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The physical states of matter can generally be divided into three broad classes: solids,

liquids, and gases, see Fig. 10.1. A solid maintains its shape: it resists the action of

external forces that tend to change its shape or volume. Liquids and gases are fluids.

A fluid can easily change shape, and flows when subjected to a force. The three states

of matter are distinguishable at the microscopic level as follows:

Solid Liquid Gas
Maintans its Shape

Fixed Volume
Shape of the Container

Fixed Volume
Shape of the Container

Volume of the Container

Fig. 10.1 The three states of matter: solid, liquid, and gas

1. A solid is a highly ordered array of atoms or molecules that are bound securely

by mutual electrical forces.

2. A liquid is a crowded assembly of mobile atoms or molecules. Each atom or

molecule is in contact with several neighbors, but is not bound securely to any of

them. As an atom or molecule moves about in a liquid, it collides frequently with

its neighbors.
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3. A gas consists of atoms or molecules that are far apart and consequently move

independently, with no forces keeping them together or pushing them apart. Col-

lisions of atoms or molecules in gases are infrequent in comparison to those in

liquids.

10.1 Density and Relative Density

The density (or mass density) of a material is defined as the mass per unit volume. If

a mass m is distributed uniformly over a volume V, the density will be given by the

following equation:

ρ = m

V
(10.1)

The SI unit of density is kg/m3. If the mass is not uniformly distributed, then

Eq. 10.1 defines the average density. The densities of several materials are listed in

Table 10.1.

Table 10.1 Density and relative density comparison (approximates)

Material type Material name Density (kg/m3) Relative density

Gas Helium 0.179 1.79 × 10−4

Air 1.29 1.29 × 10−3

Carbon dioxide 1.98 1.98 × 10−3

Liquid Alcohol 7.9 × 102 0.79

Gasoline 8.6 × 102 0.86

Water 1 × 103 1

Mercury 13.6 × 103 13.6

Solid Glass (common) 2.4 − 2.8 × 103 2.5

Aluminum 2.7 × 103 2.7

Iron 7.86 × 103 7.86

Copper 8.92 × 103 8.92

Silver 10.5 × 103 10.5

Lead 11.36 × 103 11.36

Uranium 19.07 × 103 19.07

Gold 19.3 × 103 19.3
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The relative density of a substance tells us how many times more dense the sub-

stance is than pure water, see Table 10.1. Sometimes we refer to it as the specific

gravity (SG). Thus:

SG = ρ

ρwater
(10.2)

Example 10.1

Calculate the average density of both the Earth and the Sun, given that the

mass and radius of the Earth are mE = 5.98 × 1024 kg and RE = 6.37 × 106 m,

respectively, and the mass and radius of the Sun are mS = 1.99 × 1030 kg and

RS = 6.95 × 108 m, respectively. Compare between the resulting average densi-

ties.

Solution: Matter in the Earth and the Sun is not uniform. In spite of this fact,

we can use Eq. 10.1 to calculate their average density. Using the given radius, we

calculate the volume of the Earth to be:

VE = 4
3πR3

E = 1.08 × 1021 m3

Thus, the average density of the Earth is:

ρE = mE

VE
= 5.98 × 1024 kg

1.08 × 1021 m3 = 5.54 × 103 kg/m3

In comparison to water, the average density of the Earth is 5.54 times more dense

than water.

Similarly, we use the given radius of the Sun to calculate its volume:

VS = 4
3πR3

S = 1.41 × 1027 m3

Thus, the average density of the Sun is:

ρS = mS

VS
= 1.99 × 1030 kg

1.41 × 1027 m3 = 1.41 × 103 kg/m3

In comparison to water, the average density of the Sun is 1.41 times more dense

than water. Although the mass and volume of the Earth are much smaller than the

mass and volume of the Sun, the average density of the Earth is nearly four times

the average density of the Sun. That is:

ρE � 4ρS
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10.2 Elastic Properties of Solids

All solids are to some extent elastic. This means that we can change their dimensions

slightly by pulling, pushing, twisting, and/or compressing them. We shall discuss the

elastic properties of solids by introducing the concepts of stress and strain.

Stress:

Stress is the magnitude of the applied external force that acts perpendicularly

on a unit area of the object.

Strain:

Strain is a measure of the degree of deformation of the object.

It is found that for small stresses, stress is proportional to strain. The propor-

tionality constant is called the elastic modulus and it depends on the material being

deformed, as well as on the nature of the deformation. Therefore:

Elastic modulus = Stress

Strain
(10.3)

This relation is equivalent to Hooke’s law that states: Stress ∝ Strain. In this chapter,

we introduce the three most famous types of deformations and their elastic moduli:

Young’s Modulus:

Measures the resistance of a solid to a change in its length.

Shear Modulus:

Measures the resistance to motion of the planes of solids when sliding over

each other.

Bulk Modulus:

Measures the resistance of a solid (or a liquid) to a change in its volume.
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10.2.1 Young’s Modulus: Elasticity in Length

Young’s Modulus measures the resistance of a solid to a change in its length, which

indicates its stiffness. Consider a metallic long rod of original length L and cross-

sectional area A. When an external force F⊥ is applied perpendicularly to the cross-

sectional area A of a rod, its internal forces resist its distortion. As a final result,

the rod attains equilibrium when its length increases to a new length L + �L and

the magnitude of the perpendicular external force F⊥ exactly balances the internal

forces, see Fig. 10.2a. In light of this, we define the tensile stress and the tensile

strain as follows:

Tensile stress = F⊥
A

(N/m2) (10.4)

Tensile strain = �L

L
(10.5)

The relation between the tensile stress and the tensile strain is linear when the rod is

in its elastic range. When the stress exceeds what is called the elastic limit, the rod

is permanently distorted and will not return to its original shape after the stress is

removed. As the stress is increased even further, the rod will ultimately break, see

Fig. 10.2b.

L

A

F

F

Stress

Strain

Elastic
behaviour

Elasti climit
Breaking

point

(a) (b)

Range of
permanent

deformationL L

Fig. 10.2 (a) A rod of height L and cross-sectional area A. The rod stretches by an amount �L after

application of a tensile stress. (b) The stress versus strain curve for an elastic solid
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We use Eqs. 10.4 and 10.5 to define Young’s modulus, Y, as:

Y = Tensile stress

Tensile strain
= F⊥/A

�L/L
(N/m2) (10.6)

This quantity is used to characterize a solid that is stressed under either tension or

compression. Table 10.2 depicts some values for Y.

Table 10.2 Young’s modulus for different materials (approximates)

Material name Young’s modulus Y × (109 N/m2)

Rubber 0.004

Lead 16

Glass 65 – 78

Aluminum 70

Brass 91

Copper 110

Steel 200

Tungsten 350

Example 10.2

A pendulum consists of a big sphere of mass m = 30 kg hung from the end of a

steel wire that has a length L = 15 m, a cross-sectional area A = 9 × 10−6 m2, and

Young’s modulus Y = 200 × 109 N/m2. Find the tensile stress on the wire and the

increase in its length.

Solution: The applied force on the wire must equal to the weight of the sphere,

i.e. F⊥ = m g. Thus, the tensile stress will be:

Tensile stress = F⊥
A

= m g

A
= (30 kg) × (9.8 m/s2)

9 × 10−6 m2 = 3.27 × 107 N/m2

Using the value of the Young’s modulus Y = 20 × 1010 N/m2 and the length of

the steel wire before stretching L = 15 m, we get:

Y = F⊥/A

�L/L
⇒ �L = F⊥/A

Y
L = 3.27 × 107 N/m2

200 × 109 N/m2 ×15 m = 2.45×10−3 m

Note that this large stress produces a relatively small change in L.
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When we carefully study the deformation of the rod, we find that the rod’s length

L increases by �L in the direction of the force while it radius r decreases by |�r|,
where �r is negative, in a direction perpendicular to the force, see Fig. 10.3. The

tensile strain �L/L of the rod is called the linear strain. The strain −�r/r is called

the lateral strain, and Poisson’s ratio μ is defined as:

μ = Lateral strain

Linear strain
= − �r/r

�L/L
= −L

r

�r

�L
⇒ μ = −L

r

dr

d L
(10.7)

The minus sign is inserted in this definition to make μ positive.

F⊥39.58L

L + Δ L

r - r || Δ
r

A

F⊥

Before

After

Fig. 10.3 The length of the rod will increase by �L and its radius will decrease by �r (exaggerated

scale) after applying a tensile stress F⊥/A

Example 10.3

A cylindrical steel rod has a length of 2 m and a radius of 0.5 cm. A force of

magnitude 2 × 104 N is acting normally on each of its ends. Find the change in its

length and radius, if the Young’s modulus Y is 200 × 109 N/m2 and the Poisson’s

ratio μ is 0.25.

Solution: Using F⊥ = 2 × 104 N, A = π r2 =π × (0.5 × 10−2 m)2 = 7.9 × 10−5

m2, L = 2 m, and Y = 200 × 109 N/m2 in Eq. 10.6, we have:

�L = F⊥L

Y A
= (2 × 104 N)(2 m)

(200 × 109 N/m2)(7.9 × 10−5)
= 2.5 × 10−3 m = 0.25 cm

From the definition of the Poisson’s ratio μ, we have:

� r = −μr�L

L
= −0.25 × (0.5 × 10−2 m)(2.5 × 10−3 m)

(2 m)
= −1.56 × 10−6 m

Note that �L ≈ 1,600 |�r|, i.e. |�r| is extremely small compared to �L.
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10.2.2 Shear Modulus: Elasticity of Shape

Another type of deformation occurs when a solid is subject to a force applied parallel

to one of its surfaces while the opposite surface is kept fixed. Figure 10.4 shows a

cylindrical rod subjected to a linear or torsional shear stress deforming it by an amount

�x due to a force F‖ parallel to the surface area A. As a final result, the shape of

the rod will attain equilibrium when the effect of the shear force F‖ balances exactly

the internal shear forces. For linear shearing, we define the shearing stress and the

shearing strain as follows:

Shearing stress = Tangential acting force

Area of surface being sheared
= F‖

A
(N/m2) (10.8)

Shearing strain = Distance sheared

Distance between surfaces
= �x

h
= tan θ � θ (10.9)

h

A

Fixed end

x

x

Linear shearing Torsional shearing

Top view

F

F F
F

Fig. 10.4 The left part shows a cylindrical rod of height h. The middle part shows a linear shear where

the rod is subject to a shearing force F‖ parallel to each of its surface areas. The rod is deformed through

an angle θ which is defined as the shearing strain. The right part shows a torsional shear when one end of

the rod is kept fixed

The approximation tan θ � θ is valid for small strains. We use Eqs. 10.8 and 10.9 to

define the shear modulus, S, as follows:

S = Shearing stress

Shearing strain
= F‖/A

�x/h
(N/m2) (10.10)

S is also called the modulus of rigidity or the torsion modulus and is significant only

for solids. Table 10.3 depicts some values for S.
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Table 10.3 Shear modulus for different materials (approximates)

Material name Shear modulus S × (109 N/m2)

Rubber 0.001

Lead 6

Glass 23

Aluminum 23

Brass 36

Copper 42

Steel 80

Tungsten 120

Example 10.4

Assume that the rod in Fig. 10.4 has a cross-sectional area A = 2 × 10−3 m2,

length h = 1 m, and is made of brass with a shear modulus S = 36 × 109 N/m2.

How large should the shear force F‖ exerted on each edge of the rod be if the

displacement �x is 0.02 cm?

Solution: The shearing stress on each edge is:

Shearing stress = F‖
A

= F‖
2 × 10−3 m2 = 500 F‖ m−2

The shearing strain is:

Shearing strain = �x

h
= 2 × 10−4 m

1 m
= 2 × 10−4

From the definition of the shearing modulus Eq. 10.10 and the last two results,

we have:

S = Shearing stress

Shearing strain
= 500F‖ m−2

2 × 10−4

Using the given shear modulus value for brass, we get:

36 × 109 N/m2 = 500F‖ m−2

2 × 10−4

Thus: F‖ = (36 × 109 N/m2)(2 × 10−4)/(500 m−2)= 14,400 N = 1.44 × 104 N
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10.2.3 Bulk Modulus: Volume Elasticity

Another type of deformation occurs when an object is subject to an equal increase in

normal forces acting on all its faces. For such a study, it is appropriate to define the

pressure P as the force acting perpendicularly on a unit area of the object. That is:

P = F⊥
A

(N/m2) (10.11)

Hence, we can study the deformation of an object subject to an equal increase in

pressure on all its faces. Figure 10.5 shows a cube of original volume V and face area

A under uniform pressure P. When the force F⊥ on each face increases to F⊥ +�F⊥,

the pressure will increase to P + �P and consequently the volume V will decrease

to V ′ = V − |�V |, where �V is negative, see Fig. 10.5.

V V - V
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P

P + P

P + P

P + P

P + P

P + P

P + P

Fig. 10.5 When the uniform pressure P on each face of a cube of volume V increases to P + �P, its

volume will decrease to V − |�V |.

In light of this, we define the volume stress and the volume strain as:

Volume stress = �P = �F⊥
A

(N/m2) (10.12)

Volume strain = −�V

V
(10.13)

We use Eqs. 10.12 and 10.13 to define the bulk modulus, B, as:

B = Volume stress

Volume strain
= −�F⊥/A

�V/V
= − �P

�V/V
⇒ B = −V

d P

d V
(10.14)
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The minus sign is inserted in Eq. 10.13 to make B a positive number, because an

increase/decrease of pressure always causes a decrease/increase in volume.

Example 10.5

A sphere of lead has a volume V = 0.5 m3 when placed in atmospheric pressure

(Pa � 105 N/m2). The sphere is lowered to a particular depth in the ocean where

the water pressure is P = 108 N/m2 = 1,000 Pa. The bulk modulus B of lead is

8 × 109 N/m2. (a) What is the change in volume of the sphere? (b) What is the

relative density change in lead?

Solution: (a) From the definition of the bulk modulus, we have:

B = − �P

�V/V

The change in pressure is:

�P = P − Pa = 108 N/m2 − 105 N/m2 = 9.99 × 107 N/m2

Using V = 0.5 m3, we can find the change in volume as follows:

�V = − V �P

B
= − (0.5 m3)(9.99 × 107 N/m2)

8 × 109 N/m2 = −6.2 × 10−3 m3

The negative sign indicates a decrease in volume.

(b) We can find the new volume V ′ of lead as follows:

V ′ = V −|�V | = 0.5 m3−|−6.2×10−3 m3| = 0.4938 m3 ⇒ V ′ = 0.9876 V

If the original density of lead is denoted by ρ = m/V, then the new density ρ′

will be:

ρ′ = m

V ′ = m

0.9876 V
= 1.0126

m

V
= 1.0126 ρ

Thus, a thousand times increase in pressure on the surfaces of a sphere of lead

causes a decrease in its volume by about 1.3% and consequently an increase in

density by the same percentage.
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Table 10.4 depicts some values for the bulk modulus B.

Table 10.4 Bulk modulus for different materials (approximates)

Material name Bulk modulus B × (109 N/m2)

Rubber 3

Lead 8

Glass 37

Aluminum 70

Brass 61

Copper 140

Steel 160

Tungsten 200

10.3 Fluids

What is a Fluid?

Liquids and gases are fluids. The liquid state of any substance always exists at a higher

temperature than its solid state. The reason for lumping liquids and gases together

and calling them fluids is because neither liquids nor gases (such as liquid water and

steam, for example) have a fairly rigid three-dimensional array of atoms/molecules

as compared to solids (such as ice, for example).

In contrast to solids, fluids can flow and conform to the boundaries of any container

in which they are placed. This is because a fluid cannot sustain a force that is tangent

to its surface. In the language of the previous section, a fluid flows because it cannot

withstand a shearing stress. On the other hand, a fluid can exert a force in a direction

perpendicular to its surface.

Pressure in Fluids

Figure 10.6 shows a pressure device inside a fluid-filled vessel. The device consists

of a light piston of area � A fitting in a vacuumed cylinder and resting on a light

spring. As we insert the device into the fluid, the fluid will compress the piston due

to the effect of a normal force of magnitude �F⊥. Using Eq. 10.11, after replacing

F⊥ by F, we define the average pressure exerted by the fluid on the piston by the

following relation:
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P = �F

�A
(N/m2) (10.15)

Fig. 10.6 A pressure device

inside a fluid-filled vessel. The

pressure is measured by the

relative position of a movable

piston in the device

Vacuum

F
APressure

Device

The pressure at any point in the fluid is the limit of the above ratio as �A of the

piston, centered on that point, approaches zero. That is:

P = lim
� A→0

�F

�A
= dF

dA
(N/m2) (10.16)

It was found by experiment that at a given point in a static fluid, the pressure P

given by Eq. 10.16 has the same value no matter how the pressure device is oriented.

Moreover, all points at the same depth from a liquid surface have the same value of

pressure.

The SI unit of pressure is N/m2, which is given the special name pascal (Pa).

That is:

1 Pa = 1 N/m2 (10.17)

Atmospheric pressure at sea level Pa (abbreviated by atm) is:

1 atm = 1.01 × 105 Pa � 105 Pa (10.18)

The pascal is also related to the torr, the bar, and the pound per square inch, which

are other common (non-SI) pressure units. The torr unit (named after Evangelista

Torricelli who invented the mercury barometer) was formerly called millimeter of

mercury (mm Hg). The bar unit is usually used in meteorological sciences. Finally,

the pound per square inch (lb/in2) is often abbreviated by psi. Note that:

1 atm =

⎧
⎪⎨

⎪⎩

760 torr
or = 14.7 psi

760 mm Hg

and 1 bar = 105 Pa (Exactly) (10.19)
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Table 10.5 depicts some approximate pressure values.

Table 10.5 Some approximate pressures

Locations Pressure (Pa) Pressure (atm)

Center of the Sun 2 × 1016 2 × 1011

Center of the Earth 4 × 1011 4 × 106

Highest laboratory pressure 2 × 1010 2 × 105

Deepest Ocean 1.1 × 108 1.1 × 103

Automobile tire (excess of 1 atm) 2 × 105 2

Atmosphere at sea level 1.0 × 105 1

Normal blood pressure (excess of 1 atm)a 0.16 × 105 0.16

Best laboratory vacuum 10−12 10−17

a The systolic pressure that corresponds to 120 mm Hg on the physician’s pressure gauge.

To study the mechanics of fluids, we need to deal with:

1. Fluids at rest, or fluid statics (hydrostatics)

2. Fluids in motion, or fluid dynamics (hydrodynamics)

10.4 Fluid Statics

Variation of Pressure with Depth

As indicated in the previous section, all points at the same depth from a liquid surface

have the same value of pressure. The variation of pressure P with depth h in a liquid

of density ρ open to the atmosphere can be found by considering a small horizontal

area dA at that depth, as shown in Fig. 10.7. The force dF that acts downwards on

dA must be equal to the weight of the liquid column of height h plus the weight of

the atmospheric air column. Accordingly, we have:

Volume of the liquid column = h dA

Mass of the liquid column = h dAρ

Weight of the liquid column = h dAρg

Weight of the atmospheric air column = Pa dA

Total force dF on the horizontal area d A = Pa dA + h dAρg

Thus, from Eq. 10.16, the pressure P = d F/d A at depth h gives:

P = Pa + ρgh ⇒ dP = P − Pa = ρgh (10.20)
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Fig. 10.7 The pressure P at a

depth h below the surface of a

liquid open to the atmosphere

is given by P = Pa + ρgh

h

dA

aP

P

This relation verifies that the pressure is the same at all points having the same

depth from a liquid surface. Moreover, the pressure is not affected by the shape of

the container, see Fig. 10.8.

Fig. 10.8 The pressure in the

liquid is the same at all points

having the same depth. The

shape of the vessel does not

affect the pressure

Example 10.6

Find the pressure at depths of 10 m and 10 km in ocean water. Assume Pa ≡
1 atm � 105 Pa, ρ � 103 kg/m3, and g � 10 m/s2.

Solution: The pressure at a depth h = 10 m will be:

P = Pa + ρgh = 105 Pa + (103 kg/m3)(10 m/s2)(10 m)

= 2 × 105 Pa = 2 atm

The pressure at a depth h = 10 km = 104 m will be:

P = Pa + ρgh = 105 Pa + (103 kg/m3)(10 m/s2)(104 m)

= 1,001 × 105 Pa � 1,000 atm
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The fact that the pressure in a fluid depends only on depth indicates that any

increase in pressure at the liquid surface must be transmitted to every point in the

liquid. This fact is known as Pascal’s law or Pascal’s principle.

An important application of Pascal’s law is the hydraulic lever illustrated in

Fig. 10.9. Let an external input force of magnitude F1 be exerted downwards on

a small piston of area A1. The pressure will be transmitted through an incompress-

ible fluid which then exerts an output force F2 on a larger piston of area A2, balancing

the load.

Fig. 10.9 A hydraulic device

used to magnify a force.

However, for small strokes

(small d1), the input and

output work done is the same A 1

A 2

F 1

F 2

.

d 2

5
.1

0

Load

Input
Output

d 1

The pressure on both leveled pistons is the same. That is:

P = F1

A1
= F2

A2
⇒ F2 = F1

A2

A1
(Leveled pistons) (10.21)

Thus, the force F2 is larger than F1 by the multiplying factor A2/A1. Hydraulic

brakes, car lifts, etc make use of this principle.

When we move the input piston downwards a distance d1, the output piston moves

upwards a distance d2, such that the same volume V of the incompressible liquid is

displaced at both pistons. Then, we get:

V = A1d1 = A2d2 ⇒ d2 = d1
A1

A2
(10.22)

Thus, for A2 > A1, the output piston moves a smaller distance than the input piston.

On the other hand, for small values of d1, we can use Eq. 6.1 to find the following

input/output relationship:

W2 = F2d2 =
(

F1
A2

A1

) (

d1
A1

A2

)

= F1d1 = W1 (for small d1 only) (10.23)

http://dx.doi.org/10.1007/978-3-642-23026-4_6
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which shows that the work W1 done on the input piston by the applied force equals

the work W2 done by the output piston in lifting the load.

Measuring Pressures

The Mercury Barometer

Figure 10.10 shows a very basic mercury barometer used to measure atmospheric

pressure. Here, a long glass tube is first filled with mercury and then inverted with

its open end in a container filled with mercury.

Fig. 10.10 A closed-end

mercury barometer

h PaPa

P=0

The closed end of the tube is nearly in a state of vacuum, i.e. with P � 0. Moreover,

the pressure is the same at all points having the same horizontal level in mercury.

Therefore, according to Figure 10.10, the atmospheric pressure Pa will be given by:

Pa = ρgh, where ρ is the density of mercury and h is the height of the mercury

column.

The height of the mercury column is measured only if the barometer is set at a

place where g = 9.80665 m/s2 and the temperature of the mercury is 0◦C. At this

temperature, the mercury has a density ρ = 13.595 × 103 kg/m3 and the height of

mercury is measured to be exactly 760 mm. Therefore:

Pa = ρgh

= (13.595 × 103 kg/m3)(9.80665 m/s2)(0.76 m)

= 1.013 × 105 Pa

(10.24)
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The Open-Tube Manometer

Figure 10.11 shows a very basic open-tube manometer used to measure the gauge

pressure of a gas. It consists of a U-tube containing a liquid, with one end of the tube

connected to a gas tank of pressure P, and the other end open to the atmosphere.

Fig. 10.11 An open-tube

manometer for measuring gas

pressure

P
h

Pa

A BGas tank

Liquid

From this figure, we see that the pressure at point A is the unknown pressure P

of the gas in the tank. On the other hand, the pressure PA at point A is equal to the

pressure PB at point B, which equals Pa + ρgh, where ρ is the density of the liquid

and h is the height of the liquid column. Since PA = PB, we have:

P = Pa + ρgh (10.25)

This relation gives us what we call the absolute pressure P. In general, the differ-

ence between an absolute pressure and an atmospheric pressure is called the gauge

pressure Pg. That is:

Pg = P − Pa = ρgh (10.26)

The gauge pressure can be positive or negative, depending on whether P > Pa or

P < Pa. In inflated tires or in the human circulatory system, the absolute pressure is

greater than the atmospheric pressure (i.e. P > Pa), so the gauge pressure is positive

(i.e. Pg > 0).
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Example 10.7

The U shaped tube shown in Fig. 10.12 contains oil in the right arm and water in

the left arm. In static equilibrium, the measurements give h = 18 cm and d = 2 cm.

What is the value of the density of the oil ρo?

Fig. 10.12

d

h Oil

Water

In
te

rf
ac

e

AB

Solution: The pressure PA at the oil–water interface of the right arm must be

equal to the pressure PB in the left arm at the same level. In the right arm, we use

Eq. 10.20 to get:

PA = Pa + ρo g(h + d)

In the left arm, we use the same Eq. 10.20 to get:

PB = Pa + ρwgh

Since PA = PB, we equate the last two equations to get:

ρo = h

h + d
ρw = 18 cm

18 cm + 2 cm
103 kg/m3 = 900 kg/m3

Note that the answer does not depend on the atmospheric pressure.

Example 10.8

For the car lift shown in the Fig. 10.13, the pistons on the left and right have areas

25 cm2 and 750 cm2 respectively. The car and the right piston have a total weight

of 15,000 N. What force must be applied on the left piston (if it has negligible

weight)? What pressure will produce this force?

Solution: From Eq. 10.21, we have:

F1 = F2
A1

A2
= (15,000 N)

25 cm2

750 cm2 = 500 N



322 10 Mechanical Properties of Matter

Fig. 10.13

A 1

A 2

F 1

F2

Load

The pressure that produce this force is given by:

P = F1

A1
= 500 N

25 × 10−4 m2 = 2 × 105 Pa � 2 atm

∗ Example 10.9

(a) A person dives to a depth h = 50 cm below the water surface without inhaling

first. Find the pressure on his body and on his lungs. (b) Repeat part (a) when he

dives to a depth h = 5 m. When the diver ignores diving rules and foolishly uses

a snorkel tube at that depth, find the pressure on his lungs? Why he is in danger?

Assume that Pa = 1.01 × 105 Pa, ρ = 103 kg/m3, and g = 9.8 m/s2.

Solution: (a) The external pressure on the diver’s body will be:

PBody = Pa + ρgh

= 1.01 × 105 Pa + (103 kg/m3)(9.8 m/s2)(0.5 m)

= 1.01 × 105 Pa + 4,900 Pa = 1.059 × 105 Pa � 1.05 atm

The diver’s body adjusts to that pressure by a very slight contraction until the inter-

nal pressure is in equilibrium with the external pressure. Consequently, his average

blood pressure increases, and the average air pressure in his lungs increases until

it balances the external pressure. Thus, his lung pressure will be at:

PLungs � 1.05 atm

(b) When h = 5 m, the external pressure on the diver’s body will be:

PBody = Pa + ρgh

= 1.01 × 105 Pa + (103 kg/m3)(9.8 m/s2)(5 m)

= 1.01 × 105 Pa + 49,000 Pa = 1.5 × 105 Pa � 1.5 atm
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Again, as in part (a), the pressure inside his lungs will be:

PLungs � 1.5 atm

If the diver foolishly uses a 5 m snorkel tube, the pressurized air in his lungs will

be expelled upwards through the tube to the atmosphere. Consequently, the air

pressure in his lungs will drop rapidly from 1.5 to 1 atm. This 0.5 atm pressure

difference is sufficient to collapse his lungs and force his still-pressurized blood

into them.

Buoyant Forces and Archimedes’ Principle

In a swimming pool, you may have noticed that it is relatively easy to carry an object

that is totally or partially immersed in the water. This is because you must support

only part of the object’s weight, while the buoyant force supports the remainder.

This important property of fluids in hydrostatic equilibrium is summarized by

Archimedes’ principle, which can be stated as follows:

Archimedes’ Principle:

A body fully or partially immersed in a fluid is buoyed up by a force equal to

the weight of the fluid displaced by the body.

Let us show that the buoyant force is equal in magnitude to the weight of the

displaced fluid. We can do this by considering a cube of fluid of height h (and hence

volume Vf = h3) as in Fig. 10.14a.

h

FB

Fluid

The same as 
the fluid, 

but colored 
differently

h

Wo

FB=Wf

Object

(a) (b)

Wf

Fig. 10.14 (a) External forces acting on a cube of fluid (colored blue). Under equilibrium, the fluid’s

weight Wf is equal to the buoyant force FB. (b) A cube of weight Wo is buoyed by a force FB = Wf
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The cube of this fluid is in equilibrium under the action of the forces on it. One

of the forces is its own weight
→
Wf . Apparently, the rest of the fluid in the container is

buoying up the cube and holding it in equilibrium. Therefore, the magnitude of this

buoyant force, FB, must be exactly equal in magnitude to the weight of the fluid.

That is:

FB = Wf (10.27)

Now, imagine we replace the cube of fluid by a cubical object of the same dimen-

sions. The fluid surrounding the cube will behave the same way, regardless whether

the cube is a fluid or a solid. Therefore, the buoyant force acting on an object of any

density will be equal to the weight of the fluid displaced by the object, i.e. FB = Wf .

To show this result explicitly, we notice in Fig. 10.14b that the pressure at the

bottom of the object is greater than the pressure at the top by �P = ρf gh, where ρf

is the density of the fluid. Since the pressure difference �P equals the buoyant force

per unit area, then �P = FB/A, where A = h2 is the area of one of the cube’s faces.

Therefore:

FB = �P A = ρf gh A = ρf Vf g = Wf (10.28)

Consider the object of Fig. 10.14b to be of weight Wo = ρoVog, where ρo and Vo

are its density and volume, respectively. If the object is totally immersed in a fluid

of density ρf , the buoyant force will be FB = Wf = ρf Vf g, where Vf = Vo. Thus, the

net force on the object will depend only on ρo and ρf , see parts of Fig. 10.15a–c.

W
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W
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At rest Floating

Fig. 10.15 An immersed object of density ρo when: (a) ρo > ρf , (b) ρo = ρf , (c) ρo <ρf , and (d) A

floating object where ρoVo = ρf Vf

Now, if that object floats; see Fig. 10.15d, the upward buoyant force will be

FB = Wf = ρf Vf g, where Vf is the volume of the displaced fluid and Vf 
= Vo.
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Equilibrium in this case gives:

ρoVo = ρf Vf (10.29)

Example 10.10

A piece of steel has a mass ms = 0.5 kg and a density ρs = 7.8 × 103 kg/m3. The

steel is suspended in air by a string attached to a scale, see Fig. 10.16. After that,

the steel is immersed in a container filled with water of density ρw = 103 kg/m3.

Find the tension in the string before and after the steel is immersed.

Fig. 10.16

Ws

T A

Water

F B

W s

TW

w

Solution: When the piece of steel is suspended in air, the tension in the string Ta

equals the weight ms g of that piece of steel. That is:

Ta = ms g = (0.5 kg)(9.8 m/s2) = 4.9 N

When the steel is immersed in water, it experiences an upward buoyant force FB.

Thus, the tension in the string will be reduced to a new value Tw, see the figure.

Equilibrium in this case gives:

Tw + FB = ms g ⇒ Tw = ms g − FB ⇒ Tw = 4.9 N − FB



326 10 Mechanical Properties of Matter

To find FB, we first calculate the volume of the steel as follows:

Vs = ms

ρs
= 0.5 kg

7.8 × 103 kg/m3 = 6.4 × 10−5 m3

This volume equals the volume of the displaced water. That is:

Vw = 6.4 × 10−5 m3

Since the buoyant force equals the weight of the displaced water, then:

FB = mw g = ρwVw g = (103 kg/m3)(6.4 × 10−5 m3)(9.8 m/s2) = 0.63 N

Therefore, the tension in the string Tw (the apparent weight) will be:

Tw = 4.9 N − FB = 4.9 N − 0.63 N = 4.3 N

Example 10.11

The approximate density of ice is ρi = 918 kg/m3 and the approximate density of

sea water in which an iceberg floats is ρw = 1,020 kg/m3, see Fig. 10.17. What

fraction of the iceberg is beneath the water surface?

Fig. 10.17

F

W i

B

Solution: The iceberg floats, as shown in the figure, due to the effect of an upward

buoyant force given by:

FB = Ww = ρw Vw g

where Vw is the volume of the displaced water or the volume of the iceberg beneath

the water surface. The weight of the iceberg is:
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Wi = ρi Vi g

where Vi is the volume of the iceberg. Equilibrium in this case gives FB = Wi.

That is:

Vw

Vi
= ρi

ρw
= 918 kg/m3

1,020 kg/m3 = 0.90 or 90%

Thus, 90% of the iceberg lies below water level. This means that, only 10% of

an iceberg—its tip is above the surface of the water.

Example 10.12

An object of a known density ρo floats three-fourths immersed in a liquid of

unknown density ρf . Find the density of the liquid.

Solution: We use Eq. 10.29 when Vf = 3
4 Vo. Then:

ρf = ρo
Vo

Vf
= ρo

Vo
3
4 Vo

= 4
3ρo

Note that ρf is larger than ρo by the reciprocal of the immersed ratio.

Example 10.13

A helium-filled balloon has a volume Vb = 8 × 103 m3 and balloon mass mb =
200 kg, see Fig. 10.18. What is the maximum mass m of a load that keeps the bal-

loon in equilibrium? Neglect the air displaced by the load. Take ρHe = 0.18 kg/m3

to be the density of helium and ρair = 1.28 kg/m3 to be the density of air.

Fig. 10.18

(mHe+mb+m )g

FB

m

Solution: The volume of the displaced air equals the balloon’s volume, i.e.

Vair = Vb. According to Archimedes’ principle, the buoyant force is the weight of
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the displaced air, i.e.:

FB = Wair = ρairVairg = ρairVb g

Since the balloon’s volume is approximately equal to the volume of helium, i.e.

VHe � Vb, then the weight of the helium is:

WHe = ρHeVHe g = ρHeVb g

At equilibrium, see Fig. 10.18, we have:

FB = WHe + Wb + mg ⇒ ρairVb g = ρHeVb g + mbg + m g

Thus: m = (ρair − ρHe)Vb − mb

= (1.28 kg/m3 − 0.18 kg/m3)(8 × 103 m3) − 200 kg = 8,600 kg

10.5 Fluid Dynamics

Ideal Fluids

The motion of a real fluid is very complicated. Instead, we shall discuss the motion

of an ideal fluid that will obey the following four assumptions:
1. Steady flow: The velocity of the fluid at any specific point does not change with

time. However, in general the velocity might vary from one point to another.

2. Incompressible flow: The density of the fluid does not change with time. That is,

the density has a constant uniform value.

3. Non-viscous flow: A tiny object can move through the fluid without experiencing

a viscous drag force; that is, there is no resistive force due to viscosity.

4. Irrotational flow: A tiny object can move through the fluid without rotating about

an axis passing through its center of mass.

Streamlines

A streamline is the path traced out by a tiny fluid element, called a fluid “particle”.

As the fluid particle moves, its velocity may change in magnitude or in direction or

both. However, the velocity of the fluid particle at any point is always tangent to the

streamline at that point, see Fig. 10.19a. Streamlines never cross each other because
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if they do, a fluid particle could move either way at the cross over point, and the flow

would not be steady.

When air flows around objects, the air particles must avoid the object, see Fig.

10.19b. Conservation of mass sets up the streamlines that the air particles must follow

to avoid the object.

P

(a) (b)

Air flow

Fig. 10.19 (a) The diagram shows a set of streamlines. A fluid particle P traces out a streamline as

it moves. The velocity vector of the fluid particle is tangent to the streamline at every point. (b) The

streamlines of air flow near two different obstacles

Equation of Continuity

In flows like that of Fig. 10.19b, we consider a fluid flowing through a tube called

a stream tube, or tube of flow, whose boundary is made up of streamlines, see Fig.

10.20. Such a tube acts like a pipe because any fluid particle entering it cannot escape

through its walls.

Fig. 10.20 A stream tube

formed by the streamlines. The

flow rate of fluid at the cross

sections A1 and A2 is the same

A2

A1

Stream tube

Figure 10.21 shows two cross-sectional areas A1 and A2 in a thin stream tube of

fluid of varying cross-sectional areas. The fluid particles are moving steadily through

this stream tube.
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Fig. 10.21 A stream tube

(streamlines are not shown) of

fluid of varying cross sections

with fluid particles moving

steadily through it

x1

x2

A1

A2

Stream tube

In a small time interval �t, the fluid at the area A1 moves a small distance �x1 =
v1�t. Assuming uniform density over the area A1, then the mass in the colored

segment of Fig. 10.21 is:

�m1 = ρ1(A1�x1) = ρ1A1v1�t = Mass into segment

Similarly, the fluid that moves through the area A2 in the same time interval will be:

�m2 = ρ2(A2�x2) = ρ2A2v2�t = Mass out of segment

Since mass is conserved and because the flow is steady, the mass that crosses A1 in

time interval �t must be equal to the mass that crosses A2 in the same time interval.

Then, �m1 = �m2 and we get:

⎧
⎪⎪⎨

⎪⎪⎩

ρ1A1v1 = ρ2A2v2

or

ρAv = constant

(Steady flow) (10.30)

This is the equation of continuity for a steady flow. Since ρAv has the dimension of

mass/time, it is called the mass flow rate Rm, i.e.:

Rm = ρAv = constant . (10.31)

If we assume the fluid is incompressible, then the density ρ is constant, and the

continuity equation reduces to:

⎧
⎪⎪⎨

⎪⎪⎩

A1v1 = A2v2

or

Av = constant

(Steady and Incompressible flow) (10.32)
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This is another form of the equation of continuity for incompressible steady flow.

Since Av has the dimension of volume/time, it is called the volume flow rate RV , i.e.:

RV = Av = constant (10.33)

A constant-volume flow rate tells us that the flow is faster in narrower sections of a

tube of flow, where the streamlines are close together.

Incompressible steady flow:

The product of the area and the fluid speed at all points along the pipe is

constant.

Example 10.14

Water flows in a pipe from a large cross-sectional area A1 = 0.5 m2 with a speed

v1 = 15 m/s to a smaller cross-sectional area A2 = 0.05 m2. (a) What is the speed

v2 at which the water leaves the smaller cross section as in the left part of

Fig. 10.22? (b) What is the effect of lowering A2 by 10 m as in the right part

of Fig. 10.22?

A2

A1

h=10 m

A1

A2

Fig. 10.22

Solution: (a) The flow of water through the pipe in the left part is governed by

the continuity equation, or conservation of mass. That is:

ρ1A1v1 = ρ2A2v2

For most liquids, density is essentially constant. Then A1v1 = A2v2, and:

v2 = v1
A1

A2
= (15 m/s)

0.5 m2

0.05 m2 = 150 m/s
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(b) Since the continuity equation does not depend on altitude, then lowering

A2 by 10 m causes no change to the result.

Example 10.15

The fact that a water stream emerging from a faucet “necks down” as it falls is

shown in Fig. 10.23, where A1 = 1.8 cm2, A2 = 0.3 cm2, and h = 25 cm. What is

the water flow rate from the faucet, assuming a steady flow?

Fig. 10.23

A 1

A 2

h

Solution: As water falls from a faucet, its speed increases due to gravity. Because

the volume flow rate must be the same at all cross sections, the stream must “neck

down”.

The flow of water is governed by the continuity Eq. 10.32, that is:

A1v1 = A2v2

where v1 and v2 indicate the speed of the water at the marked levels shown in

Fig. 10.23. Since water is falling freely, we must have:

v2
2 = v2

1 + 2gh

Eliminating v2 from the last two equations, we get:

v1 =
√

2ghA2
2

A2
1 − A2

2

=
√

2(9.8 m/s2)(0.25 m)(0.3 cm2)2

(1.8 cm2)2 − (0.3 cm2)2 = 0.374 m/s
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The volume flow rate RV , given by Eq. 10.33, is thus:

RV = A1v1 = (1.8 × 10−4 m2)(0.374 m/s) = 6.732 × 10−5 m3/s

Finally, we find the mass-flow rate Rm using Eq. 10.31 to be:

Rm = ρA1v1 = ρRV = (103 kg/m3)(6.735 × 10−5 m3/s) = 0.067 kg/s � 70 g/s

Example 10.16

Water flowing from a faucet of cross-sectional area A = 2 cm2 is used to fill a

bucket of volume V = 30 liters = 30 × 103 cm3, see Fig. 10.24. What is the speed

v at which the water leaves the faucet if it takes exactly 1 minute to fill the bucket?

Fig. 10.24

A

Solution: According to the given information, the volume flow rate is:

RV = 30 liters/min = 500 cm3/s

Using Eq. 10.33, RV = Av, we can find the speed v as follows:

v = RV

A
= 500 cm3/s

2 cm2 = 250 cm/s = 2.5 m/s

Bernoulli’s Equation

In static fluids, the pressure is the same at all points on the same horizontal level

but increases with depth. This is not generally true when the fluid is in motion. In
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the year 1738, Bernoulli derived an expression for an ideal fluid (i.e. a fluid that

is incompressible, non-viscous and flows in a non-rotational steady manner) that

relates the pressure, speed, and elevation within different locations in the fluid.
∗ Consider a small portion of a tube of flow of an ideal fluid with density ρ through

a non-uniform pipe as shown in Fig. 10.25. The width of the tube in this figure is

exaggerated for clarity.

A1

y1

y
2

A2

a

b

P1
A1

P 2
A 2

a'.

b'

Flow

s

At time t 

At time t + Δ t

.

Δ
sΔ

Fig. 10.25 The fluid in a section of length �s1 moves to a section of length �s2, while the volume of

the two sections are the same

Using the information in Fig. 10.25, we perform the following steps:
1. At some initial time t, the fluid lies between two cross sections A1 and A2 at two

points labeled a and b, respectively.

2. After a time interval �t, the fluid’s ends undergo displacements �s1 and �s2 to

new points labeled a′ and b′, respectively.

3. The volume of fluid that passes from point a to point a′ over a time �t is equal to

the volume of fluid that passes from point b to point b′ in the same time interval,

that is �V = A1�s1 = A2�s2.

4. The force on the cross section A1 is P1A1 and the force on the cross section A2 is

P2A2. Thus, the net work done on the fluid by these forces over the time �t is:

W = P1A1�s1 − P2A2�s2 = (P1 − P2)�V (10.34)

where the negative sign in the second term is due to the fact that the fluid force

P2A2 is opposite to the displacement �s2.

5. Part of this work goes into changing the kinetic energy of the fluid, and the other

part goes into changing its gravitational potential energy. If �m is the mass of the
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fluid that passes through the tube during the time interval �t, then �m = ρ�V

and the change in kinetic and potential energy will be given by:

�K = 1
2�mv2

2 − 1
2�mv2

1 = 1
2ρ�V (v2

2 − v2
1) (10.35)

�U = �mgy2 − �mgy1 = ρ�V g(y2 − y1) (10.36)

6. We can now apply the work-energy theorem written in the form W = �K +�U,

where W is the work done by all applied forces and is given by Eq. 10.34. Thus:

(P1 − P2)�V = 1
2ρ�V (v2

2 − v2
1) + ρ�V g(y2 − y1)

If we divide both sides by �V, we get:

P1 − P2 = 1
2ρ(v2

2 − v2
1) + ρg(y2 − y1) (10.37)

7. Rearranging the terms, we get:

P1 + 1
2ρv2

1 + ρgy1 = P2 + 1
2ρv2

2 + ρgy2 (10.38)

This is the standard form of Bernoulli’s equation for non-viscous, incompressible

fluids experiencing steady flow. Since the subscripts 1 and 2 refer to any two points

along the tube flow, Bernoulli’s equation may also written as:

P + 1
2ρv2 + ρgy = constant (10.39)

When the fluid is at rest, v1 = v2 = 0 and Bernoulli’s equation becomes:

P1 − P2 = ρg(y2 − y1) = ρgh

which is of the same form as Eq. 10.20.

When we take y to be constant, say y = 0, so that the fluid does not change elevation

as it flows, then Bernoulli’s equation becomes:

P1 + 1
2ρv2

1 = P2 + 1
2ρv2

2 (Horizontal flow) (10.40)

This tells us that if the speed of a fluid increases as it travels horizontally, then its

pressure must decrease, and vice versa.
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Example 10.17

Gasoline of density ρ = 860 kg/m3 flows steadily through a horizontal pipe that

tapers in cross-sectional area from A1 = 1.5 × 10−3 m2 to A2 = 1
2 A1, see Fig.

10.26. What is the volume flow rate when the pressure difference P1 − P2 is

5,160 Pa?

Solution: The flow of gasoline is governed by the continuity Eq. 10.32, i.e.

A1v1 = A2v2. Then for A2 = 1
2 A1 we find:

A1v1 = A2v2 ⇒ A1v1 = 1
2 A1v2 ⇒ v2 = 2v1

Fig. 10.26

A1

P1

P2

Flow

1

A2

That is, the gasoline speed at the narrower section is twice that at the wider section.

Using this result in Bernoulli’s equation of a fluid traveling horizontally, see Eq.

10.40, we get:

P1 − P2 = 1
2ρ(v2

2 − v2
1) = 1

2ρ(4v2
1 − v2

1) = 3
2ρv2

1

Thus, we can find v1 in terms of ρ and P1 − P2 as follows:

v1 =
√

2(P1 − P2)

3ρ
=

√
2(5,160 Pa)

3(860 kg/m3)
= 2 m/s

Finally, the volume flow rate RV , given by Eq. 10.33, is thus:

RV = A1v1 = (1.5 × 10−3 m2)(2 m/s) = 3 × 10−3 m3/s
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Example 10.18

Flow Speed from a Reservoir (Torricelli’s Law). A tank is filled with water to

a height y1 = 3.5 m. The tank has a small hole in one of its walls at a height

y2 = 1.5 m, see Fig. 10.27. (a) What is the speed v2 of the water emerging from

the hole? (b) What is the horizontal distance x from the base of the tank to the

point at which the water stream strikes the floor?

Fig. 10.27

0

Pa

Pay1

y2

h y1 - y2

x

y

0

Solution: (a) The pressure at the top of reservoir and at the hole is the atmospheric

pressure Pa, because both of them are exposed to the atmosphere. If we assume

the tank has a large cross-sectional area A1 compared to that of the hole’s, i.e.

A1 � A2, then water at the top of the reservoir will be almost stationary, i.e. v1 � 0.

In addition to this, h = y1 − y2. Using Bernoulli’s equation, see Eq. 10.38, we get:

Pa + 1
2ρ × (0) + ρgy1 = Pa + 1

2ρv2
2 + ρgy2 ⇒ v2

2 = 2gh

That is: v2 = √
2gh

Thus: v2 = √
2gh =

√

2(9.8 m/s2)(2 m) = 6.26 m/s

The relation v2 = √
2gh is the same as that for an object falling freely from rest

through a height h. This is known as Torricelli’s law.

(b) As in Sect. 4.3, the initial water velocity →
vo ≡ →

v2 is horizontal (i.e. θ◦ = 0)

and the initial position is y◦ ≡ y2 = 1.5 m. Since water strikes the floor at y = 0,

then we use y − y◦ = (v◦ sin θ◦) t − 1
2 g t2 to first find the duration of descent for

the water as follows:

http://dx.doi.org/10.1007/978-3-642-23026-4_4
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0 − 1.5 m = 0 − 1
2 (9.8 m/s2) t2 ⇒ t = 0.553 s

The horizontal distance x covered by the water in that time is:

x = (v◦ cos θ◦) t = (6.26 m/s)(cos 0◦)(0.553 s) = 3.46 m

Example 10.19

In the Venturi meter of Fig. 10.28, air of density ρair = 1.3 kg/m3 flows from

left to right through a horizontal pipe of radius r1 = 1.25 cm that necks down

to r2 = 0.5 cm. The U-shaped tube of the meter contains mercury of density

ρmer = 13.6 × 103 kg/m3. If the speed of the air entering the meter is v1 = 10 m/s,

then find the mercury-level difference h between the two arms.

A1

P1

Air flow

A2

21

h

P2

Mercury

r1
r2

Fig. 10.28

Solution: Since the air moves horizontally, then Bernoulli’s equation at the two

openings of the U-shaped tube becomes:

P1 − P2 = 1
2ρair(v

2
2 − v2

1)

Also, from the continuity Eq. 10.32 we have:

A1v1 = A2v2 ⇒ v2 = v1
A1

A2
= v1

πr2
1

πr2
2

= v1

(
r1

r2

)2

Substituting with the form of v2 in the pressure difference, we get:

P1 − P2 = 1
2ρairv

2
1

[(
r1

r2

)4

− 1

]
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The pressure difference between the two openings of the U-shaped tube produces

a mercury-level difference h given by P1 −P2 = ρmergh. Thus, by combining the

last result with this equation we get:

h = ρairv
2
1

2ρmerg

[(
r1

r2

)4
− 1

]

= (1.3 kg/m3)(10 m/s)2

2(13.6 × 103 kg/m3)(9.8 m/s2)

[(
1.25 cm

0.5 cm

)4
− 1

]

= 0.019 m = 1.9 cm

∗ Example 10.8

The sketch in Fig. 10.29 shows a perfume atomizer before and after compressing

its bulb. When the bulb is compressed gently, air with density ρair flows steadily

through a narrow tube, reducing the pressure at the position of the vertical tube.

Liquid of density ρL can rise in this vertical tube and enter the horizontal tube and

be sprayed out. If the pressure in the bulb is Pa + P, where Pa is the atmospheric

pressure, and v2 is the speed of air in the horizontal tube, then find the pressure

formula in the horizontal tube. What must the value of v2 be in order to raise the

liquid to the horizontal tube?

Pa

Liquid

h

P1 = Pa + P

1 0

P 2

Pa h

Pa
Pa

Liquid

Before After

Air Air Air flow

Bulb Compressed bulb

2

Fig. 10.29

Solution: By applying Bernoulli’s equation on the bulb and the narrow horizontal

tube we get the following:

(Pa + P) + 1
2ρ × (0) = P2 + 1

2ρairv
2
2

That is:

P2 = Pa + P − 1
2ρairv

2
2
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So, the decrease in P2 depends on the square of the speed v2.

When the liquid rises a distance h to the horizontal tube, we have:

Pa = P2 + ρLgh

By equating the expression of P2 from the last two results we get:

P2 = Pa + P − 1
2ρairv

2
2 = Pa − ρLgh

Thus:

v2 =
√

2(P + ρLgh)

ρair

Viscosity

Fluids cannot withstand a shearing stress. However, fluids show some degree of

resistance to shearing motion, and this resistance is called viscosity.

The degree of viscosity can be understood by considering a fluid between two

sheets of glass where the lower one is kept fixed; see the sketch in Fig. 10.30. It is

easier to slide the upper glass if the fluid is oil as opposed to tar because tar has a

higher viscosity than oil.

y

At time t At time t+ tΔ

Δ x

ba

F f e

ba

F d c

ba

d

Fig. 10.30 A fluid between two sheets of glass where the lower one is kept fixed while the upper one

moves to the right with a speed v under the action of an external force of magnitude F

We can think of fluids as a set of adjacent layers. Thus, a reasonable shearing stress

produces smooth relative displacement of adjacent layers in fluids, called laminar

flow. When we apply a force of magnitude F to the upper glass of area A, it will

move to the right with a speed v. As a result of this motion, a portion of the fluid

with shape abcd will take a new shape abef after a short time interval �t.
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According to Sect. 10.2, we can define the shearing stress and the shearing strain

on the fluid of Fig. 10.30 as follows:

Shearing stress = F

A
, Shearing strain = �x

d
(10.41)

Since the upper sheet is moving with speed v,the fluid just beneath it will move with

the same speed. Thus, in time �t, the fluid just beneath the upper sheet moves a

distance �x = v�t. Accordingly, we define the rate of shear strain as:

Rate of shear strain = shear strain

�t
= �x/d

�t
= v

d
(10.42)

By analogy to the shear modulus in solids, we define in fluids, at a given temperature,

the ratio of the shear stress to the rate of shear strain. This ratio, η, is known as the

coefficient of viscosity or simply the viscosity:

η = F/A

v/d
= Fd

Av
(10.43)

The SI unit of viscosity is N.s/m2 = Pa.s which is called the poiseuille (abbreviated

by Pl) while in cgs it is dyne.s/cm2 which is called the poise (abbreviated by P). Thus,

1 N.s/m2 = 1 Pa.s = 1 Pl = 10 P = 103 cP.

Table 10.6 depicts some viscosity values.

Table 10.6 The viscosity of some fluids at specific temperatures

Fluid Temperature T (◦C) Viscosity η (N.s/m2 = Pl)

Benzene 20 0.07 × 10−3

Water 100 0.3 × 10−3

Water 20 1 × 10−3

Whole blood 37 2.7 × 10−3

10-wt Motor oil 30 250 × 10−3

Glycerin 20 830 × 10−3

∗ Equation 10.43 is valid only when the velocity of the fluid varies linearly with

the perpendicular distance to the fluid velocity. In this case, it is common to say

that the velocity gradient is uniform. In case of non-uniform velocity gradient, the

viscosity has the general form:

η = F/A

dv/dy
(10.44)
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Stokes’ law

The drag force of a small object that moves with a low speed v through a viscous

medium was given in Sect. 5.2 of Chap. 5 by the relation FD = bv, where b is a

proportionality constant.

When the small object is a sphere of radius r and it moves with a terminal speed

vt through a viscous medium with viscosity η, it experiences a drag force Fvis which

by Stokes’ law has a magnitude:

Fvis = 6πηrvt (10.45)

As an application to Stokes’ formula, Fig. 10.31 displays the fall of a small metallic

spherical ball of volume Vs = 4
3πr3, density ρs, and mass ms = Vsρs in a viscous

liquid of density ρ. The forces that act on the sphere when it reaches its terminal

(constant) speed vt will be:

1. The sphere’s weight W = ms g = ρs Vs g (downwards)

2. The buoyant force FB = ρ V g (upwards)

3. The viscous force Fvis = 6πηrvt (upwards)

Fig. 10.31 A small sphere

falling with terminal speed vt

in a liquid of density ρ and

viscosity η

ms   g

Fvis

t

F B

y

We must equate the volume of the liquid V that was displaced by the sphere with

the volume of the falling sphere Vs. Thus:

ms g = FB + Fvis ⇒ ρs Vs g = ρ Vs g + 6πηrvt

From this equation we get the following relation for the viscosity η:

η = 2

9

(ρs − ρ)r2g

vt
(10.46)

http://dx.doi.org/10.1007/978-3-642-23026-4_5
http://dx.doi.org/10.1007/978-3-642-23026-4_5
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Example 10.21

A steel plate of area A = 0.2 m2 is placed over a thin film of lubricant of thickness

d = 0.4 mm sprayed over the flat horizontal surface of a table, see Fig. 10.32.

When connected via a cord that passes over a massless and frictionless pulley to a

mass m = 10 g, the steel plate is found to move with a constant speed v = 0.05 m/s.

Find the viscosity of the lubricant oil.

Fig. 10.32

T

m g

T

d

= constant

Fvis

Lubricant

A

Solution: Since the steel plate moves with a constant speed, its resultant force

must be zero. Thus, the magnitude of the tension force must equal the magnitude

of viscous force exerted by the lubricant on the plate, i.e. Fvis = T . Also, the

magnitude of the tension in the cord is equal to the magnitude of the suspended

weight, i.e. T = m g. Thus:

Fvis = T = mg = (10 × 10−3 kg)(9.8 m/s2) = 9.8 × 10−2 N

The layer of lubricant in contact with the horizontal surface of the table is at

rest. The lubricant speed increases across the film, reaching a maximum, v, at the

layer in contact with the steel plate which moves with speed v. If we assume that

the rate of shear strain is constant, i.e. the velocity gradient is uniform, then we

can use Eq. 10.43 to evaluate the viscosity as follows:

η = Fvis/A

v/d
= Fvis d

Av
= (9.8 × 10−2 N)(0.4 × 10−3 m)

(0.2 m2)(0.05 m/s)

= 3.92 × 10−3 N.s/m2 = 3.92 cP
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Example 10.22

A tiny glass sphere of density ρs = 2.6 × 103 kg/m3 falls with a terminal veloc-

ity vt through oil which has a density ρ = 950 kg/m3 and a viscosity coefficient

η = 0.2 N.s/m2. It is experimentally observed that the sphere drops a distance

d = 20 cm between the two points A and B in time t = 50 s, see Fig. 10.33. Find

the radius r of the glass sphere.

Fig. 10.33

A

t

t = 0

t

t

B

d

Solution: From experimental observations, the terminal speed of the sphere will

be given by:

vt = d

t
= 20 × 10−2 m

50 s
= 4 × 10−3 m/s

The forces that act on the sphere when it reaches its terminal (constant) speed

vt will be: the sphere’s weight W = ms g = ρs Vs g (downwards), the buoyant

force FB = ρ V g (upwards), and the viscous force Fvis = 6πηrvt (upwards), see

Fig. 10.34. The volume of the liquid V that was displaced by the sphere equals the

volume of the falling sphere, i.e. V = Vs = 4
3πr3. Since the sphere moves with

constant speed vt, its resultant force must be zero. Thus:

ρs Vs g = ρ Vs g + 6πηrvt

Solving for the sphere’s radius, we obtain:

r =
√

9ηvt

2(ρs − ρ)g
=

√

9(0.2 N.s/m2)(4 × 10−3 m/s)

2(2.6 × 103 kg/m3 − 950 kg/m3)(9.8 m/s2)

= 4.7 × 10−4 m = 0.47 mm
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Fig. 10.34

msg

Fvis

t

FB

10.6 Exercises

Section 10.1 Density and Relative Density

(1) A solid cube of mass of 0.04 kg has a side of length 1 cm. What is the density

and the specific gravity of the cube?

(2) A solid sphere has a radius of 1 cm and a mass of 0.04 kg. What is the density

and the specific gravity of the sphere?

(3) Lead bricks like the one in Fig. 10.35 are used to shield people from the hazards

of radioactive materials. If the lead density is ρ = 11.36 × 103 kg/m3, then find

the mass and weight of such a brick.

Fig. 10.35 See Exercise (3)
5 cm

10 cm
20 cm

Section 10.2 Elastic Properties of Solids

(4) A mass of 5 kg is suspended from the end of a copper wire that has a diameter

of 1 mm. Find the tensile stress on the wire?

(5) A 4 m long structural steel rod with a cross-sectional area of 0.5 cm2 stretches

1 mm when a mass of 250 kg is hung from its lower end. Find the value of

Young’s modulus for this steel.

(6) An iron rod 10 m long and 0.5 cm2 in cross section, stretches 2.5 mm when

a mass of 300 kg is hung from its lower end. Find Young’s modulus for the

iron rod.

(7) A wire has a length L = 3 m and a radius r = 0.75 cm, see Fig. 10.36.

A force acting normally on each of its ends has a magnitude F⊥ = 9 × 104 N.
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Find the change in the wire’s length and radius, when its Young’s modulus

Y is 190 × 109 N/m2 and its Poisson’s ratio μ is 0.25.

Fig. 10.36 See Exercise (7)

F⊥ L

r || Δrr
A

F⊥

Initial 
shape

Final
shape

_

L+Δ L

(8) A uniform platform is suspended by four wires, one on each corner. The wires

are 2-m long and have a radius of 1 mm, and their material has a Young’s

modulus Y = 190 × 109 N/m2. How far will the platform drop if an 80 kg load

is placed at its center?

(9) A block of gelatin resting on a rough dish has a length L = 60 cm, width

d = 40 cm, and height h = 20 cm, see the vertical cross section abcd in Fig.

10.37. A force F‖ = 0.6 N is applied tangentially to the upper surface, leading

to a new shape abef and hence a displacement �x = 5 mm for the upper surface

relative to the lower one. Find: (a) the shearing stress, (b) the shearing strain,

and (c) the shear modulus.

a b

cd ef

h

L

x

Vertical cross section
F

Fig. 10.37 See Exercise (9)

(10) Two parallel but opposite forces, each having a magnitude F‖ = 4 × 103 N, are

applied tangentially to the upper and lower faces of a cubical metal block of

side a = 25 cm and shear modulus S = 80 × 109 N/m2, see Fig. 10.38. Find the

displacement �x of the upper surface relative to the lower one, and hence find

the angle of shear θ.
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a

a

a

xΔ
A F

F

Fig. 10.38 See Exercise (10)

(11) Show that the angle of twist θ (in radians) for a torsional shearing caused by

a tangential force F‖ on the top of a cylindrical rod of height h, radius R, and

shearing modulus S, see Fig. 10.39, is given by:

θ = F‖h

πR3S

Find θ when F‖ = 500 N, S = 80 × 109 N/m2, R = 2.5 cm, and h = 3 m.

Fig. 10.39 See Exercise (11)

h

θ
Δ x

R R

Fixed

F

F

||

||

(12) The pressure of the atmosphere around a metal block is reduced to almost zero

when the block is placed in vacuum. Find the fractional change in volume if

the bulk modulus of the metal is B = 150 × 109 N/m2.

(13) The pressure around a cube of copper of side 40 mm is changed by

�P = 2 × 1010 N/m2. Find the change in volume if the bulk modulus for copper

is B = 125 × 109 N/m2.

(14) What increase in pressure is required to decrease the volume of 200 liters of

water by 0.004%? Take the bulk modulus of water B to be 2.1 × 109 N/m2.

(15) In an experiment, 750 cm3 of water expands to 765 cm3 when heated. What

increase in pressure is required to squeeze the water back to its original volume?

(Water bulk modulus is 2 × 109 N/m2)
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Section 10.4 Fluid Statics

(16) A piston that has a cross-sectional area of 8 cm2 and a mass of 20 kg holds a

compressed gas in a tank as shown in Fig. 10.40. What is the total pressure

of the gas in the tank? What would an ordinary pressure gauge inside the tank

read?

Fig. 10.40 See Exercise (16)

Gas

Pa

(17) A vessel contains mercury of height hm = 10 cm and water of height

hw = 30 cm, see Fig. 10.41. The density of mercury is ρm = 13.6 × 103 kg/m3

and the density of water is ρw = 1.0 × 103 kg/m3. Find the pressure exerted by

the two liquids on the bottom of the vessel.

Fig. 10.41 See Exercise (17)

hw

hm

Water

Mercury

(18) If a water gauge pressure at the ground floor of a building reads 280 kPa, how

high will the water rise in the pipes of that building. Take density of water to

be ρw = 1.0 × 103 kg/m3.

(19) Two liquids are placed in a U-shaped tube as shown in Fig. 10.42. (a) Show

that the heights of the liquids above their surface of separation are inversely

proportional to their densities. (b) Assume that the two liquids are water and

oil where h1 = 20 cm and h2 = 25 cm. Find the density of oil if the density of

water is ρ1 = 1.0 × 103 kg/m3.

(20) The special manometer shown in Fig. 10.43, uses mercury of density ρ =
13.6 × 103 kg/m3. If the atmospheric pressure is 100 kPa and the height of

mercury above the surface of separation at point B is h = 10 cm, what is the

pressure of the gas tank?
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Fig. 10.42 See Exercise (19)

A B

1h
2h 2

ρ

1
ρ

Fig. 10.43 See Exercise (20)

P
h

Pa

A BGas tank

Mercury

(21) Assume the value of the atmospheric pressure Pa is 1.01 × 105 Pa and water

of density ρ = 103 kg/m3 is used as a fluid in the barometer of Fig. 10.44.

(a) What will be the height of the water column? (b) Repeat part (a) when

water is replaced by alcohol of density ρ = 7.9 × 102 kg/m3. Comment on the

practicality of your answers.

Fig. 10.44 See Exercise (21)

h PaPa

P=2

(22) The areas of the car lift pistons, shown in Fig. 10.45, are A1 = 25 cm2 and

A2 = 500 cm2. The car and the right piston have a total weight of 104 N, while

the left piston has a negligible weight and is at a height h = 10 m with respect
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to the right one. The apparatus is filled with oil of density ρ = 800 kg/m3. What

is the value of the force F1 needed to keep the system in equilibrium?

Fig. 10.45 See Exercise (22)

A1

A2

F1 Load

h

F2

(23) A piece of wood has a mass m = 0.25 kg and a density ρ = 750 kg/m3. The

wood is tied by a string to the bottom of a container of water in order to have

the wooden piece fully immersed, see Fig. 10.46. Take the water density to be

ρw = 1.0 × 103 kg/m3. (a) What is the magnitude of the buoyant force FB on

the wood? (b) What is the magnitude of the tension T in the string?

Fig. 10.46 See Exercise (23) Water
FB

W

T

w

(24) Figure 10.47 shows a metal ball weighing T = W = 9.5 × 10−2 N in air. When

the ball is immersed in water of density ρw = 103 kg/m3, it is found that it has

an apparent weight Tw = Ww = 7.0 × 10−2 N. Find the density of the metal.

Fig. 10.47 See Exercise (24)

W

T

Water

F B

W

T w
w

0 0

w
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(25) A cubical block of side a = 0.75 cm floats in oil of density ρo = 800 kg/m3 with

one-third of its side out the oil, see Fig. 10.48. (a) What is the magnitude of the

buoyant force on the cube? (b) What is the density ρb of the block?

Fig. 10.48 See Exercise (25)

o

a /3
a

b
ρ

ρ

Section 10.5 Fluid Dynamics

(26) A fluid flows in a cylindrical pipe of radius r1 with a speed v1. (a) What would

be the speed of this fluid at a point where the fluid is confined to a cylindrical

part of radius r2 = r1/5, see the top part of Fig. 10.49. (b) What is the effect

of elevating the constriction in the pipe by h = 10 m, see the lower part of Fig.

10.49?

Fig. 10.49 See Exercise (26) r1

r2

=10 m
r1

r2

h

(27) Water with a density of 103 kg/m3 is flowing steadily through a closed-pipe

system via the motor M, see Fig. 10.50. At height y1, the water speed and

pressure are v1 = 4 m/s and P1 = 30 kPa, respectively. At height y2, which is

a point higher than y1 by a height h = 2 m, the water speed is v2 = 6 m/s. (a)

What is the pressure at y2 ? (b) What would be the pressure at y2 if the water

in the closed system was to stop flowing and the pressure at y1 were 25 kPa?

(28) A large tank is kept full at a height of h = 4 m as shown in Fig. 10.51. Take

the water density to be ρ = 1.0 × 103 kg/m3. (a) Find the speed v2 of the jet
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of water emerging from a small pipe at the bottom of the tank. (b) If y2 = 2 m,

then find the horizontal distance x (from the base of the tank) that the water

stream travels before striking the floor.

Fig. 10.50 See Exercise (27)

y1

y2

P1

P2

 M

h

Fig. 10.51 See Exercise (28)

Pa

Pa
y1

y2

h=y1 - y2

x

y

0

A1

A2

(29) Assume the faucet in the previous exercise is closed. In terms of the cross-

sectional areas A2 and A1 of the small pipe and the tank, respectively, show that

v2 and x depend on the variable height h as follows:

v2 =
√

2gh

[1 − (A2/A1)2] , x = 2

√
y2h

[1 − (A2/A1)2]
(30) Figure 10.52 shows a tube of uniform cross section that is filled with water to

siphon water at a steady rate from a large vessel. (a) Use Torricelli’s approach

to find an expression for the speed at level C. (b) Use Bernoulli’s equation to

find an expression for the pressure at level B in terms of Pa, H, and h. (c) Find

the maximum value Hmax of H for which the siphon will work. (d) Calculate the

answers to the previous parts when ρw = 103 kg/m3, Pa = 100 kPa, H = 2 m,

and h = 3 m.



10.6 Exercises 353

Fig. 10.52 See Exercise (30)

H

h

Pa

Pa

A

C

B

(31) A child tows a thin piece of wood of surface area A = 200 cm2 through a water

puddle at a constant speed v = 15 cm/s, see Fig. 10.53. The depth of the water

puddle is d = 2 mm and its viscosity is η = 1 cP. Assume that the velocity gra-

dient is constant from the bottom to the surface of the water. Find the horizontal

force component F exerted by the tow cord.

Fig. 10.53 See Exercise (31) =  constant

d

Fvis

A

F

Water

Ground

(32) A steel plate of weight W = 0.5 N and area A = 0.2 m2 is placed over a thin film

of lubricant (oil) of thickness d = 0.2 mm sprayed over a flat surface inclined

at an angle θ = 30◦, as shown in Fig. 10.54. What is the value of the constant

speed of the plate v assuming that the rate of shear strain, v/d, is constant

across the thickness of the film and the viscosity of the oil is η = 0.05 Pa.s.

Fig. 10.54 See Exercise (32)

mg

d
= constant

fvis

Lubricant

A

(33) How fast will an aluminum sphere of radius 1 mm fall through water at 20◦C

once its terminal speed has been reached, see Fig. 10.55? Assume that the



354 10 Mechanical Properties of Matter

viscosity of water is η = 8.5 Pl and that the aluminum sphere’s density is

ρs = 2.7 × 103 kg/m3.

Fig. 10.55 See Exercise (33)

msg

Fvis

t 

FB

(34) The viscous force on a liquid flowing steadily through a cylindrical pipe of

length L is given by:

Fvis = 4πηLvm

where η is the viscosity of the liquid and vm is the maximum speed of the liquid

which occurs along the central axis of the pipe, see Fig. 10.56. If the pressures

in the rear and front horizontal segments of the pipe are respectively P1 and

P2, where P1 > P2, then show that vm will be given by:

vm = (P1 − P2) r2/4ηL

where r is the radius of the cylinder.

P 1 P 2

v

P 1 P 2

Cross sectional
 Streamlines

Cross sectional 
velocity distribution

Flow Flow

L L

rr

Fig. 10.56 See Exercise (34)

(35) Blood of viscosity η = 4 × 10−3 PI is passing through a capillary of length

L = 1 mm and radius r = 2 μm. If the speed of this blood as it travels through

the center of this capillary is found to be vm = 0.66 mm/s, calculate the blood

pressure (in pascal and mm Hg) using the result from the previous exercise.
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