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8.1 Introduction

In the previous chapter, we established the basic relations and formalism for the
distribution of electrons in the conduction band and holes in the valence band at
thermal equilibrium.

Although the equilibrium state for electrons and holes in a semiconductor is the
result of interactions between carriers or between carriers and phonons, it does not
depend on the way this state is reached. The knowledge of the equilibrium properties
is therefore not sufficient, and this is all the more true since semiconductor devices
usually work under non-equilibrium conditions. In this chapter, we will thus discuss
the dynamics of electrons and holes, including electrical conductivity, Hall effect,
diffusion, as well as recombination mechanisms.

8.2  Electrical Conductivity
8.2.1 Ohm'’s Law in Solids

Because electrons and holes are charged particles, they can move in an orderly
manner in a semiconductor under the influence of an electric field, for example. This
motion generates an electrical current, called drift current, which is at the origin of
the electrical conductivity phenomenon of certain solids. The magnitude of this
current determines whether a solid is a “good” or a “bad” conductor and is directly
related to the density of mobile electrical charge carriers in the solid. In this section,
we will try to model the electrical conductivity in solids starting from the Drude
model, which is a general model and is valid for any solid which contains mobile
charge carriers. This model is based on the kinetic theory of gases which was briefly
mentioned in Sect. 6.11.
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In this model, an electron from the gas of electrons is considered as (i) a free
moving particle in space with a momentum and an energy, (ii) which is subject to
instantaneous collision events (e.g., with other particles such as electrons or atom
cores or with irregularities in the crystal), (iii) the probability for a collision to occur
during an interval of time dt is proportional to dt, (iv) and the particles reach their
thermal equilibrium only through these collisions (see the Monte Carlo method in
Appendix A.8).

Let us start by conceptually considering an electron with an electrical charge —g

in a uniform electric field strength E. The force exerted on this electron is constant
and equal to —q E (g > 0). Newton’s action mass law is such that:

—

dv = -

m— =F=—qE (8.1)
where v is the velocity of the electron and m is its mass (in a semiconductor m = me,
the effective mass). This relation means that the acceleration of the electron is
constant and therefore that its velocity increases linearly with time. In practice the
velocity does not increase indefinitely, because collisions, which change the energy
and or scatter the momentum, prevent the electron velocity from reaching extremely
high values.

—

The current density vector J is a vector which is parallel to the flow of charge and
whose magnitude is equal to the amount of electrical charge (in Coulomb) that
passes per unit time through a unit area surface perpendicular to the flow of charges,
as shown in Fig. 8.1a. The current density is expressed in units of A-cm 2.

The current density can be determined by calculating the number of electrons
which will traverse the surface S, during a time interval dt. Such electrons are in fact

located in the volume defined between the surfaces denoted by S and S’ in Fig. 8.1b.

This volume is equal to A‘?‘dt, where A is the area of the surface S.
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Fig. 8.1 Schematic diagrams showing (a) the flow of electrons and current density vector in a

uniform electric field, (b) the displacement of the surface area A after a time dt at a velocity equal to
that of the flowing electrons
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Assuming that there is a concentration »n of electrons in this region of space and
that all of them have a velocity v, the total amount of electrical charge traversing the
surface S with area A, during a time interval df, is:

nqA‘?’dt (8.2)

The magnitude of the current density is thus the expression in Eq. (8.2) divided by
the area and the time interval. Because the current density vector is parallel and in
opposite direction to the flow of electrons, we obtain:

—

J=—ngv (8.3)

In reality, the electrons are subject to collisions and do not all have the same
velocity v individually, but they can be considered to have the same averaged
velocity, and the expression in Eq. (8.3) remains valid by considering that V is the
average velocity of the electron gas as a whole. Indeed, if there were no electric field,
because collisions are a statistical process, the electrons are as likely to move in one
direction in space as in another after a collision. The average velocity vector of the
electron gas is thus zero, and there would be no electrical current, as expected (see
the Monte Carlo method in Appendix A.8).

In order to calculate the average velocity of the electron gas that results from the
electric field, we have to introduce, as was done earlier in Chap. 6, a characteristic
time called electron relaxation time z, which is the average duration between two
consecutive collisions or scattering events. Such durations typically range on the
order of 10~'>~10~"* s for electrons in metals. The probability of a collision to occur
is in fact proportional to % The average velocity is then called drift velocity and is
denoted v, This quantity can be estimated by integrating Eq. (8.1) over time from
t=0andt =1

—qr E or yWift— —% E (8.4)

N
m vdrlfl _

We see that the drift velocity is proportional to the electric field strength and this
proportionality factor is called the mobility of electrons in the solid:

vd_r;ft: “uwE
- (8.5)

m

This quantity is expressed in units of cm®V~'-s~!, and it represents the velocity
that an electron gains per unit electric field strength (velocity (cm-s~') divided by
electric field strength (V~cm71)). This parameter is not used often in metals but will
be most useful to characterize semiconductors. The drift current density, which
results from the drift of electrons in the electric field, can then be written using
Eq. (8.3):
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— — — 2 —
Vdnft: —ng Vdrlft: nqu E= @ E (8.6)

A “drift” superscript has been added to emphasize that this is the drift current
density. Here again, we see that the current density is proportional to the electric field
strength. This proportionality factor is called the conductivity, is denoted o, and is
expressed in units of S-cm ™! (Siemens per cm) or inverse (£2-cm):

Juit_ o g
ng’t (8.7)
o = ngpu =
m

It is also a common practice to consider the inverse of the conductivity which is
called the resistivity of the material:

potl b (8.9)
o nqu

The linear relation in Eq. (8.7) is called Ohm’s law. In strong electric fields,
deviations from this linear dependence may occur, but one can keep the general
expression for the current density in Eq. (8.7) by considering a field-dependent
conductivity o. In this case, the relation is called the generalized Ohm’s law.

Example

Q Estimate the electron mobility in Cu.

A The charge carriers in Cu are electrons, and their mobility u is related to the

resistivity p of Cu through p = nq#p, where n is the electron concentration

participating in the conduction. Since there are two electrons in the valence

shell of copper, this concentration can be determined by the concentration of

Cu atoms or the density of Cu (d = 8.92 g-cm ™) through n = 2 x -%, where

mey’
mcy, 1s the mass of a Cu atom. Assuming the resistivity of Cu is about
p =17 x 107° Q-cm, we get the mobility:

o mcy
M= 2dgp

63.55 x 1.67264 x 1077’

T 2% (892 x 107%) x (1.60218 x 10 ) x (1.7 x 10°°)
=21.9cm?/Vs

For many, Ohm’s law is more commonly recognized through the relation ‘7 = %,”

where [ is the current, V the voltage, and R the resistance of an electrical component.
Indeed, let us consider a parallelepiped-shaped solid, as depicted in Fig. 8.2. We
assume the electric field in the solid is uniform and that the electrical current flows
perpendicularly to a side of the parallelepiped with surface area WH, as shown in
Fig. 8.2.
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Fig. 8.2 Schematic diagram 1%

illustrating the geometry used —
to illustrate Ohm’s law. A

voltage is applied across two

opposite faces of a rectangular

solid and separated by a ]; W
distance L. This results in an ; 42\
electric field and a current

density perpendicular to these b I H
two faces

In this configuration, the electrical current / is equal to the magnitude of the
current density multiplied by the area WH, i.e., I = WHJ4;¢. The voltage V is equal

to the magnitude of the electric field strength ‘E’ multiplied by the length L of solid

considered, i.e., V = L‘E ’ We therefore get successively:

[ = WHdrft — WHa’E‘

WH WH (8.9)
= —JL’E‘ ch
We thus recognize the relation:

%
I=— 8.10
- (8.10)

where:
L1 L

and A = WH is the area of the surface perpendicular to and traversed by the electrical
current flow. The quantity R is called the resistance of slab of solid considered. This
expression relates a macroscopic quantity (resistance) to an internal property of the
solid (resistivity).

8.2.2 The Case of Semiconductors

So far, the discussion has been general and valid for any solid that contains mobile
charge carriers. In the case of semiconductors, a few modifications to the previous
results need to be made.

A semiconductor has two types of charge carriers which can contribute to the
electrical conduction: electrons in the conduction band and holes in the valence
band. There are thus two separate contributions to the drift current:
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— — —
Jdrm: J(eintt + Jgrlft

where each of the Jgriﬂ and Jﬁriﬂ is expressed through Eq. (8.7) using the carrier
concentrations n and p, mobilities y. and yy,, and effective masses m, and my, of the
electron and the hole, respectively, in the semiconductor considered. Note that,
unlike electrons, the holes flow in the same direction as the electric field, because

of their positive charge. We thus obtain:

drlft d_r;ft drlft
4o E and{ Yo, T TV (8.12)
drlﬁ =1 m E Jdnft_ +p q vdrlfl

The total drift current density can then be written as:

{ Jdit_ o g (8.13)
o = q(nue + ppy)

The typical room temperature conductivity in metals is (0.1 ~ 3) x 10* S-em ™",

while the conductivity in semiconductors depends on the carrier concentrations and
therefore the doping level, as discussed in Chap. 7.

The conductivity in semiconductors depends much more strongly on the temper-
ature than that in metals. This is because in semiconductors, at a temperature of 0 K,
the Fermi energy lies within the forbidden gap (Fig. 5.11) and there is no electron in
the conduction band (and thus no hole in the valence band) as the Fermi-Dirac
distribution is strictly equal to zero there (Fig. 5.12). Remember that a full band does
not carry current. By increasing the temperature, it is therefore possible to increase
the concentrations of electrons in the conduction band, holes in the valence band,
and enhance electrical conductivity as the Fermi-Dirac distribution is not strictly
equal to zero any more. By contrast, in metals, the Fermi energy lies within the
conduction band which is thus partially filled (Fig. 5.11), and an increase in
temperature will not significantly affect the concentration of electrons in it.

8.3  Carrier Mobility in Solids

The mobility of electrons is controlled by two physical parameters: one is the
effective mass and the other is the relaxation time. In Chap. 5, we have seen what
determines the effective mass of a charge. Let us now consider the momentum
lifetime. The scattering processes which determine the momentum lifetime of solids
can be classified into two categories: (a) elastic scattering processes and (b) inelastic
scattering processes. In category (a), the carrier changes its momentum but not its
energy. Any break in the translational symmetry of the solid will give rise to elastic
scattering, and in particular this includes the presence of impurity potentials, defects
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interfaces, and dislocations, but there are also the deviations from periodic order
caused by lattice vibrations: the electron-phonon interactions. The former contribute
to category (a), and the latter involve energy exchange with the lattice and are in
category (b). In category (b) the carrier changes both momentum and energy. An
inelastic phonon-induced scattering process is allowed if it satisfies both the momen-
tum and energy conservation conditions which are, respectively:

where E (k' ) is the energy of the particle after the scattering process and i (g )is the
energy of the phonon absorbed or emitted.

We have seen in Chap. 6 that a solid will in general have two types of phonons, so
there are also two types of electron-phonon scattering processes. These are the
electron-acoustic and electron-optical phonon scattering processes. The acoustic
scattering occurs in all solids, but optic phonon scattering can only take place
when there are optic modes in the system. The strength of the electron-acoustic
and electron-optical coupling determines the efficiency, or the rate at which a carrier

with a given momentum k is scattered into a momentum state k” via a phonon. In ITI-
V semiconductors with polar modes, the electron optic coupling is an efficient
process and is the most important mechanism by which hot carriers relax their
excess energy when they have enough energy to emit an optic phonon. An electron
can also absorb an optic phonon, but this is only possible if a sufficient number is
thermally excited. The rate of optic phonon absorption increases therefore with
temperature, following essentially the Bose-Einstein distribution law of phonon
occupation. When more than one scattering process is contributing, the sum must
be taken. This is done by summing the lifetimes in parallel so that the shortest time
dominates. The total lifetime 7 is thus given by the sum % =14 L4 iwhere the

Tel Top
terms denote the inverse of the elastic, optic, and acoustic scattering lifetimes,
respectively. The temperature dependence of the mobility in different materials is
not simple to summarize, and the reader is referred to the specialized textbooks by
Ridley and Sze. The physics of the situation however is as follows: at very low
temperatures, the phonon modes freeze out and thermal velocities are low, the
inelastic lifetimes therefore increase as we go down in temperature, and eventually
elastic processes dominate. Elastic scattering processes can however be weakly
dependent on temperature and will remain finite even at zero temperature creating
a finite resistance unless the material becomes a superconductor at some stage.
Elastic scattering can take place from neutral defects, and most effectively also
from charged ionized defects and impurities. The state of ionization of an impurity
will in general be a function of temperature, as we saw when we discussed doped
semiconductors (see Sect. 7.6). This means that elastic scattering processes in doped
semiconductors will in general have both strong temperature-dependent and weak
temperature-dependent components. Here are a few typical measured bulk values
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(see also Appendix A4) of the room temperature (7 = 300 K) mobilities of some
important semiconductors: Si electrons, 1500 cmz/Vs; Si holes, 450 cm?/V s; GaAs
electrons, 8500 cm?/V s; GaAs holes, 400 cm?/V s; InAs electrons, 33,000 cm?/V S;
and InAs holes, 460 cm?/Vs. From the example in the text, we calculated the
mobility of Cu, which is a good metal, to be ~20 cm?/Vs. This is typical for good
metals and interestingly lower than for many semiconductors.

8.4 Hall Effect

At the end of the nineteenth century, physicists knew that if a metal wire carrying an
electrical current was placed in a magnetic field, it experienced a force. The origin of
this force was not known. In 1879, E.H. Hall tried to prove that this force was exerted
only on the mobile charges (electrons) in the wire. By doing so, he conducted an
experiment where an electrical current was run through a fixed conductor perpen-
dicularly to a magnetic field.

Let us consider the Hall effect experiment geometry illustrated in Fig. 8.3. An

electrical current, with current density J in the x-direction, is run through a

parallelepiped-shaped solid. A magnetic induction or flux density E is directed
perpendicularly to the current, in the z-direction. The movement of holes and
electrons is shown in Fig. 8.3 as well.

8.4.1 P-Type Semiconductor

Let us now assume that the solid only contains one type of charge carriers and that
they are holes. With the electrical current in the (+x)-direction, a hole moves also in
the x-direction with a velocity v , as shown in Fig. 8.3 . At the same time, it is
subject to the Lorentz force equal to:

ﬁ:gz;w ET
x

Fig. 8.3 Geometry used for a Hall effect experiment. A uniform electric field strength is applied
inside a solid in the x-direction (e.g., by applying a voltage across the solid), which results in an
electric current in the same direction. The movement of holes and electrons in the solid is shown.
The solid is immersed in a magnetic induction which is directed in the z-direction, perpendicularly
to this electric field
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Fran=9EHan

‘
Fig. 8.4 Motion of a hole in the Hall effect experiment. Under the influence of the Lorentz force,
the motion of holes is deviated in the y-direction toward one side of the solid which then becomes
positively charged through the accumulation of holes. The opposite side of the solid therefore

becomes negatively charged. This gives rise to an additional electric field which is directed in the
y-direction

— _ —

Flowenz = qVh X B (814)

which is in the y-direction. If the sample was without limits, the hole would exhibit a

cyclotron (circular) motion around an axis parallel to B. In the case of a finite size
solid as the one shown in Fig. 8.4, holes would accumulate on one of its sides to
create a surplus of positive charges. At the same time, negative charges would appear
on the opposite side from the deficiency of holes there. This separation of charges

results in an electric field strength Ey,y , called Hall electric field and shown in
Fig. 8.4, which drives holes in the y-direction and is opposite to the Lorentz force.

At equilibrium, the Lorentz force and the force due to the Hall electric field must
balance each other. This can be expressed mathematically as:

—

0=h Lotentz + Fraat = ¢ Vo X B +¢ Epan (8.15)
The Hall electric field strength is thus:
Enai = — v X B (8.16)
The component of the Hall electric field strength in the y-direction (i.e., E;an
= (EHall)y ;) in the geometry shown in Fig. 8.4 is:
(EHall)y = (Vh)sz >0 (817)
From Eq. (8.12), we get:
Jx = pq(wh),

where p is the hole concentration in the solid, and we can rewrite Eq. (8.18) as:
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Jx
Enar), = —B 8.18
(Evian), = B (8.18)

This expression contains macroscopic quantities which are characteristic of the
material (p), parameters of the experiments (J and B), and quantities which are
experimentally measured (Ey,;). Through this relation, we can easily extract
properties characteristic of the materials from experiments. It is a common practice
to introduce the Hall constant given by:

Eyan), 1
Ry = By 1 (8.19)
JxB:  pq

The Hall constant therefore yields a direct measure of the hole concentration in
the solid. We can define a hole Hall mobility as:

Hin = 0Ru (8.20)

This Hall mobility has the same units as the drift mobility encountered in
Eq. (8.12) in Sect. 8.2, i.e., cm*-V~'-s~'. However, it differs from the drift mobility
by a factor, called the Hall factor, which is determined by the temperature and the
types of scattering involving the charge carriers. Experimentally, this factor is taken
to be equal to unity and only one mobility is considered. This can be illustrated by
the fact that one can arrive at Eq. (8.20) from Eq. (8.19) by using the expression in
Eq. (8.13) applied to holes only.

8.4.2 N-Type Semiconductor

In the case of a solid which contains only electrons as the mobile charge carriers, a
similar analysis can be conducted. The motion of an electron in the Hall effect
experiment is shown in Fig. 8.5. We can see that the electrons are deflected in the
same direction as the holes in Fig. 8.6.

However, because electrons have a negative charge, the Hall electric field is in the
opposite direction in comparison to the one from holes:

O:Fe,Lnremz + FHall =—q ‘7; x B —-q EHa]l (821)

The Hall electric field strength is thus:

— - —

EHall = — Ve X B (822)
The component of the Hall electric field strength in the y-direction (i.e., E;an

= (Eman), ;) in the geometry shown in Fig. 8.5 is:
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Fig. 8.5 Motion of an electron in the Hall effect experiment. Under the influence of the Lorentz
force, the motion of electrons is deviated in the y-direction toward one side of the solid which then
becomes negatively charged through the accumulation of electrons. The opposite side of the solid
therefore becomes positively charged. This gives rise to an additional electric field which is directed
in the y-direction

Fig. 8.6 Diffusion of flux ofparticleg
particles (e.g., electrons) in a

one-dimensional model. An ¥ ¥
imaginary surface with a unit ! 2
area is considered, such that particles ° Qe

the concentration of particles (e.g. electrons)
on one side is larger than on
the other side. The diffusion
process is characterized by the

flux of particles spontaneously °
passing through the imaginary dn
surface per unit time nixp)>n(x,) —> I <0

» dn
I::>(I)‘L{’ff=—Dn; >(

(Enar), = (ve),B: < 0 (8.23)

because (ve), < 0. From Eq. (8.12), we have:

JX = 7nq(ve)x
and we can rewrite Eq. (8.23) as:
E __Jep 8.24
( Hall)y——% : (8.24)

This expression is similar to Eq. (8.18), and the Hall constant defined in
Eq. (8.19) becomes:
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Ewan), 1
Ry = BBy 1 (8.25)
JB; ng

Here again, we see that the Hall constant yields the electron concentration in the
solid. Moreover, it is negative, whereas it was positive when holes were the only
charge carrier. The Hall constant is therefore a good method to determine if a
semiconductor is p-type or n-type. The electron Hall mobility given by Eq. (8.20)
is now transformed into:

Uy = 0|Ru| >0 (8.26)

Similar to the previous case, the electron Hall mobility is usually taken equal to
the electron drift mobility.

8.4.3 Compensated Semiconductor

In a compensated semiconductor, both types of dopants are simultaneously present
in the material. Since the electrons and holes released by the doping can recombine, a
decrease of the free carriers’ concentration can be observed. Adding p-type
impurities to an n-doped system will therefore reduce the electron concentration
and vice versa. The charged impurities are still there, having transferred the charge to
each other (donor to acceptor) rather than to the bands. It is possible in this way to
increase the resistance of doped systems by adding the opposite type of dopant. This
can be very useful when ion implantation is used to dope a material, because with
ions, one can in principle achieve a high degree of spatial resolution and select the
depth of implantation. The ion beam can also be focused to compensate the local
doping and thus produce submicron devices.

8.4.4 Hall Effect with Both Types of Charge Carriers

When both electrons and holes are contributing to the transport process, the calcula-
tion of the Hall coefficient is somewhat more complicated. Both types of carriers will
contribute to the Hall effect in an intrinsic material, for example, or when light is
photo-exciting pairs, or when electrons and holes are injected using different types of
source drain electrode materials. The derivation of Ry is however straightforward
and can be done by using the Newton law with the Lorentz force for both carriers:
me% + mevxl = —qE,—qv,B
! 4 V (8.27)
m dvy + mev L E, —qv.B
e dt e yT = —q y qVy
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in the presence of electric fields, E,, E, and a magnetic field B. Similar equation can
be written down for holes, except that ¢ — — ¢g. The steady-state velocities are
obtained by assuming that the velocity no longer changes with time, i.e., by putting
the acceleration term equal to zero. The products uB are very small under typical
measurement conditions, so if we ignore even smaller terms of order Bz, we can
write Eq. (8.27) as:

vy = _ﬂeE}' - /‘gBEx

v

. 5 (8.28)
vy = unEy — up BE,
The above equations can be related to the total current J,, giving:
Jy = nqu(Ey + p.ExB) + pqu, (Ey — u,BE,) (8.29)

Under equilibrium condition, i.e., when the current J, = 0, the ratio of the
components of the electric field is such that:

E 2 _ 2
Sy _ {Lh ””6}3 (8.30)
E.  \np,+pu,
and the Hall constant is now given by:
1 2 _ 2
_ L _PHy TR (8.31)

L =
q (puy + np,)’

where p and n are the hole and electron concentrations and py, and g, are the hole and
electron mobilities, all of which are positive parameters. The Hall mobility is the
combination of the mobilities of the electrons and holes and given by:

PHy — Ny

(8.32)
PHn + nite

i = ol =|

8.5 Charge Carrier Diffusion

In an inhomogeneous solid, certain regions may exhibit more electrons or holes than
other regions. These will then migrate from the high concentration areas to the low
concentration areas. This is a universal and natural phenomenon, called diffusion.
This process is due to an imbalance in the thermodynamic chemical potential. One
may picture the diffusion process as a drop of ink in a glass of clear water which
slowly spreads in the entire volume of water. Because electrons and holes are charge
carriers, their diffusion generates an electrical current, which is very important in
many semiconductor devices.
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8.5.1 Diffusion Currents

In this section, we will describe a simple one-dimensional model for the diffusion of
electrons and holes in a semiconductor. Let us assume the electron concentration n
(x) is not uniform in the x-direction, as schematically illustrated in Fig. 8.6 .

The diffusion process is mathematically described by Fick’s first law of diffusion
which says that the flux, i.e., the number of electrons passing per unit time a unit area
surface perpendicular to the x-direction, is given by:

. d
Ut — —Dnd—z (8.33)

where D, is called the diffusion coefficient or diffusivity and has the units of cm*.s ™'

. We use the subscript “n” to identify that this is the diffusivity for electrons. The
negative sign in this expression means that the flux of electrons is in the direction
opposite to the gradient (or slope) of concentration, as illustrated in Fig. 8.6.

Using a similar approach as for the electrical drift process in Sect. 8.2 to count the
number of electrons that pass the unit area surface in Fig. 8.6 per unit time, we can

extract the electron diffusion velocity v

QU = pydift (8.34)
which leads to the relation:
o 1dn
diff
= —Dy—— 8.35
ve n n dx ( )

The movement of these electrons creates an electrical current. The diffusion
current density of electrons is then determined from Eq. (8.12):
diff diff dn
J = —ngv" = +anE (8.36)
Similar relations to Egs. (8.35) and (8.36) can be obtained for the diffusion of
holes:

i ldp
diff
— _p_-* 8.37
Vh Pp dx ( )
iff iff dp
JEE — it — _qDPE (8.38)

where p is the concentration of holes. Note that there is a sign change from
Egs. (8.36), (8.37), and (8.38) which is due to the positive charge of the hole.
There is no such sign change from Eqgs. (8.35), (8.36), and (8.37), because the origin
of the diffusion process is not dependent on the electrical charge.
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8.5.2 Einstein Relations

The drift and the diffusion of electrons and holes are intimately related processes,
because both contribute to the observed electrical current in a semiconductor.
Let us continue on our simple one-dimensional model and consider a finite size

solid onto which a uniform external electric field of strength E= E Xis applied. As a
result, the electrons will be drifting to one side of the solid, and a concentration
gradient will be achieved. These electrons will then start to diffuse in the direction
opposite to this electrical drift until a balance is reached.

The drift current density is given by Eq. (8.12) J grift = nqu.E, while the electrical

d
diffusion current density is given by Eq. (8.36) Jgrff = +and—n. At the thermal
X

equilibrium of this system, the sum of these two current densities:

. dn
JUft g9 — pgu E + and (8.39)
must be equal to zero, i.e.:
dn
nqu E + qD,,d =0 (8.40)
This first-order differential equation can be rewritten as:
dn u.E
—+-=—n=0 8.41
dx + D, " ( )
which leads to the solution:
E.
n(x) = n(0)exp (— pEx x) (8.42)

where n(0) is the electron concentration at x = 0. We see that we obtain an
exponential-like distribution for this concentration. However, at thermal equilib-
rium, this quantity also obeys Boltzmann statistics, which is analogous to the
Boltzmann probability distribution we encountered in Chap. 5. For a nondegenerate
semiconductor, the electron concentration according to Boltzmann statistics should
be given by:

n(x) = n(O)eXp(—qu> (8.43)

kyT

because gEx is the potential energy of the electron in an electric field strength of
magnitude E. Comparing Eqgs. (8.42) and (8.43), we obtain the relation:
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uE _ qE
D, kT
or:

D, kT
-2 b (8.44)
He q

A similar relation can be obtained for holes:
D kT
Zp 5 (8.45)
Hn q

Equations (8.44) and (8.45) are called the Einstein relations and are valid only for
nondegenerate semiconductors. For degenerate semiconductors, we first need to
specify the amount of charge in the bands, and a factor involving the Fermi-Dirac
integral Eq. (7.13) needs to be included in the above expressions. These relations are
important because they provide a mathematical link between the drift and diffusion
processes. They are however not always valid. They apply only when there is a small
amount of charge in the band edges, which is the most interesting situation in
semiconductor technology.

8.5.3 Diffusion Lengths

In the diffusion model considered so far, an electron or a hole can diffuse indefinitely
in space. However, in most real case situations, the diffusion range is much more
limited.

Let us consider the diffusion of electrons in a one-dimensional semiconductor
model, where excess carriers are continuously generated at x = 0 and are then
allowed to diffuse toward x — oo. By the term “excess carriers,” we mean that an
amount of electrons in addition to the thermal equilibrium concentration n, is
injected into the semiconductor. The mechanisms by which this is achieved will
be discussed later in the text. We will denote:

An(x) = n(x) — ng (8.46)

the excess electron concentration which is a function of position. A possible shape
for An(x) is shown in Fig. 8.7.

During the diffusion process, an electron will experience recombination, i.e., they
will not travel in space indefinitely but will be stopped, for example, when it
encounters a hole (remember that a hole is an allowed state vacated by an electron)
or when it gets trapped by a defect in the semiconductor crystal (e.g., an ionized
donor which is positively charged).

The recombination mechanisms are numerous and diverse. However, it is possi-
ble to mathematically express their effects in a simple manner. For this, we introduce
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Fig. 8.7 Excess electron An(x)
concentration in a

one-dimensional model. The

excess concentration

decreases, as it gets deeper An(0) =
into the material as a result of

recombination. The decrease

has an exponential

dependence

X
>
>

a characteristic time, 7, called the electron recombination lifetime, such that the
recombination rate of an electron at a location where there is an excess An(x) of
electrons is given by:

R(x) = (8.47)

This quantity has the units of cm>-s~' and expresses the change in the excess

carrier concentration per unit time.

Let us now consider an infinitesimal region of space, located between x, and
Xo + dx, as illustrated in Fig. 8.8. This region experiences an influx and an outflux of
electrons, denoted, respectively, (Cbgiff)in and (<I>§iff)0m and shown in Fig. 8.8.

If (®J"). > (™) . there is a net influx or accumulation of electrons, but if
(%) > (®I™). | there is a net outflux or depletion of electrons in this region.
Under steady-state conditions, there must not be a never-ending accumulation or
depletion of electrons. The influx of electrons must therefore be equal to the sum of
the outflux of electrons and the number of electrons recombining within this region.
The later quantity is equal to R(xy) multiplied by the width of the region dx, because
we can assume that the function R(x) does not vary too much over a narrow width dx
around the point xy. Numerically, this translates into:

(@0"). = (@) + R(xo)dx (8.48)

out

From Eq. (8.33), we can write:

) n " dn
(@ rf)in —_D, (E) ) and (®¢ ﬁ)out =~Dn (E) —xo+d
X=Xx( e

But, from Eq. (8.46), we easily see that % = d(;‘x") and therefore:
i d(A
@), = D42, o
diffy d(An) '
(q)e )out - _Dn( dx )x:xo+dx

Equation (8.48) becomes then:
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electrons X0 Xo + dx
W 1S
....o.o o 0
0q® X

((bglff in (q)glff) out

Fig. 8.8 Schematic of the influx and outflux of electrons in a region of space, in a one-dimensional
model. In this experiment, the region between the two surfaces located at xo and xo + dx is
considered. This experiment is aimed at determining the net change in carrier concentration in it
as a result of the diffusion of particles and their recombination

which can be rewritten as:

(d(An)) _ (d(An))
dx x=x0+dx dx X=X0

dx

D, = R(xo)

At the limit of dx — 0, i.e., an infinitesimal region, the left-hand side expression

becomes the derivative of d(ic") evaluated at x = x, i.e.:
d*(An
D, (#) — R(xo) (8.50)
d‘x X=X0

This relation is valid for any arbitrarily chosen position xj, which means that the
following equation must be satisfied:
d*(An)
Dn 7 =R (x)
Equating to Eq. (8.47), we get the differential equation that governs the shape of
the excess electron concentration An(x):

d*(An)  An
—t=— 8.51
"dd (®51)
This equation can be rewritten as:
d*(A A
(&n)  An _ (8.52)

dx2 DnTn -
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From this expression, we can easily see that the quantity D,z, has the same
dimension as the square of a distance. We can then define a distance L, called
diffusion length, for electrons, given by:

L, = v/Dyry (8.53)
The solution to Eq. (8.52) then has the general form:
An(x) = Aels + Beln (8.54)

Here A and B are constants and are determined from boundary conditions. For
example, let us assume the sample is delimited by x = 0 and x — oo, and that is thick
enough so that all the excess electrons have been recombined before they reach its
limit: An — 0 when x — oo as shown in Fig. 8.7. We thus have:

An(x) = An(0)e @ (8.55)

From this expression, we see the significance of the diffusion length in determin-
ing the spatial distribution of the electrons in the diffusion process as the character-
istic length of path that a particle travels before recombining.

A similar diffusion length can be determined for holes and is given by:

L, = \/Dyz, (8.56)

where 7, is the hole recombination lifetime.

Example

Q Assuming that in n-type silicon the characteristic time for the minority carriers
(holes) is 7, = 2 x 107'% s, estimate the diffusion length of these minority
carriers at 300 K.

A The diffusion length is given by L, = /D,7,. From the Einstein relations, we
can determine the diffusion coefficient D, = % With the hole mobility in
silicon being about y;, = 450 cm?/Vs, we get:

L= |ty

- \/(1.38066 X 1073) x 300 x (450 x 104

x 2 x 10710

1.60218 x 107"
=048 um
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8.6 Carrier Generation and Recombination Mechanisms

In the previous section, we briefly talked about excess carriers and their recombina-
tion. We also introduced a single recombination lifetime 7 in order to avoid a detailed
description of all the recombination processes.

Excess of carriers can exist when the semiconductor is not in its equilibrium state,
as a result of additional energy that it received from phonons (heat), photons (light),
or an electric field, for example. In a recombination process, the amount of excess
carriers is reduced, and the excess energy is transferred or released.

In this section, we will discuss the four most important recombination
mechanisms encountered in semiconductors, including direct band-to-band,
Shockley-Read-Hall, Auger, and surface recombination. We will also attempt to
express the recombination lifetime in each case in terms of known semiconductor
parameters.

We will denote by:

An(t) =n(t) —n
{ Ap(1) = p(1) —pg (857)

the excess electron and hole concentrations, respectively, where ny and p, are the
equilibrium electron and hole concentrations.

It is important, at this time, to clearly distinguish equilibrium state from steady
state. A system is said to be under equilibrium if it is not subject to external fields or
forces. A system under the influence of external fields or forces is under steady state
if the parameters that describe it (e.g., carrier concentrations) do not vary with time.

8.6.1 Carrier Generation

Before discussing the various recombination mechanisms, we must first review how
carriers are generated in the first place. There are essentially two major types of
generation.

The first one corresponds to the thermal generation of carriers and exists under all
conditions, whether in equilibrium or non-equilibrium. The thermal generation rate
will be denoted G(T') and is expressed in units of cem s L

The other type is the generation resulting from external factors, such as optical
absorption, electrical injection, etc. This process occurs only in non-equilibrium
situations, and the associated generation rate, denoted G, is called the excess
generation rate.

For each generation mechanism, there exists a recombination mechanism which
is its counterpart. The generation and recombination of carriers are inverse processes
to each other.
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8.6.2 Direct Band-to-Band Recombination

In this type of recombination, an electron from the conduction band recombines with
a hole in the valence band. This process is best pictured in the E-k diagram shown in
Fig. 8.9 .

This recombination can be equivalently viewed as an electron which goes from a
state in the conduction band to an allowed state in the valence band. This seems
natural if we remember that a hole in the valence band is in fact an allowed electronic
state that has been vacated by an electron. The energy that the electron thus loses is
most often released in the form of a photon or light as shown in Fig. 8.9. We say that
this is a radiative recombination.

This process is most likely to occur between the minimum of the conduction band
and the maximum of the valence band and at the center of the first Brillouin zone
where the momenta of the recombining electron and hole are both zero. Direct band-
to-band radiative recombination is therefore most likely to occur in direct bandgap
semiconductors, such as GaAs.

Let us look at this recombination mechanism in more detail. In the present case,
the recombination rate, first introduced in Eq. (8.47), is proportional to both the
concentration of electrons in the conduction band # and that of holes in the valence
band p because these are the particles that are recombining. We can then write:

R = r(T)n(1)p(r) (8.58)

where r(T) is the recombination coefficient, which is expressed in units of cm3~s, and
T is the temperature.

In a non-equilibrium situation when the excess generation rate is nonzero, the net
change in the electron and hole densities is given by:

dn d(An)

Tdr ar

=R-G-G, (8.59)

Fig. 8.9 Schematic E-k AE
diagram of a direct band-to-
band recombination process.
The recombining electron and
hole have the same
wavevector
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where we used the fact that the equilibrium concentration n, does not vary with time.
At equilibrium, the excess generation rate G is equal to zero; thus the recombination
rate must balance the thermal generation rate: R = G,. Since at equilibrium we have
n = ng and p = py, we can write from Eq. (8.58):

G, = r(T)ngp, or simply G, = r(T)n} (8.60)

where #; is the intrinsic carrier concentration given in Eq. (7.31). From now, we will
also omit the temperature dependence of r(7) to simplify the equations.

Let us now consider the relaxation process, which occurs after the external source
of generation is removed (G = 0). Taking into account Egs. (8.58) and (8.60),
Eq. (8.59) becomes:

d(An)
dt

= rlnp — ] (8.61)

Using Eq. (8.57), we can expand this expression into:

_% = r[(no + Al’l)(po + AP) - nlz]

ie.:

d(An)
dt

= r[nopy + noAp + pyAn + AnAp — n?| (8.62)

One obvious simplification can be immediately made in the previous expression
as nopy = ”12 from Eq. (7.31). For further simplicity, we can assume An = Ap, i.e.,
the concentration of excess electrons is equal to the concentration of excess holes,
which seems natural in order to ensure charge neutrality locally in the semiconductor
at all times. Equation (8.62) then becomes:
d(Ap) d(An)

T = r[(no + py) + An]An (8.63)

We can successively transform Eq. (8.63) into:

d(An)/d’ _
[(no + po) + An]An

r

1 < ‘@n/, _”A")/d/)_

(no +po) \(no +po) +An  An

Each of the terms in the left-hand side is a logarithmic derivative. By integrating
with respect to time from O to ¢, we get successively:
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1
(no + po)

%im@«%+g+mﬂ&m

(0 -+ po) + An() _ ({0 +py) + An(0)
1“( An(r) ) : < An(0)

[In ((no + py) + An) —In (An)]y = rt

) = rlon o

Taking the exponential on both sides of this last equation, we obtain:

%+gamw‘%+g@mwﬂww+m4

and solving for An(?), we get:

(10 + po)An(0)

Ap(t) = An(f) = [(nO +p0) + An(o)]exp[r(no —|—p0)l] - An(O)

(8.64)

This shows the general form for the change in the excess electron concentration as
a function of time. The only parameters of the variation are the equilibrium
concentrations ng and p, the initial excess electron concentration An(0), and the
recombination coefficient 7(7T). This complicated expression can be drastically
simplified in some cases.

For weak excitation levels, i.e., An(0) < < (ng + po), Eq. (8.64) becomes:

(no + po)An(0)
(no + po)exp[r(no + py)t] — An(0)

et p)an()
(no + po)exp[r(no + po)t]

An(t) ~

or simply:
An(t) ~ An(0)exp[—r(no + po)1] (8.65)
and similarly for Ap(f):

Ap(t) = Ap(0)exp[—r(no + po)1] (8.66)

By defining a direct band-to-band recombination lifetime for electrons and holes
as:

(8.67)
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we obtain:

AMO%AM®E% (8.68)

Ap(t) = Ap(0)e =

This is the same lifetime introduced in Eq. (8.47). Indeed, in the current
conditions, we have by using Egs. (8.59) and (8.68):

d(An) 1 ot
R — — — = — A ™
G, ” = n(0)e
or:
An(t
R—G, = T) (8.69)

which is analogous to Eq. (8.47).

8.6.3 Shockley-Read-Hall Recombination

The previous band-to-band recombination most often occurs in pure semiconductor.
When defects or impurities are present in the crystal, which is nearly always the case
to some extent, energy levels appear in the bandgap and may participate in the
recombination mechanisms. These are called Shockley-Read-Hall (SRH)
recombinations, and the energy is not released in the form of a photon but is rather
given to the crystal lattice in the form of phonons. Such processes are also sometimes
called band-to-impurity recombinations. This is therefore normally a non-radiative
recombination step.

In the present model, we consider the steady-state generation and recombination
of electrons and holes involving an impurity level, also called recombination center,
with an energy E7 in the bandgap, as shown in Fig. 8.10 . Let us assume that
electrons and holes are generated at a rate equal to G, which is the excess generation
rate of Subsect. 8.6.1.

a b c d
Ec
r. Gcl
Er O
R, G,
Ey o)

Fig. 8.10 The four possible transitions for an electron involving a recombination center in the
bandgap: (a) capture of an electron from the conduction band by the center, (b) emission of an
electron from the center into the conduction band, (¢) emission of an electron from the center into a
vacant state in the valence band, and (d) capture of an electron from the valence band by the center
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There are four possible electron transitions which can involve this level: (a) the
capture of an electron from the conduction band by the center, (b) the emission of an
electron from the center into the conduction band, (c) the emission of an electron
from the center into a vacant state in the valence band, and (d) the capture of an
electron from the valence band by the center. The transition (c) can be equivalently
viewed as the capture of a hole by the center and (d) as the emission of a hole from
the center into the valence band. Each of these transitions is illustrated in Fig. 8.10.

The recombination of electrons or holes is enhanced by the presence of the
impurity level if the probability of transitions (a) and (c) is higher than that of
(b) and (d).

If the probability of (a) and (b) is higher than (c) and (d), the impurity level plays
more the role of an electron recombination center. If the probability of (c) and (d) is
higher than (a) and (b), the impurity level plays more the role of a hole recombina-
tion center.

Before analyzing each transition in more detail, let us first assume there is a
density Ny of impurity-related states at an energy Et. At thermal equilibrium, the
density of the recombination center states which are occupied by electrons is then
given by:

Nt
exp (EEEfF> +1

where f. is the Fermi-Dirac distribution given by Eq. (5.28). The density of the
recombination center states which are empty of electrons at equilibrium is given by:

Nife(Er) = (8.70)

Nt

N1l — f,(E7)] =
T[ ( T)] l—}—exp(—%)

(8.71)

However, when carriers are transiting through the recombination centers in
Fig. 8.10, the density of occupied and empty center states is different from their
equilibrium values. We thus introduce a non-equilibrium distribution function f'such
that the densities of occupied and empty center states are Nif and Nt(1 — f),
respectively. Knowledge of the exact value of this function is not important in
analyzing each of the transitions illustrated in Fig. 8.10.

Transition Rates

Let us first discuss the transition (a), i.e., the capture of an electron from the
conduction band by the center. The capture rate, or concentration of electrons
captured by the center per unit time, is denoted R, and is expressed in units of cm
~3.s7!. It must be proportional to the density of electrons in the conduction band
n and the density of empty centers Nt(1 — f).

In addition, R, should also depend on a parameter which describes “how often an
electron encounters the recombination center.” This parameter is the product v,0,, of
two quantities: the electron thermal velocity vy, (in units of cm~s71) and the capture
cross section o, of electrons for this particular recombination center (in units of sz)_
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" "
Gl’l

Vih

Fig. 8.11 Schematic illustration of the concepts of electron thermal velocity and capture cross
section. Using ballistic terminology, the electrons moving with the thermal velocity which would
collide with an object having a cross section equal to ¢, are located in the volume delimited by the
two shaded surfaces in this figure

These two parameters can be better understood by considering the illustration in
Fig. 8.11. It shows that the electrons which have a velocity vy, and which will reach a
surface of area o, are located in a volume equal to the product vy,0, during a unit
time.

The electron thermal velocity in a nondegenerate semiconductor is given by:

Uth = 3k—bT (872)
m

where m is the mass of the electron. The thermal velocity is on the order of 107
cm-s~' at room temperature.

The capture cross section of electrons for a recombination center characterizes the
interaction between an electron and this center. It corresponds to the effective area
around the center that an electron experiences when it is approaching the center. The
cross section depends on the type of interaction involved between the electron and
the center: the stronger the interaction is, the larger the influence of the capture cross
section is. oy, is usually determined empirically and is on the order of 10~'> cm?. The
capture rate R, in the transition (a) is therefore equal to:

R. = vpwoonNt(1 —f) (8.73)

The emission of an electron from the center into the conduction band,
corresponding to transition (b) in Fig. 8.10, is characterized by an emission rate G,
which has the same units as R.. This quantity is equal to the density of occupied
center states Npf multiplied by the electron emission probability e, which is a
parameter characteristic of the recombination center in the semiconductor:

G. = exN1f (8.74)

Because the transitions (c) and (d) are analogous to (a) and (b) but involve holes
instead of electrons, we can easily determine the hole capture rate R, and the hole
emission rate G, from those for electrons Egs. (8.73) and (8.74).

Indeed, R, must be proportional to the density of holes in the valence band p, the
density of centers which are occupied (by electrons) N+f, the thermal velocity of
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holes which is the same as that of electrons given in Eq. (8.72), and the capture cross
section of holes o, for the center considered:

Ry = vinoppNaf (8.75)

G, must be equal to the density of center states which are empty (of electrons)
Nr(1 — f) multiplied by the hole emission probability ep:

G, = e,Nr(1 —f) (8.76)

All these expressions for the recombination and emission rates are not indepen-
dent but must satisfy a number of equations arising from the conservation of
electrons and holes. The total number of electrons (or holes) recombined must be
equal to the number of electrons (or holes) generated; thus, we can write:

{RCGCJrG

R, =G, +G (8.77)

Emission Probabilities e, and e,

At equilibrium, the excess generation rate G is equal to zero. Moreover, the electron
and hole densities are equal ny and p, respectively, and the distribution function fis
equal to f. = f.(Et). All the other parameters remain unchanged. Therefore, by
expressing Eq. (8.77) at equilibrium using Egs. (8.73), (8.74), (8.75), and (8.76), we
get:

I/thO'nn()NT(l _fe) = enNTfe
Vtho-ppoNTfe = epNT(l _fe)

which allow us to extract the electron and hole emission probabilities:

€

fe (8.78)
€y = UnOpPy———
P P 1 7f e
This last set of equations can be simplified by using the expression for the Fermi-
Dirac distribution in Eq. (5.28) to obtain:

1 _fe _ ET - EF
7 exp( T > (8.79)

and by using the expressions of ny and p, given in Egs. (7.21) and (7.29) for a
nondegenerate semiconductor:

€n = LUthOnly
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1—f. Er — Ec Er — Ef
:NC _— _—
mts exp( — )exp( - )

Er—E
= Ncexp (%)

This last quantity can be denoted n and would correspond to the electron density
in the conduction band if the Fermi energy was equal to the recombination center
energy level (Ex = Et):

— Er — E
nr = ny f fe = Ncexp (%) (880)
A similar expression can be derived for:
fe <Ev - ET)
= = Nvex _— 881
Pr=Por_ Pl 0T (8.81)
Therefore, Eq. (8.78) is simplified into:
ey = Vol
{ oo (8.82)
€p = VinopPr

The Non-equilibrium Distribution Function f

The non-equilibrium distribution function, included in the expressions of the transi-
tion rates in Eqs. (8.73), (8.74), (8.75), and (8.76), can be determined by eliminating
the excess generation rate G in Eq. (8.77). For this, we first calculate the difference
between the two expressions in Eq. (8.77):

R. — Ry =G -Gy
which becomes:
vinonNT(1 — f) — vmoppNyf = enNtf — epN1(1 — f)
Using Eq. (8.82), we obtain:
vinoatNt(1 — f) — viwoppN1f = vwoantNtf — viwopprNt(1 — f)
and, after simplifying by vy, and Nt:
onll + Oppr :fLann + opp + onniT + UppTJ

Thus finally we have:

f= Onll + OpPT

= aa T )+ onlp ¥ P1) (8.83)



8.6 Carrier Generation and Recombination Mechanisms 303

Recombination Lifetimes
The net recombination rate of electrons from the conduction band is given by the
difference between the recombination rate R, and the generation rate G, i.e.:

— =R~ G (8.84)

This quantity is also equal to the net recombination rate of holes from the valence
band in view of Eq. (8.77):

d(Ap)
dt

=R, -G, (8.85)

Using the non-equilibrium distribution function (Eq. 8.83) and the expressions
for R., G, and e, in Egs. (8.73), (8.74) and (8.82), we can calculate successively:

R.—G. = Vlho'n”NT(l _f) - eNNTf
= vpouN1[n — (n + nr)f]

ol + opPr
on(n+nr) +0op(p + pr)

vinonNT |1 — (n+ nt)

VihonNT

- on(n +nt) + 0p(p + pr) [0p(p + pr) = (n + nr)opp ]

vtho-nNT [ ]
= oy |np — np
on(n+nr) +op(p+pp) " T

From the definitions of nr and pr in Eqs. (8.80) and (8.81), we have ntpr = ”12
where n; is the intrinsic carrier concentration. The previous equation can then be
simplified into:

(p —12)
on(n+n1) +0p(p + pr)

R. — G = vnonopNT (8.86)

Introducing the excess carriers An and Ap as in Eq. (8.57), and still assuming
An = Ap, we get:

(}’l() +p0 + An)A}’l
on(no + nt + An) + op(pg + pr + An)

R. — Gc = vnonopNT (8.87)

Here we have also used the relation nop, = "12 This expression can be further
simplified by first considering two particular cases.

(i) For low excess carrier concentrations, i.e., weak excitation levels where
An << ny, po, and for an n-type semiconductor, where we can assume that n
is much higher than p, nr, and pt, Eq. (8.87) becomes:
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(no)An

R.—G. ~ Nt -—"—
c c VthOnOpIVT O'n(no)

which can be rewritten, by taking into account Eq. (8.84):

d(An)
dt

= R. — G. = vopN1An (8.88)

From this last expression, we can introduce a recombination lifetime 7,,, such that:

d(An) An
d Tp

0

i.e.:

1

= 8.89
VthUpNT ( )

Tl’o

Note that the subscript “p” has been used for this lifetime, because it depends on
the capture cross section of holes. This corresponds to a lifetime of holes. Therefore,

in an n-type semiconductor, the excess carrier lifetime approaches that of holes.
(i) In the second case, still An << ny, po; but for a p-type semiconductor this time,

where we can assume that py is much higher than ng, nt, and pr, Eq. (8.87)
becomes:

R. — G. = vqonNTAR

Here again, we can rewrite this as:

with:

- 8.90
o VthGnNT ( )

Here, the suffix “n”” has been used, because the lifetime depends on the capture
cross section of electrons. This corresponds to a lifetime of electrons. Therefore, in a
p-type semiconductor, the excess carrier lifetime approaches that of electrons. Using
the expressions in Egs. (8.89) and (8.90), we can simplify Eq. (8.87):
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(no + py + An)An

R.— G, = 8.91
Tpo (o + 11 + An) + 7, (pg + pr + An) (®:51)
From Egs. (8.84) and (8.85), we can write:
_d(An) _ ~d(Ap) _ (no + po + An)An (8.92)
dt dt Tp, (o + nr + An) + 7, (py + pr + An) '

We can now introduce the Shockley-Read-Hall recombination lifetime 7, = 7,
such that:

d(An) _ d(Ap) _Ap _ An

dt dt Tp Tn

ie.:

7y, (no +nr + An) + 7, (py + pr + An)

T,(1) = 1,(1 8.93
(1) = 7,(1) (no + po + An) ( )
which becomes independent of time for weak excitation levels An << ng, po:
no + nt) + 7, +
7, = Tp — TPU( 0 T) T n(pO pT) (894)

(no + po)

From this relation, we can easily find the two previous particular cases, i.e., for an
n-type semiconductor, 7, = 7, = 1,,, and for a p-type semiconductor, 7, = 7, = 7,,.

8.6.4 Auger Band-to-Band Recombination

Unlike the direct band-to-band or the SRH processes, in the Auger band-to-band, or
simply Auger recombination, the energy that is released when an electron
recombines with a hole is transferred to a third particle, an electron in the conduction
band or a hole in the valence band. This carrier particle is called an Auger electron or
Auger hole. The energy that this third particle acquires is subsequently released in
the form of heat or phonons into the lattice. Auger recombination is an intrinsic
non-radiative mechanism which is more effective at higher temperatures and for
smaller bandgap semiconductors. This recombination mechanism occurs most often
in doped direct bandgap semiconductors.

There are three possible Auger recombination mechanisms, depending on what
type of Auger carrier is excited and where it is excited. These are illustrated in
Fig. 8.12.

The first process, shown in Fig. 8.12a, is called a CHCC process to indicate that
an electron from the conduction band (C) recombines with a hole in the valence band
(H) to lead to the excitation of another electron which remains in the conduction
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AE AE AE

conduction

band

heavy-hole . /j, .

band

light-hole
band

spin-orbit

(a) CHCC split-off band (b) CHLH (c) CHSH

Fig. 8.12 Auger recombination process semiconductors. The energy released through the recom-
bination of an electron in the conduction band and a hole in the valence band is yielded to: (a)
another electron in the conduction band which is then excited to a higher state in the band, (b) an
electron in the LH band which is excited to a vacant electronic state in the HH band, (¢) an electron
in the split-off band which is excited to a vacant electronic state in the HH band

band (CC). In the case of an Auger hole, the valence band structure is more complex
than the conduction band, as we saw in Subsect. 5.4.3. We must then distinguish
whether this hole is excited into the light-hole band (CHLH process, Fig. 8.12b) or
the spin-orbit split-off band (CHSH process, Fig. 8.12c).

In all three cases, the total energy and the total momentum (i.e., 7 k) of the system
constituted by the three particles must be conserved.

Similar to the direct band-to-band recombination, the Auger recombination rates
are expressed in units of cm>-s~! and are proportional, in all three processes, to the
density of electrons in the conduction band n and that of holes in the valence band p,
because these are the particles which are recombining.

In the CHCC case, this rate is also proportional to the density of electrons which
are susceptible to be excited, i.e., n again. The recombination rate in the CHCC
process is therefore given by:

RCHCC = rlnzp (895)

where rq is the Auger recombination coefficient for this case and is expressed in units
of cm™'.
For the CHLH and CHSH processes, the same argument leads to a compounded

recombination rate equal to:

Reuinscusu = ranp’ (8.96)

where r; is the Auger recombination coefficient when Auger holes are excited.
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The total Auger recombination rate is therefore:
R = Rence + Reninscusu = rin’p + ranp” (8.97)

We can now follow the same analysis as the one conducted for the direct band-to-
band recombination in order to determine the Auger recombination lifetime. We start
from the rate Eq. (8.59). At equilibrium, % =0 and G = 0, and the thermal
generation rate is thus equal to:

Gi=R= rlnépo + }"gl’l()pg (8.98)

Let us now consider the relaxation process, which occurs after the external source
of generation is removed (G = 0). Taking into account Egs. (8.97) and (8.98),
Eq. (8.59) becomes:

d(A
- (dtn) =R—-G =r (”217 - n%po) +r (np2 — nopoz) (8.99)

where An = Ap is the excess electron and hole concentrations defined in Eq. (8.61).
This expression can be expanded using Eq. (8.61), and we obtain:

_ d(An) =—r {n(zlpo — (no + An)z(po + An)} — [nop(z) — (no + An)(py + An)z}

dt
=r [(n% + 2n0p0)An + (2ng +p0)(An)2 + (An)ﬂ
72| (03 + 2n0p) An + (2py + o) (An)° + (An)’]

We can now introduce the Auger recombination lifetime z, = 7, such that:

d(An) _ d(Ap) _Ap _An

dt dt T Ty

r [(”% + 2nopy) + (2ng + py) An + (A”)z}

, (8.100)
12 (P + 2n0po) + (2py + no)An + (An)’]

which becomes independent of time for weak excitation levels An << ng, py:

1
. 8.101
=" r1(nd + 2nopy) + r2 (P} + 2n0py ) ( )

8.6.5 Surface Recombination

The surface of a semiconductor is a violation of the crystal periodicity and therefore
gives rise to energy levels near the surface which lie within the bandgap. These
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correspond to surface traps. However, unlike the previously discussed carrier
recombination mechanisms which occur in the bulk solid, surface recombination
occurs at the surface of the solid. Moreover, the surface recombination takes place
even in pure materials. Such processes play an important role in semiconductor
device technology.

The energy levels introduced by the surface traps can be considered as a special
case of recombination centers in Shockley-Read-Hall recombination mechanism.
The same analysis as in Subsect. 8.6.4 can be conducted here for surface recombi-
nation, provided a surface density of recombination centers (Nt); is used instead of
the bulk density of centers Ny. All the other parameters would keep the same
meaning.

The excess surface recombination rate is the number of electrons or holes which
are recombined per unit area of the surface and per unit time. It is thus expressed in
units of cm™~*s~" and can be obtained by analogy with the SRH recombination in
Eq. (8.87):

(no + py + An)An

R — G,). = vy,0,0,(N
( Uy = VinOn0p( T)San(no+nT+An)+0p(P0+pT+An)

(8.102)

Here, An is the excess electron concentration near the surface considered. We can
rewrite this relation as:
d(An)
dt

= (R -Gy, = SuAAn (8.103)
where:

(n() +p0 + Al’l)
on(no + nr + An) + 6,(pg + pr + An)

Sn = vinonop (N1, (8.104)

This quantity is expressed in units of cm-s~ ' and has thus the same dimension as a
velocity. It is called the surface recombination velocity.

8.7  Quasi-Fermi Energy

In Sect. 7.5, we calculated the equilibrium electron concentration in the conduction
band 7, and the hole concentration in the valence band p, using the Fermi-Dirac
distribution and arrived at Eqs. (7.18) and (7.27) in the general case and Egs. (7.21)
and (7.29) in the nondegenerate. For a given semiconductor material, these
concentrations depended solely on a single parameter, the Fermi energy Ef.

Under non-equilibrium conditions, where the electron and hole concentrations in
their respective bands are given by:
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{”:”O+A” (8.105)

p=po+Ap

the Fermi-Dirac distribution is not valid any more. However, it is convenient to
maintain the mathematical formalism of the equations mentioned previously, and
this is most often done for a nondegenerate semiconductor only.

Therefore, by analogy with Eq. (7.21), the non-equilibrium electron concentra-
tion in the conduction band is given by:

Er. — E
n = Neexp (%) (8.106)

where the quantity Er, is used instead of the Fermi energy Er. This quantity is called
the electron quasi-Fermi energy. Using this expression, Egs. (7.21) and (8.105), we
can write:

An n EF — EF
—=——-1= —— ) -1 8.107
no no exp( ka ) ( )

Therefore, under non-equilibrium conditions, the difference between the quasi-
Fermi level and the Fermi level determines the relative excess electron concentration
with respect to the equilibrium concentrations.

Using this quasi-Fermi energy, it is possible to define a quasi-Fermi-Dirac
distribution for electrons, which is analogous to Eq. (5.28) with Ef replaced by
EF .

n

1
fe(B) = —F—F~——
‘ exp(E;:;F“) +1

A similar concept can be introduced for holes in the valence band. The hole quasi-
Fermi energy EF, is defined such that:

Ey — Er )
= Nyexp| ——2 8.109
p= e (8.109

(8.108)

A quasi-Fermi-Dirac distribution for holes can also be defined by analogy with
Eq. (7.23):

1

fh (E) = T g _EN
’ exp (E;{ZTE) +1

(8.110)

The quasi-Fermi-Dirac distributions allow separate mathematical computations
for electrons and holes in an easier manner. At equilibrium, the electron and hole
quasi-Fermi energies are both equal to the Fermi energy, i.e., Er, = EF, = EF.
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Example

Q Estimate the difference between the quasi-Fermi energies Eg, and Eg;, and the
Fermi energy Er in an intrinsic semiconductor, given that the excess carrier
concentration An = Ap is 1% of n,.

A The quasi-Fermi energies Eg, and Eg, are related to the excess carrier concen-

tration  through the expression Eg, — Ep = k,TIn (,Al—;‘) and

Er — Ef, = kT In (?—f), where ng and py are the equilibrium electron and

hole concentrations and are both equal to the intrinsic carrier concentration n;
Ap

since the semiconductor is assumed intrinsic at equilibrium. Therefore ﬁ—: =

= 0.01 and we obtain: Eg, — Eg = Efp — Ef, = 0.0095k,T.

8.8  Transport Theory: Beyond Drude

In this chapter we derived the electrical conductivity of materials using a very simple
classical Newton’s laws approach. We did this because the so-called Drude theory of
conductivity is surprisingly powerful and useful. But it does not include the Pauli
principle, for example, and does not incorporate the concept of the Fermi distribution
and the Fermi level. There are many situations in which the simple Drude theory is
not adequate. So we will here derive a more rigorous transport theory based on the
work of Ludwig Eduard Boltzmann, and we will show how it differs from Drude,
and in what special limits it reduces to the Drude theory.

8.8.1 The Boltzmann Equation

We must start with the concept of the distribution function of electrons f i (7, t) . This
quantity is the probability of an electron occupying the Bloch state k in the solid at
position r at time 7. Note that this is not the equilibrium Fermi distribution function
f ; % from Eq. (5.28) which only depends on the energy and Fermi energy. The new
non-equilibrium distribution fZ (?, t) tells us how many particles there are in this

region of space at time t and with momentum k. In a steady-state situation, the total
rate of change with time of the distribution function must be zero. Specifically, there
are changes in the function f; (7, t) caused by specific processes. Thus the distribu-

tion changes because:
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1. The particles in the material are diffusing in space.

2. Electric and magnetic fields are accelerating the particles.

3. There are scattering processes which change the momentum and energies of the
particles. These processes include scattering from impurities, defects, phonons,
etc., all processes which break the Bloch symmetry of the crystal.

The information we seek is in f z (?, t). Knowing this function we can compute

the current via

—

J= f/d k qv;f(k,?,t) (8.111)

where vy is the velocity. To calculate the distribution function, we now examine each

of the above processes in turn. First we note that because the particles diffuse in
space, one source of time variation is “diffusion” which is described by the variation:

- of o7 Oy

of
ot

diffusion

Then there is the influence of external fields. To proceed we remember from
Egs. (8.1) and (8.14) that with Bloch states, the Newton laws act on the pseudo
momentum parameter k as:

x B) — MKS (8.113)

where E,, is the applied field. Thus it follows that the field variation is:

of :_Q.M:g(g‘-‘,—;xE) 0f(k, 1) (8.114)
0t | ietg dt 0k hta 0k
1~>
ve=3 VE, (8.115)

Finally the change due to collisions can be written in terms of a generalized rate
equation:

of
ot

- = —
/

— [{ri=r) ~r 0 =r ) Wik Yak

(8.116)

collisons

where W(k, K ) is the rate at which electrons are scattered from k to k.
In the steady state, the sum of all variations must add up to zero:
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of- of- of- df-
a—tk —k —& = d—t" =0 (8.117)
field diffusion collisions
So we have:
of 7N g
So= [ 0-1) —£,0—1) fw(k.K)d k
- (8.118)
q,7z — - 8f(k, r,t) - Z .
+£(Ea+ v X B).—11~— v V=0

0k

In principle if one knows the scattering rates, then one can compute the result by

following the trajectory of the particles in space and time. The Boltzmann equation

can also be solved numerically using the Monte Carlo Method. Let us consider the

simple first-order solution in an electric field using the relaxation time approxima-

tion. So one says the following: the field produces a small change in the distribution
function which we call:

F=fo+rfi(k,7.1) (8.119)

This deviation from the steady state must return to zero when the system has had
time to relax or reach a steady state, so we can write:

of, 1.~ -
— 5 =_hi(k 1) (8.120)
fr =F1(k, 7,00 (8.121)
It is also useful to write:
OE-.
o 2 aa—f (8.122)
ok 0k 9k

Substituting back into the Boltzmann equation and including only the electric
field term, we have:

e | (8.123)

fi=a (v E)r (8.124)
k

This actually already gives us the first-order solution in an electric field.
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Note that in Drude theory we say that in the steady state, the field force balances
the frictional force. Here it is the population which reaches a steady state, not the
individual particles. Another way of looking at it is to go back to Eq. (8.119) and
allow the electron momentum to be increased by the field up to a relaxation time ,
after which it is interrupted and has to start accelerating again. Thus in the steady
state, 6k, = — qtE,/h which gives a concomitant change in the energy to E(ky, k,,
k. — qE.7/h). The change in the energy gives rise to a steady-state change in the
distribution function fas in Eq. (8.119), E, is the applied field, and:

om0y 2AE) OER) o

OB, ok M

(8.125)

=yl

Substituting Eq. (8.125) back into the expression for the current, we have:

— 1 — N - -
J= i gquvzf(k,r,t):_m quv;fl(k,r,t) (8.126)
J=754 /d ke(E)v (v E)| - 3E. (8.127)

Write the volume integral as an integral over energy and surface of constant
energy:

d k= K2dk sin (9)d6dep
K* = 2mE /1* (8.128)
d k= m?2E"?dE sin (9)d0d¢ = dEdSk [hv-

So that:

1 A
J=77[dka (B v, (viE)| - 5 (8.129)

k
J=2 / dExgy(E(EDV (V) | - 52 (8.130)
Exg = 1/2mv? (8.131)

- 2E

vev E— V2E,x = 3 Eax (8.132)
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where in order to avoid confusion, we use E, for applied field and we use gy to
denote the density of states per unit volume. With the low-temperature form:

of

—=—==0(E—-E 8.133

5% = 8(E — Ex) (8.133)
The current density reduces to the form (where d is the dimensionality of the

system):

q’7(Er)
d

J= vigy (Er)Eq x (8.134)

8.8.2 Connection to Drude Theory

In order to relate this expression to the familiar Drude result from Eq. (8.7), we
consider three dimensions and also assume that the relaxation time is energy
independent and that we are dealing with nearly free electrons:

2z 1 2z
J = %v%g(EF)Ea,x ~ §m*V%g(EF)Zl_* (8.135)
gt 1 2
J = nﬁEa,x —n= gm*vFg(Ep) (8.136)
2 E 2
o=1 T; B 2o () — ndl: (8.137)
m

Here n is the effective carrier density.
The connection is made and we see why Drude represents a serious
approximation:

(i) The more correct i.e, Boltzmann form of the conductivity scales with the
density of states at the Fermi level. So that if there is no free charge that
responds to an applied field, there is no conduction.

(i) The Boltzmann equation includes the Fermi distribution, so the Pauli principle
is obeyed.

(iii)) The Boltzmann equation result allows the relaxation time to be energy depen-
dent. This energy dependence enters the result via the integral Eq. (8.130)
which then also takes care of the temperature dependence.

(iv) The Boltzmann equation result allows the group velocity to deviate from the
nearly free electron law.

In general we see therefore that the Boltzmann equation conductivity is far
superior to the Drude theory and is really the right way to proceed in a Bloch solid.
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8.9 Summary

In this chapter, we have covered a few important non-equilibrium transport phenom-
ena involving charge carriers. Firstly, we discussed the electrical conductivity
(Ohm’s law) in the presence of an external electric field. There, we introduced the
concepts of conductivity, resistivity, as well as carrier collision or scattering. Then,
secondly we described the Hall effect for an n#-type and then a p-type semiconductor
in the presence of perpendicular electric and magnetic fields. There, we introduced
the notion of carrier mobility. Thirdly, we discussed the diffusion of charge carriers
in an inhomogeneous semiconductor, leading to the concepts of diffusion length and
the Einstein relations.

The recombination mechanisms of charge carriers in a semiconductor have been
described, including the direct band-to-band, Shockley-Read-Hall, Auger, and sur-
face recombination processes. The concepts of recombination lifetime and capture
cross section were introduced.

We introduced the notion of quasi-Fermi energy to describe the electron and hole
distribution under non-equilibrium conditions while at the same time maintaining the
same mathematical formalism as under equilibrium conditions.

In the last part of the chapter, we introduced the reader to a more powerful
transport description known as the Boltzmann equation approach. We derived a
more general formula for the conductivity, and we showed why it is superior to the
Drude method.

Problems

1. Consider the semiconductor slab shown in the figure below with dimensions
L=1cm, W=0.2 cm, and H = 0.25 cm and with a resistivity of 0.01 Q-cm.
What would be the resistance one would measure across opposite faces in all
three directions (x, y, and z)? Knowing there is a uniform concentration n = 10'°
cm > of electrons in this semiconductor (and no holes), calculate the mobility of
these electrons.

=1
N
—_—

2. Consider the semiconductor block with a resistivity of 0.01 Q-cm as shown in the
figure below. The width of this block is constant but follows the relation
W =1+ 2(L — x) cm when x is varied from O to L. The other dimensions are
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L =1 cm and H = 0.25 cm. Calculate the resistance in the x-direction. For this,
you may consider the semiconductor block as a series of parallelepiped slabs next
to one another.

(O8]

. Do the same as in Problem 2, but in the y-direction.
4. Consider the Hall effect measurement experiment depicted in the figure below.
The dimensions of the semiconductor slab are L = 2 mm, W = 1 mm, and
H =2 pm. Assume the current I, = 10 mA, the voltages V, =10 Vand Vy, = -4V,
and a magnetic induction B, = 0.05 T.

Determine if the semiconductor is n-type or p-type, the Hall constant, the
carrier concentration, the Hall mobility, the conductivity, and the resistivity of
the semiconductor (assumed uniform).

-
I U

5. Consider an experiment where excess electrons are generated in a “burst” at =0
and x = x in a semiconductor, resulting in the concentration profile n(x) shown in
the figure below.
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n(x)

X0

Draw the shape of the concentration profile n(x) as a result of the
one-dimensional diffusion in the x-direction. No other external forces are present.
Draw several shapes corresponding to several times after the initial “burst.”

6. Do the same as in Problem 5, but consider, in addition, that there is an electric

field strength E in the direction as shown in the figure below.

n(x) -
E

| X
T
X0

7. The electron mobility in a Ge crystal is experimentally found to be proportional
to 7% (i.e., the mobility decreases with increasing temperature). Knowing
that this mobility is 4000 cm?/Vs at 300 K, determine the electron diffusion
coefficient at 300 K and 77 K. Compare.

8. Consider an n-type Si semiconductor at room temperature with an excess electron
concentration which decreases from 4 x 10'® cm ™ to 1 em ™ (practically zero)
over a distance of 1 mm. Determine the diffusion length of these electrons.

9. Assume a one-dimensional model in which holes are generated at a rate of G(x;1).
Let 7, be the recombination lifetime for holes and p, be the equilibrium

hole concentration. Give an expression for o é’;’t>, i.e., the rate of change for the

hole concentration at position x, as a function of the diffusion current Jﬂiff(x, 1)
and the parameters defined previously. This relation is called a continuity equa-
tion and states that the total number of holes must be accounted for.
Using Eq. (8.42), rewrite this relation such that it involves the hole concentration
p(x,1) as the only unknown.
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