Oscillations and Wave Motion 1 4

Any object that repeats its motion at regular time intervals is said to perform a
periodic or harmonic motion. If the motion is a sinusoidal function of time, we call

it simple harmonic motion.

14.1 Simple Harmonic Motion

Assume the motion of a particle moving back and forth about the origin o of the

x-axis between the limits x = +A and x = —A, as shown in Fig. 14.1.
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Fig.14.1 Multiple snapshots of a particle oscillating about the origin of the x-axis between the two limits
x= +Aand x= — A. If the time # =0 is chosen to be when the particle is at x = + A, then the particle

returns to x = + A when ¢ =T, where T is the period of the motion

In this figure, we chose t+=0 at the point where the particle is at x=+A

and t =T when the particle returns to the same point x = 4+A after one complete
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452 14 Oscillations and Wave Motion

cycle. In this case, T represents the period of the motion. The frequency f of
the simple harmonic motion is equal to the number of oscillations per unit time.

Therefore, the frequency is related to the period T by the following relation:
1 . .
= T (Harmonic motion) (14.1)

and has the ST unit s~!, cycle/s, or hertz (Hz). Additionally, we define the angular
frequency of the motion by the relation:

w= ?71 (Harmonic motion) (14.2)

Accordingly, this relation can be written in terms of the frequency f as follows:
w =2 f (Harmonic motion) (14.3)

where the SI unit of w is rad/s. For such a motion, the displacement x of the particle

from o is given generally as a function of time as:
x(t) = Acos(wt + ¢) (14.4)

where A is the amplitude of the motion and ¢ is the phase angle or phase constant
(¢ is zero in Fig. 14.1). The cosine function in Eq. 14.4 varies between the limits %1,

so the displacement x(¢) varies between the limits +A, as shown in Fig. 14.2.
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Fig.14.2 A sketch of the relation x(f) = A cos(wt + ¢) for¢) =0 and ¢ = —7 /4

¢=-1/4

14.1.1 Velocity and Acceleration of SHM

We can find an expression for the velocity v of a particle moving with a harmonic
motion by differentiating Eq. 14.4 as follows:
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) = d_x __d[Acos(wt + @)]
= T dt

Thus:
V(1) = —wAsin(@t 4+ ¢) = —Vmax SIN(@E +P) ,  Vmax = WA (14.5)
By differentiating this expression, we generate the following expression for the accel-

eration of the oscillating particle:

a2 B0 _ dloAsin@r +9)]

v
dt dt

Thus:
a(t) = —w*Acos(wt + @) = —amax COS(W T+ @) ,  dmax = WA (14.6)

Figure 14.3 shows a plot of Eqgs. 14.4—-14.6 for ¢ = 0.
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Fig.14.3 The upper part of the figure shows the variation of the displacement x(¢) with time 7 of

Acceleration a

a particle oscillating with a SHM when the phase angle ¢ is equal to zero. The middle and lower
parts display the variation of v(¢) and a(¢) with time. In all parts of the figure, the period 7 marks one

complete oscillation
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Example 14.1
A particle oscillates with a simple harmonic motion along the x axis. Its displace-
ment from the origin varies with time according to the equation:

x = (2 m)cos(0.57 ¢t 4+ 7/3)

where 7 is in seconds and the argument of the cosine is in radians. (a) Find the
amplitude, frequency, and period of the motion. (b) Find the velocity and accelera-
tion of the particle at any time. (c) Find both the maximum speed and acceleration

of the particle. (d) Find the displacement of the particle betweent = Qandr = 2.

Solution: (a) By comparing the given equation to the general form x(f) =
Acos(wt + ¢), we find that: the amplitude A=2m, the angular frequency
w = 0.57 rad/s, and the phase constant ¢ = /3 rad.

Therefore, the frequency will be:
f=w/2r = (0.5 rad/s)/(2n rad) = 0.25 s7!1=0.25 Hz
Hence the period will be given by:
T=1/f=1/025s""'=45

(b) We differentiate x to find v, and then v to find a, as follows:

. d_x _d[(2m)cos(0.57 1+ 7/3)]
YTa T dt
= (2 m)[—sin(0.57 t + 7 /3)] x (0.57 rad/s)
= —(mr m/s) sin(0.57 t 4+ 7/3)
. d_v _d[(=rm/s)sin(0.57 1 + 7/3)]
dr dt
= (—m m/s)[cos(0.57 t + 7 /3)] x (0.57 rad/s)
= —(0.572 m/s?) cos (0.57 t + 7/3)

Remember, the rad is a dimensionless quantity and can be removed from or
inserted into any calculation without altering the dimension of the result.

(c) Since the maximum values of the sine and cosine are unity, then v of part
(b) varies between + wm/s, and a of part (b) varies between +0.572 m/s2. Thus,

the maximum speed and maximum acceleration are as follows:
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VUmax = 7T M/s

dmax = 0.57% m/s?
We can also use Eqgs. 14.5 and 14.6 to find vpax and amax as follows:

VUmax = WA = (0.5 rad/s)(2m) = 7 m/s
Amax = @*A = (0.57 rad/s)?>(2m) = 0.572 m/s>

(d) The position of the particle at + = 0 is denoted by x; and is given by:
xi=2m)cos(0+7/3) = (2m)(0.5) =1m
The position of the particle at = 2 s is denoted by x¢ and is given by:
xf =2 m)cos(r +7/3) =2m)(—0.5) =—1Im
Therefore, the displacement between ¢t = 0 and t = 2 s is:
Ax=xf—xi=—1m—1m=-2m

Figure 14.4a shows the plot of x versus ¢ for the given function, while Fig. 14.4b
depicts snapshots of the oscillating particle about the origin of the x-axis between
the two limits x = +2mand x = —2m.
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14.1.2 The Force Law for SHM

We can combine Eqs. 14.4 and 14.6 to yield:

a(t) = —w? x(1) (14.7)
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This equation is the hallmark of simple harmonic motion. It states that the acceleration
is proportional to the displacement but opposite in sign, and they are related by the
square of the angular frequency, .

Once we know the acceleration as a function of time, we can use Newton’s second
law to find what force must act on the particle to produce this acceleration. Now, we
combine Newton’s second law with Eq. 14.7 as follows:

2

d
F=ma=—(maw>)x or Wj—l—wzx:O (14.8)

This form (a force proportional to the displacement but opposite in sign) is familiar
to us. It is Hooke’s law for a spring, which was introduced in Sect. 6.3. That is:

F=—kyx (Hooke’s law) (14.9)
By comparison, the equivalent spring constant in SHM is:
ky = mw® (14.10)

We can take Eq. 14.9 as an alternative definition of SHM.

Simple Harmonic Motion
SHM is the motion executed by a particle of mass m subject to a force propor-

tional to its displacement but opposite in sign.

The block-spring system of Fig. 14.5 forms a linear simple harmonic oscillator.
The angular frequency w of the simple harmonic motion is related to the spring

constant ky and the mass of the block by Eq. 14.10, which gives:

oo |k (14.11)
m

Therefore, using Eqgs. 14.5, 14.6, and 14.11, we can find the maximum values for

the velocity and acceleration of the oscillations as follows:

k

Vmax = WA = | 2 A (14.12)
m
k

dmax = @A = DA (14.13)
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Fig.14.5 The variation of the (a)
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By combining Eqgs. 14.2 and 14.11, we can find the period T of the oscillations as

2
T="—om |2 (14.14)
w ky

That is, the period T and hence the frequency f = 1/T depend only on the mass of

follows:

the particle m and the spring constant kg, and not on the parameters of the motion,
such as A or ¢.

Example 14.2

A block of mass m=400g is attached to a light spring of force constant
ky = 10 N/m, see Fig. 14.6a. The block is pushed against the spring from x =0 to
xi = —10cm, see Fig. 14.6b, and then released to oscillate on a horizontal fric-
tionless surface. (a) Find the angular frequency and the period of the block-spring
system. (b) Find the maximum speed and maximum acceleration of the block. (c)
Find the position, speed, and acceleration of the block at any time. (d) Repeat the
above parts when the block is projected with initial velocity v; = —0.5 m/s from

another initial position x; = 410 cm.
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Fig.14.6 Equilibrium position

(a)

(b)

Solution: (a) Using Eqs. 14.11 and 14.14 we find the angular frequency and the
period of motion as follows:

ki 10 N/
w=,]2 = s radss
m 400 x 103 kg

_ 2m _ 2 x 3.1416 rad
T o 5 rad/s

(b) Since A = x| = 10 cm, then Egs. 14.12 and 14.13 will give:

T =126s

Vmax = @A = (5 rad/s)(0.1 m) = 0.5 m/s
Amax = @°A = (5 rad/s)>(0.1 m) = 2.5 m/s>

(c) We can find the phase constant ¢ when we apply the initial condition
x(0) =—A at t =0 to the form x(¢) =A cos(w t + ¢). Thus:

x(t)=Acos(wt+¢) = x(0) =Acos(¢p) = —A=Acos(¢p) = ¢p=m

Therefore, x(t) = Acos(wt + 7). Using this expression and the results of parts
(a) and (b), we get:

x(t) =Acos(wt+ ) = (0.1 m)cos(5¢t+ )

v(t) = —wAsin(wt + ) = —(0.5 m/s) sin(5¢ + )

a(t) = —w*Acos(wt + ) = —(2.5 m/s*) cos(5¢ + )
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(d) In this case, we start with the general form x(f) =Acos(wt + ¢),
where A and ¢ are not known, but @ does not change because it is independent of

how the oscillation is set into motion. Thus:

(1) x(0) =Acos(0+ @) = x;
2) v(0) =—-wAsin(0+ ¢) = v;

Dividing Eq. (2) by Eq. (1) gives a phase-constant relation:

—wAsin(¢) v Vi —0.5m/s
—————=— = tan(¢) = — = =
A cos(¢) Xi w Xi (5 rad/s)(0.1 m)
Thus: ¢ =tan"' (1) = 0.785rad = 0.25 7 rad

Now, Eq. (1) allows us to find the new amplitude A as follows:

x _ (0.1m)

A= = =0.14m =14 cm
cos(¢p)  cos(0.25m)

The new maximum speed and acceleration will be:

Umax = wA = (5 rad/s)(0.14m) = 0.7 m/s
Amax = @A = (5 rad/s)*>(0.14 m) = 3.5 m/s>

Finally, the new expressions for x, v, and a are as follows:

x(t) =Acos(wt+ ¢) = (0.14 m) cos(5¢t+ 0.257)
V(1) = —wAsin(wt + ¢) = —(0.7m/s) sin(5¢ + 0.257)
a(t) = —w*Acos(wt + ¢) = —(3.5m/s?) cos(51 + 0.257)

14.1.3 Energy of the Simple Harmonic Oscillator

Consider the block-spring system shown in Fig. 14.6 when the spring is massless
and the horizontal surface is frictionless (known as the linear oscillator). In such a
situation, the kinetic energy of the system is associated entirely with the block. Its

value depends only on the velocity v given by Eq. 14.5. Thus:

K = tmv? = Imw?A? sin (01 + ¢) (14.15)

B[ —
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When using Eq. 14.11 to substitute kyy /m for w?, we find:
K = Imv? = JkyA’sin®(wt + ¢) (14.16)

On the other hand, the potential energy of the linear oscillator of Fig.14.6 is
associated entirely with the spring. Its value depends only on the position x given by
Eq.14.4. Thus:

U=tkyx® = SknA?cos’ (@t + ) (14.17)

The mechanical energy E of the simple harmonic oscillator is thus:

E=K+ U= jkyA®sin®(wt + ¢) + Sku A” cos* (@t + ¢)

. I 5 (14.18)
= skp A”[sin"(w? + ¢) + cos™ (w1 + ¢)]
When we use the identity sin> @ + cos® @ = 1, we find:
E=K+U = 1kyA® (14.19)

That is, the mechanical energy (or the total energy) of a simple harmonic oscillator
is constant, independent of time, and is proportional to the square of the amplitude.
Because v=0atx= =+ A, i.e. K =0, the mechanical energy equals the maximum
potential energy, i.e. E = Upax = %kH A2, At the equilibrium position x = 0 we have
U =0, and the mechanical energy equals the maximum Kkinetic energy, i.e. E =
Kmax = %mvlznaX = ligAZ.

Since the potential energy U is expressed as a function of the position x through
the relation U = %kH x2, then Eq. 14.19 allows us of to express the kinetic energy as

a function of x as follows:
K=E—U=3kyA* — Skux* = Lhu(A> — x%) (14.20)

Figure 14.7a displays both the kinetic energy K and potential energy U as a
function of time ¢, while Fig. 14.7b displays the variation of K and U as a function
of position x.

Finally, by using Eq. 14.20 we can find the velocity of the block at any arbitrary
position x as follows:

v== k—(A2 —x2) (14.21)
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Fig.14.7 (a) The kinetic energy K (¢) and the potential energy U () as a function of time when ¢ = 0
for a simple harmonic oscillator. Note that K (¢) and U(¢) peak twice during every period. (b) The kinetic
energy K (x) and the potential energy U (x) as a function of x. For x = 0 the energy is entirely kinetic, and

for x = %A it is entirely potential

When using Eq. 14.11 to substitute kg /m for w?, we find:
v=tw+ (A% —-x?) (14.22)

This relation verifies the fact that the speed is a maximum when x = 0 and is zero at

both of the turning points x = £ A.

Example 14.3

A block of mass m=320g is fastened to a light spring whose force constant
ky is 72 N/m, see Fig. 14.8a. The block is pulled a distance x; = 50 cm from its
equilibrium position at x =0 on a horizontal frictionless surface, see Fig. 14.8b,
and released at = 0. (a) What is the mechanical energy of the oscillating block?
(b) What is the maximum speed of the oscillating block? (c) Find the velocity,
kinetic energy, and potential energy of the block when its position is 30 cm?

Equilibrium position
i W :
_ xi —>
x=0 X=0

(a) (b)

Fig.14.8
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Solution: (a) Since A =x; =50 cm = 0.5 m, then Eq. 14.19 gives:
E = JkyA? = J(72 N/m)(0.5 m)*> =97

(b) At x =0, we know that U =0 and E = % therefore:

max ;

émv =E=9]

Ums —,/2—E— 200 =7.5m/s
TN om TV 032kg

(c) We use Eq. 14.21 to find the velocity at x = 30 cm as follows:

72 N/m
o2 2 _ 27 _
(A x%) = \/0321( [(0.5 m)2 — (0.3 m)2] = £6 m/s

Now, we can find K and U when x = 30cm = 0.3 m as follows:

K = = %(0.32 kg)(+6 m/s)> =5.76 J

ky x* = £(72 N/m)(0.3 m)* = 3.24 J

Im
2
1
U=3;

14.2 * Damped Simple Harmonic Motion

When non-conservative forces, such as friction, oppose the motion of an oscillator,
its mechanical energy diminishes with time, and the motion is said to be damped.
One such system is a block of mass m attached to a spring and immersed in a viscous
liquid, see Fig. 14.9a. Let us assume that the liquid exerts a damping force F; that is
proportional to the velocity vy of the oscillator. If vy is small, then:

F; = —bu, (14.23)
where b is a damping constant. The total force acting on the block is:
YF, = —kux — buy (14.24)

If we set vy =dx/dt and substitute with X F, in Newton’s second law, X F, =
md*x/dt*, we find the following differential equation:

d
m——i—b—t +kgx=0 (14.25)
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(@) ®)

Fig.14.9 (a) A damped oscillator consisting of a block immersed in a viscous liquid. (b) Graph of x

versus ¢ for a damped oscillator

This equation has a solution displayed in Fig. 14.9b, and is given by:
x(t) = Ae b2 cos(wy t + @) (14.26)

where the angular frequency of the damped oscillator w, is given by:

2
wg =, v R (14.27)
m  4m? or b—0 m

14.3 Sinusoidal Waves

Waves are of three types: mechanical, electromagnetic, and matter waves. This
chapter deals only with mechanical waves. We encounter mechanical waves almost
constantly every day in our lives. For such waves, information and energy move
from one point to another, but matter does not. Common examples of such waves
are sound, water, and seismic waves. These waves require the following:

(1) Some source of disturbance (or vibration),

(2) A medium that can be disturbed,

(3) Some physical mechanism responsible for allowing adjacent portions of the

medium to influence each other.

14.3.1 Transverse and Longitudinal Waves

Figure 14.10 displays a single pulse wave sent from one end of a long stretched

string toward the other fixed end. As the wave passes the point P on the string, the y
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coordinate of this point will increase, reach a maximum, and then decrease to zero.
In the case of an ideal string (that is when no frictional forces within the string cause
the pulse to die out as it travels), the wave pulse in the string moves along the string

with some constant velocity v.

0
‘ —>»  Attimet

~— [._II. "

Fig.14.10 Sending a single pulse through a long stretched string

Figure 14.11 displays a continuous sinusoidal wave sent from one end of a long
stretched string toward the other fixed end. The wave has a sinusoidal shape at any
time. That is, the wave has the shape of a sine curve (or a cosine curve) at any
location x and time 7. As the sinusoidal wave travels along the string with some
constant velocity v, the y coordinate of point P on the string will oscillate up and

down continuously.

At time ¢ (Y
—

Fig.14.11 Sending a continuous sinusoidal wave through a long stretched string. Any string element

(represented by point P) oscillates perpendicular to the direction of the wave’s velocity

FromFigs. 1.10and 1.11 we find that the displacement of every oscillating element
on the string is perpendicular to the direction of the wave’s velocity. This motion is
called a transverse motion, and the generated wave is called a transverse wave.

Figure 14.12 shows how we can produce a sound wave by using a movable piston
fitted in a long open pipe filled with air. A sound wave can be generated by pushing


http://dx.doi.org/10.1007/978-3-642-23026-4_10#Fig1
http://dx.doi.org/10.1007/978-3-642-23026-4_10#Fig1
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the piston toward the right or toward the left. The rightward motion of the piston
compresses the air in the region next to it, i.e. increasing its pressure. Accordingly,
the compressed air (or the change in pressure) travels as a pulse from one region to
another toward the right along the pipe. If the push and pull of the piston is sinusoidal

as in Fig. 14.12, a sinusoidal wave will travel along the pipe.

Expansion
Compression (rarefaction)

/ \ At time ¢

<>

Fig.14.12 Sending a continuous sinusoidal wave through an air-filled pipe by moving a piston back and

X

forth in a sinusoidal manner. Any air element (represented by point P) oscillates back and forth parallel

to the direction of the wave’s velocity v

From Fig. 14.12, we find that the displacement of every air element in the pipe is
parallel to the direction of the wave’s velocity. This motion is longitudinal, and the
generated wave is called a longitudinal wave.

Both transverse and longitudinal waves are traveling waves, because they travel

from one point to another.

14.3.2 Wavelength and Frequency

Two physical characteristics are important in describing periodic waves: the wave-
length (denoted by A) and the frequency (denoted by f). Both are defined below:

Wavelength A:
One wavelength A is the minimum distance between any two points on a wave

where both points behave identically.

Frequency f:
The frequency f of a wave is the rate at which the disturbance repeats itself.
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A third important physical characteristic of waves is the wave velocity (denoted
by v). In fact, mechanical waves travel, or propagate, with a specific velocity that is

determined by the properties of the medium being disturbed.

14.3.3 Harmonic Waves: Simple Harmonic Motion

A harmonic wave that is traveling toward increasing x has a sinusoidal shape like
the transverse wave of the string in Fig. 14.11. The displacement y =y(x, ) of a
harmonic wave can be written in terms of a sine (or a cosine) function of the position

x at time ¢ as follows:
y=Asintkx —wt) or y=Acostkx —wt), (14.28)

where A is the magnitude of the maximum displacement, known as the amplitude
of the wave. The quantities k and w are constants whose meanings will be discussed
shortly. The quantity kx — w ¢ is called the phase of the wave. From now on, we will
use only the sine form.

Figure 14.13 shows the transverse displacement y as a function of the position x
at t =0, i.e. the figure is a snapshot of the wave at that instant. With ¢t =0, the sine
form of Eq. 14.28 becomes:

y=Asinkx (t=0) (14.29)

o/ | x
/ X X+A - .
. roug
At time 1=0

Fig.14.13 A snapshot at 1 = 0 of a harmonic wave traveling to the right with a speed v in a taut string.
A typical wavelength A is shown, which is the minimum distance between any two points on the wave

where both points behave identically

The wavelength A of a wave is the distance between two successive crests, or
identically behaving two points on the x axis having the same displacement y and
slope dy/dx. If this occurs in Fig. 14.13 at x and x + A, then Eq. 14.29 gives:
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y=Asinkx =Asink(x + ) (14.30)

The sine function repeats itself when its angle is increased by 2z rad. Thus,
Eq. 14.30 is satisfied only if kA =27, i.e.:

2w .
k= o (Harmonic wave) (14.31)

where k is called the Angular wave number (or simply the wave number) of the
wave and has the SI unit rad/m (Not to be confused with the spring constant ky in
Hooke’s law).

Figure 14.14 shows the transverse displacement y as a function of time ¢ at an
arbitrary location taken to be at x = 0. Thus, when monitoring the string, one would
see point x =0 moving up and down in a motion given by Eq. 14.28 with x = 0. That
point is said to perform simple harmonic motion. So, Eq. 14.28 becomes:

y=Asin(—ot) = —Asin(wt) (x = 0) (14.32)

At position x=0

Fig.14.14 A graph showing the displacement of the string at x = 0 as a function of  when the sinusoidal
harmonic wave passes through that point. A typical period 7'is shown, which is the minimum time between

any two points on the wave when both behave identically

The period T of the wave is the time between two successive points behaving
identically on the ¢ axis having the same displacement y. If this occurs in Fig. 14.14
attand ¢ + T, then Eq. 14.32 gives:

y=—-Asinwt=—-Asinw(t+T) (14.33)

Again, the sine function repeats itself when its angle is increased by 2m rad. Thus,
Eq. 14.33 is satisfied only if T = 27, i.e.:

w= ?n (Harmonic wave) (14.34)
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where w is defined previously in Eq. 14.2 and called the angular frequency of the
wave which has the ST unit rad/s.

The frequency fof a harmonic wave is equal to the number of crests (or troughs),
or any point on the wave, that passes any point in a unit time interval. The following

relation relates the frequency f to the period T and the angular frequency w:
w .
f=== 7 (Harmonic wave) (14.35)
14

As defined previously, it has the ST unit s~!, or cycle/s, or hertz (Hz).

Figure 14.15 shows a snapshot of the wave at ¢ = 0 and r = At. The ratio Ax/At
(or, in the differential limit dx/dr) is the wave speed v, i.e. v = dx/dt. As the wave
moves, each point (such as point P) retains its displacement y. For each such point,
although x and ¢ are changing, Eq. 14.28 tells us that the argument of the sine function

must be constant. That is:

kx — wt = constant (14.36)

Fig.14.15 Snapshots of a
traveling wave at t = 0 and
t = At. During this time the
entire curve shifts a distance

Ax with a speed v = Ax/At.

Attimer=0 —» A Attimer=a¢

To find the speed of the wave v, we differentiate Eq. 14.36 with respect to ¢ to get:

P 0
X =
dt

d_ o (14.37)
. V= — = — .
Thus: it X
Using k = 2n /A and @ = 27 /T, we can rewrite the speed as:
1)
v:zz— or v=Af (14.38)

Therefore, we can rewrite Eq. 14.28 in different forms such as:
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= Asi [2 (f—i)] — Asi [2—”( _ t)] (14.39)
y= Sin JT )\’ T or y= Sin )\4 X v .

The harmonic wave given by Eq. 14.28 assumes that the displacement y is zero at
x = 0andt = 0. If the transverse wave is not zero, we generally express the harmonic

wave in the form:
Asinkx —wt + ¢)
y= or , (k=2m/X, o =27f) (14.40)
Acostkx —wt+ @)

where ¢ is a constant, called the phase constant, that can be determined from the

wave’s initial conditions.

Example 14.4

A harmonic wave traveling along a string in the direction of increasing x has the
following form y =0.4sin(0.2x — 5¢), where all the numerical constants are in
SI units. (a) Find the amplitude, wave number, angular frequency, and speed of

the wave. (b) Find the wavelength, period, and frequency of the wave.

Solution: (a) Comparing this wave with y=Asin(kx — wt + ¢), we find the
amplitude, wave number, angular frequency, and phase to be:

A=04m, k=0.2rad/m, w=>5rad/s, and ¢ =0

From Eq. 14.37 we find the speed of the wave to be:

o Srad/s 25w/
YTk T 02radm - M
(b) Equation 14.31 gives the wavelength of the wave as follows:
2 27 rad
== T _314m
k 0.2 rad/m
From Eq. 14.34 we can find the period of the wave as follows:
2 27 rad
= o 06

®  Sradls

Equation 14.35 gives the frequency of the wave as follows:

1 1
f=7=15c.=08 s7! = 0.8 cycle/s = 0.8 Hz
. S

Note that the quantities calculated are independent of the amplitude A.
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14.4 The Speed of Waves on Strings

String waves are the most common examples of transverse waves. Let us consider a
single symmetrical pulse traveling with a speed v in a stretched string that is under
a tensional force of magnitude v (we use the symbol 7 to represent tension, which
avoids confusion with the symbol T used to represent the period of oscillation), see
Fig. 14.16. We assume that the string has a linear mass density u =m/L, where m is
the mass of the string and L is its length.

Fig.14.16 A symmetrical pulse moving to the left on a stretched string with speed v. To find this speed

we apply Newton’s second law on a small segment of length As located at the top of the pulse.

*Consider a small segment at the top of the pulse, of length As, forming an arc of
a circle of radius r, see Fig. 14.16. A force equal in magnitude to the string tension ©
pulls tangentially on this segment at each end. The horizontal components of these
forces cancel, but the vertical components add to form a radial restoring force of

magnitude:

A
F,=2tsinf ~ 210 = 120 = r—s (14.41)
r

where we have used the approximation sinf =~ 6 when As is very small and also
used the relation As=r x (20).

The mass Am of the segment As is given by:

Am = uAs (14.42)
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According to Fig. 14.16, the string segment As is moving radially toward the

center of a circle of radius r with a centripetal acceleration of magnitude given by:

U2

ar = — (14.43)
r

When we apply Newton’s second law force =mass x acceleration, ie. Fy=

Am ay, and also apply Eqs. 14.41-14.43, we get the following relation:

As v?
T— = pAs X —
r r

Solving this equation for the speed v yields:

(14.44)

T
v= [—
uw
This equation tells us that the speed of a wave along an ideal stretched string depends
only on the characteristics of the string (the magnitude of the tension t and the mass
per unit length ) and not on the frequency f of the wave. Actually, the frequency f
is fixed by whatever generates the wave, while the wavelength is fixed by Eq. 14.38,
i.e. by the relation A = v/ f.

Example 14.5

A uniform string has a linear mass density of 0.2 kg/m. The string passes over a
massless frictionless pulley to a block of mass m = 4 kg, see Fig. 14.17. Find the
speed of a single pulse sent from one end of the string toward the pulley.

/\— U At time ¢

/

1 ’
mg
Fig.14.17

Solution: The magnitude of the tension t in the string is equal to the magnitude
of the weight of the suspended block. Thus:
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T =mg = (4 kg) x (9.8 m/s%)
=392N

Using this result and the linear density u =0.2kg/m in Eq. 14.44, we find the

value of the speed of the wave to be:
[T
v=_[/—
7
39.2N
= |—— =14 m/s
0.2 kg/m

14.5 Energy Transfer by Sinusoidal Waves on Strings

Waves transport kinetic and potential energy when they propagate through a medium.

This can be easily demonstrated by hanging an object on a stretched string and
then sending a pulse through it, see Fig. 14.18. As the pulse meets the object, the
object will move up and hence acquire kinetic and potential energy.

;5 Hcﬁé ~

(b)

Fig.14.18 (a) A pulse traveling on a stretched string over which an object is hung. (b) Kinetic energy

and potential energy are transferred to the object when the pulse arrives

Consider a string of mass per unit length ¢ and tension of magnitude t that
is connected to a source of vibration as shown in Fig. 14.19a. When the source
vibrates, it does work to produce a sinusoidal wave that travels to the right as shown
in Fig. 14.19b. Now, let us focus our attention on an element of the string of mass
Am and length Ax located at a particular point x. This element will move up and
down in a simple harmonic motion, see Fig. 14.19b.

Assume the oscillation of this element in the y direction has an amplitude A, wave
number k, and angular frequency w. Then, according to Eq. 14.28, the transverse
velocity vy (not to be confused with the wave velocity v) at a particular position x
will be:
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dy dy 9 [Asin(kx — w1)]
Vy == — = —_— =
Tt constamt 01 ot (14.45)
= —wAcoslkx —wt)
t=0
H—
(a)
Source of
vibration
) » v Ax
A
28 I H Am
T X
time ¢
(b)

Fig.14.19 (a) A source of vibration connected to a stretched string under tension 7. (b) A snapshot of

a traveling harmonic wave on the string at a time chosen to be at time ¢
The kinetic energy AK associated with a string element of mass Am = pAx will
be given by:
2 1
Am vy = 5 uAx vy 2 (14.46)

When allowing Ax to approach zero, this relation becomes a differential relationship

and will take the following form:

dK = 30 dx v] = 3uw’A® cos® (kx — w 1) dx (14.47)

At a given instant, let us integrate this expression over all the string elements
of a complete wavelength, which will give us the total kinetic energy K, in one

wavelength:
A
K, = de — %/w)zAzfcosz(kx — wr) dx (14.48)
0

*If we take a snapshot at time ¢ =0, then we can evaluate the above integral by

performing the following steps:
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xX=A z=kA=2m
j cos?(kx) dx = % f cos® z dz
x=0 z=0
2
= % j %[1 + cos2z] dz
0 (14.49)

|

T [z + % sin 21](2)7T

|
I

=~

= o [@n + 1sindn) — 0] = .
2 2 4
A

2

where we have used z = kx, cos?z = (1 + cos 2z)/2 and k = 27 /X to arrive to the
above result. Of course, we get the same answer if we perform the above steps at any
other time different from zero. When we substitute the above result into Eq. 14.48,

we get:
K. = tpo? A% (14.50)

A similar analysis to the total potential energy U, in one wavelength will give exactly
the same result. Thus:

U = tno®A2 (14.51)

The total energy in one wavelength of the wave is the sum of the obtained kinetic

and potential energies:
Ey =Ky + Uy = Lpua® A% 0 (14.52)

As the sinusoidal wave travels along the string, that amount of energy (E,) will
cross any given point on the string during a time interval equal to one period of the
oscillation. Thus, the rate of energy (or power) transferred by the wave through the
string is:

AE E)

At T

Therefore:
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Using the relation v = A /T given by Eq. 14.38, we finally attain the following form:

P = Juvw® A2 (14.53)

In this expression the factors p and v depend on the material and tension of the
string. On the other hand, the factors w and A depend on the source that generates the
sinusoidal wave. The dependence of the power of a wave on the square of its angular

frequency and on the square of its amplitude is a general result, i.e. true for all wave

types.

Example 14.6

A string that is taut under tension of magnitude t =40 N has a linear density u
of 64 g/m. A wave is traveling along the string with a frequency f of 120Hz and
amplitude A of 8 mm. (a) Find the speed of the wave. (b) What is the rate of energy
that must be supplied by a generator to produce this wave in the string? (c) If the
string is to transfer energy at a rate of 500 W, what must be the required wave

amplitude when all other parameters remain the same?

Solution: (a) Equation 14.44 gives the speed of the wave as follows:

/ 40N
v= L= | T o5y
uw 0.064 kg/m

(b) First we calculate the angular frequency w as follows:

w=2nf =2 x (3.1416 rad) x (120 s™')
= 754 rad/s
The power supplied to the string is calculated by using the obtained values and
the given information in Eq. 14.53 as follows:
P = % /wcu2 A?
= 1(0.064 kg/m)(25 m/s) (754 rad/s)*(0.008 m)?
=291 W

(c) The ratio between the new power P’ and the old power P is:

P/ %/,Lv(,()2A/2 A/2

P Juvw?A? T Az
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, P 500 W
Thus: A'=A,/—=0008m,/—— =0.033m = 3.3 cm
P 291 W

14.6 The Linear Wave Equation

In Sect. 14.3.3 we introduced the wave function y = y(x, t) to represent waves travel-
ing on strings. Actually, all these wave functions represent solutions of a differential
equation called the linear wave equation. This equation is basic to many forms of
wave motions, such as waves on strings.

We consider a single symmetrical transverse pulse that is traveling with a speed
v in a stretched ideal string under tensional force of magnitude t and has a linear

density u, see Fig. 14.20.

At time ¢t

Fig.14.20 A pulse traveling with a speed v in a string under tension 7. The figure shows an element of

length Ax at the point (x, y)

In this figure we consider a small element a b of length Ax with ends at angles 6,
and 6, with the x axis. Also, for an ideal string we consider t}, cos 6, = 7,cos6, = T.
Thus, with the use of this result, the net vertical force acting on the string element
can be written as:

XFy = 1,806, — 14506,

(14.54)
=ttanf, — ttand, = t(tan 6, — tan )

The tangent of an angle is represented by dy/dx when y depends only on x. Since we
are evaluating this tangent at a particular instant of time ¢, we need to express this
tangent in partial form as dy/dx. Substituting this form of tangents into Eq. 14.54

gives:
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_ () (¥
wee() @) s

When we apply Newton’s second law to the vertical motion of an element of mass

Am = u Ax, we get:

82y
XFy=Amay, =u Ax 92 (14.56)

Combining Eqgs. 14.55 with Eq. 14.56, we get:

u Ax (Q):[(a_y) _(QH
81‘2 ax b ax a
(Q) _(3_y) B+ Axn  dywn (145D
. (932)__ 2l e b ox
912

T

Ax Ax
From the definition of partial differentiation, we know that:

fx+ Ax,t) —f(x, 1)
Ax

0
—f(x, )= 1
Bxf(x ) A;I—I}O

Thus, if we associate f (x + Ax, t) with (dy/dx), and f (x, t) with (dy/9dx),, we see
that, in the limit Ax — 0, the right-hand side of Eq. 14.57 can be expressed as a

partial derivative as follows:

().~ ()
9 (dy — im ox /, ax/,
0x \ 0x Ax—0 Ax

Then, with the use of this result and Eq. 14.44, namely v = /7/u, we can write
Eq. 14.57 as a partial differential equation in the following general form:

%2y 1 9%y

AL -~ 14.58
ax2  v291? ( )
This is the linear wave equation as it applies to waves on strings and generally
applies to various types of traveling waves. We can prove that the sinusoidal wave

y(x, 1) = Asin(kx — wt) satisfies this equation.

14.7 Standing Waves

We consider two identical waves of the same wavelength and amplitude traveling

simultaneously in opposite directions in a stretched string. The resultant wave in
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the string will be the algebraic sum of the two waves. This is one of the examples
of a principle known as the superposition principle. Generally, this principle says
that when several effects occur simultaneously, their net effect is the sum of the
individual effects. The superposition principle will be introduced in more detail in
Chap. 15 when we study the properties of standing sound waves.

To analyze this situation, we assume that the two string waves have the same
frequency f (the same w = 2xf), wavelength A (the same k = 27 /), and amplitude
A but travel in opposite directions. Therefore, we can write these two waves in the

following form:

y1 =Asin(kx —wt),
(14.59)
yp =Asintkx + wt)

where y; represents a wave traveling in the positive x-direction and y, represents a
wave traveling in the negative x-direction. The superposition of y; and y, gives the

following resultant:
y=y;+y, =A[sintkx —wt) +sintkx + wt)] (14.60)
To simplify this expression, we use the trigonometric identity:
sin(a & b) = sinacosb £ cosasinb (14.61)

If we substitute a = kx and b = w ¢ in this identity, then the resultant wave y reduces

to:

y= (2Asinkx)coswt (14.62)

The resultant wave y represented by Eq.14.62 gives a special kind of simple
harmonic motion. Here, every element of the medium oscillates in simple harmonic
motion with the same angular frequency w (through the factor cos w t) with an ampli-
tude (given by the factor 2 A sin k x) that varies with position x. This wave is called a
standing wave because there is no motion of the disturbance along the x-direction.

A standing wave is distinguished by stationary positions with zero amplitudes
called nodes (see Fig. 14.21). This happens when x satisfies the condition sin kx = 0,

that is, when:

kx=0, w, 27, 37, ...
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y 2Asinkx

When ot =0 A A

J A

When wt = 7T/2 Antinode=A
0

When ot =TT Node=N

— 1—

Fig.14.21 The time dependence of the vertical displacement (from equilibrium) of any individual
element in the standing wave y is governed by cos w 7. Each element vibrates within the confines of the
envelope 2 A sin k x. The nodes (N) are points of zero displacement, and the antinodes (A) are points of

maximum displacement

When using k =27 /A, these values give x =0, % A, 37)‘ ..., thatis:
A 3A A
x=0, % A, CRREE = nz, n=0,1,2,...) (Nodes) (14.63)

Also, a standing wave is distinguished by elements with the greatest possible dis-
placements called antinodes (see Fig. 14.21). This happens when x satisfies the con-

dition sin k x = =1, that is, when:

T 3 Sm
kx=—, —, —,.
22 2
Also, using k = 27 /A, these values give x = %, %, ST, ..., thatis:

A 3% 5A A
x=2, T = (n+ %)5, (n=0,1,2,...) (Antinodes) (14.64)
Equations 14.63 and 14.64 indicate the following general features of nodes and

antinodes (see Fig. 14.21):

Spotlight
(1) The distance between adjacent nodes is A /2.
(2) The distance between adjacent antinodes is A /2.

(3) The distance between a node and adjacent antinode is A /4.

At t =0 (wt=0), the two oppositely traveling waves are in phase, producing
a wave pattern in which each element of the medium is experiencing its max-

imum displacement from equilibrium, see Fig.14.22a. At t=T/4, (wt=m/2),



480 14 Oscillations and Wave Motion

the traveling waves have moved one quarter of a wavelength (one to the right and the
other to the left). At this time, each element of the medium is passing through the
equilibrium position in its simple harmonic motion. The result is zero displacement
for each element at all values of x, see Fig. 14.22b. Att =T /2 (wt = ), the traveling
waves are again in phase, producing a wave pattern that is inverted relative to the
t =0 pattern, see Fig. 14.22c. The pattern at t =37 /4 (Fig. 14.22d) resembles that at
t=T/2. Also, the pattern at t =T (Fig. 14.22e) resembles that at  =0.

y
X ;— %
N N\ /N N N N N NN N\ /NN N N N N N
A A A A A A
(a)t=0 Mb)t=T/4 (e)t=T/2 (d)t=3T/4 (e)t=T

Fig.14.22 Standing-wave patterns y at different times for the two oppositely traveling identical waves

y1 and y,. Nodes (N) have no displacements while antinodes (A) have maximum displacements

Example 14.7
A standing wave is produced by two identical sinusoidal waves traveling in oppo-
site directions in a taut string. The two waves are given by:

y1 = (0.02m) sin(5x — 10¢)
y2 = (0.02m) sin(Sx 4+ 10¢)

where x and y are in meters, ¢ is in seconds, and the argument of the sine is in
radians. (a) Find the amplitude of the simple harmonic motion of the element on
the string located at x = 10 cm. (b) Find the positions of the nodes and antinodes
in the string. (c) Find the maximum and minimum y values of the simple harmonic

motion of a string element located at any antinode.

Solution: (a) Equation 14.62 gives the standing wave produced from y; and y»
with A =0.02 m, k = 5rad/m, and w = 10rad/s. Thus:

y=(2Asinkx) coswt = [(0.04m) sin5x]cos 10 ¢
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The coefficient of the cosine at x =10cm = 0.1 m will be:
Ymax = (0.04m)sin5x|,—o; = (0.04 m) sin(0.5rad) = 0.019m = 1.9cm

(b) When k=5rad/m =2m/A, we find the wavelength to be A =0.47 m.
Therefore, from Eq. 14.63 we find the nodes to be located at:

A
X = nz =02zn)m, (n=0,1,2,...)
From Eq. 14.64, the antinodes will be located at:
A
x=n+ %)5 =[027(n+HIm, (=012,...)

(c) The maximum and minimum y values of the simple harmonic motion of a

string element located at any antinode are:

Yinax/min = 2A (80 50) | pax/min =24 (£1) = £0.04m= £0.04m= =+ 4cm

14.7.1 Reflection at a Boundary

A wave moving along a stretched string can be reflected from one of its ends in two
different ways, as shown in Fig. 14.23. The first way is to fix the far end of the string,
and the second way is to allow the far end to move freely up and down.

When the incident pulse in Fig. 14.23a reaches the fixed end, it exerts an upward
force on the wall through the support. By Newton’s third law, the support at the
wall exerts an opposite force on the string. This reaction force generates an inverted
reflected pulse that travels in a direction opposite to the incident pulse. In a reflection
of this kind, there must be no displacement of the string at the right end, which is
referred to as a node at the support, because the string is fixed there.

In Fig. 14.23Db, the right end of the string is tied to a weightless ring that is free to
slide without friction along a vertical rod. When the incident pulse reaches the ring,
the ring moves up along the rod. The ring rises as high as the incoming pulse, and then
the downward component of the tension pulls the ring back down. This movement
of the ring produces a non-inverted reflected pulse of the same amplitude as the
incident pulse. In a reflection of this kind, there must be a maximum displacement
of the string at the right end, which is referred to as an antinode, because the string

is not fixed there.
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Fig.14.23 (a) An incident -> ->

pulse from the left is inversely F AJ.
reflected when the right side of . e & i
the string is fixed to a wall. P

(b) The same incident pulse is / %I % 1"

reflected unchanged in sign

when the right side of the - 4
string is tied to a ring that can
slide without friction on a

vertical rod l j.l

— A
Y

(a) (b)

14.7.2 Standing Waves and Resonance

When one end of a stretched string is oscillating in a sinusoidal fashion while the
other end is fixed, the incident wave and the reflected wave interfere with each other.

For certain frequencies, this interference produces a standing wave with nodes
and antinodes like those shown in Figs. 14.21 and 14.22. Such a standing wave is said
to be produced at resonance, and the string resonates at these resonant frequencies.
If the string is oscillating at some other frequency, a standing wave is not set up.

Generally, an imposed boundary condition on a string sets up a number of natural
patterns of oscillation called normal modes.

Consider a stretched string between two points separated by a distance L, see
Fig. 14.24a. Visualize that the string is somehow made to oscillate at a resonance
frequency to set up a specific standing wave pattern. Since both ends are fixed, then
for this boundary condition there must be at least two nodes and one antinode for
the standing wave pattern. The normal modes of oscillation for the string can be

explained by considering the following three patterns:
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ey

@

3)

Fig

for;

for

The first normal mode (the first harmonic, or the fundamental):

The simplest pattern that can meet the boundary condition of two fixed ends
is shown in Fig. 14.24b. Note that there are two imposed nodes at both ends
and only one antinode, which is at the center of the string. There is only half a
wavelength in the length L. Thus, for this pattern, A;/2 = L,i.e. A; = 2 L.
The second normal mode (the second harmonic):

The second pattern that can meet the boundary condition of two fixed ends
is shown in Fig. 14.24c. This pattern has three nodes and two antinodes. This
standing wave must have A, = L.

The third normal mode (the third harmonic):

The third pattern that can meet the boundary condition of two fixed ends is shown

in Fig. 14.24d. This pattern has four nodes and three antinodes . This standing

wave must have A3 = 2L/3.

A=2L First
f1=U/ll=Z)/2L harmonic
n=2
.................... A= L Second
e:::___'_:; f2=v/A, =v/L=2f, harmonic
As=2L/3 Third
fi=vlA; =30v/2L=3f, harmonic

.14.24 (a) A string of length L that is fixed at both ends. The normal modes of vibration are shown

(b) the first harmonic (or the fundamental), (c) the second harmonic, and (d) the third harmonic

In general, the relation between the wavelength A of the various normal modes
a string of length L fixed at both ends is given by:

Am=—, (m=1, 2, 3,...) (String, fixed ends) (14.65)
n
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where the index n refers to the n normal mode of the possible oscillation of the
string (or the number of loops in the string).

The resonance frequencies associated with these modes are obtained from the
relation f = v /A, where the speed of the wave is the same for all the frequencies.
Using Eq. 14.65, we find the resonance frequencies f;,, of the normal modes to be
(see Fig. 14.24):

=2 = n% (n=1,2, 3,...) (Sting,fixedends)  (14.66)

According to Eq. 14.44, the speed of the wave v is related to the tension in the string
7 and the linear mass density u by the relation v =/t /u. Substituting with this
relation into Eq. 14.66 we get:

I = 2 1, (n=1, 2, 3,...) (String, fixed ends) (14.67)
2L\

The lowest resonance frequency fi, which corresponds to n = 1, is called the funda-

mental frequency and is given by:

1
fi=— L (String, fixed ends) (14.68)
2L\

The resonance frequencies of the remaining normal modes are integer multiples of
the fundamental frequency (Fig. 14.24), that is:

fu=nfi, (m=1, 2, 3,...) (String, fixed ends) (14.69)

Example 14.8

The middle-C key on a piano (key No. 40) has a fundamental frequency of 262
Hz, and the A key above the middle C in frequency has a fundamental frequency
of 440 Hz, see Fig. 14.25. (a) Find the frequencies of the next two harmonics of
the C string. (b) The strings of the keys A and C have the same linear mass density
but the length La of the string A is 65% of the length Lc of string C. What will
be the ratio of the tensions 74 /tc in the two strings?

Solution: (a) Equation 14.69 gives the higher harmonics in terms of the funda-
mental frequency. Thus, for fj = 262 Hz we get:
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> =2f1 =2 x 262 Hz =524 Hz
f5=3f1 =3 x262Hz="786 Hz

Brand
F# G# A# C# D# F# G# A#
34 3638 41 43 46 48

key middle C

(b) When the two strings vibrate at their fundamental frequencies, we can use

Fig.14.25

Eq. 14.68 to write down the following relations:

fia=— [ and fie=—— [

2LAV 2LcV
Thus, the ratio of the two frequencies is fia/fic = (Lc/La)+/Ta/tc. When we
square this relation, we get the ratio of the magnitude of the two tensions as

follows:

TA

C(LaN (fin\® _ (65 \* (440 Hz 2_119
c  \Lc fic) — \100 262Hz)

Example 14.9

The one end A of a string is attached to a vibrator of frequency 100 Hz, while the
other end passes over a pulley at point B to a block of mass m, see Fig. 14.26. The
separation L between A and B is 1.5 m and the linear mass density of the string
is 1.5 g/m. (a) Find the mass m needed to allow the vibrator to set up the third

harmonic on the string. (b) What standing-wave mode is set up if m = 0.5 kg?

Solution: (a) The tension t in the string must equal to the weight of the mass
m, i.e. T = mg. Substitution with this tension into Eq. 14.67 gives the resonance
frequencies in a general form as follows:
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n [mg
= — [|—, =1, 2, 3,...
Jn A (n )

We need to set the tension in the string (by the mass m) so that the vibrator

frequency is equal to the frequency of the third harmonic, i.e.:

3 [mg
f3_i‘/7

B 4L2uf? 4 x (1.5 m)*(1.5 x 1073 kg/m)(100 Hz)?
- 9g 9 x (9.8 m/s?)
(b) If we insert m = 0.5 kg and f,, = 100 Hz into the first equation, we get:

1.5 x 103 k
n=21f, |2 =2 % (1.5 m)(100 Hz). | > 10 g/“; -
mg (0.5 kg)(9.8 m/s”)

Thus:

=1.5306 kg

Withm = 0.5 kg, we getn = 5.25. Because n has to be an integer, then this vibrator

cannot set up a standing wave on the string.

Vibrator <
A T

~ P
.~ .
______

Fig.14.26

14.8 Exercises
Section 14.1 Simple Harmonic Motion

(1) Some clocks use a pendulum to keep time, see Fig. 14.27. The bob of a clock
requires 1s for a single small-amplitude swing. (a) What is the period of the
pendulum? (b) What is frequency of the pendulum? (c) What is the angular

frequency of the pendulum’s oscillations?
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Fig.14.27 See Exercise (1)

(2) A particle executes a simple harmonic motion along the x-axis with amplitude
A. The particle returns to its starting position every 7 = 0.25 s, see Fig. 14.28.
(a) Find the period, frequency, and angular frequency of this motion. (b) Find

the particle’s displacement as a function of time.

Fig.14.28 See Exercise (2) A o A
: :M- t=0
: ; . — ‘7‘)_:
. —————— let=T/4
l+ i i I
> ; Ve t=T2
?—J')—,l' —
'» — '« 1=3T/4
; , >
T »'l
' Je1= T

(3) A particle oscillates with a simple harmonic motion along the x axis. Its
displacement from the origin varies with time according to the equation
x=(1.5m) cos(2m t+¢), where ¢p = —mr /4 rad, tis in seconds and the argument
of the cosine is in radians, see the blue curve of Fig. 14.29. (a) Find the value of
the amplitude, frequency, and period of the motion. (b) Find the velocity and
acceleration of the particle as a function of time. (c¢) Find both the maximum
speed and acceleration of the particle. (d) Find the displacement of the particle
betweent=0and t=1s.

(4) When the mechanical energy of one oscillation of a spring-block system is
doubled, what is the ratio of their amplitudes?

(5) A block of mass m=0.8kg oscillates freely with period 7=0.9s when
attached to a linear spring that obeys Hooke’s law, see Fig. 14.30. An unknown

mass M attached to the same spring is observed to have a period of oscillation
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of 1.2 s. (a) Find the spring constant kpy of the spring. (b) Find the value of the

unknown mass M.

Fig.14.29 See Exercise (3)

>

<

Fig.14.30 See Exercise (5)

(6) A block of mass m=0.5kg rests on a horizontal frictionless surface and is
connected to a spring, as shown in Fig. 14.31. When the system is set into
motion with amplitude A = 0.35 m, it repeats its motion every 0.5 s. (a) Find the

block’s period, frequency, and angular frequency. (b) Find the spring constant,

the maximum speed of the block, and the maximum force exerted by the spring
on the block.

t=T/4 <« &= t
t=3T/4 —> t

Fig.14.31 See Exercise (6)

(7) Two springs 1 and 2 have the same un-stretched length but different force

constants ky, =k and kn, = k», respectively. The springs are connected to a
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block of mass m that rests on a horizontal frictionless surface as shown in
Fig. 14.32. Calculate the effective force constant ks in each of the three cases
(a), (b), and (c) of the figure.

kl k1 kz kl kz
R i Qi) ool
(a) (b) (c)

Fig.14.32 See Exercise (7)

®)

€))

(10)

)

12)

13)

When k; = k» =k in Exercise 7, find the frequency of oscillation of the block
in each of the three cases (a), (b), and (c).

When a group of four persons, each of mass 60 kg, steps into a small car of mass
936 kg, the four springs of the car are compressed by 4 cm. Take g = 10 m/s.
(a) What is the effective spring constant ky of the springs? (b) Find the period
and frequency of the car after hitting a road bump that causes the car to oscillate
up and down, assuming the oscillations of the four springs are in phase.

In Exercise 7, show that the frequencies f of oscillation of the block in the two

cases (b) and (c) are given respectively by:

F=yR+12 =20+

where f1 and f> are the frequencies when the block is connected to only spring
1 or spring 2, respectively.

The velocity of a 0.5kg mass attached to the end of a spring is represented by
v= — (4m/s) sin(2 ¢). Find the total energy E.

A block of mass m = 0.2 kg is fastened to a light spring whose spring constant
ki is 5 N/m, see part (a) of Fig. 14.33. The block is pulled a distance x; =5 cm
from its equilibrium position at x =0 on a horizontal frictionless surface, see
part (b) of Fig.14.33, and then released at t =0. (a) What is the mechanical
energy of the oscillator? (b) What is the maximum speed of the oscillator?
(c) Find the speed, kinetic energy, and potential energy of the block when its
position is 2 cm.

Assume that the mass in Exercise 12 is 0.025 kg, the force constant kg is
0.4 N/m, and that the motion starts by imparting to the block at x; =0.1m a
velocity toward the right of 0.4 m/s. (a) Find the period T, frequency f, and
angular frequency w of the oscillator. (b) Find the total energy E, amplitude A,
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the phase angle ¢, the maximum speed vpax, and the maximum acceleration
amax- (c) Write down the position, velocity, and acceleration in terms of time

t, then substitute with t = /8 s and find their values.

Equilibrium position

x=0

(a) (b)

Fig.14.33 See Exercise (12)

(14) A bullet of mass m = 10 g is fired horizontally with a speed v into a stationary
wooden block of mass M =4kg. The block is resting on a horizontal smooth
surface and attached to a massless spring with spring constant kg = 150 N/m,
where the other end of the spring is fixed through a wall, as shown in Fig. 14.34a.
In a very short time, the bullet penetrates the block and remains embedded
before compressing the spring, as shown in Fig. 14.34b. The maximum distance
that the block compresses the spring is 8 cm, as shown in Fig. 14.34c. (a) What
is the speed of the bullet? (b) Find the period T and frequency f of the oscillating

system.
(a) Before collision
m o
r»>— | M -
: o
. r
(b) Just after collision .V a
L _M+m W,
[T by
l _}l [g\l
L] 0]
' )
2]
(© ) %
At maximum i

compression

Fig.14.34 See Exercise (14)
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Section 14.2 Damped Simple Harmonic Motion

(15) An object of mass m =0.25kg oscillates in a fluid at the end of a vertical
spring of spring constant kg = 85 N/m, see Fig. 14.35. The effect of the fluid
resistance is governed by the damping constant » = 0.07kg/s. (a) Find the period
of the damped oscillation. (b) By what percentage does the amplitude of the
oscillation decrease in each cycle? (c) How long does it take for the amplitude
of the damped oscillation to drop to half of its initial value?

Fig.14.35 See Exercise (15)

(16) A simple pendulum has a length L and a mass m. Let the arc length s and
the angle 6 measure the position of m at any time ¢, see Fig. 14.36. (a) When
a damped force F; = —bv; exists, show that the equation of motion of the
pendulum is given for small angles by:
d’0  do mg

AN R
" T a L

(b) By comparison with Eq. 14.25, show that the above differential equation
has a solution given by:
b2
6 =0, —bt/2m 0. _ g__
e cos(wg t), wg .

where 6, is initial angular amplitude at = 0 and w; = 27 f; is damped angular
frequency, see Fig.14.9b. (c) When the pendulum has L =1m, m=0.1kg,
and the angular amplitude 6 becomes 0.5 6, after 1 minute, find the damping
constant b and the ratio (f — f;)/f, where fis the undamped frequency.
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Fig.14.36 See Exercise (16)

Section 14.3 Sinusoidal Waves

(17) Given a sinusoidal wave represented by y=(0.2m)sin(kx —wt), where
k =4rad/m, and w = 8 rad/s, determine the amplitude, wavelength, frequency,
and speed of this wave.

(18) A harmonic wave traveling along a string has the form y = (0.25m) sin(3x —
401¢), where x is in meters and ¢ is in seconds. (a) Find the amplitude, wave
number, angular frequency, and speed of this wave. (b) Find the wavelength,

period, and frequency of this wave?

Section 14.4 The Speed of Waves on Strings

(19) A uniform string has a mass per unit length of 5 x 1073 kg/m. The string
passes over a massless, frictionless pulley to a block of mass m = 135 kg, see
Fig. 14.37, and take g = 10 m/s”. Find the speed of a pulse that is sent from one
end of the string toward the pulley. Does the value of the speed change when
the pulse is replaced by a sinusoidal wave?

Fig.14.37 See Exercise (19) /\_> v Attimet

tr
mg
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(20)

Assume a transverse wave traveling on a uniform taut string of mass per unit
length =4 x 1073 kg/m. The wave has an amplitude of 5cm, frequency of
50Hz, and speed of 20m/s. (a) Write an equation in SI units of the form
y=Asin(kx — wt) for this wave. (b) Find the magnitude of the tension in the

string.

Section 14.5 Energy Transfer by Sinusoidal Waves on Strings

21

(22)

Fig.14.38 See Exercise (22)

A sinusoidal wave of amplitude 0.05 m is transmitted along a string that has a
linear density of 40 g/m and is under 100 N of tension. If the wave source has
a maximum power of 300 W, what is the highest frequency at which the source
can operate?

A long string has a mass per unit length & of 125 g/m and is taut under tension
7 of 32 N. A wave is supplied by a generator as shown in Fig. 14.38. This wave
travels along the string with a frequency f of 100 Hz and amplitude A of 2
cm. (a) Find the speed and the angular frequency of the wave. (b) What is the
rate of energy that must be supplied by a generator to produce this wave in the
string? (c) If the string is to transfer energy at a rate of 100 W, what must be

the required wave amplitude when all other parameters remain the same?

Vibrator

(23) A sinusoidal wave is traveling along a string of linear mass density u =75 g/m

and is described by the equation:
y=1(0.25m)sin(2x —40¢)

where x is in meters and ¢ in seconds. (a) Find the speed, wavelength, and

frequency of the wave. (b) Find the power transmitted by the wave.
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Section 14.6 The Linear Wave Equation

(24)

(25)

A one-dimensional wave traveling with velocity v is found to satisfy the partial
differential equation [see Eq. 14.58]:

Show that the following functions are the solutions to this linear wave equation:
(@)y=Asintkx—wt).(b)y=Acos(kx —wt).(c) y= exp[b(x — v )], where
b is a constant. (d) y= In[b(x — v )], where b is a constant. (e¢) Any function
y having the formy=f(x — v ).

If the linear wave functions y; =fi (x, ¢) and y» =f>(x, t) satisfy the wave Eq.
14.58, then show that the combination y = C fi (x, 1)+ C> f>(x, t) also satisfies

the same equation, where Cy and C, are constants.

Section 14.7 Standing Waves

(26)

27)

(28)

(29)

A standing wave having a frequency of 20 Hz is established on a rope 1.5 m
long that has fixed ends. Its wavelength is observed to be twice the rope’s length.
Determine the wave’s speed.

A stretched string of length 0.6 m and mass 30 g is observed to vibrate with a
fundamental frequency of 30 Hz. The amplitude of any antinodes in the standing
wave is 0.04 m. (a) What is the amplitude of a transverse wave in the string?
(b) What is the speed of a transverse wave in the string? (c) Find the magnitude
of the tension in the string.

A student wants to establish a standing wave with a speed 200 m/s on a string
that is fixed at both ends and is 2.5 m long. (a) What is the minimum frequency
that should be applied? (b) Find the next three frequencies that cause standing
wave patterns on the string.

Two identical waves traveling in opposite directions in a string interfere to

produce a standing wave of the form:
y = [(2m) sin(2 x)] cos(20¢)

where x is in centimeters, ¢ is in seconds, and the arguments of the sine and
cosine are in radians. Find the amplitude, wavelength, frequency, and speed of

the interfering waves.
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(30)

(€29

A standing wave is produced by two identical sinusoidal waves traveling in

opposite directions in a taut string. The two waves are given by:
y1 = 2cm)sin(2.3x —4¢) and y; = (2cm)sin(2.3x +4¢)

where x and y are in centimeters, ¢ is in seconds, and the argument of the
sine is in radians. (a) Find the amplitude of the simple harmonic motion of an
element on the string located at x =3 cm. (b) Find the position of the nodes
and antinodes on the string. (c) Find the maximum and minimum y values of
the simple harmonic motion of a string element located at any antinode.

A guitar string has a length L = 64cm and fundamental frequency
f1 =330Hz, see part (a) of Fig. 14.39. By pressing down with your finger on the
string, it is found that the string is shortened in a way so that it plays an F note
with a fundamental frequency f{ = 350 Hz, see part (b) of Fig. 14.39. [Assume
the speed of the wave remains constant before and after pressing] How far is
your finger from the near end of the string?

Fig.14.39 See Exercise (31)

(32)

(33)

(34)

A violin string oscillates at a fundamental frequency of 262 Hz when unfin-
gered. At what frequency will it vibrate if it is fingered two-fifths of the length
from its end?

A string that has a length L =1 m, mass per unit length  =0.1kg/m, and
tension T =250N is vibrating at its fundamental frequency. What effect on
the fundamental frequency occurs when only: (a) The length of the spring is
doubled. (b) The mass per unit length of the spring is doubled. (c) The tension
of the spring is doubled.

Show that the resonance frequency f,, of standing waves on a string of length L
and linear density u, which is under a tensional force of magnitude 7, is given
by f, =n/t/i/2L, where n is an integer.
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(35) Show by direct substitution that the standing wave given by Eq. 14.62,
y=(2Asinkx) coswt

is a solution of the general linear wave Eq. 14.58:

%y 1 9%y

ax2 w292

(36) End A of a string is attached to a vibrator that vibrates with a constant frequency
f, while the other end B passes over a pulley to a block of mass m, see Fig. 14.40.
The separation L between points A and B is 2.5m and the linear mass density
of the string is 0.1 kg/m. When the mass m of the block is either 16 or 25kg,
standing waves are observed; however, standing waves are not observed for
masses between these two values. Take g = 10m/s>. (Hint: The greater the
tension in the string, the smaller the number of nodes in the standing wave)
(a) What is the frequency of the vibrator? (b) Find the largest m at which a
standing wave could be observed.

|« >
| <€ »

Vibrator A

Fig.14.40 See Exercise (36)

(37) Two identical sinusoidal waves traveling in opposite directions on a string of

length L =3 m interfere to produce a standing wave pattern of the form:
y = [(0.2m) sin(2rx)] cos(20rt)

where x is in meters, ¢ in seconds, and the arguments of the sine and cosine
are in radians. (a) How many loops are there in this pattern? (b) What is the
fundamental frequency of vibration of the string?

(38) Two strings 1 and 2, each of length L =0.5m, but different mass densities

w1 and po, are joined together with a knot and then stretched between two
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fixed walls as shown in Fig. 14.41. For a particular frequency, a standing wave
is established with a node at the knot, as shown in the figure. (a) What is
the relation between the two mass densities? (b) Answer part (a) when the

frequency is changed so that the next harmonic in each string is established.

Knot

~
~ Y
..----"

Srting 1 Srting 2

Fig.14.41 See Exercise (38)

(39) Thestrings 1 and 2 of exercise 38 have L; =0.64m, p; =1.8 g/m, L, =0.8 m,
and po =7.2 g/m, respectively, and both are held at a uniform tension 7 =
115.2 N. Find the smallest number of loops in each string and the corresponding
standing wave frequency.

(40) In the case of the smallest number of loops in exercise 39, determine the total
number of nodes and the position of the nodes measured from the left end of

string 1.



	14 Oscillations and Wave Motion
	14.1 Simple Harmonic Motion
	14.1.1 Velocity and Acceleration of SHM
	14.1.2 The Force Law for SHM
	14.1.3 Energy of the Simple Harmonic Oscillator

	14.2    Damped Simple Harmonic Motion
	14.3 Sinusoidal Waves
	14.3.1 Transverse and Longitudinal Waves
	14.3.2 Wavelength and Frequency
	14.3.3 Harmonic Waves: Simple Harmonic Motion

	14.4 The Speed of Waves on Strings
	14.5 Energy Transfer by Sinusoidal Waves on Strings
	14.6 The Linear Wave Equation
	14.7 Standing Waves
	14.7.1 Reflection at a Boundary
	14.7.2 Standing Waves and Resonance

	14.8 Exercises


