportional to the
stiffness coefficient (c, = 0.01)

(a) (b)
F(t) m=1
—
I=79.55 in#
180 in. A F(t)Ib)
) m=1 1000
Ny > U
I=79.55 in#
180in.| _— |
m=1
X —
|=79.55 in4 0 0.25 0.5 f(SGC)
180 in.le—" T~
m=1
> Uy
| 1=79.55in#
180 in. /\
L/W Y/

Fig. P8.9
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