
Chapter 6
Truth & Proof

Synopsis This chapter augments the dynamic axioms for dynamical systems from
the previous chapter with the full mathematical rigor of a proof system. This proof
system enables rigorous, systematic proofs for cyber-physical systems by providing
systematic structuring mechanisms for their correctness arguments. The most im-
portant goals of such a proof system are that it guarantees to cover all cases of a
correctness argument, so all possible behavior of a CPS, and that it provides guid-
ance on which proof rules to apply. Its most important feature is the ability to use
the dynamic axioms for dynamical systems that we already identified for rigorous
reasoning about hybrid programs. A high-level interface of proofs with reasoning
for real arithmetic as well as techniques for logically simplifying real-arithmetic
questions are discussed as well.

6.1 Introduction1

Chap. 5 investigated dynamic axioms for dynamical systems, i.e., axioms in differ-
ential dynamic logic (dL) that characterize dynamical systems operators in terms
of structurally simpler dL formulas. All it takes to understand the bigger system,
thus, is to apply the appropriate axiom and investigate the smaller remainders. That
chapter did not quite show all important axioms yet, but it still revealed enough to
prove a property of a bouncing ball. While that chapter showed exactly how all the
respective local properties of the system dynamics could be proved by invoking the
corresponding dynamic axiom, it has not become clear yet how these individual in-
ferences are best tied together to obtain a well-structured proof. That is what this
chapter will identify.

1 By both sheer coincidence and by higher reason, the title of this chapter turns out to be closely
related to the subtitle of a well-known book on mathematical logic [1], which summarizes the
philosophy pursued here in a way that is impossible to improve upon any further: To truth through
proof.
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174 6 Truth & Proof

After all, there’s more to proofs than just axioms. Proofs also have proof rules
for combining fragments of arguments into a bigger proof by well-structured proof
steps. Proofs, thus, are defined by the glue that holds axioms together into a single
cohesive argument justifying its conclusion.

Granted, the working principle we followed with the axioms in Chap. 5 was quite
intuitive. We repeatedly identified a subformula that we could simplify to an equiv-
alent formula by applying any of the dL equivalence axioms from left to right. Since
all dL axioms reduce more complex formulas on the left to structurally simpler
formulas on the right, successively using them also simplified the conjecture corre-
spondingly. That is quite systematic for such a simple mechanism.

Recall that our proof about the (single-hop) bouncing ball from the previous
chapter still suffered from at least two issues, though. While it was a sound proof
and an interesting proof, the way we came up with it was somewhat undisciplined.
We just applied axioms seemingly at random at all kinds of places all over the log-
ical formula. After we see such a proof, that is not a concern, because we can just
follow its justifications and appreciate the simplicity and elegance of the steps it took
to justify the conclusion.2 But better structuring would certainly help us find proofs
more constructively in the first place. The second issue was that the axioms for the
dynamics that Chap. 5 showed us did not actually help in proving the propositional
logic and arithmetic parts remaining at the end. So we were left with informal justi-
fications of the resulting arithmetic, which leaves plenty of room for subtle mistakes
in correctness arguments.

The present chapter addresses both issues by imposing more structure on proofs
and, as part of that, handle the operators of first-order logic that differential dynamic
logic inherits (propositional connectives such as ∧,∨,¬,→) and quantifiers (∀,∃).
As part of the structuring, we will make ample and crucial use of the dynamic ax-
ioms from Chap. 5. Howevr, they will be used in a more structured way than so far,
in a way that focuses their use on the top level of the formula and in the direction
that actually simplifies the formula.

While Chap. 5 laid down the most fundamental cornerstones of the Foundations
of Cyber-Physical Systems and their rigorous reasoning principles, the present chap-
ter revisits these fundamental principles and shapes them into a systematic proof
approach. The chapter is loosely based on previous work [14, Section 2.5.2]. The
most important learning goals of this chapter are:

Modeling and Control: This chapter deepens our understanding from the previous
chapter of how discrete and continuous systems relate to one another in the
presence of evolution domain constraints, a topic that the previous chapter only
touched upon briefly. It also makes precise how proofs can reason soundly when
only assuming evolution domains to hold in the end compared to the fact that
evolution domains have to hold always throughout a continuous evolution.

2 Indeed, the proof in Chap. 5 was creative in that it used axioms quite carefully in an order that
minimizes the notational complexity. But it is not easy to come up with such (nonsystematic)
shortcut proofs even if the KeYmaera X prover makes this relatively straightforward with its proof-
by-pointing feature [8].
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Computational Thinking: Based on the core rigorous reasoning principles for
CPS developed in Chap. 5, this chapter is devoted to reasoning not only rigor-
ously but also systematically about CPS models. Systematic ways of reasoning
rigorously about CPS are, of course, critical to getting more complex CPS right.
The difference between the axiomatic way of reasoning rigorously about CPSs
[15] as put forth in Chap. 5 and the systematic way [13, 14] developed here is
not a big difference conceptually, but more a difference in pragmatics.
That does not make it less important, though, and the occasion to revisit it gives
us a way of deepening our understanding of systematic CPS analysis principles.
This chapter explains ways of developing CPS proofs systematically and is an
important ingredient for verifying CPS models of appropriate scale. The chapter
also adds a fourth leg to the logical trinity of syntax, semantics, and axiomat-
ics considered in Chap. 5. It adds pragmatics, by which we mean the question
of how to use axiomatics to justify the syntactic renditions of the semantical
concepts of interest. That is, how best to go about conducting a proof to justify
truth of a CPS conjecture. An understanding of such pragmatics follows from a
more precise understanding of what a proof is and what arithmetic does.

CPS Skills: This chapter is mostly devoted to sharpening our analytic skills for
CPS. We will also develop a slightly better intuition for the operational effects
involved in CPS in that we understand in which order we should worry about
operational effects and whether that has an impact on the overall understanding.

CT

M&C CPS

systematic reasoning for CPS
verifying CPS models at scale
pragmatics: how to use axiomatics to justify truth
structure of proofs and their arithmetic

discrete+continuous relation
with evolution domains

analytic skills for CPS

6.2 Truth and Proof

Truth is defined by the semantics of logical formulas. The semantics gives a mathe-
matical meaning to formulas that, in theory, could be used to establish the truth of a
logical formula by expanding all semantic definitions. In practice, this is quite infea-
sible, for one thing, because quantifiers of differential dynamic logic quantify over
real numbers (after all their variables may represent real quantities such as velocity
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and position). Yet, there are (uncountably) infinitely many of those, so determining
the truth value of a universally quantified logical formula directly by working with
its semantics is impossibly challenging since that would require instantiating it with
infinitely many real numbers, which would keep us busy for quite a while.

The semantics is even more challenging to deal with in the case of the hybrid
systems in the modalities of differential dynamic logic formulas, because hybrid
systems have so many possible behaviors and are highly nondeterministic. Literally
following all possible behaviors to check all reachable states hardly sounds like a
way that would ever enable us to stop and conclude the system is safe. Except,
of course, if we happened to be lucky and found a bug during just one execution,
because that would be enough to falsify the formula. Yet, in fact, even following just
one particular execution of a hybrid system can be tricky, because that still involves
the need to compute a solution of its differential equations and check their evolution
domain constraints at all times.

We are, nevertheless, interested in establishing whether a logical formula is true,
no matter how complicated that may be, because we would very much like to know
whether the hybrid systems they refer to can be used safely. Or, come to think of
it, we are interested in finding out whether the formula is valid, since truth of a
logical formula depends on the state (see the definition of semantics ω ∈ [[P]] in
Definition 4.2) whereas validity of a logical formula is independent of the state (see
the definition of validity � P), because validity means truth in all states. Validity of
formulas is what we ultimately care about, because we want our safety analysis to
hold in all permitted initial states of the CPS, not just one particular initial state ω ,
because we may not even know the exact initial state of the CPS. In that sense, valid
logical formulas are the most valuable ones. We should devote all of our efforts to
finding out what is valid, because that will allow us to draw conclusions about all
states, including the real-world state as well.

While exhaustive enumeration and simulation is hardly an option for systems
as challenging as CPSs, the validity of logical formulas can be established by other
means, namely by producing a proof of that formula. Like the formula itself, but un-
like its semantics, a proof is a syntactical object that is amenable, e.g., to represen-
tation and manipulation in a computer. The finite syntactical argument represented
in a proof witnesses the validity of the logical formula that it concludes. Proofs can
be produced in a machine. They can be stored to be recalled as evidence for the
validity of their conclusion. And they can be checked by humans or machines for
correctness. Proofs can even be inspected for analytic insights about the reasons for
the validity of a formula, which goes beyond the mere factual statement of validity.
A proof justifies the judgment that a logical formula is valid, which, without such a
proof as evidence, is no more than an empty claim. Empty claims are hardly useful
foundations for building any cyber-physical systems on.

Truth and proof should be related intimately, however, because we only want to
accept proofs that actually imply truth, i.e., proofs that imply their consequences to
be valid if their premises are. That is, proof systems should be sound in order to al-
low us to draw reliable conclusions from the existence of a proof. This textbook will
exercise great care to identify sound reasoning principles. The converse and equally
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intriguing question is that of completeness, i.e., whether all valid formulas can be
proved, which turns out to be much more subtle [13, 16–18] and won’t concern us
until much later in this textbook.

6.2.1 Sequents

The proof built from axioms in Sect. 5.4 to justify a safety property of a bouncing
ball was creative and insightful, but also somewhat spontaneous or maybe even
disorganized. In fact, it has not even quite become particularly obvious what exactly
a proof was, except that it is somehow supposed to glue axioms together into a single
cohesive argument. But that is not a definition of a proof.3

In order to have a chance of conducting more complex proofs, we need a way of
structuring the proofs and keeping track of all questions that come up while working
on a proof as well as all assumptions that are available. But despite all the lamenting
about the proof in Sect. 5.4, it has, secretly, been much more systematic than we
were aware of at the time. Even if it went in a non-systematic order as far as the
application order of the axioms was concerned, we still structured the proof quite
well (unlike the ad hoc arguments in Sect. 4.8). So part of what this chapter needs
to establish is to turn this lucky coincidence of a proper proof structure into an
intentional principle. Rather than just coincidentally structuring the proof well, we
want to structure all proofs well and make them all systematic by design.

Throughout this textbook, we will use sequents, which give us a structuring
mechanism for conjectures and proofs. Sequent calculus was originally developed
by Gerhard Gentzen [9, 10] for studying properties of natural deduction calculi, but
sequent calculi have had tremendous success for numerous other purposes since.

In a nutshell, sequents are a standard form for logical formulas that is convenient
for proving purposes, because it neatly aligns all available assumptions on the left
of the sequent turnstile ` and gathers what needs to be shown on the right.

The antecedent Γ can be thought of as the list of formulas we assume to be true,
whereas the succedent ∆ can be understood as formulas for which we want to show
that at least one of them is true, assuming all formulas of Γ are true. So for proving
a sequent Γ ` ∆ , we assume all Γ and want to show that one of the ∆ is true. For
some simple sequents of the form Γ ,P ` P,∆ where, among another set of formulas

3 It would have been very easy to define, though, by inductively defining formulas to be provable
if they are either instances of axioms or follow from provable formulas using modus ponens [15].

Definition 6.1 (Sequent). A sequent is of the form

Γ ` ∆

where the antecedent Γ and succedent ∆ are finite sets of dL formulas. The
semantics of Γ ` ∆ is that of the dL formula

∧
P∈Γ P → ∨

Q∈∆ Q.
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Γ in the antecedent and another set of formulas ∆ in the succedent, literally the
same formula P is in the antecedent and the succedent, we directly know that they
are valid, because we can certainly show P if we already assume P. In fact, we will
use this as a way of finishing a proof. For other sequents, it is more difficult to see
whether they are valid (true under all circumstances) and it is the purpose of a proof
calculus to provide a means to find out.

The basic idea in sequent calculus is to successively transform all formulas such
that Γ forms a list of all assumptions and ∆ the set of formulas that we would like
to conclude from Γ (or, to be precise, the set ∆ whose disjunction we would like to
conclude from the conjunction of all formulas in Γ ). For example, when a formula
of the form P∧Q is in the antecedent, we will identify a proof rule that simplifies
P∧Q in the sequent Γ ,P∧Q ` ∆ by replacing it with its two subformulas P and Q
to lead to Γ ,P,Q ` ∆ , because assuming the two formulas P and Q separately is the
same as assuming the conjunction P∧Q, but involves smaller formulas.

Arguably the easiest way of understanding sequent calculus would be to inter-
pret Γ ` ∆ as the task of proving one of the formulas in the succedent ∆ from all
of the formulas in the antecedent Γ . But since dL is a classical logic, not an in-
tuitionistic logic, we need to keep in mind that it is actually enough for proving a
sequent Γ ` ∆ to just prove the disjunction of all formulas in ∆ from the conjunc-
tion of all formulas in Γ . For the proof rules of real arithmetic, we will later make
use of this fact by considering the sequent Γ ` ∆ as an abbreviation for the formula∧

P∈Γ P → ∨
Q∈∆ Q, because the two have the same semantics in dL. Indeed, a proof

of the sequent z = 0 ` x≥ z,x < z2 is only possible with this disjunctive interpreta-
tion of the succedent. We cannot say whether x≥ z is true or whether x < z2 is true,
but if z = 0 is assumed, it is a classical triviality that their disjunction is true.

Empty conjunctions
∧

P∈ /0 P are equivalent to true. Empty disjunctions
∨

P∈ /0 P are
equivalent to false.4 Hence, the sequent ` A means the same as the formula A. The
empty sequent ` means the same as the formula false. The sequent A ` means the
same as formula A→ false. Starting off a proof question is easy, too, because if we
would like to prove a dL formula P, we turn it into a sequent with no assumptions,
since we do not initially have any, and set out to prove the sequent ` P.

4 Note that true is the neutral element for the operation ∧ and false the neutral element for the
operation ∨. That is A∧ true is equivalent to A for any A and A∨ false is equivalent to A. So true
plays the same rôle for ∧ that 1 plays for multiplication. And false plays the rôle for ∨ that 0 plays
for addition. Another aspect of sequents Γ ` ∆ that is worth mentioning is that other notations
such as Γ =⇒ ∆ or Γ −→ ∆ are also sometimes used in the literature.

Note 34 (Nonempty trouble with empty sequents) If you ever reduce a con-
jecture about your CPS to proving the empty sequent ` , then you are in trou-
ble, because the empty sequent ` means the same as the formula false and it
is impossible to prove false, since false isn’t ever true. In that case, either you
have taken a wrong turn in your proof, e.g., by discarding an assumption that
was actually required for the conjecture to be true, or your CPS might take a
wrong turn, because its controller can make a move that is actually unsafe.
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In order to develop sequent calculus proof rules, we will again follow the logical
guiding principle of compositionality from Chap. 5 by devising one suitable proof
rule for each of the relevant operators. Only this time, we have two cases to worry
about for each operator. We will need one proof rule for the case where the operator
occurs in the antecedent so that it is available as an assumption. The corresponding
rule for ∧ will be called the ∧L rule since it operates on the left of the ` sequent
turnstile. And we will need another proof rule for the case where that operator occurs
in the succedent so that it is available as an option to prove. That rule for ∧ will be
called the∧R rule since it is for∧ and operates on the right of the ` sequent turnstile.
Fortunately, we will find a clever way of simultaneously handling all of the modality
operators at once in sequent calculus by using the dL axioms from Chap. 5.

6.2.2 Proofs

Before developing any particular proof rules for sequent calculus, let us first under-
stand what a proof is, what it means to prove a logical formula, and how we know
whether a proof rule is sound so that it actually implies what it tries to prove.

Recall that the meaning of a sequent Γ ` ∆ is
∧

P∈Γ P → ∨
Q∈∆ Q by Defini-

tion 6.1, so that � (Γ ` ∆) stands for �
(∧

P∈Γ P → ∨
Q∈∆ Q

)
in Definition 6.2.

A formula P is provable or derivable (in the dL sequent calculus) if we can find
a dL proof for it that concludes the sequent ` P at the bottom from no premises and
that has only used dL sequent proof rules to connect the premises to their conclusion.
The rules id,>R and⊥L we discuss below will prove particularly obvious sequents
such as Γ ,P ` P,∆ from no premises and, thereby, provide a way of finishing a
proof. The shape of a dL sequent calculus proof, thus, is a tree with axioms at the
top leaves and the formula that the proof proves at the bottom root.

When constructing proofs, however, we start with the desired goal ` P at the
bottom, since we want ` P as the eventual conclusion of the proof. We work our
way backwards to the subgoals until they can be proven to be valid. Once all sub-
goals have been proven to be valid, they entail their respective conclusions, which,
recursively, entail the original goal ` P. This property of preserving truth or pre-
serving validity is called soundness (Definition 6.2). When constructing proofs, we
work bottom-up from the goal to the subgoals and apply all proof rules from the

Definition 6.2 (Global soundness). A sequent calculus proof rule of the form

Γ1 ` ∆1 . . . Γn ` ∆n

Γ ` ∆

is sound iff validity of all premises (i.e., the sequents Γi ` ∆i above the rule bar)
implies validity of the conclusion (i.e., the sequent Γ ` ∆ below the rule bar):

If � (Γ1 ` ∆1) and . . . and � (Γn ` ∆n) then � (Γ ` ∆)
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desired conclusion to the required premises. Once we have found a proof, we justify
formulas conversely from the leaves top-down to the original goal at the bottom, be-
cause validity transfers from the premises to the conclusion with sound proof rules.

construct proofs upwards
x Γ1 ` ∆1 . . . Γn ` ∆n

Γ ` ∆

y validity transfers downwards

We write `dL P iff dL formula P can be proved with dL rules from dL axioms.
That is, a dL formula is inductively defined to be provable in the dL sequent calculus
iff it is the conclusion (below the rule bar) of an instance of one of the dL sequent
proof rules, whose premises (above the rule bar) are all provable. In particular, since
we will make sure that all dL proof rules are sound, the conclusion at the very bottom
of the proof will be valid, because all its premises had a (shorter) proof and were,
thus, valid by soundness of the respective proof rule that was used. A formula Q is
provable from a set Φ of formulas, denoted by Φ `dL Q, iff there is a finite subset
Φ0 ⊆Φ of formulas for which the sequent Φ0 ` Q is provable.

6.2.3 Propositional Proof Rules

The first logical operators encountered during proofs are usually propositional logi-
cal connectives, because many dL formulas use shapes such as A→ [α]B to express
that all behaviors of HP α lead to safe states satisfying B when starting the system
in initial states satisfying A. For propositional logic, dL uses the standard proposi-
tional rules with the cut rule, which are listed in Fig. 6.1. These propositional rules
decompose the propositional structure of formulas and neatly divide everything up
into assumptions (which will ultimately be moved to the antecedent) and what needs
to be shown (which will be moved to the succedent). The rules will be developed
one at a time in the order that is most conducive to their intuitive understanding.

Fig. 6.1 Propositional proof rules of sequent calculus

¬R
Γ ,P ` ∆

Γ ` ¬P,∆

¬L
Γ ` P,∆

Γ ,¬P ` ∆

∧R
Γ ` P,∆ Γ ` Q,∆

Γ ` P∧Q,∆

∧L
Γ ,P,Q ` ∆

Γ ,P∧Q ` ∆

∨R
Γ ` P,Q,∆

Γ ` P∨Q,∆

∨L
Γ ,P ` ∆ Γ ,Q ` ∆

Γ ,P∨Q ` ∆

→R
Γ ,P ` Q,∆

Γ ` P→ Q,∆

→L
Γ ` P,∆ Γ ,Q ` ∆

Γ ,P→ Q ` ∆

id
Γ ,P ` P,∆

cut
Γ ` C,∆ Γ ,C ` ∆

Γ ` ∆

>R
Γ ` true,∆

⊥L
Γ , false ` ∆
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Rules for Propositional Connectives

Proof rule ∧L is for handling conjunctions (P∧Q) as one of the assumptions in the
antecedent on the left of the sequent turnstile ( ` ). Assuming the conjunction P∧Q
is the same as assuming each conjunct P as well as Q separately.

∧L
Γ ,P,Q ` ∆

Γ ,P∧Q ` ∆
Rule ∧L expresses that if a conjunction P∧Q is among the list of available assump-
tions in the antecedent, then we might just as well assume both conjuncts (P and
Q, respectively) separately. Assuming a conjunction P∧Q is the same as assuming
both conjuncts P and Q. So, if we set out to prove a sequent of the form in the
conclusion (Γ ,P∧Q ` ∆ ), then we can justify this sequent by instead proving the
sequent in the corresponding premise (Γ ,P,Q ` ∆ ), where the only difference is that
the two assumptions P and Q are now assumed separately in the premise rather than
jointly as a single conjunction, as in the conclusion.

If we keep on using proof rule ∧L often enough, then all conjunctions in the
antecedent will ultimately have been split into their smaller pieces. Recall that the
order of formulas in a sequent Γ ` ∆ is irrelevant because Γ and ∆ are sets, so we
can always pretend that the formula to which we want to apply the rule ∧L is last
in the antecedent. Rule ∧L takes care of all conjunctions that appear as top-level
operators in antecedents even if its notation seems to indicate it would expect P∧Q
at the end of the antecedent. Of course, ∧L does not say how to prove A∨ (B∧C) `
C or A∨¬(B∧C) `C, because here the conjunction B∧C is not a top-level formula
in the antecedent but merely occurs somewhere deep inside as a subformula. But
there are other logical operators to worry about as well, whose proof rules will
decompose the formulas and ultimately reveal B∧C at the top-level somewhere in
the sequent.

Proof rule ∧R is for handling conjunction P∧Q in the succedent by proving P
and, in a separate premise, also proving Q:

∧R
Γ ` P,∆ Γ ` Q,∆

Γ ` P∧Q,∆
Rule ∧R has to prove two premises, because if we are trying to prove a sequent
Γ ` P∧Q,∆ with a conjunction P∧Q in its succedent, it would not be enough at all
to just prove Γ ` P,Q,∆ , because the meaning of the succedent is a disjunction, so
it would only enable us to conclude the weaker Γ ` P∨Q,∆ . Proving a conjunction
in the succedent as in the conclusion of ∧R, thus, requires proving both conjuncts.
It needs a proof of Γ ` P,∆ and a proof of Γ ` Q,∆ . This is why rule ∧R splits the
proof into two premises, one for proving Γ ` P,∆ and one for proving Γ ` Q,∆ . If
both premises of rule ∧R are valid then so is its conclusion. To see this, it is easier to
first consider the case where ∆ is empty. A proof of Γ ` P together with a proof of
Γ ` Q implies that Γ ` P∧Q is valid, because the conjunction P∧Q follows from
the assumptions Γ if both P and Q individually follow from Γ . Rule ∧R is justified
by arguing by cases, once for the case where the disjunction corresponding to ∆ is
false (in which case the argument for Γ ` P∧Q suffices) and once where it is true
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(in which case the conclusion is true without P∧Q). Overall, proof rule ∧R captures
that proving a conjunction P∧Q amounts to proving both P and Q separately.

Proof rule ∨R is similar to rule ∧L but for handling disjunctions in the succe-
dent. If we set out to prove the sequent Γ ` P∨Q,∆ in the conclusion with a dis-
junction P∨Q in the succedent, then we might as well split the disjunction into its
two disjuncts and prove the premise Γ ` P,Q,∆ instead, since the succedent has a
disjunctive meaning anyhow, so both sequents mean the same formula.

Proof rule ∨L handles a disjunction in the antecedent. When the assumptions
listed in the antecedent of a sequent contain a disjunction P∨Q, then there is no
way of knowing which of the two disjuncts can be assumed, merely that at least one
of them is assumed to be true. Rule ∨L, thus, splits the proof into cases. The left
premise considers the case where the assumption P∨Q held because P was true.
The right premise considers the case where assumption P∨Q held because Q was
true. If both premises are valid (because we can find a proof for them), then, either
way, the conclusion Γ ,P∨Q ` ∆ will be valid no matter which of the two cases
applies. Overall, rule ∨L captures that assuming a disjunction P∨Q requires two
separate proofs that assume each disjunct instead.

Proof rule→R handles implications in the succedent by using the implicational
meaning of sequents. The way to understand it is to recall how we would prove
an implication in mathematics. In order to prove an implication P→ Q, we would
assume the left-hand side P (which rule →R pushes into the assumptions listed
in the antecedent) and try to prove its right-hand side Q (which →R thus leaves
in the succedent). This is how left-hand sides of implications ultimately end up as
assumptions in the antecedent. Rule→R, thus, captures that proving an implication
P→ Q amounts to assuming the left-hand P and proving the right-hand Q.

Proof rule →L is more involved. It it used to handle assumptions that are im-
plications P→ Q. When assuming an implication P→ Q, we can only assume its
right-hand side Q (second premise) after we have shown its respective assumption
P on its left-hand side (first premise). Another way to understand it is to recall that
classical logic obeys the equivalence (P→Q)≡ (¬P∨Q) and then to use the other
propositional rules. Rule →L captures that using an assumed implication P→ Q
allows us to assume its right-hand side Q if we can prove its left-hand side P.

Proof rule ¬R proves a negation ¬P by, instead, assuming P. Again, the easiest
way of understanding this rule is for an empty ∆ in which case rule ¬R expresses
that the way to prove a negation ¬P in the succedent of the conclusion is to in-
stead assume P in the antecedent in the premise and prove a contradiction, which
is the formula false that an empty succedent means. When ∆ is not empty, argu-
ing by cases of whether the disjunction ∆ is true or false will again do the trick.
Alternatively, rule ¬R can be understood using the semantics of sequents from Def-
inition 6.1, since a conjunct P on the left-hand side of an implication is semantically
equivalent to a disjunct ¬P on the right-hand side in classical logic. Overall, rule
¬R captures that to prove a negation ¬P, it is enough to assume P and prove a
contradiction (or the remaining options ∆ ).

Proof rule ¬L handles a negation ¬P among the assumptions in the antecedent
of the conclusion by, instead, pushing P into the succedent of the premise. Indeed,
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for the case of empty ∆ , if P were shown to hold from the remaining assumptions
Γ , then Γ and ¬P imply a contradiction in the form of the empty sequent, which
is false. A semantic argument using the semantics of sequents also justifies ¬L di-
rectly since a conjunct ¬P on the left-hand side of an implication is semantically
equivalent to a disjunct P on the right-hand side in classical logic.

Identity and Cut Rules

All these propositional rules make progress by splitting operators. There is exactly
one proof rule for each propositional logical connective on each side of the turnstile.
All it takes is to look at the top-level operator of a formula and use the appropriate
propositional sequent calculus rule from Fig. 6.1 to split the formula into its pieces.
Such splitting will ultimately lead to atomic formulas, i.e., formulas without any
logical operators. But there is no way to ever stop the proof yet. That is what the
identity rule id from Fig. 6.1 is meant for. The identity rule id closes a goal (there
are no further subgoals, which we sometimes mark by a ∗ instead of a sequent to
indicate that we didn’t just forget to finish the proof), because assumption P in the
antecedent trivially implies P in the succedent (the sequent Γ ,P ` P,∆ is a simple
syntactic tautology). If, in our proving activities, we ever find a sequent of the form
Γ ,P ` P,∆ , for any formula P, we can immediately use the identity rule id to close
this part of the proof. The proof attempt succeeds if all premises are closed by id,
or by other closing rules such as >R (it is trivial to prove the valid formula true) or
⊥L (assuming the unsatisfiable formula false means assuming the impossible).

Rule cut is Gentzen’s cut rule [9, 10], which can be used for case distinctions
or to prove a lemma and then use it. The right premise assumes any additional for-
mula C in the antecedent that the left premise shows in the succedent. Semantically:
regardless of whether C is actually true or false, both cases are covered by proof
branches. Alternatively, and more intuitively, the cut rule is a fundamental lemma
rule. The left premise proves an auxiliary lemma C in its succedent, which the right
premise then assumes in its antecedent for the rest of the proof (again consider the
case of empty ∆ first to understand why this is sound). We only use cuts in an or-
derly fashion to derive simple rule dualities and to simplify meta-proofs. In practical
applications, cuts are not needed in principle. In practice, complex CPS proofs still
make use of cuts for efficiency reasons. Cuts can be used, for example, to substan-
tially simplify arithmetic, or to first prove lemmas and then make ample use of them,
in a number of places in the remaining proof.

Even though we write sequent rules as if the principal formula (which is the one
that the sequent rule acts on such as P∧Q in rules ∧R and ∧L) were at the end of
the antecedent or at the beginning of the succedent, respectively, the sequent proof
rules can be applied to other formulas in the antecedent or succedent, respectively,
because we consider their order to be irrelevant. Antecedents and succedents are
finite sets.
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Sequent Proof Example

Even if the propositional sequent proof rules could hardly be the full story behind
reasoning for cyber-physical systems, they still provide a solid basis and deserve to
be explored with a simple example.

Example 6.1. A propositional proof of the exceedingly simple formula

v2 ≤ 10∧b > 0→ b > 0∧ (¬(v≥ 0)∨ v2 ≤ 10) (6.1)

is shown in Fig. 6.2. The proof starts with the desired goal as a sequent at the bottom:

` v2 ≤ 10∧b > 0→ b > 0∧ (¬(v≥ 0)∨ v2 ≤ 10).

and proceeds by applying suitable sequent proof rules upwards until we run out of
subgoals and have finished the proof (the notation ∗ is used to indicate when there
are no subgoals, which happens after rules id,>R,⊥L).

∗
id v2 ≤ 10,b > 0 ` b > 0
∧Lv2 ≤ 10∧b > 0 ` b > 0

∗
id v2 ≤ 10,b > 0 ` ¬(v≥ 0),v2 ≤ 10
∧Lv2 ≤ 10∧b > 0 ` ¬(v≥ 0),v2 ≤ 10
∨Rv2 ≤ 10∧b > 0 ` ¬(v≥ 0)∨ v2 ≤ 10

∧R v2 ≤ 10∧b > 0 ` b > 0∧ (¬(v≥ 0)∨ v2 ≤ 10)
→R ` v2 ≤ 10∧b > 0→ b > 0∧ (¬(v≥ 0)∨ v2 ≤ 10)

Fig. 6.2 A simple propositional example proof in sequent calculus

The first (i.e., bottom-most) proof step applies proof rule →R to move the im-
plication (→) to the sequent level by moving its left-hand side into the assumptions
tracked in the antecedent. The next proof step applies rule ∧R to split the proof into
the left branch for showing that conjunct b > 0 follows from the assumptions in the
antecedent and the right branch for showing that conjunct ¬(v≥ 0)∨ v2 ≤ 10 fol-
lows from the antecedent also. On the left branch, the proof closes with an axiom
id after splitting the conjunction ∧ in the antecedent into its conjuncts with rule ∧L.
We mark closed proof goals with ∗, to indicate that we did not just stop writing but
that a subgoal is actually proved successfully. Of course, the left branch closes with
rule id, because its assumption b > 0 in the antecedent trivially implies the formula
b > 0 in the succedent, as the two formulas are identical. The right branch closes
with rule id after splitting the disjunction (∨) in the succedent with rule ∨R and then
splitting the conjunction (∧) in the antecedent with rule ∧L. On the right branch, the
first assumption formula v2 ≤ 10 in the antecedent trivially implies the last formula
in the succedent, v2 ≤ 10, because the two are identical, so rule id applies.

Now that all branches of the proof have closed (with id and marked by ∗), we
know that all leaves at the top are valid. Since the premises are valid, each appli-
cation of a proof rule ensures that their respective conclusions are valid also, by
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soundness. By recursively following this proof from the leaves at the top to the orig-
inal root at the bottom, we conclude that the original goal at the bottom is valid and
formula (6.1) is, indeed, true in all states. The conjecture that formula (6.1) is valid
is exactly what the proof in Fig. 6.2 justifies.

While this proof does not prove any particularly exciting formula, it still shows
how a proof can be built systematically in the dL calculus and gives an intuition
as to how validity is inherited from the premises to the conclusions. The proof has
been entirely systematic. All we did to come up with it was successively inspect
the top-level operator in one of the logical formulas in the sequent and apply its
corresponding propositional proof rule to find the resulting subgoals. All the while
we were doing this, we carefully watched to see if the same formula shows up in the
antecedent and succedent, for then the rule id closes that subgoal. There would be
no point in proceeding with any other proof rule if the rule id closes a subgoal.

Most interesting formulas will not be provable with the sequent proof rules we
have seen so far, because those were only for propositional connectives. So, next,
set out to find proof rules for the other operators of differential dynamic logic.

6.2.4 Soundness of Proof Rules

Before proceeding with an investigation of additional sequent calculus proof rules,
notice that the sequent proof rules for propositional logic are sound [9, 10, 14] ac-
cording to the global soundness notion defined in Definition 6.2. We consider only
one of the proof rules here to show how soundness works. Soundness is crucial,
however, so you are invited to prove soundness for the other rules (Exercise 6.7).

Lemma 6.1 (∧R conjunction rule). Proof rule ∧R is sound.

Proof. Consider any instance for which both premises Γ ` P,∆ and Γ ` Q,∆ are
valid and show that the conclusion Γ ` P∧Q,∆ is valid. To show the latter, con-
sider any state ω . If there is a formula G ∈ Γ in the antecedent that is not true in
ω (i.e., ω 6∈ [[G]]) there is nothing to show, because ω ∈ [[Γ ` P∧Q,∆ ]] then holds
trivially, because not all assumptions in Γ are satisfied in ω . Likewise, if there is
a formula D ∈ ∆ in the succedent that is true in ω (i.e., ω ∈ [[D]]) there is noth-
ing to show, because ω ∈ [[Γ ` P∧Q,∆ ]] then holds trivially, because one of the
formulas in the succedent is already satisfied in ω . Hence, the only interesting
case to consider is the case where all formulas in G ∈ Γ are true in ω and all
formulas D ∈ ∆ are false. In that case, since both premises were assumed to be
valid, and Γ is true in ω but ∆ false in ω , the left premise implies that ω ∈ [[P]]
and the right premise implies that ω ∈ [[Q]]. Consequently, ω ∈ [[P∧Q]] by the se-
mantics of ∧. Thus, ω ∈ [[Γ ` P∧Q,∆ ]]. As the state ω was arbitrary, this implies
� (Γ ` P∧Q,∆), i.e., the conclusion of the considered instance of ∧R is valid. ut

In the rest of this chapter and, in fact, the whole textbook, we will scrutinize each
proof rule to make sure it is sound according to Definition 6.2. We also make sure
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that all dL axioms are sound according to Definition 5.1. This implies that the dL
proof calculus will only ever prove valid dL formulas, which is a conditio sine qua
non in logic, that is, a condition without which logic could not be.

Recall from Sect. 6.2.2 that we write `dL P iff dL formula P can be proved with
dL rules from dL axioms. And recall from Chap. 4 that we write � P iff formula P
is valid, i.e., true in all states.

Proof. We only consider a schematic proof focusing on the structure of the sound-
ness argument based on previous soundness considerations such as Lemma 5.1 and
Lemma 6.1. Elaborate proofs of soundness for all cases are elsewhere [13, 16, 18].
A dL formula P is proved iff there is a proof of the sequent ` P in dL’s sequent
calculus. Since more general shapes of sequents occur during the sequent proof,
we show the stronger statement that every sequent Γ ` ∆ that has a proof in dL’s
sequent calculus is valid (that is � (Γ ` ∆) in the sense of Definition 6.1).

We show this by induction on the structure of the sequent calculus proof. That is,
we prove that all base cases for small proofs with zero proof steps have valid con-
clusions. Then we consider all bigger proofs, and assume the induction hypothesis
that all smaller proofs already have valid conclusions to show that one more proof
step will still make the new conclusion valid.

0. The only proofs without proof steps are the ones that consist only of a dL ax-
iom. Each dL axiom has been proved to be sound, for example in Chap. 5. All
instances of sound axioms are valid dL formulas by Definition 5.1.

1. Consider a proof ending in a proof step with some number of premises n≥ 0:

Γ1 ` ∆1 . . . Γn ` ∆n

Γ ` ∆
(6.2)

The respective subproofs for the premises Γi ` ∆i are smaller, since they have
one fewer proof step. So, by induction hypothesis, their respective conclusions
Γi ` ∆i are all valid (i.e., their corresponding dL formula from Definition 6.1 is
valid):

� (Γi ` ∆i) for all i ∈ {1,2, . . . ,n}
Because all of the finitely many dL proof rules that could be used in proof step
(6.2) are sound (e.g., Lemma 6.1), the definition of soundness of proof rules
(Definition 6.2) implies that the conclusion of the proof rule used in (6.2) is
valid, which is � (Γ ` ∆). ut

Of course, the obligation is on us to ensure that we will, indeed, only ever add sound
axioms (Definition 5.1) and sound proof rules (Definition 6.2) to the dL calculus, or
else we will lose the crucial soundness theorem Theorem 6.1 and no longer have any
faith in any proofs.

Theorem 6.1 (Soundness). The dL sequent calculus is sound. That is, if a dL
formula P has a proof in dL’s sequent calculus, i.e., `dL P, then P is valid, i.e.,
� P.
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6.2.5 Proofs with Dynamics

Now that we have identified a left and a right proof rule for all propositional con-
nectives we can literally continue the logical guiding principle of connectivity and
proceed to also identify a left and a right proof rule for all top-level operator in all
modalities.

Sequent Calculus Proof Rules for Dynamics

We could add a pair of sequent calculus proof rules for nondeterministic choices in
box modalities, one in the antecedent (rule [∪]R) and one in the succedent ([∪]L):

[∪]R Γ ` [α]P∧ [β ]P,∆
Γ ` [α ∪β ]P,∆

[∪]L Γ , [α]P∧ [β ]P ` ∆
Γ , [α ∪β ]P ` ∆

These rules directly follow from the axioms from Chap. 5, though, and, thus,
lead to quite a lot of unnecessary duplication of concepts.5 Furthermore, such a list
of sequent rules is less flexible than the axioms from Chap. 5. The sequent rules
[∪]R,[∪]L can only be applied when a nondeterministic choice is at the top-level
position of a sequent, not when it occurs somewhere in a subformula, such as at
the underlined position in the following sequent near the bottom of the proof of
single-hop bouncing balls from Sect. 5.4:

A ` [x′′ =−g][?x = 0;v :=−cv∪ ?x≥ 0]B(x,v) (6.3)

Substituting Equals for Equals

Thus, instead of writing down a pair of (rather redundant and quite inflexible) se-
quent rules for each dynamic axiom, we instead cover all axioms at once. The key
observation was already foreshadowed in Chap. 5:

For example, using at the underlined position in the middle of dL formula (6.3)
the equivalence

[?x = 0;v :=−cv∪ ?x≥ 0]B(x,v)↔ [?x = 0;v :=−cv]B(x,v)∧ [?x≥ 0]B(x,v)
(6.4)

5 One subsequent difference will be that applying rule ∧R to the premise of rule [∪]R will split the
proof into two premises while subsequently applying ∧L to the premise of rule [∪]L will not.

Note 35 (Substituting equals for equals) If an equivalence P↔ Q is a valid
formula, then any occurrence of its left-hand side P in any subformula can be
replaced by its right-hand side Q (or vice versa), equivalently.
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which is a direct instance of axiom [∪] [α ∪β ]P↔ [α]P∧ [β ]P from Chap. 5, the
formula (6.3) is equivalent to

A ` [x′′ =−g]
(
[?x = 0;v :=−cv]B(x,v)∧ [?x≥ 0]B(x,v)

)
(6.5)

since (6.5) is constructed from (6.3) by replacing the left-hand side of equivalence
(6.4) by its right-hand side in the middle of formula (6.3) at the indicated position.

Contextual Equivalence

The intuition of substituting equals for equals serves us well and is perfectly suffi-
cient for all practical purposes. Logic is ultimately about precision, though, which
is why we elaborate Note 35 as follows [18].

Proof. Rules CER and CEL derive with a cut from the contextual equivalence rule:

CE
P↔ Q

C(P)↔C(Q)

ut

That is, if the equivalence P↔ Q in the second premise is proved, then P can be
replaced by Q in any context C(_) anywhere in the succedent (rule CER) or in the
antecedent (rule CEL) in the first premise. Here we read C(_) as the context in which
the formula P occurs in the formula C(P) and read C(Q) as the result of replacing
P in that context C(_) by Q. While a concise technical treatment and precise defini-
tions of contexts and soundness proof for CER,CEL is surprisingly simple [18], this
intuitive understanding is enough for our purposes here. If P and Q are equivalent
(second premise of CER and of CEL), then we can replace P by Q no matter in
what context C(_) they occur in the sequents in the succedent (CER) or antecedent
(CEL), respectively. These contextual equivalence rules provide the perfect lifting
device to use all equivalence axioms from Chap. 5 in any context in any proof.

Of course, it is crucial that P and Q are actually equivalent (second premise of
CER and CEL) unconditionally without any assumptions from Γ , because those
assumptions from Γ may no longer hold in the context C(_). For example, even if
x = 1 and x2 = 1 are equivalent when assuming x≥ 0, that assumption is no longer
available in the context [x :=−1]_, so the following cannot be proved by CER:

 
x≥ 0 ` [x :=−1]x2 = 1 x≥ 0 ` x = 1↔ x2 = 1

x≥ 0 ` [x :=−1]x = 1

Lemma 6.2 (Contextual equivalence). The contextual equivalence rewriting
rules are sound:

CER
Γ ` C(Q),∆ ` P↔ Q

Γ ` C(P),∆
CEL

Γ ,C(Q) ` ∆ ` P↔ Q
Γ ,C(P) ` ∆
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This inference would, indeed, be unsound (written  ), because the premises are valid
but the conclusion is not.

The flexible device of contextual equivalence rewriting by CER,CEL enables
flexible and intuitive reasoning steps. Of course, we should still take care to use the
axioms in the direction that actually simplifies the problem at hand. The dL axioms
such as axiom [∪] are primarily meant to be used for replacing the left-hand side
[α ∪β ]P with the structurally simpler right-hand side [α]P∧ [β ]P, because that di-
rection of use assigns meaning to [α ∪β ]P in logically simpler terms, i.e., as a struc-
turally simpler logical formula. Furthermore, that direction reduces a dL formula to
a formula with more formulas but smaller hybrid programs, which will terminate
after finitely many such reductions, because every hybrid program only has finitely
many subprograms.

Finally note that we will usually not explicitly mention the use of CEL and
CER in proofs but only mention the axiom that they invoked. For example, the
sequent proof step reducing conclusion (6.3) to premise (6.5) using axiom [∪] (and,
of course, the implicit rule CER) is simply written as

[∪]
A ` [x′′ =−g]

(
[?x = 0;v :=−cv]B(x,v)∧ [?x≥ 0]B(x,v)

)
A ` [x′′ =−g][?x = 0;v :=−cv∪ ?x≥ 0]B(x,v)

In fact the full proof in Sect. 5.4 can suddenly be understood as a sequent proof in
this way by adding a sequent turnstile ` and implicitly using CER in addition to the
respective indicated dynamic axioms.

` v2 ≤ 10∧−(−b)> 0→ b > 0∧ (¬(v≥ 0)∨ v2 ≤ 10)
[:=] ` [c :=10]

(
v2 ≤ 10∧−(−b)> 0→ b > 0∧ (¬(v≥ 0)∨ v2 ≤ c)

)
[:=] ` [a :=−b][c :=10]

(
v2 ≤ 10∧−a > 0→ b > 0∧ (¬(v≥ 0)∨ v2 ≤ c)

)
[;] ` [a :=−b;c :=10]

(
v2 ≤ 10∧−a > 0→ b > 0∧ (¬(v≥ 0)∨ v2 ≤ c)

)
Fig. 6.3 A simple example proof with dynamics in sequent calculus

Sequent Proof Example with Dynamics

See Fig. 6.3 for a simple example proof. This proof is not very interesting. Inciden-
tally, though, the proof in Fig. 6.3 ends with a premise at the top that is identical to
the (provable) conclusion at the bottom of Fig. 6.2. So gluing the two proofs together
leads to a proof of the conclusion at the bottom of Fig. 6.3:

[a :=−b;c :=10]
(
v2 ≤ 10∧−a > 0→ b > 0∧ (¬(v≥ 0)∨ v2 ≤ c)

)
Since this completes the proof (no more premises) and dL proof rules and axioms are
sound, this conclusion is valid, so true in all states. Most crucially, this dL formula
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now has the proof as a finite and entirely syntactic justification of why it is valid.
That is certainly more practical than enumerating all of the infinitely many possible
real values for the variables and checking whether the semantics evaluates to true.

A minor wrinkle foreshadowing further developments is that the proof in Fig. 6.3
ends in a formula mentioning −(−b) > 0 while the proof in Fig. 6.2 starts with
a formula mentioning b > 0 in the same place. The two formulas are, of course,
equivalent, but, in order to really glue both proofs togther, we still need to add some
proof rule that justifies this arithmetic transformation. We could add the following
special purpose proof rule for this purpose, but will ultimately decide on adding a
much more powerful proof rule instead (Sect. 6.5):

Γ ,θ > 0 ` ∆
Γ ,−(−θ)> 0 ` ∆

6.2.6 Quantifier Proof Rules

When trying to make the proof for the bouncing ball from Sect. 5.4 systematic by
turning it into a sequent calculus proof, the first propositional step succeeds with rule
→R, then a couple of steps succeed in splitting the hybrid program with dynamic
axioms from Chap. 5, but, ultimately, the differential equation solution axiom [′]
produces a quantifier for time that still needs to be handled. Of course, even a mere
inspection of the syntax of dL shows that there are logical operators that have no
proof rules yet, namely the universal and existential quantifiers.

The quantifier proof rules are listed in Fig. 6.4 and work much as in mathemat-
ics. In the proof rule ∀R, we want to show a universally quantified property. When
a mathematician wants to show a universally quantified property ∀x p(x) to hold, he
could choose a fresh symbol6 y and set out to prove that p(y) holds. Once he has
found a proof for p(y), the mathematician remembers that y was arbitrary and his
proof did not assume anything special about the value of y. So he concludes that
p(y) must indeed hold for all y since y was arbitrary, and that, hence, ∀x p(x) holds
true. For example, to show that the square of all numbers is nonnegative, a mathe-
matician could start out by saying “let y be an arbitrary number,” prove y2 ≥ 0 for

6 In logic, these fresh symbols are known as Skolem function symbols [20] or Herbrand function
symbols [11], except that here we can just use fresh variables for the same purpose.

Fig. 6.4 Quantifier sequent calculus proof rules

∀R Γ ` p(y),∆
Γ ` ∀x p(x),∆

(y 6∈ Γ ,∆ ,∀x p(x))

∀L Γ , p(e) ` ∆
Γ ,∀x p(x) ` ∆

(arbitrary term e)

∃R Γ ` p(e),∆
Γ ` ∃x p(x),∆

(arbitrary term e)

∃L Γ , p(y) ` ∆
Γ ,∃x p(x) ` ∆

(y 6∈ Γ ,∆ ,∃x p(x))
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that y, and then conclude ∀x(x2 ≥ 0), since y was arbitrary. Proof rule ∀R makes
this reasoning formally rigorous. It chooses a new variable symbol y and replaces
the universally quantified formula in the succedent by a formula for y. Notice, of
course, how crucially important it is to actually choose a new symbol y that has not
been used free anywhere else in the sequent before. Otherwise, we would assume
special properties about y in Γ ,∆ that we would not be justified to assume. In fact,
it is enough if the variable y just is no free variable in the sequent Γ ` ∀x p(x),∆ , in
which case the variable x itself can be used for the fresh symbol y; see Sect. 5.6.5.

In proof rule ∃R, we want to show an existentially quantified property. When
a mathematician proves ∃x p(x), he can directly produce any specific term e as
a witness for this existential property and prove that, indeed, p(e), for then he
would have shown ∃x p(x) with this witness. For example, to show that there is
a number whose cube is less than its square, a mathematician could start by say-
ing “let me choose, say, 2−1

2 and show the property for 2−1
2 .” Then he can prove

( 2−1
2 )3 < ( 2−1

2 )2, because 0.125 < 0.25, and conclude that there, thus, is such a
number, i.e., ∃x(x3 < x2), because 2−1

2 was a perfectly good witness. This reason-
ing is exactly what proof rule ∃R enables. It allows the choice of any term e for
x and accepts a proof of p(e) as a proof of ∃x p(x). Unlike in rule ∀R, it is per-
fectly normal for the witness e to mention other variables. For example, a witness
for a > 0 ` ∃x(x > y2∧ x < y2 +a) is y2 + a

2 ; any such witness depends on y and a.
However note that the claim “e is a witness” may turn out to be wrong, for ex-

ample, the choice 2 for x would have been a pretty bad start for attempting to show
∃x(x3 < x2). Consequently, proof rule ∃R is sometimes discarded in favor of a rule
that keeps both options p(e) and ∃x p(x) in the succedent. KeYmaera X instead
allows proof steps to be undone if a proof attempt failed. If the proof with e is suc-
cessful, the sequent is valid and the part of this proof can be closed successfully.
If the proof with e later turns out to be unsuccessful, another proof attempt can be
started.

This approach already hints at a practical problem. If we are very smart about
our choice of the witness e, rule ∃R leads to very short and elegant proofs. If not,
we may end up going in circles without much progress in the proof. That is why
KeYmaera X allows you to specify a witness if you can find one (and you should
if you can, because that gives significantly faster proofs) but also allows you to
keep going without a witness, e.g., by applying axioms to the formula p(e) without
touching the quantifier.

Rules ∀L,∃L are dual to ∃R,∀R. In proof rule ∀L, we have a universally quan-
tified formula in the assumptions (antecedent) that we can use, instead of in the
succedent, which we want to show. In mathematics, when we know a universal fact,
we can use this knowledge for any particular instance. If we know that all positive
numbers have a square root, then we can also use the fact that 5 has a square root,
because 5 is a positive number. Hence from assumption ∀x(x > 0→∃y(x = y2)) in
the antecedent, we can also assume the particular instance 5 > 0→∃y(5 = y2) that
uses 5 for x. Rule ∀L can produce an instance p(e) of the assumption ∀x p(x) for an
arbitrary term e. We sometimes need the universal fact ∀x p(x) for multiple instan-
tiations with e1,e2,e3 during the proof. Fortunately, rule ∀L is also sound when it
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keeps the assumption ∀x p(x) in the antecedent so that it can be used repeatedly to
obtain different instances.

In proof rule ∃L, we can use an existentially quantified formula from the an-
tecedent. If we know an existential fact in mathematics, then we can give a name to
the object that we then know does exist. If we know that there is a smallest integer
less than 10 that is a square, we can call it y, but we cannot denote it by a different
term like 5 or 4+2, because they may be (and in fact are) the wrong answer. Rule ∃L
gives a fresh name y to the object that was assumed to exist. Since it does not make
sense to give a different name to the same object later, ∃x p(x) is removed from the
antecedent when rule ∃L adds p(y).

Note how the quantifier proof rules in Fig. 6.4 continue the trend of the proposi-
tional sequent calculus rules in Fig. 6.1: they decompose logical formulas into sim-
pler subformulas. Admittedly, the instances e chosen in rules ∃R,∀L can be rather
large terms. But that is a matter of perspective. All it takes is for us to understand that
concrete terms, no matter how large, are still structurally simpler than quantifiers.

6.3 Derived Proof Rules

The universal quantifier rule ∀L for the antecedent shown in Fig. 6.4 does not retain
the universal assumption ∀x p(x) in the antecedent even though it could. The follow-
ing proof rule helps in cases where multiple instantiations of a universal assumption
are needed, because it can be used repeatedly to produce p(e) and p(ẽ):

∀∀L Γ ,∀x p(x), p(e) ` ∆
Γ ,∀x p(x) ` ∆

But it is not very practical to adopt every possible proof rule. Instead, the newly
suggested proof rule ∀∀L is a derived rule, which means that it can be proved using
the other proof rules already. Obviously, the only other proof rule that can produce
an assumption p(e) from the assumption ∀x p(x) is rule ∀L from Fig. 6.4, and that
rule swallows said assumption.

What we can do to derive ∀∀L is to first copy the assumption ∀x p(x) to obtain
a duplicate, and then use ∀L to turn one copy into p(e), leaving the other copy of
∀x p(x) for later use. Only how do we copy assumptions?

Would it even be fine to duplicate assumptions in a sequent? Fortunately, se-
quents consist of a finite set of assumptions Γ and a finite set ∆ , so that assuming
the same formula twice does not change the meaning of the sequent (Sect. 6.5.4).

Operationally, assumptions can be duplicated by the cut rule to prove the formula
∀x p(x) as a new lemma, which is trivial because it is among the assumptions, and
we can then subsequently work with the extra assumption. This derives rule ∀∀L by
the following sequent calculus proof:

∗
idΓ ,∀x p(x) ` ∀x p(x),∆

Γ ,∀x p(x), p(e) ` ∆
∀LΓ ,∀x p(x),∀x p(x) ` ∆

cut Γ ,∀x p(x) ` ∆
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This sequent calculus proof starts with the conclusion of derived rule ∀∀L at
the bottom and ends with only the premises that rule ∀∀L has at the top. What
makes rule ∀∀L a derived rule is that we can use it in any proof and expand it into
the above more verbose proof using rules cut,id,∀L instead. The big advantage of
derived rules over new proof rules is that derived rules do not need a soundness
proof from the semantics, because they merely combine other proof rules that were
already established to be sound (Theorem 6.1).

6.4 A Sequent Proof for the Single-Hop Bouncing Ball

Recall the bouncing-ball abbreviations from Sect. 5.4:

A
def≡ 0≤x∧ x=H ∧ v=0∧g>0∧1≥c≥0

B(x,v)
def≡ 0≤ x∧ x≤ H

{x′′ =−g} def≡ {x′ = v,v′ =−g}

And consider the single-hop bouncing-ball formula again:

A→ [x′′ =−g;(?x = 0;v :=−cv∪ ?x≥ 0)]B(x,v) (5.14*)

Sect. 5.4 already had a proof of (5.14) with the dynamic axioms from Chap. 5. By
simply adding a sequent turnstile ` this happens to be a sequent calculus proof,
too. Instead of repeating this proof in sequent calculus style, we consider a similar
property where we now include the evolution domain but leave out the discrete part:

A→ [x′′ =−g&x≥ 0]B(x,v) (6.6)

To prove (6.6), we convert it to a sequent and conduct the sequent calculus proof
shown in Fig. 6.5. This proof boldly states that the first premise closes, except that

→L

R
∗

A,r≥0 ` 0≤r≤r
[:=]

A,r≥0,H− g
2 r2≥0 ` B(H− g

2 r2,−gt)
A,r≥0, [x :=H− g

2 r2]x≥0 ` [x :=H− g
2 r2]B(x,v)

∀L
A,r≥0,0≤r≤r→ [x :=H− g

2 r2]x≥0 ` [x :=H− g
2 r2]B(x,v)

→R
A,r≥0,∀0≤s≤r [x :=H− g

2 s2]x≥0 ` [x :=H− g
2 r2]B(x,v)

→R
A,r≥0 ` ∀0≤s≤r [x :=H− g

2 s2]x≥0→ [x :=H− g
2 r2]B(x,v)

∀R
A ` r≥0→ (∀0≤s≤r [x :=H− g

2 s2]x≥0→ [x :=H− g
2 r2]B(x,v))

[′]
A ` ∀t≥0(∀0≤s≤t [x :=H− g

2 s2]x≥0→ [x :=H− g
2 t2]B(x,v))

→R
A ` [x′′ =−g&x≥0]B(x,v)
` A→ [x′′ =−g&x≥0]B(x,v)

Fig. 6.5 Sequent calculus proof for gravity above ground
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A,r≥0 ` 0≤r≤r

is not exactly an instance of the rule id. Even here we need simple arithmetic to
conclude that 0 ≤ r ≤ r is equivalent to r ≥ 0 by reflexivity and flipping sides, at
which point the first premise turns into a formula that can be closed by the id rule:

id
∗

A,r≥0 ` r≥0

A full formal proof and a KeYmaera X proof, thus, need an extra proof step of
arithmetic in the left premise (marked by rule R). In paper proofs, we will frequently
accept such minor steps as abbreviations but always take note of the reason. In the
above example, we might, for example remark alongside R the arithmetic reason “by
reflexivity of ≤ and flipping 0≤ r to r ≥ 0.”

The second remaining premise in the above proof is

A,r≥0,H− g
2

r2 ≥ 0 ` B(H− g
2

r2,−gt)

which, when resolving abbreviations turns into

0≤x∧ x=H ∧ v=0∧g>0∧1≥c≥0,r≥0,H−g
2

r2 ≥ 0 ` 0≤ H−g
2

r2∧H−g
2

r2 ≤ H

This sequent is proved using rule ∧R plus simple arithmetic for its branch

0≤x∧ x=H ∧ v=0∧g>0∧1≥c≥0,r≥0,H− g
2

r2 ≥ 0 ` 0≤ H− g
2

r2

We again cite the arithmetic reason as “by flipping 0 ≤ H− g
2 r2 to H− g

2 r2 ≥ 0.”
Some more arithmetic is needed on the respective right branch resulting from ∧R:

0≤x∧ x=H ∧ v=0∧g>0∧1≥c≥0,r≥0,H− g
2

r2 ≥ 0 ` H− g
2

r2 ≤ H

where we note the arithmetic reason “g> 0 and r2 ≥ 0.” Finishing the above sequent
proof as discussed for the second premise, thus, shows that dL formula (6.6) at the
conclusion of the proof is provable. This time, we have a well-structured and entirely
systematic sequent calculus proof in which proof rules and axioms are only used on
the top level.

In order to make sure you do not forget why some arithmetic facts are true, you
are strongly advised to write down such arithmetic reasons in your paper proofs
to justify that the arithmetic is valid. KeYmaera X provides a number of ways for
proving real arithmetic that will be discussed next.
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6.5 Real Arithmetic

What, in general, can be done to prove real arithmetic? We managed to convince
ourselves with ad-hoc arithmetic reasons that the simple arithmetic in the above
proofs was fine. But that is neither a proper proof rule nor should we expect to get
away with such simple arithmetic arguments for the full complexity of CPS.

Chapters 20 and 21 in Part IV will discuss the handling of real arithmetic in much
more detail. For now, the focus is on the most crucial elements for proving CPSs.
Differential dynamic logic and KeYmaera X make use of a fascinating miracle: the
fact that first-order logic of real arithmetic, however challenging it might sound, is
perfectly decidable according to a seminal result by Alfred Tarski [22]. First-order
logic of real arithmetic (FOLR) is the fragment of dL consisting of quantifiers over
reals and propositional connectives of polynomial (or rational) term arithmetic with
(real-valued) variables and rational constant symbols such as 5

7 , but no modalities.
The most immediate way of incorporating uses of real-arithmetic reasoning into
our proofs is, thus, by the rule R, which proves all sequents whose corresponding
formulas in FOLR are valid, which is decidable.

The proof rule R is remarkably different from all other proof rules we ever con-
sider in this book. All other axioms and proof rules provide straightforward syntactic
transformations that are easily implementable on a computer, for example in the the-
orem prover KeYmaera X [8]. The real arithmetic proof rule R, however, has a side
condition about a formula being valid in real arithmetic, which it is not at all obvi-
ous how to check, but fortunately is still decidable. It is the conceptually simplest
interface between proof-theoretic logic on the one side and model-theoretic alge-
braic decision procedures for real arithmetic on the other side. The real arithmetic
proof rule R proves exactly the sequents representing valid formulas in first-order
real arithmetic. But the formula actually has to be in first-order real arithmetic, so
cannot contain any modalities or differential equations, which are out of scope for
Tarski’s result.

Example 6.2. For example, proof rule R proves the following list of sequents because
they represent valid first-order real arithmetic formulas:

R
∗

` x2 ≥ 0
R

∗
x > 0 ` x3 > 0

R
∗

` x > 0↔∃yx5y2 > 0
R

∗
a > 0,b > 0 ` y≥ 0→ ax2 +by≥ 0

Lemma 6.3 (R real arithmetic). First-order logic of real arithmetic is decid-
able so that all valid facts of FOLR are obtained by this proof rule:

R
Γ ` ∆

(if
∧

P∈Γ
P→

∨
Q∈∆

Q is valid in FOLR)
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But rule R does not prove x2 > 0 ` x > 0, because it is not valid. Rule R does not
prove x≥ 0,v > 0 ` [x′ = v]x≥ 0, either, because it is not in pure real arithmetic.

6.5.1 Real Quantifier Elimination

On the surface, proof rule R represents all we need to know at this stage about first-
order real arithmetic. How does that miracle work, though? Without any doubt, the
most complex features of first-order real arithmetic are its quantifiers. And even if a
real-arithmetic formula has no quantifiers, we can pretend it does by prefixing it with
universal quantifiers for all free variables (forming the universal closure). After all,
if we want to show a formula is valid, then we need to show it is true for all values of
all its variables, which semantically corresponds to having all universal quantifiers
in front. That is why an understanding of first-order real arithmetic proceeds by
understanding the rôle of quantifiers over the reals.

In a nutshell, the notation QE(P) denotes the use of real-arithmetic reasoning on
formula P to obtain a formula QE(P) over the same free variables that is equivalent
to P but simpler, because QE(P) is quantifier-free. When starting with a first-order
real-arithmetic formula P in which all variables are quantified, the quantifier-free
equivalent QE(P) has no variables, so directly evaluates to either true or false.

Example 6.3. Real quantifier elimination yields, e.g., the following equivalence:

QE(∃x(ax+b = 0)) ≡ (a 6= 0∨b = 0) (6.7)

The two sides are easily seen to be equivalent, i.e.,

� ∃x(ax+b = 0)↔ (a 6= 0∨b = 0) (6.8)

because a linear equation with nonzero inhomogeneous part has a solution iff its
linear part is nonzero as well. And a constant equation (with a = 0) only has a
solution if b = 0. The left-hand side of the equivalence may be hard to evaluate,
because it conjectures the existence of an x and it is not clear how we might get
such a real number for x, since there are so many reals. The right-hand side, instead,
is trivial to evaluate, because it is quantifier-free and directly says to compare the
values of a and b to zero and that an x such that ax+b= 0 will exist if and only if a 6=
0 or b = 0. This is easy to check at least if a,b are either concrete numbers or fixed
parameters for your CPS. Then all you need to do is make sure your choices for those
parameters satisfy these constraints. If a or b is a symbolic term (not mentioning x
otherwise the equivalence (6.8) is false and QE gives a different result), then (6.8)
still identifies the conditions for the existence of an x such that ax+b = 0.

Example 6.4. Quantifier elimination also handles universal quantifiers:

QE(∀x(ax+b 6= 0)) ≡ (a = 0∧b 6= 0)
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Expedition 6.1 (Quantifier elimination)
One of Alfred Tarski’s many seminal results from the 1930s proves quantifier
elimination and decidability for real arithmetic [22].

That is, there is an algorithm that accepts any first-order real-arithmetic formula
P in FOLR as input and computes a formula QE(P) in FOLR that is equivalent
to P but quantifier-free (and does not mention new variables or function sym-
bols either).

The operation QE can be assumed to evaluate ground formulas (i.e., without
variables) such as 1+9

4 < 2+1, yielding a decision procedure for closed formu-
las of this theory (i.e., formulas without free variables, which one obtains when
forming the universal closure by prefixing the formula with universal quanti-
fiers for all free variables). For a closed formula P, all it takes is to compute its
quantifier-free equivalent QE(P) by quantifier elimination. The closed formula
P is closed, so has no free variables or other free symbols, and neither will its
quantifier-free equivalent QE(P). Hence, P as well as its equivalent QE(P) are
equivalent to either true or false. Yet, QE(P) is quantifier-free, so which one it
is can be found out simply by evaluating the (variable-free) concrete arithmetic
in QE(P).

While a full account of the nuances of quantifier elimination [2, 3, 5–7, 12,
19, 21–23] is beyond the scope of this book, one useful procedure for quantifier
elimination in real arithmetic will be investigated in Chaps. 20 and 21.

Again, both sides are easily seen to be equivalent, because all x ensure ax+ b 6= 0
only if b is nonzero and no x can cancel b since a = 0. This proves the validity:

� ∀x(ax+b 6= 0)↔ (a = 0∧b 6= 0)

Overall, if we have quantifiers, QE can remove them for us. But we first need
such quantifiers. Rules ∀R,∃R,∀L,∃R went through a lot of trouble to get rid of the
quantifiers in the first place. Oh my! That makes it kind of hard to eliminate them
equivalently later on. Certainly the proof rules in Fig. 6.4 have not been particularly
careful about eliminating quantifiers equivalently. Just think of what might happen
if we did try to use rule ∃R with the wrong witness. That is certainly cheaper than
quantifier elimination, but hardly as precise and useful.

Definition 6.3 (Quantifier elimination). A first-order logic theory (such
as first-order logic FOLR over the reals) admits quantifier elimination if,
for each formula P, a quantifier-free formula QE(P) can be effectively
associated with P that is equivalent, i.e., P↔ QE(P) is valid.

Theorem 6.2 (Tarski’s quantifier elimination). The first-order logic of
real arithmetic admits quantifier elimination and is, thus, decidable.
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Yet, if we misplaced a quantifier using the ordinary quantifier rules from Fig. 6.4,
then all we need to do is to dream it up again and we are back in business for elimi-
nating quantifiers by QE. The key to understanding how that works is to recall that
the fresh (Skolem) variable symbols introduced by rule ∀R were originally univer-
sal. And, in fact, whether they were or were not, we can always prove a property by
proving it with an extra universal quantifier ∀x in front.

With the rule i∀, we can reintroduce a universal quantifier, which can then
promptly be eliminated again by QE.

Example 6.5. Together with rule i∀, quantifier elimination can decide whether FOLR
formula ∃x(ax+ b = 0) is valid. The equivalence (6.7) already indicates that there
are values of a and b that falsify ∃x(ax + b = 0), because there are values that
falsify the equivalent formula a 6= 0∨b = 0. The direct way to decide this formula
by quantifier elimination first uses i∀ for the remaining free variables a,b and then
handles the fully quantified universal closure by quantifier elimination to obtain a
quantifier-free equivalent (with the same free variables, so none):

QE(∀a∀b∃x(ax+b = 0)) ≡ false

So rule i∀ can reintroduce a universal quantifier, which can then be eliminated
again by QE. Wait, why did it make sense to first swallow a quantifier with the
lightweight rule ∀R and then later reintroduce it with rule i∀ and then eliminate it
once again with the big steamroller in the form of QE?

Before you read on, see if you can find the answer for yourself.

It can be pretty useful to get quantifiers out of the way first using the quick
rules ∀R,∃R,∀L,∃L, because other sequent rules such as propositional rules only
work at the top level, so quantifiers need to be moved out of the way before any
other proof rules can be applied.7 If the formula underneath the quantifier contains
modalities with hybrid programs, then it is too much to ask QE to solve them for us
as well. The key is to first get rid of quantifiers by using extra symbols, work out the
proof arguments for the remaining hybrid program modalities and then reintroduce
quantifiers using i∀ to ask QE for the answer to the remaining real arithmetic.

Example 6.6. The following sequent proof illustrates how a quantifier is first han-
dled by rule ∀R, then dynamic axioms handle the modalities and finally a universal
quantifier is reintroduced using rule i∀ before quantifier elimination proves the re-
sulting arithmetic. In fact, the top most use of rule i∀ also introduces a universal

7 The exception are contextual equivalence rules CER,CEL, which, fortunately, can even proceed
within the context of a quantifier. This can be particularly helpful for existential quantifiers.

Lemma 6.4 (i∀ reintroducing universal quantifiers). This rule is sound:

i∀ Γ ` ∀xP,∆
Γ ` P,∆
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quantifier for x, which was never quantified in the original goal. All free variables
are implicitly universally quantified, which fits with the fact that we seek to prove
validity, so truth in all states for all real values of all variables. Besides, rule i∀ can
always introduce a universal quantifier to prove a formula if that succeeds.

∗
R ` ∀x∀d

(
d ≥−x→ 0≥ 0∧ x+d ≥ 0

)
i∀ ` ∀d

(
d ≥−x→ 0≥ 0∧ x+d ≥ 0

)
i∀ ` d ≥−x→ 0≥ 0∧ x+d ≥ 0
[:=] ` d ≥−x→ 0≥ 0∧ [x :=x+d]x≥ 0
[:=] ` d ≥−x→ [x :=0]x≥ 0∧ [x :=x+d]x≥ 0
[∪] ` d ≥−x→ [x :=0∪ x :=x+d]x≥ 0
∀R ` ∀d

(
d ≥−x→ [x :=0∪ x :=x+d]x≥ 0

)
While this is a rather canonical proof structure, dynamic axioms can be applied
anywhere. So, in this case, we could have skipped the rule ∀R and directly apply the
dynamic axioms, bypassing also the need to reintroduce ∀d using rule i∀ later.

Example 6.7. Even if quantifier elimination handles existential quantifiers just as
well as universal quantifiers, some care is needed with existential quantifiers. The
additional complication is that when we turn an existential quantifier into a witness
with rule ∃R, even with a variable as a witness, then there is no way of getting said
existential quantifier back later, but only a stronger universal quantifier using rule
i∀. A formula with a genuine existential quantifier, though, usually cannot be proved
by using the same formula with a universal quantifier instead, even if it would be
sound to do so. That is why the following sequent proof uses dynamic axioms in the
middle of the formula directly until the remaining formula is pure arithmetic such
that rule R can handle it:

∗
R ` ∀x

(
x≥ 0→∃d

(
d ≥ 0∧0≥ 0∧ x+d ≥ 0

))
i∀ ` x≥ 0→∃d

(
d ≥ 0∧0≥ 0∧ x+d ≥ 0

)
[:=] ` x≥ 0→∃d

(
d ≥ 0∧0≥ 0∧ [x :=x+d]x≥ 0

)
[:=] ` x≥ 0→∃d

(
d ≥ 0∧ [x :=0]x≥ 0∧ [x :=x+d]x≥ 0

)
[∪] ` x≥ 0→∃d

(
d ≥ 0∧ [x :=0∪ x :=x+d]x≥ 0

)

6.5.2 Instantiating Real-Arithmetic Quantifiers

Real arithmetic can be very challenging. That does not come as a surprise, because
cyber-physical systems and the behavior of dynamical systems themselves is chal-
lenging. On the contrary, it is pretty amazing that differential dynamic logic reduces
challenging questions about CPSs to just plain real arithmetic. Of course, that means
that you may be left with challenging arithmetic, of quite noticeable computational
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complexity. This is one part where you can use your creativity to master challeng-
ing verification questions by helping the KeYmaera X prover figure them out. While
there will soon be more tricks in your toolbox to overcome the challenges of arith-
metic, we discuss some of them in this chapter.

Providing instantiations for quantifier rules ∃R,∀L can significantly speed up
real-arithmetic decision procedures. The proof in Sect. 6.4 instantiated the universal
quantifier ∀s for an evolution domain constraint by the endpoint r of the time inter-
val using quantifier proof rule ∀L. This is a very common simplification that speeds
up arithmetic significantly (Note 36). It does not always work, though, because the
instance one guesses may not always be the right one. Even worse, there may not
always be a single instance that is sufficient for the proof.

6.5.3 Weakening Real Arithmetic by Removing Assumptions

It can be very useful to just drop arithmetic assumptions that are irrelevant for the
proof to make sure they are no distraction for real-arithmetic decision procedures.

In the proof in Sect. 6.4, the left premise was

A,r≥0 ` 0≤r≤r

The proof of this sequent did not make use of A at all. Here, the proof worked easily.
But if A were a very complicated formula, then proving the same sequent might have

Note 36 (Extreme instantiation) The proof rules ∀L for universal quantifiers
in the antecedent and ∃R for existential quantifiers in the succedent allow in-
stantiation of the quantified variable x with any term e. Such an instantiation is
very helpful if only a single instance e is important for the argument.
For quantifiers coming from the handling of evolution domains in axiom [′]
from Lemma 5.4, most uses only require a single time instance, where an ex-
tremal value for time is often all it takes. The proof steps that often helps then
is instantiation of the intermediate time s by the end time t:

∗
RΓ , t≥0 ` 0≤t≤t, . . .

. . .
Γ , t≥0,q(y(t)) ` [x :=y(t)]p(x)

→LΓ , t≥0,0≤t≤t→ q(y(t)) ` [x :=y(t)]p(x)
∀L Γ , t≥0,∀0≤s≤t q(y(s)) ` [x :=y(t)]p(x)
→R Γ , t≥0 ` (∀0≤s≤t q(y(s)))→ [x :=y(t)]p(x)
→R Γ ` t≥0→

(
(∀0≤s≤t q(y(s)))→ [x :=y(t)]p(x)

)
∀R Γ ` ∀t≥0

(
(∀0≤s≤t q(y(s)))→ [x :=y(t)]p(x)

)
[′] Γ ` [x′ = f (x)&q(x)]p(x)

This happens so frequently that KeYmaera X defaults to just using this instan-
tiation. Similar instantiations can simplify arithmetic in other cases as well.
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been very difficult, because our proving attempts could have been distracted by the
presence of A and all the lovely assumptions it provides. We might have applied
lots of proof rules to A before finally realizing that the sequent is proved because of
r≥0 ` 0≤r≤r alone.

While quantifier elimination is not based on applying propositional proof rules,
unnecessary assumptions can still cause considerable distraction [14, Chapter 5].
Think of how much easier it is to see that ax2 + bx ≥ 0 is true if somebody only
tells you the relevant assumptions a≥ 0,bx≥ 0 rather than listing a lot of other true
but presently useless assumptions about the values of a,b, and x. Consequently, it
often saves a lot of proof effort to simplify irrelevant assumptions away as soon as
they have become unnecessary. Fortunately, sequent calculus already comes with a
general-purpose proof rule for the job called weakening (WL,WR, which will be
elaborated in Sect. 6.5.4), which we can use on our example from the left premise
in the proof of Sect. 6.4 to remove the assumption A:

r≥0 ` 0≤r≤r
WLA,r≥0 ` 0≤r≤r

You are generally advised to get rid of assumptions that you no longer need. This
will help you manage the relevant facts about your CPS, will make sure you stay on
top of your CPS agenda, and will also help the arithmetic in KeYmaera X to succeed
much more quickly. Just be careful not to discard an assumption that you still need.
But if you accidentally do, then that alone can also be a valuable insight, because
you just found out what the safety of your system critically depends on.

Finally, recall how the real-arithmetic proof of the first premise in Note 36 did
not need the potentially long list of unnecessary assumptions in Γ . And, in fact, the
proof also weakened away the modal formula [x :=y(t)]p(x) from the sequent with
WR to make the sequent arithmetic and amenable to real-arithmetic rule R.

6.5.4 Structural Proof Rules in Sequent Calculus

The antecedent and succedent of a sequent are considered as sets. That implies that
the order of formulas is irrelevant, and we implicitly adopt what is called the ex-
change rule and do not distinguish between the following two sequents

Γ ,A,B ` ∆ and Γ ,B,A ` ∆

ultimately since A∧B and B∧A are equivalent. Nor do we distinguish between

Γ ` C,D,∆ and Γ ` D,C,∆

Note 37 (Occam’s assumption razor) Think how hard it would be to prove a
theorem with all the facts in all books of mathematics as assumptions. Compare
this to a proof from just the two facts that matter for that proof.



202 6 Truth & Proof

ultimately since C∨D and D∨C are equivalent. Antecedent and succedent are con-
sidered to be sets, not multisets, so we implicitly adopt what is called the contraction
rule and do not distinguish between the two sequents

Γ ,A,A ` ∆ and Γ ,A ` ∆

because A∧A and A are equivalent. It does not matter whether we make an assump-
tion A once or multiple times. Nor do we distinguish between

Γ ` C,C,∆ and Γ ` C,∆

because C∨C and C are equivalent. We could adopt these exchange rules and con-
traction rules explicitly, but usually leave them implicit:

PR
Γ ` Q,P,∆
Γ ` P,Q,∆

PL
Γ ,Q,P ` ∆
Γ ,P,Q ` ∆

cR
Γ ` P,P,∆
Γ ` P,∆

cL
Γ ,P,P ` ∆
Γ ,P ` ∆

The only structural rule of sequent calculus that we will find reason to use ex-
plicitly in practice is the weakening proof rule (alias hide rule) that can be used to
remove formulas from the antecedent (WL) or succedent (WR), respectively:

WR
Γ ` ∆

Γ ` P,∆

WL
Γ ` ∆

Γ ,P ` ∆
Weakening rules are sound, since it is always fine to prove a sequent with more

formulas in the antecedent or succedent by a proof that uses only some of those
formulas. Proof rule WL proves the conclusion Γ ,P ` ∆ from the premise Γ ` ∆ ,
which dropped the assumption P. Surely, if premise Γ ` ∆ is valid, then conclusion
Γ ,P ` ∆ is valid as well, because it even has one more (unused) assumption avail-
able, namely P. Proof rule WR proves the conclusion Γ ` P,∆ from the premise
Γ ` ∆ , which is fine because Γ ` ∆ just has one less (disjunctive) option in its
succedent. To see why that is sound, recall the disjunctive meaning of succedents.

At first sight, weakening may sound like a stupid thing to do in any proof, because
rule WL discards available assumptions (P in the antecedent) and rule WR discards
available options (P in the succedent) for proving the statement. This seems to make
it harder to prove the statement after using a weakening rule. But weakening is
actually useful for managing computational and conceptual proof complexity by
enabling us to throw away irrelevant assumptions. These assumptions may have
been crucial for another part of the proof, but have just become irrelevant for the
particular sequent at hand, which can, thus, be simplified to Γ ` ∆ . Weakening, thus,
streamlines proofs, which also helps speed up arithmetic immensely (Sect. 6.5.3).

Of course, the opposite of the weakening rules would be terribly unsound. We
cannot just invent extra assumptions out of thin air just because we feel like wanting
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to have them at our disposal. But once we have the assumptions, we are free to not
use them. That is, the premise of WL implies the conclusion but not vice versa.

6.5.5 Substituting Equations into Formulas

If we have an equation x = e among our assumptions (in the antecedent), it is often
significantly more efficient to use that equation for substituting e for all other occur-
rences of x instead of waiting for a real-arithmetic decision procedure to figure this
out. If we have x = e among our assumptions, then any (free) occurrence of x can
be replaced by e, both in the succedent as well as in the antecedent:

=R
Γ ,x = e ` p(e),∆
Γ ,x = e ` p(x),∆

=L
Γ ,x = e, p(e) ` ∆
Γ ,x = e, p(x) ` ∆

It would be okay to use the equation in the other direction for replacing all oc-
currences of e by x, because the equation e = x is equivalent to x = e by symmetry.
Both proof rules, =R and =L, apply an equation x = e from the antecedent to an oc-
currence of x in the antecedent or succedent to substitute e for x. By using the proof
rule sufficiently often, multiple occurrences of x in Γ and ∆ can be substituted. Es-
pecially if x does not occur in e, then using the proof rules =R,=L exhaustively and
weakening x = e away by rule WL removes the variable x entirely, which is what
quantifier elimination will otherwise have to achieve by a complex algorithm.

Quantifier elimination would have been able to prove the same fact, but with sig-
nificantly more time and effort. So you are advised to exploit these proof shortcuts
whenever you spot them. Of course, KeYmaera X is clever enough to spot certain
uses of equality rewriting as well, but you may be a better judge of how you would
like to structure your proof, because you are more familiar with your CPS of interest.

6.5.6 Abbreviating Terms to Reduce Complexity

The opposite of exhaustively substituting in equations by rules =L,=R can also be
helpful sometimes. When there are complicated terms whose precise relation to
the other variables is not important, then a new variable can be introduced as an
abbreviation for the complicated term.

For example, the following sequent looks complicated but becomes easy when
we abbreviate all occurrences of the complex term a

2 t2 + vt + x by a new variable z:

a≥ 0,v≥ 0, t ≥ 0,0≤ a
2

t2 + vt + x︸ ︷︷ ︸
z

,
a
2

t2 + vt + x︸ ︷︷ ︸
z

≤ d,d ≤ 10 ` a
2

t2 + vt + x︸ ︷︷ ︸
z

≤ 10
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The sequent resulting from that abbreviation lost how exactly the value of the new
variable z relates to the values of a, t,v,x but exposes the simple transitivity argument
that easily proves the sequent by rule R:

a≥ 0,v≥ 0, t ≥ 0,0≤ z,z≤ d,d ≤ 10 ` z≤ 10

This is especially obvious after another few weakening steps to discard the now
obviously irrelevant assumptions a≥ 0,v≥ 0, t ≥ 0.

A proof rule for introducing such abbreviations will be investigated in Chap. 12.
In fact, the proof rule for introducing such abbreviations will turn out to be just the
inverse of another useful proof rule for assignments, rule [:=]=.

Using the assignment axiom [:=] will substitute the right-hand side e of an as-
signment x := e for the variable x (if that is admissible). An alternative is the equa-
tional assignment proof rule [:=]=, which turns an assignment x :=e into an equation
y = e for a fresh variable y that has not been used in the sequent yet.

Proof. The proof deriving rule [:=]= from the other axioms and proof rules, espe-
cially the assignment axiom [:=], is shown in prior work [18, Theorem 40]. ut

Of course, it is important for soundness of rule [:=]= that the variable y is fresh
and not used in Γ ,∆ , or even e, because the following would, otherwise, incorrectly
prove an invalid formula from a premise that is only valid because of the impossible
assumption y = y+1 that rule [:=]= introduces:

 
y = y+1 ` y > 5
` [x :=y+1]x > 5

6.5.7 Creatively Cutting Real Arithmetic to Transform Questions

Weakening is not the only propositional proof rule that can help accelerate arith-
metic. The cut rule is not just a logical curiosity, but can actually be shockingly
helpful in practice [4]. It can speed up real arithmetic a lot to use a cut to replace a
difficult arithmetic formula with a simpler one that is sufficient for the proof.

For example, suppose p(x) is a big and very complicated formula of first-order
real arithmetic. Then proving the following formula

(x− y)2 ≤ 0∧ p(y)→ p(x)

Lemma 6.5 ([:=]= equational assignment rule). This is a derived rule:

[:=]=
Γ ,y = e ` p(y),∆
Γ ` [x :=e]p(x),∆

(y new)
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by real arithmetic will turn out to be surprisingly difficult and can take ages (even
if it ultimately terminates). Yet, upon closer inspection, (x− y)2 ≤ 0 implies that
y = x, which makes the rest of the proof easy since p(y) easily implies p(x) if,
indeed, x = y. How do we exhibit a proof based on these thoughts?

The critical idea for such a proof work is to use a creative cut with suitable
arithmetic. Choosing x = y as the cut formula C, we use the rule cut and proceed:

∗
R (x− y)2 ≤ 0 ` x = y

WR (x− y)2 ≤ 0 ` x = y, p(x)
WL(x− y)2 ≤ 0, p(y) ` x = y, p(x)

∗
id p(y),x = y ` p(y)
=R p(y),x = y ` p(x)
WL(x− y)2 ≤ 0, p(y),x = y ` p(x)

cut (x− y)2 ≤ 0, p(y) ` p(x)
∧L (x− y)2 ≤ 0∧ p(y) ` p(x)
→R ` (x− y)2 ≤ 0∧ p(y)→ p(x)

Indeed, the left premise is proved easily using real arithmetic. The right premise
is proved trivially by the equality substitution proof rule =R to propagate that x
is y, and then rule id. Observe that proofs like this one benefit substantially from
weakening to get rid of superfluous assumptions, thereby simplifying the resulting
arithmetic.

6.6 Summary

The sequent proof rules for differential dynamic logic that this chapter showed are
summarized in Fig. 6.6. They are sound [13, 16, 18].

The primary responsibility of the sequent calculus is to organize our thoughts
and proofs to ensure that a proof is never finished before all cases in all premises
are proved. Its most crucial aspect is its direct ability to use all the dynamic axioms
from Chap. 5 and later parts of this book by replacing one side of the equivalences
with the other. Formally, this is what the contextual equivalence rules CEL,CER
allow, but we can also happily work with the mental model of substituting equals
for equals. That is, any equivalence P↔ Q proved from the axioms allows us to
replace P with Q.

There are further proof rules of differential dynamic logic that later chapters
will examine [13, 15, 16, 18], but this chapter laid a rock-solid foundation for CPS
verification. In addition to having seen the foundation and working principles of
how systematic CPS proofs assemble arguments, this chapter discussed techniques
to tame the complexity of real arithmetic.

Theorem 6.1 (Soundness). The dL sequent calculus is sound. That is, if a dL
formula P has a proof in dL’s sequent calculus, i.e., `dL P, then P is valid, i.e.,
� P.
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Exercises

6.1. Prove the soundness of the following special purpose proof rule and use it to
continue the proof in Fig. 6.3 similarly to the proof in Fig. 6.2:

Γ ,θ > 0 ` ∆
Γ ,−(−θ)> 0 ` ∆

6.2 (*). Since we are not adding the proof rule from Exercise 6.1 to the dL proof
calculus, show how you can derive the same proof step using a creative combination
of arithmetic and the other proof rules.

6.3. The sequent calculus proof in Fig. 6.2 proves the following dL formula

v2 ≤ 10∧b > 0→ b > 0∧ (¬(v≥ 0)∨ v2 ≤ 10)

Its proof only used propositional sequent calculus rules and no arithmetic or dy-
namic axioms. What does that mean about the validity of the following formula
with the same propositional structure?

x5 = y2 +5∧a2 > c2→ a2 > c2∧ (¬(z < x2)∨ x5 = y2 +5)

6.4 (Bouncing-ball sequent proof). Using just dL axioms and arithmetic, Sect. 5.4
showed a proof of a single-hop bouncing-ball formula:

Fig. 6.6 Proof rules of the dL sequent calculus considered in this chapter

¬R
Γ ,P ` ∆

Γ ` ¬P,∆

¬L
Γ ` P,∆

Γ ,¬P ` ∆

∧R
Γ ` P,∆ Γ ` Q,∆

Γ ` P∧Q,∆

∧L
Γ ,P,Q ` ∆

Γ ,P∧Q ` ∆

∨R
Γ ` P,Q,∆

Γ ` P∨Q,∆

∨L
Γ ,P ` ∆ Γ ,Q ` ∆

Γ ,P∨Q ` ∆

→R
Γ ,P ` Q,∆

Γ ` P→ Q,∆

→L
Γ ` P,∆ Γ ,Q ` ∆

Γ ,P→ Q ` ∆

id
Γ ,P ` P,∆

cut
Γ ` C,∆ Γ ,C ` ∆

Γ ` ∆

>R
Γ ` true,∆

⊥L
Γ , false ` ∆

WR
Γ ` ∆

Γ ` P,∆

WL
Γ ` ∆

Γ ,P ` ∆

∀R Γ ` p(y),∆
Γ ` ∀x p(x),∆

(y 6∈ Γ ,∆ ,∀x p(x))

∀L Γ , p(e) ` ∆
Γ ,∀x p(x) ` ∆

(arbitrary term e)

∃R Γ ` p(e),∆
Γ ` ∃x p(x),∆

(arbitrary term e)

∃L Γ , p(y) ` ∆
Γ ,∃x p(x) ` ∆

(y 6∈ Γ ,∆ ,∃x p(x))

CER
Γ ` C(Q),∆ ` P↔ Q

Γ ` C(P),∆

CEL
Γ ,C(Q) ` ∆ ` P↔ Q

Γ ,C(P) ` ∆

=R
Γ ,x = e ` p(e),∆
Γ ,x = e ` p(x),∆

=L
Γ ,x = e, p(e) ` ∆
Γ ,x = e, p(x) ` ∆
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0≤ x∧ x = H ∧ v = 0∧g > 0∧1≥ c≥ 0→[
{x′ = v,v′ =−g};(?x = 0;v :=−cv∪ ?x≥ 0)

]
(0≤ x∧ x≤ H) (5.14*)

What is the minimal change to make this proof a proof in the dL sequent calculus?
Additionally conduct a sequent calculus proof for formula (5.14) that only applies
proof rules and axioms at the top level.

6.5 (Proof practice). Give dL sequent calculus proofs for the following formulas:

x > 0→[x :=x+1∪ x′ = 2]x > 0
x > 0∧ v≥ 0→[x :=x+1∪ x′ = v]x > 0

x > 0→[x :=x+1∪ x′ = 2∪ x :=1]x > 0
[x :=1;(x :=x+1∪ x′ = 2)]x > 0
[x :=1;x :=x−1;x′ = 2]x≥ 0

x≥ 0→[x :=x+1∪ (x′ = 2;?x > 0)]x > 0

x2 ≥ 100→[(?x > 0;x′ = 2)∪ (?x < 0;x′ =−2)]x2 ≥ 100

6.6. Could we have used the following proof rule for ∧ instead of rule ∧R? Is it
sound? Does it have any advantages or disadvantages compared to rule ∧R?

Γ ` P,∆ Γ ,P ` Q,∆
Γ ` P∧Q,∆

6.7 (Propositional soundness). Prove soundness for the structural and proposi-
tional sequent proof rules considered in Fig. 6.1.

6.8 (Bi-implication). Prove that these proof rules for bi-implication are sound:

↔R
Γ ,P ` Q,∆ Γ ,Q ` P,∆

Γ ` P↔ Q,∆

↔L
Γ ,P→ Q,Q→ P ` ∆

Γ ,P↔ Q ` ∆

6.9. Without alluding to dynamic axiom [∪] or contextual equivalence CER, give a
direct semantical soundness proof for the following sequent proof rules:

[∪]R Γ ` [α]P∧ [β ]P,∆
Γ ` [α ∪β ]P,∆

[∪]L Γ , [α]P∧ [β ]P ` ∆
Γ , [α ∪β ]P ` ∆

[∪]R2
Γ ` [α]P,∆ Γ ` [β ]P,∆

Γ ` [α ∪β ]P,∆

[∪]L2
Γ , [α]P, [β ]P ` ∆
Γ , [α ∪β ]P ` ∆

6.10 (dL sequent proof rules). Develop dynamic sequent calculus proof rules for
the modalities similar to either the rules [∪]R and [∪]L that this chapter discussed
briefly but did not pursue or similar to the rules [∪]R2 and [∪]L2 from Exercise 6.9.
Prove soundness for these sequent calculus proof rules. You can use a general argu-
ment that soundness of the dynamic sequent proof rules follows from soundness of
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the dL axioms considered in Chap. 5, but you first need to prove soundness of those
dL axioms (Exercise 5.10).

6.11. If we define the formula true as 1 > 0 and the formula false as 1 > 2, then are
the proof rules >R and ⊥L derivable from the other proof rules?

6.12. Let y(t) be the solution at time t of the differential equation x′ = f (x) with
initial value y(0) = x. Show that the following sequent proof rule, which checks the
evolution domain q(x) at the end, is sound:

Γ ` ∀t≥0
(
[x :=y(t)](q(x)→ p(x))

)
,∆

Γ ` [x′ = f (x)&q(x)]p(x),∆
Would the following also be a sound axiom? Prove or disprove.

[x′ = f (x)&Q]P↔∀t≥0
(
[x :=y(t)](Q→ P)

)
Is the following sequent proof rule sound, which checks the evolution domain q(x)
at the beginning and at the end?

Γ ` ∀t≥0
(
q(x)→ [x :=y(t)](q(x)→ p(x))

)
,∆

Γ ` [x′ = f (x)&q(x)]p(x),∆

6.13 (*). Generalize the solution axiom schema [′] for differential equations from
Chap. 5 to the case of systems of differential equations:

x′1 = e1, . . ,x′n = en &Q

First consider the easier case where Q≡ true and n = 2.

6.14 (MR monotonicity right rule). Prove that the following formulation of the
monotonicity rule is sound. Either give a direct semantical soundness proof or derive
rule MR from rule M[·] from Lemma 5.13.

MR
Γ ` [α]Q,∆ Q ` P

Γ ` [α]P,∆

6.15. Sect. 5.2 argued why the following proof rule is sound

H;
A→ [α]E E→ [β ]B

A→ [α;β ]B

Prove that rule H; is indeed sound. Would the following be a sound axiom? Or can
you find a counterexample?

[α;β ]B↔ ([α]E)∧ (E→ [β ]B)

6.16. By Sect. 6.5.1, quantifier elimination can be used to show the equivalence
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QE(∃x(ax+b = 0)) ≡ (a 6= 0∨b = 0) (6.7*)

What is the result of applying quantifier elimination to ∃x(ax2+bx+c= 0) instead?

6.17 (Derived propositional rules). Prove that the following rules are derived rules:

cutR
Γ ` Q,∆ Γ ` Q→ P,∆

Γ ` P,∆

cutL
Γ ,Q ` ∆ Γ ` P→ Q,∆

Γ ,P ` ∆

6.18 (Propositional completeness). A formula of propositional logic only uses the
logical connectives ∧,∨,¬,→ and abstract atomic formulas such as p,q. For exam-
ple, the propositional formula p∧¬q→ ¬(q∨¬p) is valid, whatever truth-values
p and q have. Give an informal argument why every valid formula of propositional
logic can be proved using the propositional sequent proof rules from Fig. 6.1.
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