Gauss’s Law 2 1

Although Coulomb’s law is the governing law in electrostatics, its form does not
always simplify calculations in situations involving symmetry. In this chapter, we
introduce Gauss’s law as an alternative method for calculating electric fields of certain
highly symmetrical charge distribution systems. In addition to being simpler than

Coulomb’s law, Gauss’s law permits us to use qualitative reasoning.

21.1  Electric Flux

Consider a uniform electric field E penetrating a small area A oriented perpendic-
ularly to the field as shown in Fig.21.1. Recall from Sect.20.5 that the number of
electric field lines per unit area (measured in a plane perpendicular to the lines) is
proportional to the magnitude of E. Therefore, the total number of lines penetrating
the surface is proportional to EA. This product is called the electric flux! ®f. Thus:

dp = EA 21.1)

The SI units for & is newton-meters square per coulomb (N.m?/C).

Spotlight
Electric flux is proportional to the number of electric field lines penetrating a

certain area.

If the area in Fig.21.1 is tilted by an angle 6 with respect to E_?), the flux through

it (the number of electric lines) will decrease. To visualize this, Fig.21.2 shows an

1" The word “flux” comes from the Latin word meaning “to flow”.
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area A that makes an angle 6 with the field. The number of lines that cross the area
A is equal to the number that cross the area A’, which is perpendicular to E and
hence A’ = A cos 6. Thus, the flux through A, ®g(A), is equal to the flux through A’,
®g(A’). But according to Eq.21.1, the flux through A’ is defined as ®g(A") = EA’.
Therefore, the flux through A is:

®p(A) = dp(A') = EA' = EAcosf (21.2)
Area A T Side view
> >— | E > >
I / > Area A \ E
> > >— > >

Fig.21.1 Electric field lines representing a uniform electric field E that penetrates an area A perpen-

dicularly (shown both in 3D and as a side view). The electric flux ® g through this area is EA

Normal
P — E
Area A" — — Area A

Side view

Fig.21.2 Electric field lines representing a uniform electric field E penetrating an area A that is at an
angle 6 with the field (both three dimensional and side views are displayed). Since the flux through A is
the same as through A’, the flux through A is ®5 = EA cos 6

N
If we define a vector area A whose magnitude represents the surface area and
whose direction is defined to be perpendicular to the surface area as in Fig. 21.3, then

Eq.21.2 can be written as:
dp =E +A = EAcosf (21.3)

The flux through a surface of area A has a maximum value EA when the surface is
perpendicular to the field (i.e. when & =0°), and is zero when the surface is parallel
to the field (i.e. when 6§ =90°).
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Fig.21.3 The definition of a vector area A whose magnitude represents the surface area and whose

direction is defined to be perpendicular to the surface area

Generally, the electric field may vary over the surface of any shape. Let us consider
the general surface depicted by the shape in Fig.21.4 and calculate the electric flux
over the whole surface.

Fig.21.4 The differential surface vector area dA of magnitude dA and direction perpendicular to the
differential surface area and pointing outwards. When the electric field E makes an angle 6 with that
differential surface area, the differential flux d®f is E +dA

N

We start by considering a differential vector surface area dA to be normal to the

surface and to point outwards at a specific location. If the electric field vector at this
—

location is E, then the differential electric flux d®g through this differential area

will be:
— —
dOp =FE * dA (21.4)
We integrate this relation over a surface S to get the electric flux as:

Dp = fﬁ «dA 21.5)
S

Generally, ® depends on the field pattern and the surface shape.
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According to the definition of the vector area dA which always points outwards,
the sign of the flux depends on the angle between E and dA as follows:
(1) If6 < 90°, then E crosses the surface from the inside to the outside and hence
dog —E +dA is positive.
(2) If & = 90°, then E grazes the surface and hence d®g =E . dX is zero.
(3) If 90° <6 < 180°, then E crosses the surface from the outside to the inside
and hence d®g —E +dA is negative.
The net flux through a surface is proportional to the net number of electric field
lines leaving the surface. If more lines are entering than leaving, then the net flux is
negative. If more lines are leaving than entering, then the net flux is positive.

We can write the net flux through a closed surface as:
— —
oy =98E . dA (21.6)

where the symbol gﬁ represents an integral over a closed surface.

Example 21.1
Find the electric flux through a sphere of radius r enclosing at its center: (a) a

positive charge ¢, and (b) a negative charge —gq.

Solution: (a) When a positive charge ¢ is at the center of such a sphere, the electric
field would be directed outwards and be normal to the surface. It would also have
a constant magnitude, £ =¢q/(4re, r2), see Fig.21.5. Therefore:

q

E+dA =EdAcos0° = EdA =
4re, r?

dA

Fig.21.5 A
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From Eq.21.6 and the fact that § dA over a spherical surface gives the area of the
sphere,ie. A=A =4n r2, we find the net flux through the sphere that encloses
the positive charge ¢ to be:

= 7 q q 2 q
Or=0PE *dA = —— PpdA = ———4dnr" = —
E 98 e, r? 95 dme, r? d €
(b) When a negative charge —gq is at the center of such a sphere, the electric
field would be directed inwards and be normal to the surface. It would also have

a constant magnitude, E = g/(4me, r?), see Fig.21.6. Therefore:

LdA

e 12

EsdA =EdAcos180° = —EdA = —

Fig.21.6

Performing similar steps as in part (a), we find the net flux to be:

q>E=gSE-dX=—4nj rzngAz—

q
4rr? = -+
e, r? €

Negative electric flux means electric lines are entering the surface.

21.2 Gauss's Law

In this section, we introduce a new foundation of Coulomb’s law, called Gauss’s
law. This law can be used to take advantage of symmetry in the problem under con-
sideration. Central to Gauss’s law is a hypothetical closed surface called a Gaussian
surface.

In Example 21.1 we noticed that the flux over a sphere of radius r was equal to the
charge ¢ inside the sphere divided by the permittivity of free space ¢,. Now consider
several closed Gaussian surfaces surrounding the charge as shown in Fig.21.7. The
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number of electric field lines passing through the spherical surface S is the same as
the number of lines passing through the non-spherical surfaces S, and S3. Therefore,
we conclude that the flux through any closed Gaussian surface surrounding the point
charge g is g/¢..

Fig.21.7 Different closed
Gaussian surfaces enclosing a
point charge g. The net electric
flux is the same through all

surfaces

Gauss’s law is a generalization to what we just described.

Gauss’s Law
The net electric flux through any closed surface is equal to the net charge inside
the surface divided by the permittivity of free space €.

qin
€o

- —
That is: Dp = gSE «dA = 21.7)

where gj, represents the net charge inside the surface and E represents the fotal
electric field at any point on the surface, which includes contributions from charges
inside and/or outside (if any).

Note that Gauss’s law is very useful in calculating electric fields in situations where
the charge distributions have planar, cylindrical, or spherical symmetry. In these
charge distribution systems, one must carefully construct the imaginary Gaussian
surface such that it simplifies the integral in Eq.21.7. This can be done by trying to
satisfy one or more of the following conditions:

(1) The value of the field over the surface is constant, E = constant.
(2) The dot productljf) « dA is EdA because E // dA .

(3) The dot productE « dA is zero because E L dA .

(4) The value of the field over the surface is zero, E = 0.
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21.3 Applications of Gauss’s Law

Example 21.2
Using Gauss’s law, find the electric field at a distance r from a positive point

charge g, and compare it with Coulomb’s law.

Solution: We apply Gauss’s law to the spherical Gaussian surface of radius r
in Fig.21.5. From the symmetry of the problem, we know that at any point, the
electric field E is perpendicular to the surface and directed outwards from the
spherical center. Thus, E // dA and E » dA =E dA. Then, with gj, = ¢, we can
write Gauss’s law as:

bp=(Edl =T = fE-at = frar=Efar=4zrE="

This leads to: E = - =k

4e, r?

1 ¢ q
)

which is simply Coulomb’s law. This proves that Gauss’s law and Coulomb’s law

are equivalent.

Example 21.3
Prove that any excess positive charge g on the isolated conductor of Fig.21.8 will

lie entirely on its outer surface.

. Conductor's
Gaussian outer surface
surfaces

Conductor's
inner surface

Cavity

Fig.21.8
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Solution: The electric field inside the conductor must be zero. If this is not the
case, the field would exert forces on the free electrons and a current would flow
within the conductor. Of course, there are no such currents in an isolated conductor
in electrostatic equilibrium.

First, we draw a Gaussian surface surrounding the conductor’s cavity, close to
its surface, as seen in Fig.21.8. Since E =0 inside the conductor, then ®z =0
and hence according to Gauss’s law, no net charge would exist on the inner walls
of the cavity.

Then we draw a Gaussian surface just inside the outer surface of the conductor.
Since E = 0 inside the conductor, then ®r = 0 and according to Gauss’s law, no
net charge will exist inside the Gaussian surface. If the excess charge is not inside
the Gaussian surface, it must then be outside that surface, on the conductor’s

surface; see Fig.21.9.

Fig.21.9
Conductor's
q outer surface
Conductor's
inner surface
Cavity
Example 21.4

Using Gauss’s law, find the electric field just outside the surface of a conductor
carrying a positive surface charge density o.

Solution: Consider a small section of the conductor’s surface so as to neglect
curvature. Then construct a cylindrical Gaussian surface normal to the conductor
as shown in Fig. 21.10, where one end of the cylinder is inside the conductor while
the other end is outside. Each end has an area A. The electric field E inside the

=
conductor is zero, and the electric field E just outside the conductor’s surface
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must be perpendicular to the surface. If this were not true, the component of the
field along the surface of the conductor would force the free electrons to move,

violating the conductor’s electrostatic equilibrium.

Conductor

5
E +
i\

Gaussian
cylinder

m:m

\G

Charge per

unit area o Side view

Fig.21.10

To find the net flux through this cylindrical Gaussian surface, let us consider
each of the four faces of the cylinder. (1) Because E = 0 inside the conductor, then
the flux through the end of the cylinder inside the conductor is ®£ (1) =0. (2) For
the same reason, the flux through the curved surface of the cylinder inside the con-
ductor is ®g(2) =0. (3) Since E LdA along the curved surface of the cylinder
outside the conductor, the flux there is also ®g(3) =0. (4) Since E // dX along
the end of the cylinder that is outside the conductor, the flux there is ®f(4) = EA.
Thus, the net flux through the cylindrical Gaussian surface is ®¢ = EA. Since
gin =0 A, we can then find electric field just outside the surface of the conductor

as follows:

— ; A
¢E=56E-dX=qﬂ - p=22 4 g2

6O 60 o

Example 21.5
Find the electric field due to an infinite plane sheet of charge with a uniform

positive surface charge density o.

Solution: By symmetry, the electric field E outside the infinite plane sheet must
be: (1) uniform, (2) perpendicular to the sheet, (3) of the same magnitude at all
points equidistant from the sheet, and (4) in opposite direction on the other side
of the sheet, see Fig. 21.11. The choice that reflects that symmetry is a cylindrical
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Gaussian surface normal to the sheet as shown in Fig.21.11, where one end of
the cylinder (of area A) is to the right of the sheet while the other end is to the left

of it.
A/ Sheet of charge ————=p
+ > < ’
-
E E
-— .

Gaussian
cylinder

A

T H+ + + [+ F|
v $>w
&

Charge per
unit area o

Side view

Fig.21.11

As in Example 21.4, to find the net flux through this cylindrical Gaussian
surface, let us consider each of the four faces of the cylinder. (1) Because E // dA
through the left end of the cylinder, then the flux there is ®g (1) = EA. (2) Because
ELldA through the left curved surface of the cylinder then the flux there is
®£(2) =0. (3) For the same reason (E J_dX ), and the flux through the right
curved surface of the cylinder is ®£(3) =0. (4) Because E // dA through the
right end of the cylinder, then the flux there is ®g(4) = EA. Thus, the net flux
through the Gaussian surface is &g =2FA. Since gi, =0 A, we then can find
electric field as follows:

- A
ch:g‘jE-dX:iﬂ = 2EA=66 2:

Example 21.6

Two infinite conducting plates have a uniform surface charge density of magnitude
o' on their faces. The excess charge is positive on one plate and negative on the
other, see Fig. 7.12a, b. The two plates are brought together as shown in Fig. 21.12c.
Find the electric field to the left and right of the plates in each part of the figure.

Solution: The charge on the positively charged conductor in Fig.21.21a will

spread over its two faces each with a surface density of magnitude o’. From


http://dx.doi.org/10.1007/978-3-642-23026-4_7#Fig12
http://dx.doi.org/10.1007/978-3-642-23026-4_7#Fig21
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Example 21.4, the electric field just outside each of these surfaces would be

directed away from the two faces and would have a magnitude of:

o
EL =—
€o
Conductor P
Conductor Conductor +
“—4 4> - = +
E, <4 4> E, E - +—<E E=0 }
<+ > = =
" © \G' o /'@"\O" @ +
G/ o 7
(a) (b)
Fig.21.12

We have a similar situation in Fig. 21.12b, except that the electric field is directed

toward the two faces and has a magnitude given by:

o
E_=—
€o
When we bring the two plates together, the excess charge on one plate attracts
the excess of charge on the other, and all the excess charge moves onto the inner
surfaces of the plates, see Fig.21.12c. The magnitude of the new surface charge
density of the inner surfaces is 0 = 20" Thus, the electric field between the plates

is to the right with a magnitude:
o
E = —  (Between the plates)

The electric field on the outer sides of the two plates of Fig.21.12c¢ is zero since
no charge is left on those sides.

Example 21.7

Two infinitely long nonconductive sheets are aligned in parallel, see Fig.21.13a.
Each sheet has a fixed uniform charge. One sheet is positively charged and has
a surface charge density of magnitude o, = 6.5 jLC/m?. The other sheet is nega-
tively charged with |o_ | = 4.5 wC/m?. Find the electric field: (a) to the left (L) of
the sheets, (b) between (B) the sheets, and (c) to the right (R) of the sheets.
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o O_ (o2 O_ O
+\l — E+\A + _ A/E O'+\.. + «— O_
+ <_+ i —>+ —>+ EL I EB ER
+ - - - <“— N— -
E MW E E +
+ — — —
: > H > <« +
L B R L M B R L M B R
(a) (b) (c)
Fig.21.13

Solution: For items of fixed charge, we can calculate the electric field of the
items in the same manner as if each item were isolated, i.e. by adding the fields
algebraically using the superposition principle. Thus, the magnitude of the electric
field due to the positive sheet is:

oy  65x107°C/m?
26, 2(8.85 x 10~12C2/N.m?)

=3.67 x 10°N/C

Ey

Also, the magnitude of the electric field due to the negative sheet is:

o_ 4.5 x 107%C/m?

= - =254 x 10°N/C
2¢,  2(8.85 x 10~12C%/N.m?)

The directions of the fields to the left (L), between (B), and right (R) of the sheets
are shown in Fig. 21.13b. The resultant field depends on the values of E and E_.
Since E4 > E_, then Ey is:

EL=E. —E_=3.67x10°N/C—2.54 x 10°N/C = 1.13 x 10°N/C (to the left)

The field to the right of the sheets Er has the same magnitude but is directed to
the right. Between the sheets, we have:

Ep = E4 + E_ =3.67 x 10°N/C + 2.54 x 10° N/C = 6.21 x 10° N/C (to the right)

Example 21.8
Using Gauss’s law, find the electric field at a distance r from a long thin rod that

has a uniform charge per unit length A.

Solution: By symmetry, the electric fields outside the rod are radial and lie in
a plane perpendicular to the rod. Additionally, the field has the same magnitude
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at all points at the same radial distance from the rod. This suggests that we can
construct a cylindrical Gaussian surface of an arbitrary radius r and height £. Such

a cylinder would have its ends perpendicular to the rod as shown in Fig.21.14.

Gaussian Top view

cylinder

Fig.21.14

We divide the flux into two cases: (1) The flux through the two ends of the Gaussian
cylinder is zero because E is parallel to these surfaces, i.e. E LA, (2) The flux
through the curved surface of the Gaussian cylinder can be obtained by taking into
account that E = constant and E is parallel to dX ,i.e. E) . dX = E dA. Therefore,
gﬁg «dA = $ EdA=E § dA=EA, where A is the area of the curved cylinder
and is given by A = 27 r¢. The net charge inside the Gaussian cylinder is gj, = AL.
We can now use Gauss’s law to find the electric field as follows:

— — 6]in — —
q>E_95E wh =" = @E dA _gSEdA_EngA
Iy
=EQnrl) = —
1 A A
Then: = — =2k—
2mey 1 r

This relation was derived in Chap. 20 using Coulomb’s law (Eq. 20.36).

Example 21.9
A solid sphere of radius R has a uniform volume charge density o and carries a

total positive charge Q. Find and sketch the electric field at any distance r away
from the sphere’s center.


http://dx.doi.org/10.1007/978-3-642-23026-4_20
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Solution: We divide the solution to 0 <r <R and r > R.

() ForO<r<R

When dealing with a spherically symmetric charge distribution, we chose a spher-
ical Gaussian surface of radius r < R concentric with the charged sphere as shown
in Fig.21.15.

Fig.21.15

Gaussian
sphere

By symmetry, the magnitude of the electric field is constant everywhere on the
spherical Gaussian surface and normal to the surface at any point, i.e. E // dA .
Thus:

961? «dA = gﬁEdA - ESBdA — E(4nr?)

It is important to notice that the volume, say V', of the Gaussian sphere encloses

a net charge gi, = pV'; that is:
gin = pV' = p(G7r)

We can now use Gauss’s law to find electric field as follows:

4_3
— — H EvI2A
Op = gSE cdd =T o Eun?) = PG
€o €o
0
Then: E = r O0O=<r=<pR

3,
Using the definition p = Q/(%nR3) and k=1/(4me,), we get:

Q

- 4me, R3

0

r:kﬁr O=<r=<RkR
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(2)Forr>R
Again, because the charge distribution is spherically symmetric, we can construct
a Gaussian sphere of radius » > R concentric with the charged sphere, as shown
in Fig.21.16.

Fig.21.16 -

.~
Gaussian

o
sphere A \Nﬁ/

Just as when r <R, QSE)' dX = E(47rr2), but gi» = Q. Thus, we can use

Gauss’s law to find the electric field as follows:

bp=(Eedd =10 5 Edn?y =2
[e] 60

) 1 0 0

e E = = =k= >R

e 4re, 12 r2 (r=R)

Notice that this is identical to the result obtained for a point charge. Therefore, we
conclude that the electric field outside any uniformly charged sphere is equivalent
to that of a point charge located at the center of the sphere. At r = R, the two cases
give identical results E = kQ/R>. A plot of E versus r is shown in Fig.21.17. This
figure shows the continuation of £ and its maximum at r = R.

Fig.21.17
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Example 21.10
A thin spherical shell of radius R has a total positive charge Q distributed uniformly
over its surface. Find the electric field inside and outside the shell.

Solution: By symmetry, if any field exists inside the shell, it must be radial. Let us
construct a spherical Gaussian surface of radius r < R concentric with the shell,

see the cross sectional view in Fig.21.18.

Fig.21.18 .
Gaussian

sphere

Spherical £
shell

Based on Gauss’s law, the lack of charge inside the surface indicates that
4511? . dX =F (4nr2) =0, or E=0. Accordingly, we conclude that there is no
electric field inside a uniformly charged spherical shell.

Outside the shell, we construct a spherical Gaussian surface of radius r > R
concentric with the charged shell as shown in Fig.21.19.

Fig.21.19 » ~ = ~ __ Gaussian

N \ sphere

Symmetry suggests that E = constant on that surface and E is parallel to dA ,
ie. gﬁE) «dA =E (47 r?). Since the net charge gi, inside the Gaussian surface is
equal to the total charge Q on the shell, the shell is equivalent to a point charge
located at the center. That is:

[

1
E =
dmwe, r

[\S)

=krg2 (r>R).
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21.4 Conductors in Electrostatic Equilibrium

Conductors contain free electrons that can move freely. When there is no net motion

of electrons within the conductor, the conductor is in electrostatic equilibrium and

has the following four properties:

(1) The electric field inside the conductor is zero (see Example 21.3).

(2) The excess charge on an isolated conductor lies on its outer surface (see Example
21.3).

(3) The electric field just outside a charged conductor at any point is perpendicular to
its surface and has a magnitude E = o /€,, where o is the surface charge density
at that point (see Example 21.4).

(4) The surface charge density is greatest at locations where the radius of curvature
of the surface is smallest (see Chap.22).

We can elaborate more about the first property by considering the conducting
slab in electrostatic equilibrium on the left of Fig. 21.20, where the free electrons are
uniformly distributed throughout the slab, i.e. Eim = 0. When we place the slab in an
external electric field l_fext as in the right part of Fig.21.20, the free electrons move
to the left. In time, more negative and positive charges accumulate on the left and
right surfaces, respectively. These two planes of charge create an increasing internal
electric field Eim inside the conductor. After awhile, E int Will compensate E ext»
resulting in a zero net electric field inside the conductor, i.e. Enet = Eext — l—f int =0.

The time to reach this new electrostatic equilibrium is of the order 107s.

- +
> >
7 __=_'+\
Before Enetzo After Eexl ) Enet=0 + Eim
—t
—— >

Fig.21.20 An external electric field E. ext creates an internal electric field Eint in the conductor such

. =2
that the net electric field E pet is zero

Example 21.11

A conducting sphere of radius R carries a net positive charge 20Q. A conducting
spherical shell of inner radius Ry (R; > R) and outer radius R carries a net neg-
ative charge —Q. This shell is concentric with the conducting sphere. Find the


http://dx.doi.org/10.1007/978-3-642-23026-4_22
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magnitude of the electric field at a distance r away from the common center when:
(@r<R,(bD)R<r<Ry,(c)R; <r<Ry,and (d) r > R;.

Solution: The charge distributions under consideration are characterized by being
spherically symmetrical around the common center c. This suggests that a spher-
ical Gaussian surface of radius r is to be constructed in each case such as Sy, S»,
S3, and Sy that are displayed in Fig.21.21. In addition, we use the fact that the
electric field inside a conductor is zero and all the excess charge will lie entirely
on the outer surface of the isolated conductor.

Fig.21.21

(a) In this region the Gaussian sphere S of Fig.21.21 satisfies the condition
r < R. Because there is no charge inside the conductor in this region, i.e. gij, =0;
then, E1 =0.

(b) In this region the Gaussian sphere Sy of Fig.21.21 satisfies the condi-
tion R < r < Ry. Because gj, =20 inside this surface and because gﬁl*_?) s dA =
E>(4r r2), we can use Gauss’s law to find:
120 20

T dwe, 12 r2

E (R<r <Ry
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(c) In this region, the Gaussian sphere S3 of Fig.21.21 satisfies the condition
R{ <r < R». Because the electric field inside an equilibrium conductor is zero,
i.e. E3 =0; then, based on Gauss’s law, the net charge gj;, must be zero. From
this argument, we find that an induced charge —2(Q must be established on the
inner surface of the shell to cancel the charge +2Q on the solid sphere. In addition,
because the net charge on the whole shell is —Q, we conclude that its outer surface
must carry an induced charge +Q.

(d) In this region, the Gaussian sphere S4 of Fig.21.21 satisfies the condition
r > Ry. Because gij, =20 — Q = Q inside this surface and because gﬁi) 4° dX =
E4(47r?), we can use Gauss’s law to find:

1o 0

= — — = K— R
e, r>r? S

Ey4

Figure 21.22 shows a graphical representation of the variation of the electric field
E with r. In addition, the figure shows the final distribution of the charge on the
two conductors.

Fig.21.22

The expressions that we have arrived at for the electric fields established by simple
charge distributions are presented in Table21.1.
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Table 21.1 Electric fields due to simple charge distributions

Charge distribution Electric field
Single point charge ¢ E= k% r>0
r
Charge g uniformly distributed on q
the surface of a conducting sphere E— kﬁ r=R
of radius R 0 ;<R
Charge g uniformly distributed with q
. . k= r>R

uniform charge density p over an E— 72
insulating sphere of radius R k%r r<R
Infinitely long thin rod of a uniform 3
charge per unit length A E=2k—  routside the line

r
Infinite plane sheet of charge
of uniform surface charge E= 3 Everywhere outside the plane
density o €o
Conductor having surface charge g Just outside the conductor
density o E= €

0 Inside the conductor
Two oppositely charged condu.cting g Any point betwee the plates
plates with surface charge density of E= €
magnitude o 0 Outside the plates

21.5 Exercises

Section 21.1 Electric Flux

(1) A uniform electric field is directed from left to right along the positive x-axis.
If the magnitude of the field is 2 x 10° N/C, what flux passes through a circular
loop of area 0.5m? if the normal to loop is: (a) in the positive x-direction,
(b) in the negative x-direction, (c) in the positive y-direction, (d) in the negative
y-direction, and (e) in a direction that makes an angle 60° from the x-axis.

(2) The maximum flux through a rectangle of area 0.2 m” is 5 x 103 N.m?/C. Find
the magnitude of the electric field.

(3) A cylinder of length L =40cm and radius R =10 cm has its axis along the
x-axis, see Fig.21.23. The electric field in this region is E = (10° i ) N/C.
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Find the flux through: (a) the cylindrical wall, (b) the cap at the left end of the
cylinder, (c) the cap at the right end of the cylinder.

Fig.21.23 See Exercise (3)

(4) An electric field E = (a4 Bx) i passes through a cube of side a, as shown
in Fig.21.24. (a) Find the net electric flux through the cube. (b) Calculate this
flux given that =2 N/C, and a =0.2m for 8 =5N.m/C and § =0.

Fig.21.24 See Exercise (4)
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(5) A uniform electric field E=ai + ,BT passes through a square surface of area
A. What is the flux through this area if the surface lies: (a) in the xy-plane?
(b) in the xz-plane? and (c) in the yz-plane? see Fig.21.25.

Fig.21.25 See Exercise (5)

(6) A pyramid has a horizontal square base of side @ =20cm. The pyramid is
placed in a uniform electric field E of 70 N/C that is directed upwards, see
Fig.21.26. (a) Find the electric flux through the pyramid’s base. (b) Find the

electric flux through the pyramid’s four slanted surfaces.
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Fig.21.26 See Exercise (6)

(7) A horizontal uniform electric field E penetrates a vertical cone of base radius r

Fig.21.27 See Exercise (7)

and height 4, see Fig. 21.27. (a) Find the electric flux through the left-hand side
of the cone. (b) Find the electric flux through the right-hand side of the cone.
(c) Find the electric flux through the base of the cone.

Section 21.2 Gauss’s Law

®)

®

A point charge ¢ is located at the center of a charged ring of radius R. The
ring has a linear charge density X, see Fig.21.28. (a) Find the total electric flux
through the Gaussian sphere S; of radius r < R. (b) Find the total electric flux
through the Gaussian sphere S, of radius r > R.

Figure21.29 shows four closed surfaces S1, S2, S3, and S4 and four point
charges g, —q, 2q, and —24. (a) Find the electric flux through each surface.
(b) Would the electric field lines produced by the point charge —2¢ have an
effect on the calculated fluxes? (c) Explain the reasoning behind your answer
for (b).
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Fig.21.28 See Exercise (8)

Fig.21.29 See Exercise (9)

(10) A point charge ¢g=25uC is located at the center of a sphere of radius
R =25 cm. A circular cut of radius » = 5 cm is removed from the surface of the
sphere, see Fig.21.30. (a) Find the electric flux that passes through that cut. (b)

Repeat when the cut has a radius » =25 cm. Is the answer g/2¢,?

Fig.21.30 Sece Exercise (10)

(11) A point charge g =53.1nC is located at the center of a cube of side a =5 cm,
see Fig.21.31. (a) Find the electric flux through each face of the cube. (b) Find
the flux through the four slanted surfaces of a pyramid formed from a vertex
on the center of the cube and one of its six square faces.



724

21 Gauss's Law

Fig.21.31 See Exercise (11)
ly
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12)

13)
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At an altitude 71 =700 m above the ground, the electric field in a particular
region is E1 =95 N/C downwards. At an altitude #; = 800 m, the electric field
is Ey = 80 N/C downwards. Construct a Gaussian surface as a box of horizontal
area A and height lying between h; and Ay, to find the average volume-charge
density in the layer of air between these two elevations.

A point Pis at a distance a = 10 cm from an infinite rod, charged with a uniform
charge per unit length A =5nC/m. (a) Find the electric flux through a sphere
of radius » = 5 cm centered at P, see left of Fig. 21.32. (b) Find the electric flux
through a sphere of radius = 15 cm centered at P, see right of Fig.21.32.

Fig.21.32 See Exercise (13)

14

A point charge ¢ is located at a distance § just above the center of the flat face
of a hemisphere of radius R as shown in Fig.21.33. (a) When § is very small,
use the argument of symmetry to find an approximate value for the electric flux
Dcurved through the curved surface of the hemisphere. (b) When § is very small,
use Gauss’s law to find an approximate value of the electric flux @y through
the flat surface of the hemisphere.
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Fig.21.33 See Exercise (14) 1

Section 21.3 Applications of Gauss's Law

(15) Aninfinite horizontal sheet of charge has a charge per unitarea o = 8.85 wC/m?.
Find the electric field just above the sheet.

(16) A nonconductive wall carries a uniform charge density o = 8.85 wC/cm?. Find
the electric field 7cm away from the wall. Does your result change as the
distance from the wall increases such that it is much less than the wall’s dimen-
sions?

(17) Two infinitely long, nonconductive charged sheets are parallel to each other.
Each sheet has a fixed uniform charge. The surface charge density on the left
sheet is o while on the right sheet is —o, see Fig.21.34. Use the superposition
principle to find the electric field: (a) to the left of the sheets, (b) between the
sheets, and (c) to the right of the sheets.

Fig.21.34 See Exercise (17)

+ + + + + +

(18) Repeat the calculations for Exercise 17 when: (i) both the sheets have posi-
tive uniform surface charge densities o, and (ii) both the sheets have negative
uniform surface charge densities —o.

(19) A thin neutral conducting square plate of side @ =80 cm lies in the xy-plane,

see Fig.21.35. A total charge ¢ =5nC is placed on the plate. Assuming that
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the charge density is uniform, find: (a) the surface charge density on the plate,
(b) the electric field just above the plate, and (c) the electric field just below the
plate.

Fig.21.35 See Exercise (19) z
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(20) A long filament has a charge per unit length A = —80 wC/m. Find the electric
field at: (a) 10cm, (b) 20cm, and (¢) 100 cm from the filament, where distances
are measured perpendicular to the length of the filament.

(21) A uniformly charged straight wire of length L =1.5m has a total charge
QO =5nC. A thin uncharged nonconductive cylinder of height £ =2 cm and
radius r =10 cm surrounds the wire at its central axis, see Fig.21.36. Using
reasonable approximations, find: (a) the electric field at the surface of the cylin-
der and (b) the total electric flux through the cylinder.

Fig.21.36 See Exercise (21)

r

(22) A thin nonconductive cylindrical shell of radius R=10cm and length
L=2.5m has a uniform charge Q distributed on its curved surface, see
Fig.21.37. The radial outward electric field has a magnitude 4 x 10* N/C at

a distance r =20 cm from its axis (measured from the midpoint of the shell).
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Find: (a) the net charge on the shell, and (b) the electric field at a point » =5 cm

from its axis.

Fig.21.37 See Exercise (22)

(23) A long non-conducting cylinder of radius R has a uniform charge distribution
of density p throughout its volume. Find the electric field at a distance » from
its axis where r < R?

(24) A thin spherical shell of radius R = 15 cm has a total positive charge Q =30 nC
distributed uniformly over its surface, see Fig.21.38. Find the electric field at:

(a) 10 cm and (b) 20 cm from the center of the charge distribution.

Fig.21.38 See Exercise (24)

Spherical
shell

(25) Two concentric thin spherical shells have radii R{ =5 cm and Ry = 10 cm. The
two shells have charges of the same magnitude Q = 3 nC, but different in sign,
see Fig.21.39. Use the shown three Gaussian surfaces S, S7, and S3 to find the
electric field in the three regions: (a) r <Ry, (b) R <7 <R3, and (c) r > R».

(26) A particle with acharge g = —60 nC is located at the center of a non-conducting
spherical shell of volume V =3.19 x 1072 m?, see Fig.21.40. The spherical
shell carries over its interior volume a uniform negative charge Q of volume
density p=—1.33 LC/m>. A proton moves outside the spherical shell in a
circular orbit of radius » =25 cm. Calculate the speed of the proton.
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Fig.21.39 See Exercise (25)

Fig.21.40 See Exercise (26)

Spherical
shell

(27) A solid non-conducting sphere is 4 cm in radius and carries a 7.5 uC charge
that is uniformly distributed throughout its interior volume. Calculate the
charge enclosed by a spherical surface, concentric with the sphere, of radius
(a) r=2cm and (b) r =8 cm.

(28) A solid non-conducting sphere of radius R =20 cm has a total positive charge
O =30 iC that is uniformly distributed throughout its volume. Calculate the
magnitude of the electric field at: (a) Ocm, (b) 10cm, (c) 20cm, (d) 30cm,
and (e) 60 cm from the center of the sphere.

(29) Iftheelectric field in air exceeds the threshold value Eyyre =3 X 106N /C, sparks
will occur. What is the largest charge Q can a metal sphere of radius 0.5 cm
hold without sparks occurring?

(30) The charge density inside a non-conducting sphere of radius R varies as
p=ar (C/m3 ), where r is the radial distance from the center of the sphere.
Use Gauss’s law to find the electric field inside and outside the sphere.

(31) A solid sphere of radius R with a center at point C; has a uniform volume
charge density p. A spherical cavity of radius R/2 with a center at point C;
is then scooped out and left empty, see Fig.21.41. Point A is at the surface of
the big sphere and collinear with points C; and C,. What is the magnitude and
direction of the electric field at points C; and A?
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Fig.21.41 See Exercise (31)

Section 21.4 Conductors in Electrostatic Equilibrium

(32) A non-conducting sphere of radius R and charge +Q uniformly distributed
throughout its volume is concentric with a spherical conducting shell of inner
radius R; and outer radius Ry. The shell has a net charge —Q, see Fig.21.42.
Find an expression for the electric field as a function of the radius » when:
(a) r <R (within the sphere). (b) R <r <R (between the sphere and the
shell). (¢) Ry < r < Ry (inside the shell). (d) r > R, (outside the shell). (e) What

are the charges on inner and outer surfaces of the conducting shell?

Fig.21.42 See Exercise (32)

(33) A large, thin, copper plate of area A has a total charge Q uniformly distributed
over its surfaces. The same charge Q is uniformly distributed over the upper
surface of a glass plate, which is identical to the copper plate, see Fig.21.43.
(a) Find the surface charge density on each face of the two plates. (b) Compare

the electric fields just above the center of the upper surface of each plate.
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Copper plate Glass plate
= / & /

Fig.21.43 See Exercise (33)

(34) A thin, long, straight wire carries a charge per unit length A. The wire lies
along the axis of a long conducting cylinder carrying a charge per unit length
3). The cylinder has an inner radius R| and an outer radius R, see Fig.21.44.
(a) Use a Gaussian surface inside the conducting cylinder to find the charge
per unit length on its inner and outer surfaces. (b) Use Gauss’s law to find the
electric field E outside the wire. (c) Sketch the electric field E as a function of

the distance r from the wire’s axis.

Fig.21.44 See Exercise (34)

(35) An uncharged solid conducting sphere of radius R contains two cavities.
A point charge g; is placed within the first cavity, and a point charge g is
placed within the second one. Find the magnitude of the electric field for » > R,

where r is measured from the center of the sphere.
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