Chapter 6
Elastic Scattering Off Nucleons

6.1 Form Factors of the Nucleons

Elastic electron scattering off the lightest nuclei, hydrogen and deuterium, yields
information about the nuclear building blocks, the proton and the neutron. Certain
subtleties have, however, to be taken into account in any discussion of these
experiments.

Recoil As we will soon see, nucleons have a radius of about 0.8 fm. Their study
therefore requires energies from some hundred MeV up to several GeV. Comparing
these energies with the mass of the nucleon, M =~ 938 MeV/ c?, we see that they are
of the same order of magnitude. Hence the target recoil can no longer be neglected.
In the derivation of the cross-sections (5.33) and (5.39) we “prepared” for this by
using E’ rather than E. On top of this, however, the phase-space density dn/dEf
in (5.20) must be modified. We so eventually find an additional factor of E'/E in the

Mott cross-section [13]:
do do\* FE
- = —= L= 6.1)
dQ Mott dQ Mott E

Since the energy loss of the electron due to the recoil is now significant, it is no
longer possible to describe the scattering in terms of a three-momentum transfer.
Instead, the Lorentz-invariant squared four-momentum transfer,

q* = (p—p')* = 2mic* —2(EE'/c* — |p||p| cosb)

—4EE’ 0
2
~ sin” — , 6.2
= > (6.2)
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must be used. In order to only work with positive quantities we define:

0’ =—¢". (6.3)

In the Mott cross-section, g> must be replaced by ¢ or Q2.

Magnetic moment We must now not only take the interaction of the electron with
the nuclear charge into account, but also we have to consider the interaction between
the current of the electron and the nucleon’s magnetic moment.

The magnetic moment of a spin-1/2 particle is given by

, (6.4)

where M is the mass of the particle. For a charged, point-like particle which does
not possess any internal structure, the factor g is equal to 2 as a result of relativistic
quantum mechanics (the Dirac equation). The magnetic interaction is associated
with a flip of the spin of the nucleon. Scattering through 0° is not consistent with
conservation of both angular momentum and helicity and scattering through 180°
is preferred. The magnetic interaction is taken into account by an additional term in
the cross-section that contains a factor of sin’ %. With sin? % = cos? % - tan? % the
cross-section for elastic electron scattering on a charged Dirac particle reads:

d d 0
(—G) = (—G) -[1 +2ttan2—:|, (6.5)
ds2 Spl?sulﬁ/ ) d2 )y 2
where
Q2

The factor 27 can be fairly easily understood: the matrix element of the interaction
is proportional to the magnetic moment of the nucleon (and thus to 1/M) and to the
magnetic field which is produced at the target in the scattering process. Integrated
over time, this is proportional to the deflection of the electron (i.e., to the momentum
transfer Q). These quantities then enter the cross-section quadratically.

The magnetic term in (6.5) is large at large values of the four-momentum transfer
Q and at large scattering angles 6. Because of this additional term, the cross-section
decreases less steeply with the scattering angle than for the electric interaction alone
and the distribution is more isotropic.

Anomalous magnetic moment For charged Dirac particles without internal struc-
ture the g-factor in (6.4) should be exactly 2, while for neutral such particles the
magnetic moment should vanish. Indeed, measurements of the magnetic moments
of electrons and muons yield the value g = 2 up to small deviations that are caused
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by (theoretically well understood) quantum electrodynamical processes of higher
order.

Nucleons, however, are not point-like particles since they are made up of quarks.
Therefore their g-factors are determined by their sub-structure. The values measured
for protons and neutrons are

1y = %PMN = 42793 ux 6.7)
gn
Hn = SN = —1.913 - un , (6.8)

where the nuclear magneton uy is:

B
[N = % —3.1525- 1074 MeVT " . (6.9)
P

Form factors Charge and current distributions can be described by form factors,
just as in the case of nuclei. For nucleons, two form factors are necessary to
characterise both the electric and magnetic distributions. The cross-section for the
scattering of an electron off a nucleon is described by the Rosenbluth formula [16]:

do\ (do GE(0%) + 1G{ (0% 2 oy a2
(E) _ (E)Mon.l: — 420G, (0) tan 5] (6.10)

Here Gg(Q?) and Gy(Q?) are the electric and magnetic form factors which depend
on Q?. The measured Q? dependence of the form factors gives us information about
the radial distributions of charge and magnetisation. The limiting case Q> — 0
is particularly important. In this case Gg coincides with the electric charge of the
target, normalised to the elementary charge e; and Gy is equal to the magnetic
moment p of the target, normalised to the nuclear magneton. The limiting values
are:

Gi(Q> =0) =1 G =0) =0 6.11)
GYL(0* =0)=2.793 GY(Q*=0)=-1913. ’

In order to independently determine Gg(Q?) and Gy (Q?) the cross-sections
must be measured at fixed values of Q® for various scattering angles 6 (i.e., at
different beam energies E). The measured cross-sections are then divided by the
Mott cross-sections. If we display the results as a function of tanzg then the
measured points form a straight line, in accordance with the Rosenbluth formula.
Gwm(Q?) is determined by the slope of the line, and the intercept (G +1tGy;)/(1+1)
at § = 0 yields Gg(Q?). If we perform this analysis for various values of Q?, we

can obtain the Q? dependence of the form factors.
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Measurements of the electromagnetic form factors were carried out mainly in
the 1960s and 1970s at various electron accelerators in the United States and in
Europe. Figure 6.1 shows the results of a pioneering experiment at Stanford where,
by elastic electron scattering off protons and deuterons, the Q” dependence of the
two form factors for both proton and neutron were determined up to Q? values of
1.2 (GeV/c)? [9].

It turned out that the proton electric form factor and the magnetic form factors of
both the proton and the neutron fall off similarly with Q. They can be described to
a good approximation by a so-called dipole form factor

unGy(Q?) ~ NG (Q%)

~ Gdipole(QZ) ,
Hp Hn

Gh(Q?) ~

dipole 2\ Qz )_2
where G Q%) = (1 + 071GV /o2 (GeV/o)? . (6.12)

The neutron, being electrically neutral, has a very small electric form factor.

We may obtain distributions of charge and magnetisation inside the nucleon from
the Q? dependence of the form factors, just as we saw could be done for nuclei.
The interpretation of the form factors as the Fourier transform of the static charge
distribution is, however, only correct for small values of QZ, since only then the
three- and four-momentum transfers are approximately equal. The observed dipole
form factor (6.12) corresponds to a charge distribution which falls off exponentially
(cf. Fig.5.7):

o(r) =o0(0)e ™™ with a=427fm™" . (6.13)
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Nucleons are, we see, neither point-like particles nor homogeneously charged
spheres, but rather quite diffuse systems.

The mean square radii of the charge distribution in the proton and of the
distributions of magnetisation in the proton and the neutron are similarly large. They
may be found from the slope of Gg n(Q?) at Q> = 0. The dipole form factor yields:

deipole 2 12
: —2(Q) = — = 0.66 fm”,
dQ Q2=0 a

v () dipote = 0.81 fm . (6.14)

Precise measurements of the form factors at small values of Q> show slight
deviations from the dipole parametrisation. The slope at Q> — 0 determined from
these data yields the present best value [5] of the charge radius of the proton:

(r2>dipole = —6h

(r*)p = 0.879 fm. (6.15)

In subsequent measurements at the linear accelerator SLAC at Stanford, the Q?
range has been extended beyond 30 (GeV/c)? [6]. Small deviations from the relation
uUnGr(Q?)/ 11, G (Q?) = 1 have been observed. Figure 6.2 shows the results of
a global analysis of all presently available data [4]. Below Q*> ~ 10 (GeV/c)? the
deviations amount to a few percent only. At larger Q® values Gia decreases faster
with Q? than the dipole form factor. At Q* ~ 30 (GeV/c)? ,quGi,l /itp is about 30 %
smaller than G4iPole,

Of special interest are more recent experiments that have been performed at the
beginning of this century at the Thomas Jefferson Accelerator Facility (JLab) in the
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Fig. 6.2 Ratio of the normalised magnetic form factor un GYy/ Jp of the proton and the dipole
form factor GYP°l® as a function of Q7 (After [4])
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USA. In these measurements GE and Gia have not been determined by means of
the Rosenbluth separation. Instead, longitudinally polarised electrons whose spin is
oriented preferentially parallel to the beam direction or opposite to it are scattered
off unpolarised protons. Thereby the recoil proton gets polarised : T+ p—>e¢e+ _p)
It acquires two polarisation components, P;, perpendicular to the proton momentum
in the scattering plane and Py, parallel to it. Their ratio directly yields [3]

Ge P E+E 0

=—-—"."—" tan— . (6.16)
Gm P, 2Mc? 2

Figure 6.3 shows results of such measurements. The experimentally determined
ratio p,Gh(Q%)/(unGY(Q%)) decreases nearly linearly with Q? in the range
0.5 (GeV/c)* < Q% < 8.5 (GeV/c)? down to approximately 0.2 at the highest Q?
value [7, 10, 14, 15]. Therefore, the spatial distributions of the electric charge and
the magnetisation in the proton are substantially different: the charge distribution
extends to larger radii than the distribution of the magnetisation.

The discrepancy of the results obtained by the two methods is astounding. At
present, a favoured explanation is a possible contribution of two-photon exchange
in the scattering process. This might give rise to large corrections for the Rosenbluth
separation while it hardly affects the double-polarisation measurement.

The electric form factor of the neutron In the absence of a free neutron target, the
measurement of the two elastic form factors for the neutron is less straightforward
than for the proton. Most of the information about Gy, (Q?) and G&(Q?) has been
obtained from elastic electron scattering from deuterium. In this case it is necessary
to correct the measured data for the effects of the nuclear force between the
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Fig. 6.4 World data on the electric form factor of the neutron from double-polarisation exper-
iments (After [8]). The symbols characterise the measurement method: circles — polarised
deuterium, squares — polarised *He, triangles — measurement of the polarisation of the recoil
neutron. The solid line is a parametrisation of the data, the dashed straight line shows the slope
of GA(Q?) at Q*> = 0 (GeV/c)? that is proportional to the (negative) mean square radius of the
neutron

proton and the neutron. Incomplete corrections of this kind are responsible for the
negative values of (Gg)2 seen in Fig. 6.1. Initially the authors of these measurements
speculated that G, might be imaginary, but subsequently it was shown that Gy is
positive, leading, seemingly, to a contradiction.

To explain this contradiction, precise results have been obtained from double-
polarisation experiments with longitudinally polarised electron beams and either
polarised targets or the measurement of the polarisation of the recoil neutron.
Usually either deuterium or *He are used as polarised neutron targets. The deuteron
nucleus has spin-1, caused by the parallel spins of the proton and the neutron and
in addition a small D-state admixture to the deuteron wave function (cf. Sect. 17.2).
Polarised *He is regarded as an effective polarised neutron target, as the spins of
the two protons largely cancel. The world’s data on G} from double-polarisation
experiments [8] are displayed in Fig.6.4 as a function of Q2. The form factor
rises from zero at Q> = 0 (GeV/c)?> up to a value of approximately 0.06 at
Q?> ~ 0.3 (GeV/c)? and then decreases slowly with increasing Q”. The slope at
Q?> — 0 is positive. Consequently the mean square radius of the neutron must be
negative.

An elegant approach has been developed to determine the charge radius of the
free neutron. Low-energy neutrons from a nuclear reactor are scattered off electrons
in an atomic shell of a heavy nucleus and the resulting ejected electrons are then
measured. This reaction corresponds to electron-neutron scattering at small Q?. The
result of these measurements is [11]:

dGE(Q%)

— 61 =
dQ Q2=0

= —0.115 + 0.004 fm? . (6.17)
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The dashed straight line in Fig. 6.4 corresponds to these measurements. The
neutron only appears electrically neutral from the outside; its interior contains
electrically charged constituents which also possess magnetic moments. Since both
the charges and their magnetic moments contribute to the electric form factor, we
cannot separate their contributions in a Lorentz-invariant fashion. An interpretation
as a Fourier transform of the static charge distribution has to be taken with caution,
as already stated above. When (despite these restrictions) a Fourier transformation
of the parametrisation shown in Fig. 6.4 is performed, one obtains a radial charge
density ¢"(r) that is positive for r below approximately 0.5-0.6 fm and negative for
larger values of r, and which extends to radii of approximately 2.5 fm. Calculations
within the framework of various models yield a similar radial dependence of the
charge density of the neutron [17].

6.2 Quasi-elastic Scattering

In Sect.6.1 we considered the elastic scattering of electrons off free protons
(neutrons) at rest. For a given beam energy E and at a fixed scattering angle 6,
scattered electrons from this reaction always have a definite scattering energy E’
which is given by (5.15)

_ E
B 1+A%(1—0059) '

!

(6.18)

Repeating the scattering experiment at the same beam energy and at the
same detector angle, but now off a nucleus containing several nucleons, a more
complicated energy spectrum is observed. Figure 6.5 shows a spectrum of electrons
which were scattered off a thin H,O target, i.e., some were scattered off free protons,
some off oxygen nuclei.

The narrow peak observed at E' ~ 160 MeV stems from elastic scattering off
the free protons in hydrogen. Superimposed is a broad distribution with a maximum
shifted a few MeV towards smaller scattering energies. This part of the spectrum
may be identified with the scattering of electrons off individual nucleons within the
190 nucleus. This process is called quasi-elastic scattering. The sharp peaks at high
energies are caused by scattering off the '°0O nucleus as a whole (cf. Fig. 5.10). At
the left side of the picture, the tail of the A-resonance can be recognised; this will
be discussed in Sect. 7.1.

Both the shift and the broadening of the quasi-elastic spectrum contain informa-
tion about the internal structure of atomic nuclei. In the impulse approximation we
assume that the electron interacts with a single nucleon. The nucleon is knocked
out of the nuclear system by the scattering process without any further interactions
with the remaining nucleons in the nucleus. The shift of the maximum in the energy
distribution of the scattered electrons towards lower energies compared to the free-
proton case is due to the energy needed to remove the nucleon from the nucleus.
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From the broadening of the maximum compared to elastic scattering off free protons
in the hydrogen atom, we conclude that the nucleus is not a static object with locally
fixed nucleons. The nucleons rather move around “quasi-freely”” within the nucleus.
This motion causes a change in the kinematics compared to scattering off a nucleon
at rest.

Let us consider a bound nucleon moving with momentum P in an effective
average nuclear potential of strength S. This nucleon’s binding energy is then
S — P?/2M. We neglect residual interactions with other nucleons, and the kinetic
energy of the remaining nucleus and consider the scattering of an electron off this
nucleon.

P

./. Proton
o—— .
P ‘{A
Electron
Residual nucleus

In this case, the following kinematic connections apply:

p +P = p’ + P momentum conservation in the e-p system
P'=q+ P momentum conservation in the y-p system
E+E, = E + E; energy conservation in the e-p system
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The energy transfer v from the electron to the proton for E,E’ > me.c?> and
|P|, |P'| < Mc is given by

P/2 P2
V=E—-FE =FE —-E, = [M*+—)—(MP*+— -5
P M M

_®te P o @ 2dlPlcose

2 (6.19)
oM oM oM oM

where « is the angle between ¢ and P. We now assume that the motion of the
nucleons within the nucleus is isotropic (i.e., a spherically symmetric distribution).
This leads to a symmetric distribution for v around an average value
2
q

=18 6.20
Vo= + (6.20)

with a width of
1
oy = V{(v—1p)?) = %\/ (P2cos?a) = % 3 (P?) . (6.21)

Fermi momentum As we will discuss in Sect. 18.1, the nucleus can be described
as a Fermi gas in which the nucleons move around like quasi-free particles. The
Fermi momentum Pr is related to the mean square momentum by (cf. (18.9)):

Pi = §(1ﬂ>. (6.22)

An analysis of quasi-elastic scattering off different nuclei can thus determine the
effective average potential S and the Fermi momentum Pr of the nucleons.
Studies of the A-dependence of S and Pr were first carried out in the early

seventies. The results of the first systematic analysis are shown in Table 6.1 and
can be summarised as follows:

— The effective average nuclear potential S increases continuously with the mass
number A, varying between 17 MeV in Li to 44 MeV in Pb.

Table 6.1 Fermi momentum P and effective average potential S for various nuclei. These values
were obtained from an analysis of quasi-elastic electron scattering at beam energies between 320
and 500 MeV and at a fixed scattering angle of 60° [12, 18]. The errors are approximately 5 MeV/c
(Pg) and 3 MeV (S)

Nucleus Li 12C #Mg | %Ca |PNi |¥Y 1196n | 1817y | 208pp
Pr (MeV/e) |169 221 235 249 260 254 260 265 265

S (MeV) 17 25 32 33 36 39 42 42 44
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— Apart from in the lightest nuclei, the Fermi momentum is nearly independent of
A and is:

Pp ~ 250 MeV/c . (6.23)

This behaviour is consistent with the Fermi gas model. The density of nuclear
matter is independent of the mass number except for in the lightest nuclei.

6.3 Charge Radii of Pions and Kaons

The charge radii of various other particles can also be measured by the same method
that was used for the neutron. For example those of the w-meson [1] and the K-
meson [2], particles which we will introduce in Sect. 8.1. High-energy mesons are
scattered off electrons in the hydrogen atom. The form factor is then determined by
analysing the angular distribution of the ejected electrons. Since the pion and the
kaon are spin-0 particles, they have an electric but not a magnetic form factor.

The Q*-dependence of these form factors is shown in Fig.6.6. Both can be
described by a monopole form factor:

F(Q?) = Ge(Q%) = (1 + Q¥/a?) ™" with o = % . (6.24)

The slopes near the origin yield the mean square charge radii:

(), = 0.44 £0.02 fm? ; /(2), = 0.67 +0.02 fm
(P)k = 0.34£0.05 fm? ; /(r?)x = 0.58 +0.04 fm .
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Fig. 6.6 Pion and kaon form factors as functions of Q? (From [1] and [2]). The solid lines
correspond to a monopole form factor, (1 + Q?/a?h?) !
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We see that the pion and the kaon have a different charge distribution than the
proton; in particular it is less spread out. This may be understood as a result of the
different internal structures of these particles. We will see in Chap. 8 that the proton
is composed of three quarks, while the pion and kaon are both composed of a quark
and an antiquark.

The kaon has a smaller radius than that of the pion. This can be traced back to
the fact that the kaon, in contrast to the pion, contains a heavy quark (an s-quark).
In Sect. 14.5 we will demonstrate in a heavy quark-antiquark system that the radius
of a system of quarks decreases if the mass of its constituents increases.

Problems

1. Electron radius
Suppose one wants to obtain an upper bound for the electron’s radius by looking
for a deviation from the Mott cross-section in electron-electron scattering. What
centre-of-mass energy would be necessary to set an upper limit on the radius of
1073 fm?

2. Electron-pion scattering
State the differential cross-section, do/dS2, for elastic electron-pion scattering.
Write out explicitly the Q? dependence of the form factor part of the cross-section
in the limit 9*> — 0 assuming that (r?), = 0.44 fm?.
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